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Canonical transformation between the g-operators and certain components of the spin-tensor yields
explicit expressions for the latter. The transformation is used to deduce general consequences that simplify
the derivation of commutation relations. It can also be applied with advantage to construct free particle

solutions of the wave equation.

HABHA'S theories of the equations of particles of
arbitrary spin!? all rest on a basic assumption
about the explicit expression for the relativistic skew-
symmetric spin-tensor #,,. A possible set of “five-
dimensional” theories is based on the assumption that
tuy=BuBy—B:B8,. In the following paper details of a
different approach?® are presented. It is shown that a
certain symmetry in the equations expressing the rela-
tivistic covariance of the linear first-order wave equation
suggests the existence of a canonical transformation
between three components £,, and three ). An almost
obvious specialization of this canonical transformation
leads to the above expression for ¢,, as a result. Con-
versely it can be shown that within the frame work of
Bhabha’s ‘“five-dimensional” theories the canonical
transformation always exists; it simply corresponds to
a rotation through the angle 7/2 in the (x5, x,) plane.
Leaving aside the problem of other possible transfor-
mations leading to different expressions for #,, (which
may yield the equations of Dirac, Fierz, and Pauli for
higher spins, or the symmetric equation of the meson
suggested by Eliezer* and considered by Bhabha?), the
implications and applications of this particular transfor-
mation, and others related to it by covariance, are
studied. Hitherto awkwardly derived results, such as
the equality of the characteristic equations of the spin
operators ¢ and the B, or the imitation by two or
three o of the algebraic relations of the (8, are here
deduced as almost immediate consequences. Further-
more, by way of illustration, the equations of the Dirac
electron and the Duffin-Kemmer meson are derived in
but a few lines. Finally, taking the case of a particle of
spin £ as an example, it is shown that the canonical
transformation also provides an elegant method for
obtaining free particle solutions of the wave equation.

A. THE CANONICAL TRANSFORMATION

The condition that the linear first-order wave equa-
tion be covariant under Lorentz transformations re-
quires that the components of the skew-symmetric
tensor f), formed by the generators of the Lorentz
group satisfy the commutation relation

[ﬁm t)\vjza)\uﬂv_ 5"#6)\7 ()‘; My, V= 1; o 4):
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where [A4, B]=AB—BA. On the other hand, the
generators of the Lorentz group satisfy the commuta-
tion relation

DM: tpa] = —uplvo— Orolup. (2)
Defining
(k, 1, m=1, 2, 3 cyclic), (3)
(1) and (2) give the following two sets of equations:

(a) [Bk) O'k:]= 0; (d) [Bki 71]=01

or="—"1limy, Yr=—1lsr,

(b) [Br, o ]=1iBm, (e) [Br, vil=1Bs, 4
d (C) [64) U’C:l: 0) (f) [34’ 'Yk:|= _iﬂky
an
(3.) ['Yk’ a'k:]=0) (b) I:'Yki ‘71:12 1Ym, (S)

(C) [7’% ‘Yl:]=i0m, (d) [:o'k, trz:|=idm.

Furthermore, if the wave equation is to be covariant
under reflections, there exist four operators 7, such that

77;.«2= 1; nnﬂv"*“ﬂvﬂu:oy (F‘# V)’ 77#6#__—6#77#; (6)
i.e., in particular,
N4BrtBrna=0, n4B4=PBuns (6a)

It is noteworthy that from Egs. (4) it can be derived
(see Appendix I) that the three operators v, too,
satisfy

1Yt vina=0, (7a)
and that

(7b)

Now in addition to this similarity between Egs. (6a)
and (7a), it is remarkable that Egs. (5a) and (5b), too,
differ from (4a) and (4b) merely by having v and v
in place of 8x and B.. This suggests the possibility of a
canonical transformation

Ye=gSBrS™,

M40 k= OkN4.

®)
Sor= a'kS, (93.)

and where g is an ordinary constant. In addition
assume that .S commutes with B4:

Substituting (8) in (4d) gives
ST ypSSBIS T —SBS IS S =0,

where

(9b)
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whence, multiplying by S~ on the left and by S on
the right,

(S™2yS?B1— Bu(S™)?yxS?=0.

Adding
YiBi— Bryr=0, (4d)
one obtains
BL(S™)* 7S+ v ]—[(S™)*7eS*+v:18:=0. (10a)

Similarly, using (8) and (9b), one obtains from (4e)
Bl (S 278+ v ] — [(S7)*14S*+ 12 18 =0.  (10b)

Finally, multiplying (4f) by (S7)? on the left and by
S? on the right, and adding (4f), one obtains

BaL (S5 vi]— [(S™)27:5*+ 74184
=—i[(S7)?8xS>+B:]. (10c)

It can now easily be seen that a consistent solution
is obtained assuming

BiS*+S*Be=0. (11)

For Egs. (10) then merely say that the operators
(S™)%y1S>+vr commute with all four B,, and hence
with all the elements of the group or algebra composed
of the B, and their products. The operators (S7)%y;S?
+ v, must therefore be multiples of the unit operator.
Since, from (5b),

spur(S—1)2y,S?=spury; =0, (12)
one obtains
. (S 7 =0, (13)
ie.,
SZ“Yk-}—’YkSZ:O, (14)

which, according to (8), is in agreement with the
assumption (11). From (11) and (9b) it can therefore
be deduced that a consistent solution is obtained if S?
is a numerical multiple of the operator 74 defined in (6a).

Applying the transformation (8) and (9) to (4f) and
(5¢), one now obtains

Yie=— ig2(34ﬁk— Bkﬂ4),

ie.,

om=—1g"(BeBi—BiBx), (15a)

tuv=82(Bva_BvBu)- (ISb)

This expression for #,, forms the starting point of
Bhabha's theory of particles of arbitrary spin; here it
is obtained as a result of the canonical transformation
(8), (9.

Conversely, it can be shown that within the frame-
work of Bhabha’s theory the S-transformation satis-
fying (8), (9), (11) always exists. For in Bhabha’s
theory Egs. (15) together with Egs. (1) and (2)
are interpreted as the commutation relations of the
components of an angular momentum tensor I%Z in
five dimensions (K, L=1, ---5), with gBr=1I%5. This
means that to every Lorentz transformation in five
dimensions specified by xx’=ax . there corresponds
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an operator T such that

TIMNT1= g Mg, NTKL—['MN

(16)

Now consider the particular transformation repre-
senting a rotation through the angle 7/2 in the (x4, x5)
plane:

xk'=xk, x4'=x5, x5'=—x4,
ie.,

(111=Gz2=d33=1, a45=—a5 =1.

Equation (16) now gives
TINT'=gTh T =ax'ar’I¥=a)'a IV =1,
TIST'=gTB T =ax'ar’ [Xl=aslaP % =g,
and
TIMT'=Ty,T'=ax'a ¥t =a las' "= —gB,
To\Tl=gay,

and similarly for B, Bs, v, vs,,and o2, o3. Hence T is
identical with the S-transformation specified by (8),
(9), and (11).

It can also be shown that, if the expressions (15) are
to hold, then the transformation specified by (8) and
(11) is the only one such that .S commutes with 84. For
from (4f) one obtains by canonical transformation,
using (8) and (9b),

—17e=g"BuS"Bi(S™)’— g257Bx(S7)*Bu.
Hence, if (15) is to hold, then
—ig(B4Br— BiBe) =g BaSBr(S ) — S*Bu(S)%Bd],
ie.,
BLS*Bx(S™)2+Bi]=[S*Bx(S71)*+ B 1Bs

Similarly, by canonical transformation of (10a) and
(10b) one obtains, respectively,

SBST[S*B(ST)*+ B ]=[5"e(S7)*+ B JSB:S ™,
SBLSTILSMB(S™) 4 Bi]=[S"Be(S7)*+B: 1SBLS .

These equations show that the operators S%3:(S™)*+ 8%
commute with 8; and with the three v;. But since, in
virtue of (4f), 8; can be expressed in terms of 8; and v;,
it follows that S?B4(S—)2+ By is a constant multiple of
the unit operator. Since spurBx=0, it follows that the
constant is zero, i.e., (11) must hold.

Assuming, as is compatible with Egs. (8), (9), and
(11), that S depends on B, only, an expression for S
can easily be given. Since S? anticommutes with the
three 3 and commutes with 84, S* can be represented
by the unit operator. Now it is shown below that the
characteristic values of gB8; and o must be the same,
vi2., either the integers —#, ---0, ---+4n, for integral
spin, or the half-integers —n, ---—3%, +3, -+ 4=, for
half-integral spin. It is therefore possible to represent
St by

St=exp(2migBs), (17a)
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this operator being equal to +1 for integral spin and
to —1 for half-integral spin. Hence S and S~ can be
represented by

S=exp(3irgBs), S'=exp(—3irgBs), (17b)

showing that S is unitary if B4 is hermitian. It is clear
that .S can be expanded into a polynomial of degree 2»
in gBs, the 2n+-1 coefficients being determined by (17b),
using the 2n4-1 eigenvalues of gBs.

In Appendix II it is shown that, as is to be expected
from relativistic covariance, the transformation (8),
(9) is not the only one that leads to (15). More generally,
there are four transformations S, such that [.S,, 8,]=0,
S8+ B:S,2=0 (r#£pu); they correspond, in Bhabha’s
five-dimensional scheme, to rotations through the angle
m/2 in the (x,, x5) plane. Finally, it is interesting to
note another possibility leading yet again to the ex-
pressions (15), viz., (see Appendix IIT)

Suﬁn+ BuSu= 0; [S,‘Q, B)\] =0.

These four transformations correspond to rotation
through the angle /2 in the (x,, x5) plane and reflection
of X5.

B. APPLICATIONS OF THE CANONICAL
TRANSFORMATION

(i) Some Consequences

The existence of the transformation (8), (9) has
numerous immediate consequences that hitherto have
been derived only by laborious calculations, using the
expressions (15). For example, it follows immediately
that the characteristic equation of o, which determines
the eigenvalues of the spin components, is also the
characteristic equation of gB,. For owing to the com-
plete parity of the four 8,, the characteristic equations
of v and oy are the same, and the characteristic equa-
tion of vy, transforms into that for gBs. Furthermore, it
is now obvious that the four operators v, and gg;
satisfy the same algebraic relations as the four B,.

Similarly, it is now easy to see why the three operators
o satisfy commutation relations of three operators gg.
Regarding relations involving only two different o’s
this is now almost self-evident; for owing to the com-
plete parity of all four 8’s and in virtue of the equivalent
structure of two ¢’s on the one hand and two ¥’s on
the other, the relations between two +’s will also be
satisfied by two ¢’s, and the relations between two ~’s
are satisfied by two gB8’s. Now the relations between
three different gB’s are obtained from (see Sc) (Sa)

[Cyw, vid, ¥m]=0, (18a)

by canonical transformation, after suitable reductions
with the help of the characteristic equations and the
relations involving only two different v’s. Since, ac-
cording to (5d), the three ¢’s, too, satisfy

[[aky Ul]) ‘77"]=O} (18b)
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it follows that the resulting equation for three ¢’s, after
similar suitable reductions with the help of the charac-
teristic equations and the relations involving only two
different ¢’s, will be the same as for three g8’s. The
converse is not true; owing to the different structure of
the sets of three ¢’s and three v’s, an equation between
three ¢’s, for example (5d), need not be satisfied by
three gf’s.

(ii) Derivation of Commutation Relations
for Spin  and Spin 1

Substituting (15) in (1), and using the result that gg,
and o satisfy the same characteristic equation, the
commutation relations of the 8’s can now be derived
in a few lines. Putting A= u>%», one obtains

B2+ B.8.2—28,6,8,= (1/g2)ﬂl’: (u5 V):

whatever the value of the spin.

(19)

(a) Dirac’s Commutation Relations

For spin 1 the characteristic equation of o} is given by

(0x—3)(oxt3) =0, (20)
whence also
(gBu)=1. (21a)
Hence (19) becomes
BuBuBu=—(1/4g")By,
whence, multiplying by 8, and using (21a),
BuBvtB:8.=0, (us=v). (21b)

Since the numerical factor g can be absorbed in the
mass constant, its value can be freely adjusted. Without
loss of generality one may therefore put g2=1%, so that

B2=1. (21c)

Equations (21) are identical with Dirac’s commutation
relations for the electron. The expressions (17b) now
give

S=1—iB)/VZ, S~i=(1+iBs)/V2;

. (22
St=—1iBs=—1ina. )

(b) The Duffin-Kemmer Relations

For spin 1 the characteristic equation of ¢ is given
by

(O'k— l)dk(dk+1)=0, (23)

whence also
B=(1/8"Bu. (24)
Hence, multiplying (19) by B, on both sides, one obtains

26u261ﬂn2= (1/g2)5n6v6m (25)

whence again

(1/82)BM25VBF2= (2/84)/3;16#3#; (26)
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and therefore

BuBsBu=0, (I‘;é")- (27)
Taking pus\, v#\, u#v, and using (15b), (1) gives
BuBABy+ByBrBu= BuBsBr-BrB:Bu, (28)

whence, multiplying by 8,2 on the right and using (27)
and (19),
Bnﬁvﬁx+ﬁkﬁvﬂp=0 (29)

Putting g?=1, Egs. (19), (24), (27), (29) are identical
with the Duffin-Kemmer commutation relations for
the meson of spin 1. The expressions (17b) now give

S=1—iB—B2, S'=1+iB:—B2;  (30a)
S?=1-282=1n4. (30b)

(iii) Derivation of Solutions of the Wave Equation
by Lorentz Transformation

Apart from making the derivation of commutation
relations much simpler, the knowledge of the existence
of the canonical transformation (8), (9) is of great help
in finding solutions of the wave equation. Instead of
solving a system of # simultaneous linear equations,
where » is the degree of the matrix representation, the
idea is to construct the solutions from the obvious
elementary solutions in the rest system (all but one
spinor components vanish) by Lorentz transformation,
the procedure being greatly simplified by an application
of the canonical transformation (8). This method also
facilitates the finding of that combination of solutions
that is also eigensolution of certain operators, as is fre-
quently desirable. It is best to demonstrate the method
for a particular case, say Bhabha’s equation® for a
particle of spin §. In thls case the canonical transforma-
tion (8), (9) holds true with

5 13 \
5‘572(5“?‘”*234 “34)
. S 13

N “‘2*\/—_(54— 3 —ifs— 284 —“lﬁa)

St=iny= —3i(78s—4B4);

but the explicit expressions will not be required in the
following. Designating the four-vector of momentum
by p, (ps=iw), and the position vector of the world
point by x, (x;=1it), consider the plane wave solutions

¥v=U exp(ip-Xx). 31)

The (16-component or 20-component) spinor amplitude
U satisfies

(1puBut ) U=0. (32)

Taking the direction of #, in the direction of the three-
vector with components p;, p2, ps, and writing p1=9,

5 H. J. Bhabha, Proc. Indian Acad. Sci. (A) 21, 241 (1945).
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(32) becomes
(ii’ﬂl— wBst K) U=0. (33)

The solutions U of these equations for given p can be
obtained from the elementary solutions U, for p=0,
(w=uwy), by the Lorentz transformation

U= TUQ, U0=T"1U, (34)
where
) (—woBst+Kx)Uy=0, (35a)
le.,

(—woBs+ )T U=0. (35b)

Multiplying (35b) on the left by T and using (33), one
obtains

- onﬂ4T_1 U+ KU

= —onﬂ4T_lU—1:P[31U+ wﬂ4U=0. (363.)
Hence T satisfies the equation
TBs=(w/w0)BsT—i(p/wo) BT (36b)

It is natural to assume that T can be expressed in
terms of powers of the operator v,, this being the
generator of translations in the x;-direction. Now the
components of the spin satisfy the characteristic equa-
tion of fourth order

(0x—3)(ox—3) (ort3) (ox+5) =0. (37

Since v, satisfies the same equation, T can be repre-
sented by

T= 1+A71+B‘Y12+C713,

where 4, B, C are ordinary constants.

A considerable simplification can now be effected by
substituting (38) not in (36b) but in the canonically
transformed equation
STS 4= (w/w0)BaSTS™1—i(p/w0)SBSISTS™, (39)

where S satisfies (8), (9), (11). Since Svy:S~1=.5%3,(S"1)?
= —f1, the awkward terms v:* and v,® in T are now
simply transformed into ;> and — 83, (39) thus giving

Bs— AB1Bs+ BB*Bs— CB:1*PBs
= (w/wo) (Bs— ABsB1+ BBsB12— CB4B?)
- i(ﬁ/wo) (‘Yl— Av1B1+By1B82—Cvi84).  (40)

Using the direct product representation® 8= £X1, (40)
can be written in the form

(@18 b1E:84F crbabr) s
+ (@284t bofrEat cobabr)mna=0, (41)

where the constants g, b, ¢, involve the coefficients 4,
B, C. Now 74 and 7,94 are independent operators, and
so are &, £1£4, £s€1. Hence a=b=c¢=0, which gives six
linear equations for the coefficients 4, B, C. The solu-

(38)

6 Madhavarao, Thiruvenkatachar, and Venkatachaliengar,
Proc. Roy. Soc. (London) 187, 385 (1946).
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tion is
2 p w—13wg W—wo
A=- — B=4——
3 wtwo Swe—w Swo—w
(42a)
8 P wW— We
- 3 wtwo Swo—w,
providing that
w'=wl+p. (42b)

In the general case, for motion in any direction with
momentum components pi, ps, ps, the transformation
T is obtained by simply replacing in (38) v by
(prvit pavet pays)/p, where p2= pi’+ p’+ ps.

The solution U can now easily be constructed from
(34), (38), (42). This method has the particular ad-
vantage that if, as is often desirable, the solutions are
to be eigensolutions of the component of the spin-vector
in the direction of p (o; in the above case) it is easier
to construct first the corresponding eigensolutions U,
in the rest system. Since y; commutes with o, the
transformed solutions U=7TU, are then still eigen-
solutions of o1.

APPENDIX I

Multiplying Eqgs. (4d), (e), (f) by #4 on the left and right, and
using (6a), one obtains, adding respectively (4d), (e), (f),

Br(navinatvr) — (navinatve) Br=0,

valid for all four Bx. The operator nsvins+ i thus commutes with
all the elements of the algebra and must therefore be a multiple
of the unit operator, say a¢l. But since n4=7,"}, and since, from
(5b), spur =0, it follows that espurl=0, whence ¢=0.
Similarly, it follows from (4a), (b), (c) that nior=oxn4.

APPENDIX II

In the transformation (8), (9) the role of B4 differs from that
of the three other 8x in that S commutes with 8; and with the
three components &, for which both u#4 and »#4, while the
three #4 are transformed into Bx. Owing to the relativistic covari-
ance, there is of course no real distinction of B4, and in fact any
other B can play the same role. It is instructive to see how,
despite the altered correspondence between Egs. (4) and (5), the
expressions (15) are again obtained if, say, Bs is chosen to play
that role. Thus, in place of (8), (9), consider the transformation
characterized by

LS, Bs1=0, [S,4w]=0 if both u%3 and »3,

(A1)
. 3P, laa—Pr  lis—Bs;
ie.,
[S) Bi]"_" [:S, 71]=[Sy 'Y?]= I:Sr 0'3:|=0: (A2)
7:=SB1S7Y, o1=—38B:57, vi=—SBSL

Now from (4b)
Bro2— a2Bf1=1Bs,

whence, multiplying by S~! on the left and S on the right, and
using (A2),

B1(S™)2025%— (S7)202 571 = —3Bs.
Bilo2+ (5720252 [o2+ (5720252181 =0.
Similarly, canonical transformation of
Bro1—01/1=0

Hence
(A3)
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gives
B2(S71)20285%— (§71)2025%8,=0.
Adding
B2a2—09B:=0,
one obtains

B:Lor+(S7)2025?]— o2+ (5720252182 =0.

Again, by canonical transformation of

(A9

Brys—v31=0
Ba(S71)2025%— (§7)20,5?8,=0.

B4o2—028:=0,

one has
Adding
one obtains

BiLo2+(S)20:52]—[o2+ (572025218 =0.

Finally, by canonical transformation of

(AS)

Baoz—a2B3=—if1
one obtains

Bs[ o2+ (S)20:52]— [o24 (S7)20257]8s
=—i[B1+(S1)28:5?]. (A6)
Hence, assuming that 8, anticommutes with S?, one now derives,

since spuroy=0,

25?4 5% =0, A7
which, because of ¢2=S58,571, is consistent with the assumption.
Similarly one finds that, if 8, and 8, anticommute with S?, then
015 +8%01=0, 7352+ S2y;=0, (A8)

in agreement with (A2). It can therefore be deduced that, apart
from a constant factor, S? is identical with the operator 5; defined
in (6). The expression for S can be obtained from (17) by replacing
B4 bY Bs.
It now remains to show that the expressions (15) still hold true.
Indeed from
103=0102— 030}

one now obtains by the canonical transformation (A2)

ig3=P182—B:B1. (A92)
Similarly, from
(b) —iB:=01B85—Bs01,
(c) 1B1=0283— B30z,
(d) Y1=02y3— Y302, (A9)

(e) Ty2="301— 0173,
()  —iBs=~vsBs—Bsvs,

the old expressions (15) for o1, a2, v1, v, 3 are obtained, respec-
tively, by the canonical transformation (A2).
APPENDIX III
Consider the transformation
Ye=SBiS, SBi=—puS. (B1)
From Eqs. (4d), (e), (f) one derives by a now familiar procedure
[Bi, Ti]=0, [Bx, I'x]=0,

. B2
[B, Til=—ilBi— (S 8:57], (B2
where
Tr=vr—(S7)%yxS2
A consistent solution can be obtained assuming
SBr=PB1S?, e, SPvi=viS% (B3)

Multiplying (4f) by S on the left and by S~ on the right, and
using (B1), one obtains
Y= —1(BeBr—BxB4).

To obtain the expression for o note that from (4a), (b), (c) one
now derives by canonical transformation

[’Yk: Ek]=0, ['Yk; 21:1:0) [64: zk]=0; (B4)
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where
Zy=op—SopS7

Owing to (4f) this means that the operator =i commutes with
the four B,; it is therefore a multiple of the unit operator. Since,
from (5d), spurox=0, it follows that

Sor=05S.
Hence by canonical transformation of (5c) one obtains
10m= BrBi— BiBk.

The canonical transformation under consideration is character-
ized by

(BS)

Bx—vk,  VE—Br, Bs—— B (B6)
In Bhabha’s five-dimensional scheme, using (16), this corresponds

Ok >0k,
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to the transformation

= Xky %= s, X = X4,
(B7)

ie.,

thl=dzz=aza= 1, a4‘=a5‘= 1.

This describes a rotation through the angle 7/2 in the (x, x5)
plane, and reflection of «xs.

Owing to the relativistic covariance it is clear that any other
Bk can play the role of gs. Hence there are four transformations
Sy such that

Su3p+ Bysu = 0) [Snz» ﬂ)\] =0. (BS)

It is interesting to note that S,? is now a multiple of the unit
operator.
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Thin beryllium targets were bombarded with 400-kev protons and the energy spectra of the particles
given off at 90 degrees to the beam direction were observed with a cylindrical electrostatic analyzer. The
beryllium was evaporated onto a nickel backing which was thin enough to confine the elastically scattered
protons to a narrow energy range. At energies below that of the elastically scattered protons, peaks were
observed in the energy spectra which corresponded to the maximum alpha-particle energy in the continuous
energy distribution of alpha-particles resulting from the breakup of Be®. The position of these maxima give
a value for the energy release in the disintegration of 77.544 kev.

INTRODUCTION

HE nucleus Be? occurs as a compound state, or

an intermediate product, in a large number of
nuclear reactions.! In cases where the ground state is
involved, there is evidence that alpha-decay occurs.?
The result of the early work on this problem was the
conclusion that the ground state of Be® was unstable
against alpha-decay by about 125 kev. The conclusion,
as to the instability of Be?, is bolstered by the fact
that naturally occurring beryllium contains no de-
tectable amount of mass eight isotope.? Recently, a
measurement of the half-life for this decay was made
by measuring the track lengths of fragments of oxygen
nuclei in an emulsion when the emulsion had been
exposed to energetic gamma-radiation.* Some of these
fragments were identified as Be® nuclei. The half-life
was found to be (541)X 10~ second. This value cor-
responds to an energy of the order of 100 kev which is
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