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Classification of Energy Levels in AP'*

LOUIS J. KOESTER, JR.t
University of 8'isconsin, Madison, 8'isconsin

(Received October 1, 1951)

The differential cross section for the elastic scattering of protons
by Mg~ has been measured by Mooring, Koester, Goldberg,
Saxon, and Kaufmann in the range of bombarding energies
between 0.4 Mev and 3.95 Mev. In the present work, the energy
dependence of this cross section is interpreted in terms of the
combination of Coulomb and nuclear potential scattering with
resonant scattering. This resonant scattering arises from the
excitation of energy levels of the compound nucleus APS. The
general trend of the observed cross section between 0.4 Mev and
3.4 Mev, including the three broadest resonances, is well fitted
theoretically.

A method is developed to calculate the effects of imperfect
energy resolution on the shapes of resonances, and the results are
used to rule out certain assignments.

The excited states corresponding to the three broadest reso-
nances have been classified as follows: 3.11 Mev, P3/2, 3.88 Mev,
P~~~., 5.34 Mev, Pa/~. These energies are the dissociation energy,

which is 2.32 Mev, plus the resonant energy in the center-of-mass,
system. A twofold ambiguity remains in the angular momentum,
values assigned to the na'rrow resonances because the experi-
ments, l resolution was not sufBcient to determine their true maxi-
mum cross sections. The assignments are as follows: 3.75 Mev, F.„
3.91 Mev, D; 4.25 Mev„D; 4.63 Mev, D; 5.83 Mev, D. The last
assignment is somewhat doubtful because the phase shifts due to
higher, unobserved resonances are not known.

The odd parity levels have reduced widths between 10 percent
and 30 percent of the value corresponding to single particle exci-
tation, while the even parity levels have reduced widths only a.
few tenths of one percent of this value. An explanation of the
level structure is offered in terms of a nuclear shell model. The
spin-orbit splitting of the 3.11 Mev and 3.88 Mev P states is,

small compared with doublet splitting observed in closed-shel)
plus-one nuclei.

I. INTRODUCTION

A PHASE shift analysis of the elastic scattering of
protons by a light, spinless nucleus yields the

energy, angular momentum, and relative parity
quantum numbers of the excited states formed in the
compound nucleus. By analyzing the energy dependence
of the differential cross section for the elastic scattering
of protons by 0", Laubenstein and Laubenstein' clas-
sified the excited states observed in FII; and Jackson
and Galonsky' similarly classi6ed levels in N". The
considerations which permit this type of identification
of the excited states observed as scattering resonances
can be stated briefly. Since the spin of the target nucleus
is zero, the angular momentum value j of a state
formed in the compound nucleus is given by the relation,

j=la 1/2,

where l is the orbital angular momentum value of the
incident proton and 1/2 is its spin value. Jn addition
the parity P of this state is related to the parity p
of the ground state of the target nucleus by the ex-
pression,

&=(-&)Ip

Only one value of / satisfies both equations; hence a
unique combination of spin and orbital angular mo-

mentum of the incident proton is specified. Because the
resonant scattering interferes with Coulomb and nuclear
potential scattering, the qualitative shape of a resonance
depends strongly upon the particular values of j and l;
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thus the angular momentum and parity of the level are
determined.

An important consideration in the choice of a target
nucleus for these experiments is that the binding energy
of the added proton be low. When this requirement is
met, a study of the low-lying excited states of the
compound nucleus is permitted, and the spectrum is
relatively simple. The binding energy of an additional
proton to Mg'4 is only 2.32 Mev, ' and the angular
momentum of the ground state of Mg'4 is zero. 4 Using
the separated Mg'4 isotope, Mooring, Koester, Gold-
berg, Saxon, and Kaufmann' measured the differential
scattering cross section in the region of proton bom-
barding energies between 0.4 Mev and 3.95 Mev. The
present work concerns the interpretation of their
results —the classihcation of levels observed in the
compound nucleus Al" and a brief consideration of
the theoretical implications of this level structure„
especially in connection with the nuclear shell model
proposed by Mayer. e

The expression used for the differential scattering
cross section is presented and discussed in references,
1 and 2. The terminology of these papers is followed
here, and the same method of analysis is employed.

II. ANALYSIS OF YIELD CURVE

A. The 0.825-Mev Resonance

Figure 1 shows the yield curve obtained by Mooring-
et a/. ' At energies below 0.8 Mev, this curve is well
fitted by Rutherford scattering, and thus the absolute

3 Computed from mass values listed in H. A. Bethe, E/ementary
Nuclear Theory (John Wiley and Sons, Inc. , New York, 1947).

J. E. Mack, Revs. Modern Phys. 22, 64 (1950).
'Mooring, Koester, Goldberg, Saxon, and Kaufmann, Phys.

Rev. S4, 703 (1951).' M. G. Mayer, Phys. Rev. 78, 16 (1950).
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FIG. j.. Differential cross section for the elastic scattering of protons by Mg" at a laboratory angle of I64'&5' (in barns per
steradian). From the work of Mooring s( al. LyPhys. Rev. 84, 703 (1951)j.

cross section is determined. The resonance at 0.825 Mev
provides a good starting point for the analysis because
the nuclear potential phase shifts are all negligible, and
in first approximation the scattering formula (see
references 1 and 2) reduces to the Rutherford term plus

E XPERIMENTAL
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FIG. 2. Theoretical 6ts of the 0.825-Mev resonance: curve A,
approximate calculation for Sj,gq resonance, in which the incoherent
term is neglected and only the resonant phase shift is allowed to
~ary with energy; curve B, similar approximate calculation for
I'gg resonance; curve C, calculation for I'Sjg resonance without
any approximations.

a resonance term. All but two possible assignments of
angular momentum and parity can immediately be
ruled out on grounds of qualitative shape. %igner's sum
rule on reduced widths7 is used throughout this analysis
to limit the number of 1 values considered for each
resonance according to its observed width. For this
erst resonance, values of / greater than two need not be
considered.

The shape of a I'&~2 resonance at this energy is quali-
tatively similar to that of the resonance near 1.6 Mev,
with a dip but only a very small maximum, unlike the
observed cross section; hence the I'~~2 assignment is
ruled out. The Dy2, D5~2, Ii5~2, and F~p Rsslgnments RI'c

all ruled out because they predict the maximum before
the minimum cross section as the energy increases.

Curves A and B of Fig. 2 show, respectively, the
approximate calculations for S~~2 and P~~~ resonances,
in which the incoherent term is neglected and only the
resonant phase shift is allowed to vary with energy.
This approximation is good for an S resonance because
the incoherent term is zero. The I'~~2 assignment is
favored here because the averaging CGect of imperfect
energy resolution in the experiment tends to increase
the minimum cross section as well as to decrease the
maximum. 8et tel Rppl oxlll1Rtlons suppoI't the con-

' E. P. Wigner and L. Eisenbnd, Phys. Rev. 72, 29 (1947);
T. Teichmann, Ph.D. Thesis, Princeton University (1949).
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TABLE I. Energy levels of Al", interaction radius: u, =5.05X 10 "cm.

Bombarding
energy in

lab system

E{Mev)
0.825
1.49
1.62
1.66
2.01
2.40
3.14
3.66

Resonant
energy in
center-of-

mass system

E,(Mev)
0.792
1.43
1.56
1.59
1.93
2.31
3.02
3.52

Resonant
energy

relative to
ground state

Z„(Mev)
3.11
3.75
3.88
3.91
4.25
4.63
5.34
5.83

Characteristic
energy in
center-of-

mass system

Eg(Mev)
0.405
1.26
1.38
1.59
1.93
2.31
3.03

Observed
resonance

width

I'(kev)
1.5
0.3

36.
0.1
0.15
0.3

200.

Reduced
width

y'(Mev cm)
2.2X 10-»
2.7X 10-»
1.7X10 "
2. X 10-i'
2. X10 "
2. X10 "
1.0X10 "

Ratio of
y~ to
A~/pan

Percent
27.
33.

.21.
0.2
0.2
0.2

12.

Classt-
fication

PS/R
p
Pl/2
D
D
D
Ps/2
DP

elusion that the 0.825 Mev resonance is a PS~2 resonance.
Curve C of Fig. 2 shows the fit to the observed cross
section that is obtained after the incoherent term,
eGects of higher resonances, and variation of-all the
quantities with energy are taken into account. Ob-
servation of the scattering at 90' would distinguish con-
clusively between the S&/2 and P3/g possibilities because
a P resonance would have no minimum. '

The resonant energy is defined herein as the energy,
E, in the center-of-mass system, at which the resonance
denominator E&,+A~—E is zero. The characteristic
energy Ez is constant, but the level shift Az varies
with the energy. The value of the observed resonance
width I' is given by the expression

~r = ky'/Ap,

evaluated at the resonant energy; k is the wave number
of the incident proton, 1jAP is the barrier penetra-
bility, and p' is the reduced width, of the level. Ac-
cording to this terminology, the energies and widths of
the various levels are given in Table I.

B. The 1.6-Mev Resonance

Because the observed resonance width increases with
the wave number and barrier penetrability of the inci-
dent proton, the resonant phase shift due to the 0.825-
Mev resonance never exceeds 176' in the energy range
considered. Similarly, the broad resonances at 1.6 Mev
and 3.1 Mev contribute to the phase shifts over most
of this energy range. In the analysis of the yield curve,
therefore, one must first identify these broad resonances
and then piece them together to fit the general trend
of the curve. The narrow resonances can then be super-
imposed without disturbing this fit.

The next resonance to be analyzed is the one that
consists of the broad minimum near 1.6 Mev and the
broad, Rat maximum at higher energies. The small peak
near 1.65 Mev is a separate resonance, so narrow that
its influence is limited to a region of a few kilovolts;
hence it is omitted in the first approximation. The only
resonance assignment that does not predict a high
maximum cross section at this energy is P3~&. The quali-
tative agreement of the approximate calculation for a
PjI2 resonance with the experimental results is shown
ln Flg. 3.

The value of the incoherent term at the minimum
cross section is 0.01 barn, which is just the value needed
to account for the experimental cross section. Curve 8
of Fig. 3 shows the result of including the incoherent
term and of letting the proton wavelength, the resonant
energy, the observed resonance width, and the Ruther-
ford and nuclear potential vectors vary with energy in
the calculation. This calculation does not include the
effects of other resonances.

C. The Cross Section above 2.8 Mev

The cross section between 2.8 Mev and 3.4 Mev can
be interpreted in terms of a single broad resonance,
although the shallow minimum near 3.6 Mev suggests
another broad resonance at higher energies. The assign-
ment for the resonance between 2.8 Mev and 3.4 Mev
can be restricted to $~~2 or P'3/2 on the basis of qualitative
shape. The maximum cross section predicted by a P~~~~

resonance is about half the observed maximum, and the
maximum of any of the D or P resonances is much too
large.

Figure 4 shows the results of the approximate cal-

culations for P3~~~ and S~~2 resonances. The maximum

cross section is too great in either case, although it is

worse for the S~/~ resonance. More accurate calculations

do not improve these fits.
As Jackson and Galonsky' state, a value for the

interaction radius must be chosen at the beginning of

~ OIO
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1.56 I.58 I.60 I.62 1.64 I.66
INCIDENT PROTON E NE RG Y (MEV)

FIG. 3. Theoretical fits of the 1.6-Mev resonance: curve A,
approximate calculation for P~/2 resonance; curve 8, calculation
for P~~2 resonance without approximations, except that eRects of
other resonances are omitted.
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FIG. 5. (a) Calculation for a I3/g rcsonancc near 3.i Mev
(without approximations) if the interaction radius has the value
5.05& j.0 ~ cm. (b) Calculation for an Sf~2 resonance (without
approximations) for this value of the interaction radius.

the analysis. The 6rst value chosen in this work was

a,=1.5X10 "(A"'+1"')=5.83)&10 "cm

~herc A is the mass number of Mg". If aH existing
resonances are properly taken into account, a 6t to the
cross section can, in principle, be obtained with any
value of the interaction radius in the approximate range
from1. 5X10 "A"'cm to15X10 "(A'I'+1) cm This
statement is veri6ed for the 6ts of the lower resonances
in this experiment.

In the analysis of the cross section between 2.8 Mev
.and 3.4 Mev, however, a little experimenting shows that
thc I 3/2 resonance can be brought into reasonable
agreement with observation by changing the value of
the inter'action radius to 5.05&(10 " cm, which lies
midway between the above limits. Figure 5(a) shows
the result. This calculation includes all the terms of the
formula and allows all of the quantities to vary with
energy. Phase shifts due to lower resonances are also
included. Thc sharp resonance at 3.65 Mev is omitted
because it is not expected to inhuence the rest of the
curve.

The 6t of the S&/2 resonance is not good for any
reasonable value of the interaction radius. The result
ef the exact calculation for an S~/2 resonance with the
new value of the interaction radius is shown in Fig. 5(b).

For simplicity, the interaction radius was assumed to
be constant for all energies and for all / values of the
incident proton. After the value was changed to 5.05
X IO '3 cm, the lower resonances werc recalculated. The
only changes involved were in the values of the charac-

tcl istic cncrglcs and rcduccd widths. Thc classif1catlolls
and the fits were not afIectcd.

As Fig. 5(a) shows, the observed minimum in the
cross section near 3.6 Mev is not reproduced by the
calculation for a I'3/2 resonance alone. It is also highly
unlikely that this broad dip is associated with the
narrow resonance at 3.65 Mev. . Since the introduction
of a resonance broad enough to produce this dip destroys
the existing 6t below 3.4 Mev, the cross section must be
refitted in the whole interval between 2.8 and 3.9 Mev.
Attempts were made to 6t the cross section in this
interval with various combinations of two resonances.
No combinations of three resonances were considered.

Pairs of resonances of the same angular momentum
and parity, such as S~/2 —Sl/2, can immediately be ruled
out on the same grounds as for the case of a single
resonance of the same angular momentum and parity.
The expression for the resonant phase shift is

where the subscripts 1 and 2 refer to the two resonances.
Thus, the vector diagram still involves only one circle,
and the cross section must pass through essentially the
same maximum and minimum as if there were only a
single resonance. The end point of the resonance vector
traverses the circle more rapidly with energy than in
the case of a single resonance, and goes twice around the
circle. A pair of I'3/2 resonances is the only combination
of this type that might appear possible, and the second
minimum cross section predicted by this combination is

much too small.
A slight modification of the vector diagram permits a

study of the cross section predicted by a pair of reso-
nances with a minimum of numerical calculation. One
of the resonance vectors can be added to the end of the
Rutherford vector as usual, while the other is added to
the beginning of the potential vectors. The locus of
starting points of this second resonance vector is the
usual circle reAected in the point 5=0, and the be-
ginning of the vector traverses this circle in a counter-
clockwise direction as the phase shift b increases. Figure
6 shows a diagram of this type in which a I'~~2 resonance
vector is added to the beginning of the potential vectors
and an S~/2 resonance vector to the end of the Ruther-
ford vector. In the 6rst approximation, the cross section
is proportional to the square of the distance IA~

measured between points on the two circles. Since the
values of .

~

A
I

corresponding to the cross sections at the
first minimum (3.0 Mev) the maximum (3.2 Mev), and
the second minimum (3.6 Mev) are about 0.5, 1.4, and
1.0 unit, respectively (see scale at bottom of Fig. 6),
inspection of this diagram rules out the Sl/2 —I'~~~ com-

bination.
All other pairs of resonances are ruled out in a

slmilal manncl cxccpt I3/2 —Sy/2 and +3/2 —~y/2.



best 6ts obtained with these combinations, by means of
the complete formula, are shown in Fig. 7.

The conclusion drawn from these results is that the
cross section between 2.8 and 3.4 Mev can be inter-
preted Q1ost simply lQ terms of thc Pap IcsonRIKc showQ
in Fig. 5(a), but that the cross section above 3.4 Mev
~an probably not be explained without additional data.
Kxtcnslon of thc clastic scRttcllng datR to higher cnex'-

gics and other angles, and further study of the inelastic
scattering cross sections wouM probably be helpful.

'wllcl'c Qg ls tllc potcnt1al phase slllft RIld P1~ 1s tile
resonant phase shift. In this calculation, the I'@2
xesonant phase shift is

P1+= 'tR11

lp QI'2

%+~1—& %+~2

vrherc the subscripts II. Rnd 2 refer to the I'pe resonances
near 0.825 Mev and 3.j. Mev, respectively. If more I'3~~2

resonances werc known, they would be included in this
sum. Similarly

p,-= tan-&Pr, /(Z, +~,—Z)],
+&herc the subscript 3 refers to the I'j~~ resonance near
1.6 Mev, the only one known. AIl other resonant phase
shifts are neglected.

Computed values of the cross section are shown as
solid circles in I'ig. 8, and the solid curve is traced
through the experimental points of Fig. 1. Calculations
show that none of the narrow resonances contribute
phase shifts that could appreciably change this fit
between resonances. The general excellence of this fit
below 3.4 Mev is taken as evidence that the interpreta-
tion px'cscntcd thus far ls colrcct and thRt lt ls sRfc to
proceed to the identification of the narrow resonances.

Z. E8'ects of Imyerfect Energy Resolution

The observed half widths of the narrow peaks in the
cross section near 1.5, 1.65, 2.0, 2.4, and 3.65 Mev (see
Fig. 6 of reference 5) are all approximately equal to the
energy spread of the proton beam combined with that
introduced by energy loss in the target. The actual
peaks may be much narrower and higher than the ob-
served peaks. In each of these cases, the only theoretical
resonances possessing the right qualitative shape predict
R maximum cross section 'much higher than that ob-
served. To discover how narrow the resonance must be
in order that its Inaximum be degraded by the efI'ccts

D. General Trend of the Cross Section

The three broad resonances discussed above must
Ilow be joined together to 6t the general trend of thc
~ross section over the entire energy range of observation.
In the scattering formula, the phase shift 8~~ is'always
given by the expression

FIG, 6, Qector diagram
for a combination of an
S~gq and a Pily resonance
above 3 Mev. The be-
ginning of the P3/g

vector starts at the point
marked P~-=0 and trav-
erses the circle in a
counterclockwise direc-
tion as energy increases.
This point does not coin-
cide with the point
Bl-=0 because the po-
tential phase shift is
about 9'. Similarly, the
end of the Stye vector
starts at the point
marked Po 0 and. trav-
erses its circle in a
counterclockwise direc-
tion. In 6rst approxi-
mation, the cross section
is proportional to the
square of the length of
the resultant A. The
scale gives the length cor- --—
responding to unit am-
plitude (dimensionless).

I UN)T

of imperfect energy resolution to the value observed,
a method is developed to compute the observed cross
section from the theoretical curve. s This method cannot
bc used to plovc thRt R glvcQ Rsslgnmcnt ls correct» but
it can be used in conjunction with the sum ruic on
reduced widths~ to rule out certain assignments.

YVhen the cross section is measured at an energy E,
which is determined by the voltage of the electrostatic
generator, the number of incident protons with energies
between 8' and E'+dE' is Qg(Z —Z')dZ', where Q is
the total number of protons incident, and g(E—E') is
the energy distribution of protons in the beam. This
function is triangular9 in shape and is normalized. After
a proton of energy E has penetrated a distance x into
the target, its energy has decreased to the value E—ux,
where a is the stopping power of the target material.
The energy distribution of protons at the depth x in the

(~)

~ .Io-
Cl

~~,O5-
CA

O} 1 1 1

(b)
Cl

Cy

~,05-
'~

1' 2.e 3.0 5.p. 3.4 5.6
INCIDENT PROTON ENERGY (MEV)

FIG. 7. (a) Calculation for a combination of a P@g and an Syph
resonance above 3 Mev (without approximations). (b) Calcu-
lation for a combination of a Pg2 and a Pygmy resonance above
3 Mev (without approximations).

J. L. Powell has developed a similar method to apply to
reaction cross sections (symmetric resonance peaks) (private com-
muMcatlon) .' Herb, Snowden, and Sala, Phys. Rev. 75, 246 (1949).



LOU I S J. KOESTE R, J R.

0.5—

EXPERIMENTAL-

THEORETICAL

RUTHERFORD

03-
I

~ 0.2—
Vl

C/l
Eo OI

Q ee

0.0
02—

lg

I-
O.l—

Eh ~0

0.0 — ~

0.2-.
?!
LLJ

lK
olLL.

U.
Ci

0.0
0.2-

0.4

I

2.2

I

0.5

2,5

I.5

I

2.4

l.6 l7

I i I

2.5 2.6

I8

I

2.7

I.9
I

20
I

2. I

I i I

28 2 9 3.0

0.1

0.0 I

5.4

l

I
——,——

I
——,——

I
—~ —+—

5.5 5.6 5.7 5.8 3.9

INCIDENT PROTON ENERGY {MEV)
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Effects of narrow resonances were omitted in these calculations. The interaction radius value 5.05)& 10 "cm is used throughout.

The integrand for any value of E' is obtained by reading
the corresponding values of F(E' E) and o(E', 8)—from
their graphs and multiplying them together. The result
of the integration is the cross section oo(E, 0) that
would be observed at the nominal energy E if the
proposed cross section curve were correct. By repeating
the integration for a series of energies E similar to those
used in the experiment, one obtains a cross section curve
to be compared with the one actually observed. If this
comparison is good, the proposed cross section curve is
plausible, although it may not be unique. The result of
this treatment is that the qualitative shape of a reso-
nance is preserved even though the energy distribution
function is several times wider than the resonance, but
that peaks are spread out and flattened. It follows from
the normalization of the function F(E' E) that the-
area between the energy axis and the cross section
curve of a resonance is conserved.

target is thus g(E v E'), where v=—ax.—The effect of
thermal motion in the target is neglected, although it
contributes an energy spread of the order of 100 ev.

The measured differential cross section at the nominal
energy E and angle 8 is

at E—t+8

oo(E, 8) =—I dv g(E—v —E')0 (E', 0)dL",
at. o ~z—~—s

where at is the target thickness in energy units, 6 is the
maximum deviation of protons in the beam from the
energy E, and 0 (E', 0) is the theoretical cross section at
the energy E'. Since this cross section is not a simple
function of energy, numerical or graphical integration
over energy is necessary. The order of integration is
therefore changed. The integration over target thickness
is elementary and results in an expression of the form,

E+8

00(E, 8) =—~ 0(E', e)F(E' L)dE', . —F. The 1.485-Mev Resonance
a«z-s-at

The Ii and G resonances are the only ones that
where the function F(E'—E) (see Fig. 9) gives the dis- predict the qualitative shape of the peak in the cross
tributionof energies available for collisions in the target. section observed at this energy. The 6 resonances are
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ruled out because, even if the width be chosen equal to
the upper limit, the area under the calculated curve ls
much less than that under the experimental curve.
Figure 10 shows an F5~~2 resonance compared with the
experimental data. The area under the theoretical curve
was made equal to that under the experimental curve
by setting the width I' equal to 300 ev, which cor-
responds to a reduced width of about a third or fourth
of the upper limit. In this and all the other calculations
for the narrow resonances, the incoherent term is
included, but only the resonant phase shift is allowed
to vRly with energy.

In view of the above arguments, there appears to be
good evidence that this resonance has odd parity rela-
tive to Mg'4, and that its angular momentum value is
either 5/2 or 7/2. The only distinction between these
two values would be in the height of the peak.

G. The 1.6SS-Mev Resonance

FIG. 9. The (4s-
tribution of energies
available for collI-
sions in the target,
for a bombarding
energy, E, of 1.655
Mev. This calcula-
tion neglects the
effects of thermal
motion.

PROTON ENERGY SPREAD:
8= 0.825 KEV

TARGET THlCKNESS:
at= Q.S50 KEV

.25-

.oo '

-8-at -1.0 - i)at 0
E'-E fKEV)

This resonance is extremely narrow, and its maximum
appears at a lower energy than its minimum. On the
basis of this qualitative shape, circle diagrams immedi-
ately rule out all possibilities except 8 and H resonances.
The upper limit computed for the observed width of an
II' resonance is 10 ev. It seemed doubtful that a reso-
nance this narrow could be observed at all, and for this
reason the study of resolution effects described in Sec. E
was undertaken.

Figure 11(a) shows that an B'»~2 resonance has a
shape qualitatively similar to the observed shape,
except that the maximum is 3 barns instead of 0.19
barn. The observed cross section to be expected on the
basis of the instrumental resolution is calculated point
by point, with the result shown in Fig. 11(b). It would
be necessary to double or triple the width in order to
make this curve coincide with the experimental curve,
and this seems to be a SUKcient argument to rule out
an B resonance.

The same procedure was carried out for a Ds/2
resonance with a width of 100 ev. The theoretical cross
section and the observed cross section to be expected
are shown in Fig. 12. The result indicates that the
resonant energy and width chosen were both too large,
but with small adjustments the curve might be brought
into agreement with experiment, The reduced width of
this resonance is only a few tenths of one percent of the
upper limit. This resonance appears to have even parity
and either 3/2 or 5/2 units of angular momentum.

H. The Resonances Near 2.01 Mev and. 2.41 Mev

These resonances are similar to the one just con-
sidered in that each is narrow and each has a maximum
at lower energies than the minimum. At these energies,
however, the II circle is reoriented so that only the D
IcsonRnccs have thc pl.opcl qualitative shRpc. Flgul. c
13 compares Ds/2 and D@2 resonances with the cross
section near 2.01 Mev, and Fig. 14 shows a D3~~2 reso-

EXPER~MEgTPL' ' ' ' ~

THEGRET~CAL—

I"zo. 10. Comparison
of an Iif,~2 resonance with
the observed resonance
at 1.485 Mev. The width
is chosen to make the
areas under the two
curves equal.

Cl

UJ lQ—

M

Q

Q3

0.5-

b

1=300 EV

00 I480 348~
PROTON ENERGY (MEV)

nance near 2.41 Mev. In each case, the reduced width
is only a few tenths of one percent of the upper limit.

At, 2.41 Mev a peak in the inelastic scattering was
observed. ' The fact that the elastic scattering width is
less than the total width may partially explain why the
maximum cross section observed is less than that pre-
dicted by the formula. These two levels are assigned
even parity and angular momentum quantum numbers
of either 3/2 or 5/2.

l. The Cross Section near 2.91 Mev

The small variation in the cross section near 2.91 Mev
was studied only with the- survey target, ' and the shape
is not well determined. No de6nite. assignment of
quantum nun1bcI's can be made but R brlcf lnvcstlga-
tlorl %'Rs carried out to determine the possibilities. Cal-
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culations show large fluctuations in the cross section

grams indicate that an 5 resonance has the best
quaiitat&ve s ape, u1' '

h but the maximum would be a out
0.13 barn and the reduced width extremely small. That
this resonance can be attributed to an impurity in the
target ls rat eruni eyth 1 k ly because it exhibits a minimum,
and impurities scatter incoherently.
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tions near 2.01 Mev.
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serva lOn.t' Unfortunately however, it seems impossible
to choose parameters for an /~~2 resonance suc a e

lntcI'val of obscl vatlon. Undel thc cll cumstanccs, 1

appears that a definite classification of the 3.65 Mev
resonance is not justified.

K. Summary of Analysis

Th
' t t ton of the threebroadresonancesnear

. 25, 1.6, and 3.1 Mev is simple and unambiguous.
The all have odd parity relative to Mg", and they
have reduced widths of the order o — p
the single particle limit fi'jya„where p is the reduced
mass and a, is the interaction radius. '0 The analysis of
the 1.49-Mev resonance leaves a twofold ambiguity in
the angular rnornentum value, but t e evidence for odd

&0 R, K. Adair, Phys, Rev. S2, 750 (1951).

J. The 3.65-Mev Resonance

This resonance also was studied only with the survey
target, but its qualitative shape is clearly similar to
those at 2.01 and 2.41 Mev. The principal difhculty in
'd t f ' th' resonance is that the other phase shifts
in the vicinity are not well understood. The backgroun
fit (Fig. 8) deviates markedly from experiment here. t

likely, however, that the phase shifts which form the
potential background are not grossly in error, and tha
future changes will be small. Circle diagrams in icate
that very large changes in the potential phase shifts
wouM be necessary to make anything but a D resonance
look reasonable, if resonances up to l=6 are considere .

The 5 wave phase shift at this energy is about-
If it were zero or a few degrees positive, a D resonance
would fit the data very well. The background cross
section under this condition would also agree with ob-
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parity is fairly strong. The reduced width of this
resonance seems to be of the same order of magnitude as
those of the first three mentioned.

All of the other resonances observed seem to have
very small reduced widths. With the exception of the
one near 2.91 Mev, about which little is known, they
all appear to have even parity and 3/2 or 5/2 units of
angular momentum. The high energy cross section
seems to indicate a combination of two or more broad
resonances above 3 Mev, but the yield curve could not
be fitted simultaneously at all energies with any com-
bination of two resonances in this region.

III. CONCLUSION

A. Energy Level Diagram and Mirror Nucleus

FIG. 14. Compari-
son of a D3/g reso-
nance with experi-
mental cross sections
near 2.41 Mev.
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Figure 15 shows the energy levels of the mirror nuclei
Mg" and Al" placed so that the ground states coincide.
The excitation energy of each level plotted in Al" is the
dissociation energy, which is 2.32 Mev, plus the resonant
energy E„, in the center-of-mass system. This energy is
used in preference to the characteristic energy E&,
because although E), is associated with the internal wave
functions of the compound nucleus, its value depends
on the choice of interaction radius. The two lowest
excited states shown in Al" were observed by Grotdal et

al."but not by Mooring et al. '
The Mg" levels are taken from the results of

Schelberg, Sampson, and Cochran. " These are all
bound levels in that their energies are less than the
dissociation energy of a proton or neutron, and none
of them is classified. For the present, therefore, the
comparison shows only that the level densities are
about the same in the two nuclei.

B. Characteristic Energies, Reduced Widths,
and Interaction Radii

In principle, the exact value of the interaction radius
is not important to the analysis. The values of the
characteristic energies and reduced widths of resonances
do, however, depend on the value chosen for the inter-
action radius. Table II compares the values of these
parameters of the broad resonances near 0.825 Mev and
1.6 Mev for two diAerent values of the radius. Although
these results should not be generalized, they are in
qualitative agreement with theoretical predictions by
Wigner and Eisenbud and by Teichmann. '

C. Comparison with the Shell Model of the Nucleus

According to the shell model proposed by Mayer, ~

the levels that are filled by protons (and by neutrons)
in Mg'4 are given by the expression

(»Vs)'(~Pcs)'(~Pcs)'(&des)',

where the superscript indicates the number of protons
~~ Grotdal, Lonsjo, Tangen, and Bergstrom, Phys. Rev. 77, 296

(1950).
n Schelherg, Sainpson, and Cochran, Phys. Rev. 80, 574 (1950).
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Pro. 15. Energy level diagrams of Mg~ (from the data of
Schelberg, Sampson, and Cochran'LPhys. Rev. 80, 574 (1950)j)
and AP'. Excitation energies in A125 are the dissociation energy
(2.32 Mev) plus the resonant energy in the center-of-mass system.
The two lowest excited states in Al~ were observed by Grotdal
et ut. {reference 11).

(or of neutrons) occupying the state. Since only four
of the six available d5~2 states are filled, the additional
proton is assumed to occupy a d5/2 state for the ground
state of Al". This assumption is verified experimentally'
for the additional neutron in Mg".

If the single particle picture were valid, the sequence
of excited states in Al" should be the same as that fol-
lowing 1d5/2 in Table II of reference 6, with the provision
that spin-orbit splitting might cause pairs of levels like
2P3/s and 1fsy, to cross. The degree of validity of the
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TABI.E II. Reduced vndth and characteris/ic energy for two
values of the interaction radius a, :c,=5.83X10 "cm. , u, =5.05
X10 "cm.

Resonant
energy Observed
center- reso-
of-mass nance
systenl width

as =5.83 X

Reduced
width

E(Mev) I'(kev) y'I,'Mev cm)
0.'B2 1.5 1.2X10 "
1 557 36 10X10 "

10»cm es 5,05 +10»cm
Ar

Charac- Charac-
teristic Reduced teristic
energy width energy

$1,(Mev) y'(Mev cm) EI(Mev)
0.61 2.2X 10 '8 0.41
1.47 1.7X 10 «8 1.38

single particle approximation for a certain state may be
estimated by the ratio of the value of its reduced width
to tile valllc of 5 /IlQ. Folll' of 'tllc Icvcls classlflcd 111

A125 have reduced widths greater than ten percent of
the single particle value. These are the I'@~ level at
3.lj. Mev, the Ii level at 3.75 Mev, the I'~~2 level at
3.88 Mev, and the E@~level at 5.34 Mev. These energies
are measured from the ground state as in Fig. 15. If the
angular momentum value of the F level is 5/2, the first
three of these levels 6t into the predicted sequence. The
1del2, 2slle, and 1f~~2 levels might then lie in the region
below the classihed levels.

None of the other resonances observed is considered
to represent a single particle level because the values of
their reduced widths are only a few tenths of one percent
of the limit. The abundance of narrow levels of even
parity is striking and deserves some consideration. If
some of the core nucleons are excited in the bombard-
ment of Mg", the mean life of the state of the compound
nucleus is greater than it would be if only the added
proton were excited, because time is required for the
energy to be concentrated on the emitted proton. By
the uncertainty principle, therefore, thc width of a
level involving multiple particle excitation is smaller
than that of a single particle level.

Of the core nucleons, those in the un6lled j.d5~2 shell

should be most easily excited. In the region of excitation
above 3.88 Mev, the energy required to excite two or
more of these nucleons into the next lowest unoccupied

states (e.g. , 1dele, 2sll2, ) might be less than that
required to excite a single proton into the ig9~2 state.
Since these two lowest unoccupied states are of even
parity, as are the id' states, one might expect a fairly
large number of multiple particle states of even parity.

A subject of current interest is the spin-orbit splitting
of nuclear energy levels. In the present experiment, a
I g~2 I y)2

—doublet ls observed (tile 3.11-Mcv and 3.88-
Mev levels of Fig. 15). The separation is approximately
0.77 Mev. This splitting is rather smalI compared with
the 5-Mev splitting of the I'3~~2 —I'j~2 doublets" in He'
and Li', and compared with the 4.4-Mev splitting of the
D5~2 and Dy2 levels' in I'". Correlation of recent evi-
dence obtained by Bockelman. ~t al."with the assign-
ments of Jackson and Galonsky' indicates that the
Dsp —Dsp spllttlng 1Q C Rnd N ls of thc ordcl of
3 Mev. The above levels in He' and Li', however, have
very large reduced widths, corresponding to single par-
tide excitation, and the same is true to a lesser extent
of the D levels in C'3, N", and F'~, while these two I'
lcvcls ln Al . RI'c only approximately twenty-pcI'ccQt-
single-particle" levels. Also, He', Li', C", N", and I"'7

are closed-shell-pIus-one nuclei; and the energies of the
lowest excited states of the core nuclei, He', C", and
O'6, are greater than 4 Mev.

The foregoing discussion is rather speculative in
nature, but the simplicity of this level structure for R

nucleus hke Al" is fascinating. Although these sug-
gestions may be incorrect, simplifying assumptions
sccm to bc Indicated) Rnd thc gladuRl RccuIQuIRtlon of
systems of classi6ed excited states of nuclei may result
in similarities of structure that will lead to a better
picture of the nucleus.
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