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data, however, agree better with the calculations for a
uniform charge distribution than for the surface charge
distribution.

VI. SUMMARY

The observed scattering of 15.7-Mev electrons by
nuclei is compared with the calculations of Elton and
of Acheson on the assumption that the radiation cor-
rection as calculated by Schwinger is valid. The ob-
served deviations from coulomb scattering are con-
sistent with the picture of a nuclear charge whose
radius is given by the neutron experiments and whose
density distribution is uniform or possibly slightly
greater at the center of the nucleus.

We wish to express our appreciation to S. M. Danco6'
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The angular distribution of electrons scattered by thin Be and
Au foils has been measured for angles where the multiple scat-
tering is important. The 1/e widths of the distributions obtained
with Au foils of 18.66 and 37.28 mg/cmm are 2.58' and 3.76',
respectively. These widths are about 10 percent narrower than
those calculated from the theories of Williams or of Goudsmit and
Saunderson but are in good agreement with the calculations of
Moliere.

The 1/e widths obtained with Be foils of 257 and 495 mg/cm2
are 3.06' and 4.25'. These widths are about 5 percent smaller
than those given by Moliere's theory increased by {1+1/Z)& for

the contribution of electron-electron collisions. The discrepancy
may be qualitatively explained by the fact that the Thomas-Fermi
screening used in the calculation is different from the effective
screening in the Be metal.

The scattering from the two Au foils was measured for larger
angles where the scattering can be considered as single scattering
modified by the effect of multiple scattering. The ratio of the
scattering from the thick to the thin foil can be represented by
the relation 2+95/8' from 9' to 30', and is in fair agreement with
theoretical expressions for this ratio.

'HERE have been a number of experimental inves-
tigations of the scattering of electrons by mul-

tiple collisions in passing through various materials.
The most complete series of experiments has been
carried out by Kulchitsky et ut. ,

' who investigated the
scattering of 2.25-Mev electrons by elements from
lithium to lead. They found that their results were in
agreement with the theories of Williams' and of
Goudsmit and Saunderson' for the light elements if the
electron-electron scattering were accounted for by
increasing the width calculated for nuclear collisions by
a factor (1+1/Z)&. Their results for the heavy nuclei,
however, gave widths which were from 10 to 15 percent
narrower than predicted by the theories mentioned.
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Massachusetts.
'L, A. Kulchitsky and G. D. Latyshev, Phys. Rev. 61, 254

(1942};Andrievsky, Kulchitsky, and Latyshev, J. Phys. USSR 6,
279 (1943).

s E. J. Williams, Phys. Rev. 58, 306 (1940).' S. Goudsmit and J. L. Saunderson, Phys. Rev. 58, 36 {1940).

The present work' with higher energy electrons
confirms the above results. It will be shown that the
experimental results to be presented here, as well as
those of Kulchitsky et al. , are in better agreement with
the theory of Moliere, ' who has investigated the basic
single scattering law at small angles, which enters into
the theory, in more detail than other authors.

A brief resume of the various theories is given by
Groetzinger, Berger, and Ribe, in connection with the
discussion of some cloud chamber observations.

EXPERIMENTAL METHOD

The experimental arrangement used was the same as
that described in the work on electron-electron scat-
tering' except for the insertion of a smaller aperture
defining the scattered beam, and the use of a diGerent
detector.

4 Preliminary results were reported at the Chicago meeting of
the Physical Society, Phys. Rev. 81, 309 (1951).' G. Moliere, Z. Naturforsch 3a, 78 (1948); 2a, 133 (1947),

6 Groetzinger, Berger, and Ribe, Phys. Rev. 77, 584 (1950).
See also Mott and Massey, The Theory of Atomic Collisions
(Oxford University Press, London, 1949), second edition, p. 193.

7 Scott, Hanson, and Lyman, Phys. Rev. 84, 638 {1951).
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The arrangement can be described briefly as follows:
A monoenergetic 15.7-Mev electron beam was focused
upon a scattering foil. at the center of a scattering
chamber 20 inches in diameter. The converging cone of
electrons had a full angular width of about 1, and was
focused to a spot about 0.08 inch in diameter. The
scattered electrons were se1ected by means of a ~'~-inch
hole in a -„'-inch thick lead plate, placed about 10 inches
from the scattering foil, After passing through this
aperture, the electrons were deQected by an analyzer
magnet into a large ionization chamber. The exit port
on the analyzer was enlarged so that all electrons whose

energy was within 6 percent of the maximum energy
entered the ionization chamber.

The incident current was measured by means of a
faraday cage connected to a vacuum tube electrometer.
This current was maintained at a constant value
throughout the experiment. The scattered current was
measured by a vibrating reed electrometer connected
to the ionization chamber.

At small angles, it was necessary to remove the
faraday cage from the forward direction, since it would

have intercepted the scattered beam. This was done by
remote control, so that a measure of the incident current
could be obtained immediately before and after each
measurement of the scattered current.

Measurements of the angular distribution were made
on both sides of the incident beam for two gold and two
beryllium foils from 0' to 6', using the ~'~-inch aperture.
Measurements of the scattering from the gold foils were
extended from 6' to 30' with the larger aperture used
in the electron-electron scattering work (0.269X1.00-
inch). The scattering by the beryllium foils at the
larger angles was not measured, since the analyzer would
have excluded the electrons scattered by atomic elec-
trons, giving results which would not be directly com-
parable to measurements at small angles.

No corrections have been made for the angular width
of the incident beam, as this width was small enough
to have a negligible eBect on the observed distributions.

RESULTS AND COMPARISON WITH THEORY

The observed distributions of electrons scattered by
two gold foils are shown in Fig. i. The measurements
were made using the small aperture. The data were
normalized so as to present the fractional scattering per
unit solid angle in square degrees. The solid lines in the
figure represent the distribution calculated from the
theory of Moliere. It can be seen that the agreement in
the angular range given in the figure is very good. The
broken lines indicate how the first term of Moliere's
formulation, the gaussian function exp( —0'/Bx'),
deviates from the more complete theory.

The distributions represented by the solid line can,
however, be approximated quite accurately by a renor-
malized, slightly narrower gaussian which fits the experi-
mental results very well up to angles (w) where the
intensity is 1/e of the maximum. This 1/e width can be

.04

LIJ
LLI

2.03
O
LLJ

K

.02
C9
Z

LIJ

D

~ .0i0
D
K

00 2 3 4 5
SCATTERING ANGLE I N DEGREES

FIG. 1. Distribution of 1.5.7-Mev electrons passing through two
thin gold foils in the region from 0' to 6'. The solid lines represent
the theory of Moliere. The dotted lines represent the 6rst term
of Moliere, which is a gaussian having a width in agreement with
the older theories.

obtained from the theory and is given to a good approxi-
mation by

where

w= x,(B—1.2) l (spatial),

w= x,(B—0.7)& (projected),

(1)

(2)

x =AZ&/pao. (6)

For low Z, the Born approximation is valid and the dif-
ference between the two theories is slight. For high Z,

H. Snyder and W. T. Scott, Phys. Rev. 76, 220 (1949).

x,' = 47r.V(Z'+ Z) e'/p'v', (3)

y,'= (hZt/0. 885pao)'L1. 13+3.76(Z/137p)'] (4)

b 7eB/6B x 2/x 2

where 1V is the number of atoms/cm', p and v the
momentum and velocity of the incident electrons, and
ao ——h'/me' is the Bohr radius of hydrogen. The effect
of electron-electron collisions is taken into account by
using Z'+Z instead of Z' in Eq. (3). Qb can be seen to
be proportional to the thickness and corresponds to
the number of collisions in passing through the foil.

It might be pointed out that the projected distribu-
tion given by Moliere is essentially the same as that
calculated by Snyder and Scott' if the number of col-
lisions is defined in the same way. Snyder and Scott's
expression for the number of collisions is defined by the
same equation if x is determined in terms of the Born
approximation solution to the scattering for exponential
screening, namely
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Material

Target thickness
mg/cm'

Average energy in
the foil {Mev)

Moliere x,(degrees' )
Moliere 8
Number of colli-

lisions Eq. (4)
Number of col-

lisions Eq. (6)

Io per degree'

m, pt (direct)
2t'expt(1/QIO)
(~th}M Eq. 4
(2~u, )M Eq. 6
(&'x.)
(~th)G ana S

TABLE I.

Be Be

257.0 491.3 18.66 37.28

15.47 15.24

Theoretical constants

15.69 15.67

1.08
9.56

1.52
10.29

1.10
6.49

1.55
7.30

1397 2667 118 236

2043 3907 366 732

1je widths in

3.06
3.01
3.13
3.16
3.34
3.23

degrees

4.25
4.33
4.57
4.63
4.94
4.65

2.58
2.55
2.52
2.81
2.81
2.92

3.76
3.78
3.83
4.21
4.18
4.23

Central intensities

0.0317 0.0153 0.0441 0.0200

The results of Kulchitsky et al'. , at 2.25 Mev, and the
present results are shown as a function of the number
of collisions, Q~, in Fig. 2. The solid line represents the
theory of Moliere, modified for the efFect of electron-
electron collisions by using the factor Z'+Z as in Kq.
(3). In such a plot, the light elements which yield a
given width correspond to points at large Q~. It can be
seen that the individual points scatter considerably, but
that the over-all agreement is fairly good.

The discrepancy between the observed and calculated
widths for Be can probably be explained by the fact
that the effective screening of the nuclear charge in Be
metal is considerably difFerent than that given by the
Thomas-Fermi screening used by Moliere. Shinohara'
has presented a treatment of multiple scattering based
on the scattering from microcrystalline units in a solid.
This appears to ofFer an optional way of calculating the
scattering from solid materials and may ultimately
describe the scattering somewhat better.

SINGLE SCATTERING REGION

Moliere gives a number of collisions which is 2 to 3
times smaller than that of Snyder and Scott and cor-
responds to a width which is about 10 percent narrower.

The experimental 1/e widths (w) and the cor-
responding calculated widths are given in Table I.
Two values for the experimental widths are given. One
is the observed angle at which the intensity is reduced
to Io/e; the other is based on the magnitude of the
central intensities, which should be inversely propor-
tional to the square of the 1/e widths. The latter widths
are normalized to the two gold foils and yield values
for Be which agree with the direct measurement to
about 2 percent. The theoretical values of the 1/e width
included are those from the tables of Goudsmit and
Saunderson, the basic gaussian used by Moliere, and
the 1/e value according to Moliere. Theoretical widths

using the values for x, from Eq. (6) are also given. It
can be seen that the agreement between the experiment
and Moliere's theory is good for gold, but that the
experimental 1/e widths for beryllium are 3 to 7 percent
narrower.

b (Xc/Xa I
20 50 100 200

I I

The scattering for Au was observed for larger angles,
by the use of the larger aperture. A correction (which
was small except for the smallest angles) was made for
the efFect of the aperture size. The data extend from 6',
where they agree fairly well with the small angle data,
to 30', where they are normalized to agree with the
observed results of the nuclear single scattering experi-
ment. This single scattering at 30' was about 36 percent
larger than that given by the relativistic Mott formula
(Born approximation). '0 It was, for the purposes of
this work, represented by the relation

f(8)= 2X.2(1+0.0128)/84.

The observed points are shown on a logarithmic scale
in Fig. 3, which also gives the complete Moliere theory
(solid line) over the entire angular range investigated.

The dotted line at smaller angles represents the tail
of the gaussian in Fig. 1. The dotted line at larger
angles represents the single scattering modified for the
above-mentioned departure from the Born approxi-
mation.

The ratio of the theoretical scattering to single scat-
tering as given by Moliere at large angles is

W

Xc—

x —l5.7 MEV

~ —2.25 MEV

( i Ii, ii I i, I i, , il I « I

The experimental points follow the theory reasonably
mell at very small and very large angles but are some-
what higher than theory in the region from 6 to 20
degrees.

At large angles, the efFect of multiple scattering on
the observed scattering may be presented in a manner

FIG. 2. Experimental values of the 1/e @widths in units of m/g„
as a function of the number of collisions Qf,. The line is that given
by Moliere's theory fEq. (1)g.

9 Shinohara, Inoue, and Hirohata, J. Phys. Soc. (Japan) 4, 227
(1949).' Lyman, Hanson, and Scott, Phys. Rev. 84, 626 (1951).
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FIG. 3. Angular distribution of electrons from thick and thin
gold foils from 0' to 30'. The solid line represents the theory of
Moliere extrapolated through the region where his small and large
angle approximations give diAerent values. The dotted lines at
small angles represent the continuation of the gaussians of Fig. 1.
At larger angles, the dotted line represents the single scattering
contribution.

which is less dependent on the single scattering law.
This is done by taking the ratio of the observed scat-
tering intensities for the two gold foils. These ratios
are shown in Fig. 4. It is found that these are repre-
sented fairly well by the expression 2+95/ff' in the
region from 9' to 30'. The solid lines in the figure are
values obtained from Moliere's theory. The represen-
tations at small and large angles do not quite agree in
the region in which they overlap. (This disagreement
was ignored in the condensed scale used in Fig. 3.)

The ratio of scattering by two foils can also be ob-
tained from the theory of Butler. " Good agreement is
obtained with experiment if the gaussian used in
Butler's theory is reduced by 9 percent. The deviation
from the single scattering law at even larger angles has
been discussed more generally by Chase and Cox."At
angles up to 30', where the single scattering law can
be represented by 1/0', both Chase and Cox and Butler
find that the increase in scattering can be represented to
a first approximation by the factor 1+(4w'/et). This
factor is considerably smaller than Moliere's at large
angles. Sutler's expression, including the higher order

"S.T. Butler, Proc. Phys. Soc. (I.ondon) 63A, 599 {1950).
'~ C. T. Chase and R. T. Cox, Phys. Rev. 58, 246 (1940).
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Pro. 4. Ratio of the scattering from thin and thick gold foils.
The solid lines represent the values predicted by Moliere's small
and large angle approximations.

terms, represents the experimental results in this
angular range somewhat better.

The observed multiple scattering distributions of fast
electrons after passing through thin gold foils is in good
agreement with Moliere s theory within the experi-
mental accuracy of 2 to 3 percent. The widths are about
10 percent narrower than those given by the theories of
Williams or Goudsmit and Saunderson.

The widths of the multiple scattering distributions
for beryllium are slightly narrower than those given by
Moliere's theory. This result may be explained by the
fact that the screening used in the theory is different
than the effective screening in Be metal.

In the single scattering region, the departure from
single scattering toward smaller angles is more rapid
than that given by Moliere's approximate formula.

We are indebted to D. E. Riesen, who was in charge
of the betatron during these experiments, and to A. J.
Peterson, J. R. Leiss, and G. E. Mader for assistance
with the special equipment.


