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A study is made of the expected properties of the cross section for scattering 7-mesons by deuterons on the
basis of the impulse approximation. The cross section for high energy mesons can then be expressed in a
simple manner in terms of the cross sections for meson scattering by free protons and neutrons. This provides
a means of deducing the latter when the deuteron and proton cross sections are known.

I. INTRODUCTION

HE interactions of w-mesons with nucleons have
been observed to include those which lead to
scatterings and those which lead to absorptions. Such
interactions can be conveniently classified as of two
types: (1) those of mesons with free nucleons and (2)
those with nucleons bound in nuclei. The latter types
of processes have been observed in several experi-
ments'™ and indicate that here both scattering and
absorption play an important role. Some implications
of these experiments have been discussed previously.®>$
Processes (1) involve meson interactions with free pro-
tons and free neutrons, of which only the former are
directly amenable to experimental study.!” Presum-
ably, the free neutron-= cross section must be deduced
indirectly from scatterings of type (2).

In this connection there arises, however, the question
as to how adequately the free particle scattering cross
section can describe the scattering in nuclear matter—
i.e., as to the importance of many-body interactions.
To obtain information concerning this point as well as
the free neutron-m cross section, the scattering of mesons
by deuterons would appear to offer the most promise.
As a starting point in such an analysis, we shall calcu-
late the properties of the w-deuteron scattering cross
section by means of the impulse approximation® on the
assumption that the meson-nucleon scattering inter-
action is not modified by the presence of the other
nucleon. Granting this assumption, Chew’s® conditions
for the validity of the impulse approximation should be
well satisfied, since we are interested in meson velocities
much greater than the nucleon velocity in the deuteron
and since the expected scattering cross sections are prob-
ably less than the nucleon-nucleon cross sections.

The impulse approximation permits us to calculate
the ratio of elastic to inelastic scattering as well as the
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angular distribution and energy spectrum of the scat-
tered mesons in terms of the free nucleon-meson cross
sections (subject to certain restrictions to be discussed
in Section IT).

The energy spectrum of the scattered mesons, par-
ticularly at small scattering angles, should provide a
means of estimating the role of three particle effects
(i.e., of the break down of the assumptions under which
the impulse approximation is valid). At larger scattering
angles it would appear possible to deduce the w-neutron
cross section when these results are combined with the
free proton-meson scattering cross section.

A study of meson-deuteron scattering on the basis of
weak coupling meson theory has been made by Ferretti
and Gallone® and by Blair.! Blair’s results indicate that
for scattering angles which are not too small and for
meson energies which are not too low, the impulse
approximation gives satisfactory results, the exact de-
tails depending on the nature of the theory. However,
in view of the questionable reliability of meson theories,
there seems to be reason for pursuing a phenomeno-
logical analysis.

II. THE FORMULATION OF THE SCATTERING
PROBLEM IN TERMS OF THE IMPULSE
APPROXIMATION

We shall ignore the charge exchange scattering and
restrict ourselves to angles sufficiently large that cou-
lomb scattering can be neglected. We shall also not
specify whether the scattered meson is positive or nega-
tive, since in the impulse approximation any differences
will arise through the free nucleon scattering character-
istics, which are left arbitrary.

We introduce the scattering matrices,!* Rp and Ry,
referring respectively to scattering on free protons and
neutrons. Considering for the moment Rp, we suppose
the initial and final meson momenta to be, respectively,
qo and q, while those for the proton are po and p. We
then write Rp in terms of relative momenta as (we use
as units A=c=1)

Rp= [(M—{—E)“(Mq—Ep) l ”P[ (M+E)_1(M(I0—EP0)]
X8(q+p—qo—po), (1)
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SCATTERING OF r-MESONS BY DEUTERONS

where M is the nucleon mass and E is the total energy
(rest mass plus kinetic) of the meson in the center-of-
mass system. In Eq. (1) it is assumed that the proton
velocities are nonrelativistic and remain so when trans-
formed to the center-of-mass system. Ry is given by a
similar expression in terms of a function 7y of the rela-
tive momenta. We write an arbitrary spin dependence
for rp and 7y as

rp=rp'+a” rp? )

ry=ry'+oV 1y’ @
where o and o¥ are the respective spin operators of the
proton and neutron. Then the cross section for scatter-
ing by a free proton is

dop/dQ=[(27)*/v:] | ¢*dqd(E;— Eq)

By
X[Clret| 2+ rp? %], (3)

with a similar expression for doy/dQ, the cross section
for scattering by a free neutron. Here v, is the initial
meson velocity, E; and E, are the final and initial
energies, respectively, of the system, and the integration
is taken over final energies. For future reference, we
define

JUELf q*dqd(E;— Ey). 4)

For the scattering by a deuteron, we assign the neu-
tron respective initial and final momentum variables
n, and n. Let the deuteron wave function be (we neglect
the admixture of D-state)

Y= x'¢p(3(po— o)) 8(pot+ o),

and that for the final state of the neutron and proton be
¥r=x"¢r(3(p—n))é(p+n—K),

where K is the recoil momentum and the x’s are spin
wave functions. We must distinguish three types of
final states F: singlet and triplet states for which the
neutron and proton are not bound (inelastic scattering),
and triplet deuteron states (elastic scattering). We sup-
pose the relative final momentum of the two nucleons
to be k for the inelastic scattering.
The transition amplitude for the scattering is

Hpa=r, Rp+Ry)¥p)=06(a+K—qo)hra. (5)

The differential cross section for the final triplet state
inelastic scattering is

do'=[(2m)*/v,] | K d*qd*k3(Er—Eo) Ls|hra'|? (6)
BF

where 3 s means the appropriate sum and average over
spin substates. Er and E, are the final and initial
energies of the system, the integration being taken over
the former. A similar expression holds for do®, the
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scattering to a final singlet state. For the elastic scatter-
ing, we have

dod=[(2m)"/o,] f gb(Er ~E) Sslhratl’, (1)

where the integration is taken over the appropriate E¢’.
Referring to expressions (1) and (5), we can express
hra as

hoa= [ dazx*F[w*(l—%(q-qo))
M E E
X[——(thL—(q—qo)——-l)
M+E M M

M E
(=)
M+E\" M

+¢r*(+3(q—q0)
M E E
x| (et e+ 1)
M+E M M

MKE(qOJr%)]}m(n. ®)

To evaluate this integral it is necessary to remove rp
and 7y from the integrand. This can be done rigorously
in any one of four limiting cases: (1) ¢¥r represents a
plane wave; (2) the deuteron binding energy is negligible
compared to the recoil energies; (3) the ratio E/M goes
to zero; (4) 7p and ry depend only on the difference of
their arguments, as is true in the Born approximation for
potential scattering. For large momentum transfers con-
ditions (1) and (2) are valid. For small momentum
transfers and elastic scattering we rely largely on condi-
tion (3). The validity of condition (4) is doubtful in the
present case.

We thus set /=0 in 7p and 7y in Eq. (8) and remove
them from the integrand. This leads to expressions of
the form

X|rp|

X 7w

hipa'= (s|re DL+ (s ry| DT, ©)

where the notation (s|7p|f) means the matrix element
of rp for a transition from a triplet to a singlet state of
the neutron-proton system, etc., and

1= [[o1%:0) el —ib(a—a0 Jon (),
(10)
1= [ os() explit(a—a0) - sJn ().
Here ¢p(r) and ¢p*(r) are the coordinate representa-

tions of the deuteron and final singlet wave functions of
the neutron-proton system. For the elastic and final
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triplet state inelastic scattering, we have corresponding
expressions kr4? and hr4t with the appropriate wave
functions ¢ r(7) in the integrals (10).

As the spread in energy of the scattered meson will
in most cases be small, we shall be particularly inter-
ested in just its angular distribution. In this case we
integrate the differential cross section [Eq. (6)] over
the energy spectrum of the scattered particles. To do
this we again make use of the smallness of E/M and
the loose binding of the deuteron and remove the quan-
tities 7y and 7p from the integrand. This should not lead
to significant errors, except perhaps for small angle
scatterings (for which we can expect only qualitative
information in any case).

Referring to the decomposition of rp and 7y given by
Eq. (2), we define

Lpt=|rp!|*+3|7s*[?,

Lp*=%|rp?|?,

11
M!=R. {rp¥*ry'+3rp** 1a?}, 1
M= —R.(3rp* 1y},
with similar quantities Ly* and Ly®. “R.{---}” means

“the real part of . . . .” The quantities, L, represent
incoherent contributions to the cross section while the
quantities, M, represent the effects of interference of
meson waves scattered from the neutron and proton.

Integration over the energy spectra leads to the fol-
lowing differential cross sections for scattering into an
angle 6:

do*/dQ=[(27)*/vx ]
XJo[(Lp*+Ly*)H*(6)+2M*H*(6) ],

dot/dQ=[(2m)*/vx] (12)
XJo[(Lp+Lyt)H ()4 2MH 4 (6) ],
do?/dQ=[(2m)*/ v o[ (Lp'+ La*)+2M*]H9),
where
H0)= /70 [ qdadhs(Ba—Eo) 12,
(13)

Hy ()= (1/J0) f ¢*dgd*k6(Ep— Eo)| I*'I,*).

Jo is given by Eq. (4) and I.%, I,® are given by Egs.
(10). The triplet quantities, H;* and H,!, are obtained
by using the triplet state wave functions, ¢r* in Egs.
(10). From Eq. (7) we have

H6)=(1/7,)| 1,4]? f dgs(Ex'—Er),  (14)

EFp’

where ;4 is obtained from Eq. (10) by replacing ¢ #**(r)
by ¢p*(7).

For the total cross section, we add the three cross
sections (12). Reference to Eqgs. (11) shows that at
least two-thirds of the final states are triplet, which
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suggests a simplification in the writing of the cross sec-
tion. We define
H,=H+H/,
H,=H*+H,".
Then the sum of the three cross sections (12) can be
written as

(15)

do [dop doy dop doy? (2m)4

—_— ['—+_]H1+2 COSw[‘—“‘ “——] H2+ J()

aQ LdQ dQ dQ dQ Ur
X{(Lp*+Ln*)(Hy*—Hy)+-2M*(Hy*—H,)}.  (16)

dop/dQ and doy/dQ are defined by Eq. (3). The term
proportional to cosw represents an interference effect
between waves scattered from the proton and neutron.
Cosw can, of course, be expressed in terms of the quan-
tities (11). As will be seen below, the last term repre-
sents only a small correction to the cross section. We
have thus expressed the scattering cross section from
deuterium in terms of the cross section from free protons
and neutrons.

III. NUMERICAL EVALUATION

We now discuss the dependence of the functions H
on the meson energy and scattering angle. We begin
with two approximate evaluations, the first of which is
the closure approximation.

The closure approximation implies the neglect of the
energy of relative motion of the nucleons in the final
state on the over-all energy conservation. The meson is
assumed to have the energy characteristic of a free
particle collision. The completeness relation of the final
states then gives [see Eq. (13)]

fd3k|11-'|2=1,

fdak I 12*°I1S| =f eXpE—i(q—qu) . r]¢D2(")d3r:

etc., so we obtain
H13=H1= 1:

17)
Hﬁ’=”“=f expl—ila—a0)- o).

The last term in Eq. (16) therefore vanishes and we
obtain a very simple expression for do/dQ which is
expected to be valid for high meson energies (a further
discussion is given below).

The second approximation to the total cross section
involves the use of plane waves for the final state, with
H4(6)=0 [Eq. (14)]. That this is not an unreasonable
approximation follows from arguments of Gluckstern
and Bethe.!? Again, the last term in Eq. (16) vanishes

2 R. L. Gluckstern and H. A. Bethe, Phys. Rev. 81, 761 (1951).
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since the plane wave approximation does not distinguish
between singlet and triplet states, and we are left with
just the terms involving H; and H». A numerical discus-
sion is given in the next section.

The plane wave approximation fails for those final
states in which the neutron and proton have a small
energy of relative motion. For such energies only the
S-wave is sufficiently distorted to necessitate correction,
the waves of higher angular momentum being well
represented by plane waves. Thus we can calculate the
quantities H by correcting the plane wave approxima-
tion for S-waves only.

For the deuteron wave function we use the Chew-
Goldberger®® expression:

ép(r)=(NV/n)ler—e ], (18)
where V is the appropriate factor of normalization and
a=45.5 Mev, B=T7a.

For the S-wave phase shifts as a first approximation
we can use the asymptotic wave functions.

it =exp(—1d?) sin(kr+8%)/kr,
o =exp(—16°) sin(kr+6°)/kr,
where 6 and §* are the appropriate singlet and triplet
phase shifts.®® A correction for the finite range of the
singlet #—p potential can be given in terms of the
effective ranges according to the arguments of Bethe

and Longmire.®® A correction in the triplet case is
obtained by replacing

exp[£i(q—qo) 1]

(19)

by
{exp[+i(q—qo)-r]—1}

in Egs. (10), since the correct ¢x* must be orthogonal
to ¢p. The latter expression is small for small 7, so we
shall not make a further correction for small distances.

The integrals (10) can now be done analytically.
With the exception of H¢ the H’s must be evaluated
numerically. The results are given in the next section.

IV. RESULTS AND DISCUSSION

The values of the quantities H1(f) and H»(6) [Eq.
(15)] are plotted in Fig. 1 for several meson energies.
The corresponding values of H;*(8) and H.*(d) [Eq.
(13)] are plotted in Fig. 2.

We wish first of all to show that to a good approxima-
tion one may neglect the second term in Eq. (16).
Reference to Figs. 1 and 2 shows that H,(8) and H,*(6)
differ at most by about 10 percent. For scattering angles
less than 45 degrees, H»(6) and H*(9) differ at most by

18 G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950).

14 See, for instance, Watson and Stuart, Phys. Rev. 82, 738
(1951), where the same integrals are discussed.

16 The familiar expressions for the phase shifts in terms of the
effective ranges and scattering lengths were used (see, for instance,
Blatt and Jackson, Phys. Rev. 76, 18 (1949) and H. A. Bethe,
Phys. Rev. 76, 38 (1949)).

18 H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950).
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H, (50,70, 90 MEV),

1.0 T T — ]
H, (130 mev)”
0.8 .
0.6 .
Hy (50 MEV)
0.0k H, (70 MEV) .
H, (90 MEV
H, (130 ME
o2} .
1 1 1
0.05 35° 90° 1350 T80°
)

Fic. 1. Values of the functions H,(6) and H,(8) [Eq. (15)] for
several incident meson energies. H,(f) was found to be unity at
the lower energies, but dropped to about 0.97 at 180° for 130
Mev-mesons.

15 percent; at large angles where the difference is larger,
the functions themselves are small compared to H:(6)
and their difference is less than 10 percent of H,(6).
In addition, reference to Eq. (11) shows that the coeffi-
cient of [H1*(6)—H1(6)] in Eq. (16) cannot be greater
than one-third the coefficient of H,. It follows, then,
that the correction to d¢/dQ arising from the second
term of Eq. (16) cannot be greater than about 4 percent,
except for small-angle scatterings—and so may be
neglected. We therefore have

do [dﬂp doy
aQ

+-———-]H1+2 COSw[————— H,,
aQ dQ

da’p do‘N 3
= |7 ae)
aQ  dQ

to a good approximation.

Reference to Fig. 1 shows that Hi(f)=1 to within
about one percent for the energy range investigated
(except for 130-Mev mesons, for which H; fell to about
0.97 at 180°). Since this is just the value obtained from

1.0

L«H‘(SO MEVi H' (70 &EV)
HI'(SO, 130 MEV)
0.8 -
0.6~ H3 (50 MEV) 7
0.4+ -
H3(70 MEV)
o2l H3(90 MEV) -
H3 (130 MEV)

1 1 !

0.05 45° 50° 135° T80°
0

Fi6. 2. Values of the functions H,*(6) and H»*(8) [Eq. (13)] for
several incident mesons energies. The 90-Mev and 130-Mev curves
very nearly coincide.
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TasLE I. The values of H,(6), as obtained from the plane wave
approximation, are given for several incident meson energies. In
this approximation, H;(6) was independent of the scattering
angle 6.

Incident meson energy in Mev 50 70 90 130
H, 080 084 0386 0.90

the closure approximation [Eq. (17)], it appears that
closure gives a surprisingly accurate result. The closure
value for H; [Eq. (17)] was in very good agreement
with H,* and in fair agreement with the correct value
for H,. Since almost the entire contribution to H, comes
from the elastic scattering [i.e., H%(6) of Eq. (14)], it
was found that excellent agreement could be obtained
with closure for H, if the phase space factor for elastic
scattering were used. This means multiplying the value
for H, given by Eq. (17) by the factor

(1/70) f (dgd(Es'—Ey), (20)
EF’

[compare Eq. (14)].

Thus, it appears that do/dQ can be given by the
closure approximation [with H, corrected by the factor
(20)] to an accuracy which is probably about as good
as the model obtained from the impulse approximation.
This is fortunate, as the closure values may be easily
calculated from Eq. (17).

In contrast to this, the values of H, and H, obtained
from the plane wave approximation require a lengthy
numerical calculation and are in general less accurate
than the closure values. The quantities H,, as obtained
from the plane wave approximation, were independent
of the angle of scattering (to within the estimated com-
putational accuracy of about one percent) and are given
in Table I for those meson energies included in Figs.
1 and 2.

The magnitude of the elastic scattering is described
by H46) [Egs. (12) and (14)]. Values of H(6) for
several meson energies are given in Fig. 3.

1.0

08

0.6

0.4
130 MEV
0.2
0.0 1 1 !
el 45° 90° 135¢° 180°

Fi1c. 3. Plot of the function H4(6) [Eq. (14)] for several
incident meson energies.
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For the energy spectrum of the scattered mesons, one
cannot use an approximation which neglects the final
neutron-proton interaction. The mesons scattered elas-
tically have, of course, a fixed energy. Several character-
istic energy spectra for the inelastic scattering are given
in Fig. 4. These spectra were obtained from H,* and H,*
by not performing the integrations over dg in Egs. (13).

70 MEV
LWO—T—T—T1T 7171 ; T T T 1
|
6=100° | 6=50°
]
|
I
1
|
- ] i
0.5 SINGLET—] | SINGLET—=
1
1
TRIPLET—= : TRIPLET—=
I
|
|
|
1 L [ | L

! |
40 45 50 55 60 65
MEV

25 30 35 40 45 50 S5

(a)

1.5 T T T T T T

130 MEV I

I
| TRIPLET

F1G. 4. Meson energy spectrum (in arbitrary units) for inelastic
scattering with final singlet and triplet nucleon states. In (a) the
spectra are given for an incident energy of 70 Mev and for scatter-
ing angles, 6, of 50° and 100°. In 4(b) the incident energy is 130
Mev and the scattering angles are 45° and 90°. The tendency for
the curves to peak at the energy corresponding to a free particle
collision should be noted.

The use of H; only is justified, since the spectra arising
from H, are nearly the same when the latter is not
negligibly small. The energy spectra are of importance,
since they should provide a test of the degree of validity
of the impulse approximation. It would seem likely that
hypothetical three-body interactions should cause con-
siderably larger energy losses for the meson than are
predicted on the basis of the present model. As is seen
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from Fig. 4, the energy loss of the meson on the basis
of the present model tends on the average to be slightly
less than that for a collision with a free nucleon.

V. CONCLUSIONS

The use of Eq. (16") should provide a direct means of
deducing the values of dox/dQ (that is, the cross section
for scattering mesons on free neutrons) from experi-
ments on the scattering by deuterons and protons for
momentum transfers large enough that H, is small.
Comparison of the scattering from deuterium at large
and small angles should provide information about the
relative phase of waves scattered from neutrons and
protons.!” This phase is described by the factor cosw
in Eq. (16’), which may, of course, be a function of the
scattering angle.

17 H. A. Bethe and R. R. Wilson, reference 5, have shown that

this is of importance in describing the scattering of mesons in
complex nuclei.
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For these purposes the readily applied closure ap-
proximation is satisfactory.

We are indebted to Mr. Richard I. Mitchell, Mr.
Glen Culler, Mr. Burns Macdonald, and other members
of the computing group at the Radiation Laboratory
for performing most of the numerical calculations de-
scribed in this paper.

This work was performed under the auspices of
the Atomic Energy Commission.

Note added in proof:—Since many meson scattering experiments
are being done by attenuation methods, it is desirable to know the
cross section for charge exchange scattering. This can be calcu-
lated simply from the theory above, using the closure approxima-
tion. If we let do,°*<2/dQ be the exchange cross section for 7~ on
protons, we obtain for the exchange cross section for #~ on deu-
terons:

dd,r‘_l)e“h dapexch

aQ a9 [1 —fH2]’

where Hb is given by Eq. (17) and f is a fraction depending upon
the amount of spin flip.
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Term Values in the 3d’4s Configuration of Fe II1

R. E. TREES
University of Pennsylvania, Philadelphia, Pennsylvania
(Received August 8, 1951)

The theoretical formulas for d% are compared with the experimental data of Fe 11. The mean deviation
between theory and experiment is found to be #4852 cm™.

We compared the values of the parameters B and G» which are required to give correctly the observed
separations between certain pairs of terms. Adding to the theory a correction term proportional to L(L4-1)
leads to consistent values of all the radial integral parameters. The mean deviation between the theory
corrected in this manner and experiment is reduced to 105 cm™.,

I. INTRODUCTION

N conjunction with the results of two previous

papers,? this study completes the analysis of the

term values of the 3d%s and 3d® configurations in Fe 11
and Mn 11.

A second purpose of this study is to show that the
errors between theory and experiment are simply re-
lated to the orbital quantum number. Since 23* of the
32 possible terms of the 3d%4s configuration of Fe 11
are known, there is a large amount of experimental
data to verify this conclusion. In addition, the term
values are not appreciably affected by interactions with
nearby configurations, so that the relationship of the
errors to the orbital quantum number represents a
polarization effect. If this effect is assumed similar in
the same configurations of different atoms, one can

1R, E. Trees, Phys. Rev. 82, 683 (1951).

2 R. E. Trees, Phys. Rev. 83, 756 (1951).

* Note added in proof:—There are 26 known term values; the
3 highest levels were inadvertently overlooked. The values for
these levels are included in Table I. The failure to include them
in the least squares calculation has no effect on the conclusions.

predict more accurately the positions of terms for the
experimentalist. We have tentatively made such an
application of the results of this paper in a previous
paper and have also used the results to verify the ex-
perimental assignments of terms to their configurations.?

II. TERM VALUES

The experimental term values are taken from Edlen
and Swing.? The theoretical formulas are the same as
those used for d° in our previous calculations® for
Mn 11, and the parameters were evaluated by least
squares. The results of the calculation are given in
column one of Table I; the mean deviation between
theory and experiment is 852 cm™.

The theoretical formulas for all terms observed in
3d’4s of Fe 11 are rational with the exception of the
two terms based on the 2D parent. Partly as a matter
of convenience, these two terms were not included in
the calculation. However, our subsequent results (Table
II) will indicate that the (2D)'D term observed at

3 B. Edlen and P. Swings, Astrophys. J. 95, 532 (1942).



