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The calculation classically or quantum mechanically of the coulombic interaction between two charge
distributions is greatly simplified by use of the bipolar expansion:
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Here (1, 61, ¢1) are the spherical coordinates at a point referred to the center of the first charge distribution,
and (rz, 02, ¢2) are the spherical coordinates of another point referred to the center of the second distribution;
R is the separation between the centers; 7y, is the distance between the two points; P,/™!(cos6) are the
associated Legendre polynomials; the By, n,/™!(r1, 72; R) are expansion coefficients given in this paper.
There are four functional forms for these coefficients, depending on the ratios of 71, 7, and R. Three of these
have been given recently by Carlson and Rushbrooke. For quantum-mechanical problems involving over-
lapping charge distributions, the fourth case, |r;—72] <R 71472, must be considered as well. Here the
coefficients have a more complicated form. The solution is expressed as an integral, and a number of the
coefficients are tabulated. The expansion permits a simple evaluation of the two center coulombic integrals
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arising in a large variety of quantum-mechanical problems.

HE problem of calculating the coulombic inter-
actions between two charge distributions in either
classical or quantum mechanics can often be simplified
by using an expansion of 1/7y; in terms of products of
surface harmonics in the two coordinate systems char-
acteristic of the two distributions. Here 7y, is the
distance between a point in distribution 1 and a point
in distribution 2. Let a be an origin located in 1; b be
an origin in 2; R be the distance between @ and b; 6, be
the internal angle that a radius vector to a point in 1
makes with the line ab; 6, be the internal angle that a
radius vector to a point in 2 makes with the line ab;
let ¢; and ¢ be the angles which the projections of the
radius vector make with an axis perpendicular to ab.
Figure 1 shows the geometry. The convenient expan-
sion is, then,

1/712= Z Bnl, nzlm‘(rl, 725 R)P,.J’"'(cosﬁl)
o X P, (costy) explim(¢s—1)]. (1)

Here #; and 7, go from zero to infinity and m goes from
—n< to n<, where ne is the lesser of #; and #.. The
P,m(cosf) are the associated Legendre polynomials
defined by!

Ppr(a)= (= 1)(1—a?)m*[dn/dxm ]Pu(x).  (2)

F16. 1. Coordinates for the bipolar expansion. ry, is the distance
between points 1 and 2.

* This work was carried out under a contract between the
United States Navy Bureau of Ordnance and the University of
Wisconsin.

! The factor (—1)™ is not included by all authors. Our formulas
hold if either definition is used consistently.

Recently Carlson and Rushbrooke? have considerea
this problem. They obtained expressions for
Boyn,) ™\ (11, 725 R) provided that R>7r1+4rs, r:>R+7),
or 71> R+r,. The first condition always applies if the
charge distributions do not overlap. However, for over-
lapping charge distributions such as occur in quantum-
mechanical problems it is also necessary to consider
another region, |r;—r:] SR 7147, which seems to
have escaped the attention of Carlson and Rushbrooke.
The expressions for the B’s are much more difficult to
obtain for this region and are the principal subject of
attention in the present paper.

An arbitrary charge distribution, p(1; 23, y1, 21), can
be expressed as the sum of an infinite series of radial
functions times surface harmonics:

p(Ly 2, y,20)= 22 2 pagm,(1;71)

n1=0m1=—ny
X Py !™l(cosb,) exp(imig1), (3)

and a second charge distribution, p(2; x, 2, 22). can be
expressed in the form

p(2; %2, 92,22)= 2 2 pam,(2;72)

n2=0ma=—n3
X P2l (cos85) exp(imads). (4)

Here poo determines the net charge in the distribution;
p1,-1, P10, p1,1 determine its dipole moment; ps o,
p2,—1, P2,0, P2,1, P2,2 determine its quadrupole moment;
etc. The electrostatic energy of interaction between
the two charge distributions is

Vie= ff[p(l 3 X1, Y1, 21)p(2; X2, Y2, 22)/r12)dTid T, (5)

2B. C. Carlson and G. S. Rushbrooke, Proc. Cambridge Phil.
Soc. 46, 626 (1950).
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Fic. 2. Interacting dipoles.

Substituting Egs. (1), (3), and (4) into Eq. (5) and
making use of the orthogonality relations between the
spherical harmonics, it follows after integrating over
the angles that

S > or
n m=0n2=0m=—ng (2n1+1)(2n2+1)
(m+ [m|)!(nat [ m|)!

(m— |m])!(na— [ m|)!

f f Bon, ™ (11, 725 R)prym(1; 71)
0 0

X pngm(2; ro)rirodrdrs.

(6)

The problem of evaluating V), is thus considerably
reduced by the introduction of the bipolar expansion.

The charge distributions are usually expressed with
respect to principal axes located within the charge
distribution and oriented so as to diagonalize some
tensor property of the system. Thus,

P(l y XL Yy 21) = Z Z Pnlml’,(l 3 71)

n1=0m' =—m

X Pa,im'l(cosy’) exp(imy'¢y), (7)
where 6, and ¢, are the angles that the point in
question makes with the principal axes. Similarly, a
second charge distribution would be expressed in terms
of its principal axes:

©

n2
p(2; %0, y2, 22)= 2. X Pagmy (2;72)

n2=0ms = —n2
®)

But by simple group theory, the radial functions
prymy’ (1;71) can be related to the pum,(1;71) of the
previous example, Eq. (3), and the pn,m,’(2; 72) can be
related to the pn,m,(2;72) of Eq. (4). Let Sy and S; be
the rotations which turn the two principal axes systems
respectively into coincidence with a fixed laboratory
reference frame. Then let T be a rotation which turns
the Z axis of the laboratory frame into an orientation
parallel to the line passing from the origin of the first
distribution to the origin of the second. Then T'S; and
TS, respectively turn the principal axes of the two
distributions into the orientations of Fig. 1. Then if
D™ (R)m are the standard rotational representation

X Py,\m'l (cosby’) exp(imy'¢y).
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coefficients, it follows that
p"l"'l(l 3 1’1) = me' D(M)(Tsl)ml""xpﬂl"‘x'/(l > 71),
pn,m,(z; rz) =zm,’ D(nz)(TS2)mz'mzp"zmz"(2 ; 72)'

Substituting Egs. (9) and (10) into Eq. (6) gives Vi,
as a function of the orientations, 7'S; and 7'Ss, of the
two charge distributions.

In quantum mechanics, the charge distributions only
involve the first few spherical harmonics and, therefore,
expansions of the form of Eq. (6) greatly simplify the
work required in the evaluation of the coulombic inte-
grals. As a matter of fact, most of the coulombic
integrals are easy to evaluate once the B’s are known.
It is therefore worthwhile to evaluate the B’s once and
for all and thereby simplify a great many quantum-
mechanical problems. The expansion, Eq. (1), can also
be used to good advantage to determine the interaction
between two discrete charge distributions. For example,
the energy of interaction between two real dipoles as
shown in Fig. 2 is given by the equation,

©)
(10)

© 2n<+1

V12= 48182 Z Z Z

n1=0n2=0 m=—2ng+1)

Bsn, 41, 2mp41!™

L1
X (El': ?) R) ’P‘ln1+1[ml(COSGI)P2n2+1[ml(COS@Q)

Xexp[im(¢o—1)].  (11)

At distances, R, large compared with /; and /,, the
Boni4, 2n2+1lm|(l1/2, 12/2, R) vary as R—32m=2m2 g0 that
the lead term, corresponding to n;=n,=0, is just the
energy of interaction between two ideal dipoles.

THE FUNCTION B, .,'™ (1, 12; R)

There are four sets of functional forms of the B, .,/™l,
corresponding to the four regions shown in Fig. 3:

I. R> 7’1+1’2,
III 7’2> R+7’1,

II }1‘1'—7”2] gRSfr’—fg,

(12)
IV. 1> R+r..

v

% —

R I’é———-r-

F1c. 3. The four regions of definition of the B’s. I: R>7r47..
II: |ri—7s| SR 1472 T 75> R471. IV 11> R+-7a.
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Fic. 4. Alternate description of the four regions. I: R>r,+7s.
I1: [ri—r:| SREr+72. L 79> R+71. IV: 71> R+-rs.

The geometrical significance of the four regions is
shown in Fig. 4.

If the two charge distributions do not overlap, only
region I need be considered. Here

Region I
B, '™ (r1, r2; R)
(= 1)rtiml (1 4-n) |
(| m]) (]

For overlapping charge distributions it is necessary to
consider the other three regions as well. In regions III
and IV, the B’s are still simple.?

Region III
(=)™t (ne— [ m|)!
(mt|m|) Y (na—m1)!
Xrlnlr2—n2—1R"2_"l

=0 (ne<<m).

n2 R—n1—n2—1

71" (13)

2

By, 2™ (ry, r2; R)=

(n22m)
(14)

© © ng

Vil= 2 . 2
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Region IV

(m—|ml)!

=(n2+ [m] ) (n1—ns)!

Bay, ny)™(r1, 723 R)

XMy RMT (112 o)

=0 (m<m). (15)

In Region II, the B, »,™(r1,72; R) are difficult to
obtain. They have the functional form

Region II

1 2(m1+n2+1)
B"p"z“’”(rl) 72;R)=—‘ Z A"lvnilm’(i7j)

m P i
ny, ngl ! i,j=0

X ,1i—m—l,-21'~—nz~1Rn1+nz— i—j+1,

(16)

The coefficients A4 ,,, »,!™ and D,,, ,,!™ for n, and n,=0,
1, 2, and 3 together with all of the appropriate values
of m are given in Table I. The functions for which
n1>ns are not given, for they may be determined at
once by permuting #; and #, according to the formula

By ™ (r1, 725 R)= (= 1)"+™ By, ™ (ry, 115 R). - (17)

For other values of #; and n. (not given in Table I),
the coefficients may be evaluated by the methods
discussed in the appendix.

Substituting Egs. (13), (14), (15), and (16) into Eq.
(6), the energy of interaction between two charge
distributions may be written in the form:

Vie= Vil Vi V4 V1Y, (18)

where the Vlzl, Vlgu, V12IH, and lev are the contri-
butions of the various regions:

16m2(— 1)t (n14-n,)!

n1=0 n2=0 m=Z—n<(2n1+l)(2n2+ 1)(111—- |m[ ) !(ng— |m|)!R1+"1+"2

@ ® n

Vifl= T

R R—r2
pum(2; 72)ra s f pum(L; P11 ¥2dry,  (19)
0

J

1672 (m+ | m|) (no+ | m|)!

2(n1+n2—1)
Z Anlnzlml(j, ]')Rn1+n2+l—i-i

1,7 =0

71 =0 n2=0 m=z—n<(2n1+ 1)(2ﬂ2+ 1)(’”1“— I m! ) '(ng'— ( m[ ) !D"‘nzlﬂﬂ

R
f Prym(2; rz)fz"'““d“f
0 R

° r2+R
+f Png, m(2; 72)f2i_"2+1d72f Pny, m(1; ry)r M dry
R

R+re
Pny, m(l : Tl)rli_"l-Hd?’]

—7y

» (20)

ro—R

3 Carlson and Rushbrooke (reference 2) do not express the solution in this form, but Eqs. (14) and (15) follow from their results.

An alternate derivation is given in the appendix.
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n2—nl

V=¥

© ni ne

167%(ny+ | m|) \R™M—n2

n1=0 mz=o m=—m(2n+1)2ng+1) (n1— | m|) {(ne—

nl) !

© rg—R
. f Py m(2; ro)ra~ ™t dry f Py m(1; r)rMtedry,  (21)
R

0

VielV= Z

If the first charge distribution is confined to a radius
of I;, and the second charge distribution is confined to
a radius of /,, then if R is larger than /;4-/; so that the
charge distributions do not overlap, only V! is different
from zero and the energy of interaction has the form:

© © ng (_ 1)"2+lm| (n1+n2) !
V12= n§o mz——-o mEn< Rit+nitne
XQny m(1)Qnym(2), (23)
where
Qnm(1) i
e 2m=+1) (11— | m])!
Xf pn’_m(1;71)7’1"‘+2d1'1, (24)
0
Qa2 4"
T ek 1) (na— | m))!
X f Py m(2; ro)ra™ 2dr,.  (25)
0

In this way the energy of interaction is related to the
moments of the charge distributions. Equation (18) is
then, the generalization which applies to the over-
lapping charge distributions which are most common in
quantum mechanics.

The authors wish to acknowledge the assistance of
Gene Haugh, Marjorie Leikvold, Alice Epstein, Ruth
Straus, Dorothy Smith, and Dorothy Campbell in
evaluating the integrals for Region II. The derivation
presented in the Appendix was shortened considerably
by an observation of R. McKelvey. This work was
made possible by the financial assistance of the Navy
Bureau of Ordnance.

APPENDIX. EVALUATION OF THE EXPANSION
COEFFICIENTS

The reciprocal of the distance 7,2 between two points
can be expressed by the well-known Neumann expan-

=0 mz=o m=—n(201+1) 209+ 1) (na— | m| ) (11—

’nz) !

f p,,,,m(2;r2)r27'2+2dr2f Py m(1; r)rmHdry.  (22)
0 R+ry

sion.* Letting (r1, 61, ¢1) and (rs, 6y, ¢2’) be the
spherical coordinates of the two points (with respect to
origin a, as shown in Fig. 1) we have

(n—|m|)!

o (ak ]!

1 w n

P,!™(cosf) P,!™ (cosfy’)

Xexp[im(¢y'—¢1)] (26)

1’<"
1’>"’+l‘
Here 7< is the lesser of 75’ and 7, and 7> is the greater of
the two. The P,™(cosf) are the associated Legendre
polynomials as defined by Eq. (2). The Neumann
expansion converges provided that 7,27%0. Introducing
the new origin, b, and new coordinates (rz, 82, ¢2= ¢7)
previously described, we may apply three identities
given by Hobson:?

Pylm(costy) @ (=1)™*E(nt-R)!
()™ kel (k- |m]) (n— | m])!

y kR——n—k—-l

X Pilml(cosy) (R>r2), (27)
P”lml(cosog’)= © (—1)"+k(k_|m|)i,, —k—1Rk—n
(rs)) ™+ k=n (k—n)!(n—|m|)!
X Pym(cosfy) (R<rs), (28)
n (n+|m|)!
Corpieon= £ T
Xr*R P Iml(coshy). (29)

Observing the inequalities, we see that these equations
apply respectively in Region I (ry’>7; and R>r,),
Region III (ry’>r; and R<r,), and Region IV (ry’ <ry).
On substituting into Eq. (26), we obtain the expansions
given by Egs. (1), (13), (14), and (15).

For Region II the coefficients may be given in terms
of an integral. Equating 7, from the Neumann

4 See, for example, Eyring, Walter, and Kimball, Quantum
Chemistry (John Wiley and Sons, Inc., New York, 1944), Ap-
pendix V.

5 E. W. Hobson, Theory of Spherical and Ellipsoidal Harmonics
(Cambridge University Press, Londen, 1931), Sec. 89.
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TasLE L.* Expansion coefficients with indices <3 for Region II.
(Irn—rs] SRLr1+r2).

By (r1, 725 R)

BUEHLER AND ]J.
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TaBLE I.—(Continued).

m 0 1 2 3
2(m+na+1) . ) . "1 3 3 3 3
= E [Anyns™ (3, j)/Dnmgm]fl'_"‘nlfz’_“’—‘R”l"’"’_'_"H. na 3 3 3 3
ij= Dapmy™ 10240 49152 245760 2949120
The summation extends over all entries in the table. i g AngngnGi, 3)
00 520 131 20 5
m 0 0 0 1 0 0 1 0 2 —2450 —735 —147 —49
n 0 0 1 1 0 1 1 0 4 4900 1715 490 245
na 0 1 1 1 2 2 2 3 6 —7350 —2695 —1225 —1225
Dayng™ 4 16 16 64 32 256 512 256 7 5120 2048 1024 2048
8 0 —735 0 —1225
) ; 10 —1470 530 —245 245
i Anyng™(#, 5) 12 980 —343 98  —49
—250 75 —15 5
00 -1 3 2 ! -5 =25 =5 3‘5) 14
1 2 0 0 0 0 0 2 0 —2450 —735 —147 —49
2 -1 —6 -9 -9 5 60 20 28 2 5880 2058 588 294
3 0 0 8 16 0 0 0 0 4 —4410 -1617 -735 —1735
4 0 3 0 -9 5 -30 -30 —14 6 0 588 0 980
6 0 0 -1 1 =5 -20 20 -—28 8 4410 —1617 735  —1735
8 0 0 0 0 0 15 =5 35 10 —5825;0 2058 —588 293
2450 —735 147  —4
1o 2 -8 0 0 16 0 0 —128 12
1 2 0 0 0 0 0 0 0 4 0 4900 1715 490 245
3 0 -8 0 0 0 0 0 0 2 —4410 -1617 -735 —735
5 0 0 0 0 16 0 0 0 1 0 204 0 490
7 0 0 0 0 0 0 0 -—128 6 —2940 1078 —490 ;g(s)
8 14700 —5145 1470 —
2 0 -1 6 -9 -9 -—15 180 60 140 10 —12250 3675 —735 245
2 0 6 0 18 ~10 —go —% g:
4 0 0 9 -9 —15 0 — 6 —7350 —2695 —1225 —1225
6 0 0 0 0 0 —180 60 140 9 0 588 ) 980
4 —2040 1078 —490 490
3 (3) g 8 12 }g g —256 —lzg 8 6 —19600 6860 —1960 980
- 8 61250 —18375 3675 —1225
5 0 0 0 0 0 384 —128 0
70 5120 2048 1024 2048
4 0 0 -1 0 -9 5 90 9  —70 7 —102400 30720 —6144 2048
2 0 0 9 -9 5 —60 60 —84 0
4 o 0 0 0 0 -270 9 -70 8 0 0 -—735 0 —1225
2 4410 —1617 735 —735
6 0 0 0 -1 1 -1 20 —20 28 4 14700 —5145 1470 —735
2 0 0 0 0 0 60  —20 28 6 61250 —18375 3675 —1225
8 0 0 0 0 0 0 -9 3 =510 0 —1470 539 —245 245
2 —5880 2058 —588 294
m 0 1 2 0 1 0 1 2 4 —12250 3675 —7135 245
m 2 2 2 1 1 2 2 2
na 2 2 2 3 3 3 3 3012 0 980  —343 98  —49
Dapgm 256 1536 12288 256 1024 3072 12288 49152 2 2450 -735 147 49
14 0  —250 75 —15 5
i j Ann™(, 7)
o0 —-19 -4 _22 _Zé _21 _égg _2‘}3 _4; * This table was checked in three ways: putting (ry, r2; R)
2 75 50 v ! . 3
4 —150 —150 —150 14 14 735 315 105 | =(1,1;2), (1,2;1), and (2, 1;1) we obtained values for the B’s
5 128 128 256 0 0 0 0 0 | in agreement with those given by Eqs. (13), (14), and (15),
6 —50 0 —150 0 14 —420 —140 —140 | Looooiiioe)
8 25 =25 25 21 -21 315 —105 105 3 Y.
A A A A
12 0 o 1 - . . .
expansion, Eq. (26), to that from the bipolar expansion,
2 0 75 50 25 =210 —105 —1050 —350 —70 . Sk . .
2 -100 100 —100 88 s 140 60 210 Eq. (1); multiplying both sides of the equation by
4 50 0 150 0 42 - - - . .
6 —100 100 —100 -84 8 420 140 140 Py, 1™ (cos1) Pr,!™(coshs) exp[im(pa—¢1)] and inte-
8 75 —50 2 10 —1 - : :
. H b o o 7% _10% S0 2o | grating over the angles, it follows that
3 0 0 0 0 384 256 0 0 0 — 1 (13— !
7 0 0 0 -—512 256 0 0 0 ml 2ny+1\ (ne— |m|)! (m1—|m|)!
a0 150 —150 —150 —210 —210 3675 1575 525 Bung!™l(rs, 723 R)= 2 ! !
2 50 0 150 0 —126 —1260 —420 —420 (not- |m|) (m+ Iml)
4 150 —150 150 126 —126 —630 210 —210
6  —450 300 —150 420 —218 —gg;(s) ;(25425(5) —ggg 1 ogem
8 0 0 0 0 -
. f P, '™ (cosfy") Py, ™ (cosfz)d(cosfz). (30)
5 0 128 128 256 0 0 —4608 —2048 —1024 _rsmt
5 768 —512 256 0 0
7 0 0 0 0 0 —15360 5120 —1024 . , .
6 0 —s0 o —150 o 7 2100 700 700 | TL€TE 7< is the lesser of 7, and 7, as before. In the inte-
2 -100 100 —100 —84 84 1260 —420 420 | gration over cosf; we see that
4 —450 300 —150 —140 7g “2)55% —g% 420
6 0 0 0 0 -
r/<ry when —1<cosf:<—cosa, 31)
9B BB L b & S
2 - 2 4 -21 - —21 ’
1 0 0 0 0 0 —2625 875 —175 r?’>r1 when —cosa<cosf:<1, (32)
10 0 -9 6 -3 —6 3 204 —126 4 | Where
2 0 0 0 0 0 630 —210 42 cosa= (R*+r2—r2)/(2r:R). (33)
12 0 0 0 0 0 [ 25 -5

This situation is shown in Fig. 5. Thus in Region II,
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Region II

. 2941 (na— | m|)! (ni— | m|)!
B"l":‘ml(rb re; R)= ( )
2 J(nat|m|)! (it |m|)!

—cosa (72’)111
l f P, ™ (cosfy") P, ™ (cosfsz)d(cosbz)

-1 ,ln1+l
1 r"
+ P!l (cost's)

—cosa (72/)1114'1

X Pn,\™ (cosfs)d(cosbs) t.  (34)
Here

cosfy’ = (r, cosf+R)/r?, (35)
’,2/ = (R2+ 1’22+ 272R (:0502)’}- (36)

We have not discovered a convenient method of
evaluating the integrals of Eq. (34). The results given
in Table I were determined by direct integration of the
special cases. The Hobson expansions, Egs. (27), (28),
and (29) are no help for this purpose.

Convergence of the sum over s follows from the fact
that a constantX (r<"/r~"t1) P,l™l(cosfy’) is a bounded
continuous function of cosf, for —1<cosf<1 and
therefore can be approximated by a series

> 22 Bagng! ™ Py, 1™ (Cos62).

Convergence of the sum over #; follows from conver-
gence of the Neumann expansion.

The rule for permuting 7, and 7y in By, a,™ (ry, 725 R),
Eq. (17), can be derived in the following manner.
Reverse the Z axis of the second charge distribution
by defining 6,*=m—06,. Defining the new functions
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i

r=r

€0s 0p = -cosoc

B
7<#&
“Cose< < co5s G, < /

Fi1G. 5. Behavior of the ratio »i/7.’ in the integration over cosf..

B, ,/™*(r1, 72; R) by the expansion,

> ¥ Bapw,)™*(r1, 72; R)Ps ™ (cosb:)

n2=0m=—ng

1 ©
—=3
712 m=0
X P,,!m (cos6:*) exp[im(d— 1)), (37)
it follows from symmetry that in Region II
Bnlnzlm‘.(rb 72, R) = Bn,n,""l‘(”z, 715 R)' (38)
But cosf;*= —cosf; and
P, Iml(—cosfy) = (—1)mtm P, 1"l (cos,),

so that comparing the expansions, Egs. (1) and (37),
and using Eq. (38),

Bnlnglml (71, 72, R)= (_ 1)"’+lm|Bn1n2[ml‘(7b 725 R) (39)
= (_ 1)n2+|m|Bn’"llml“(rz, 71, R) (40)
=(—1)"+tmB, . I™(ry, r1; R).  (41)

This is proof of Eq. (17).



