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On the Reactions ~++d~~+y*
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The reactions ~ +d~~p+p have been investigated in weak-coupling approximation. Using detailed
balancing arguments it is shown that comparison of the total cross sections for both processes at appropriate
energies allows a unique determination of the spin of the charged ~-meson independent of weak coupling
theory. It is also shown that the angular distributions of the anal state particles and the energy variation
of the total cross sections also provide information as to the charged ~-meson spin.

1. INTRODUCTION

1
COMPARISON of the theoretical predictions' re-~ garding the absorption of a x meson from the

E shell of the mesic-deuterium atom with the observed
ratio of 2 to 1 for nonradiative to radiative absorption'
leads to the conclusion that the charged ~-meson is
either pseudoscalar (spin zero and odd parity) or
pseudovector (spin one and even parity). This conclu-
sion follows from quite general selection rules associated
with the properties of a x meson in a E shell rather
than from detailed quantitative predictions of weak-
coupling theory. It is clear that at suKciently low
energies (say, below 5 Mev) the same selection rules
operate for the absorption of m.+ mesons by deuterons
and nonradiative and radiative absorption complete
on almost equal terms. However, if an experiment is
carried out for 2r+ energies greater than 5 Mev (which
is experimentally more feasible) the nonradiative
process 2r++d-+p+p becomes dominant and of great
interest for studying the properties of the z+ meson.

In this paper we treat the reaction 2r++d~p+p
phenomenologically and compute both the total cross
section as a function of energy and the angular distri-
bution of the two 6nal protons for the fields and
couplings considered by Tamor' [S(S), PS(PS),

PS(PV), V(V), and PV(PV) j. We restrict ourselves
to meson energies greater than 5 Mev' but low enough

(say, less than 100 Mev) so that the nucleons can be
treated nonrelativistically. %'e also calculate the cross
section for the inverse reaction p+ p-+2r++d at corre-
sponding energies and determine the angular distribu-
tion of the ~+ mesons in the laboratory system. 4 It will

be shown that the method of detailed balancing applied
to the two reactions permits a unique determination of
the spin of the m+ meson.

2. THE REACTION m++d~p+p

%e perform a 6rst-order phenomenglogical calcula-
tion similar to that used by Tamor' in his investigation
of the analogous process of the absorption of the g
meson from the E shell of the mesic-deuterium atom.
The matrix element M for the absorption of a x+ meson

by the deuteron may be written:

+f (rl r2 221 222 &1 &2)~(rl r2 221 222 21 &2)

X+2(r1, r2', c1, 22:; s1, s2)dr1dr2 (1)

where r;, e;, ~; are the space, spin, and isotopic spin of
the ith nucleon; 0 is the operator which takes the two
nucleon system in the initial state (deuteron) into the

TABLE I. Meson-nucleon interaction operators.

Theory

S(S)

PS(PS)~

PS(PV)

Interaction operator

(4~)'gP4

i (4m-) &f'Pgy

i(4~)&-pgy~—4
a

p Bgy

i(4~)'g'P~w4w

i(4m) &f"PPy„y„

Nonrelativistic approximation

(4~)&gy

i(4m)& e k--f 8—2J(r)A
2

& (u'+n') 4

(4 )I— y+p' —k It+' {P'—p')Xlljg 2

2

(4~)~f"e p

~ The equivalence theorem between the PS(PS) and PS(PV) theories does not hold because the potential contains charge exchange operators [see
F. J, Dyson, Phys. Rev. 73, 929 (1948)].We have assumed that the two nucleon potential may be written:

y(r, a, g) =){1+P~)J(),
where P~ is the Majorana operator.

~ This work was sponsored by the ABC.
' S. Tamor, Phys. Rev. 82, 38 (1952).' Aamodt, Hadley, and Panofsky {private communication).' This has the additional advantage that the coulomb barrier of the deuteron may be neglected.
74e angular distribution in the c.m. system is the same for the inverse reaction (see below).
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TABLE II. Differential cross section for the reactions ~++d~+p+p in the c.m. system.

Type of meson-
nucleon coupling

S(S)

PS(PS)

PS(PV}

V(V)

PV(PV)

dN(8) /d(cos8) unnormalized

(e —a+I'

(2((EK+kQ++PK $—kje+['
+2[)EK —kQ +PK+$kjc ['
+4{(8K+kje++PK )k—je~) {PEK—kga +LK+))tie )
+ ( LEK+k] ['u+'+ ( LEE—0])'a '+2P' —&28]a+a )

I3iZK+lt[e+ +3[ZK—hie—2I k~ —E'E ++a I

{1/E') ( [EK+0['a~'+ (EK—)t ['a '—2$JP —WK']g s )

f3~ ~+3~+~—2~m I

final state (two protons) and represents the absorption
of a x+ meson; %0, 0'f are the wave functions of the
initial and 6nal states of the two nucleon system. For
0 f we chose appropriately antisymmetrized plane wave
functions neglecting the interaction of the two nucleons
in the 6nal state, which is assumed small because of the
high kinetic energy ()'70 Mev) of the final protons. '
In considering 4'0 we note that the deuteron ground
state is predominantly 'S1 with a few percent admixture
of 'D~. We shall erst neglect the 'D1 contribution to +0
and estimate the error introduced later. For the space
part of 4'0(r), we chose therefore the S-state solution of
Schrodinger's equation corresponding to Hulthen's

- —S(S)
PS(r Vl

—--—-- V(V)
—————PV(PV)

potential:

v' P'— e-&"—e-&"
v(.)= ~

triplet)
e&e—»"—1 (4s) & r

where y=reciprocal radius of the deuteron; and P is
delned in terms of ro, the effective range of nuclear
forces, thus:

&o= 2/(v+ f)) 1/f)—
Since our calculation is phenomenological and treats

the two nucleons nonrelativistically, it is necessary to
6nd nonrelativistic expressions for the meson-nucleon
interaction operators which are valid to 6rst order in
s/e of the nucleons. The nonrelativistic approximations
to those interactions which contain only even operators,
i.e., S(S) and PV(PV) are immediate. For those inter-
actions which contain odd operators, i.e., PS(PS),'
PS(PV), and V(V) the method we use is due to Foldy
and Wouthuysen. 7 The nonrelativistic approximations
for the various theories are given in Table I. The

TABLE III. Di6erential cross section for the reactions m++fg
~+p+p in the c.m. system evaluated for four different incident
~+ kinetic energies (laboratory system).

(0'): (45'): tr(90').'

tic

Mev)
T 45 90

S(S) 0.49 0
PS(PS)b
PS(PV) 1.13 1.26
V(V) 1.10 1.19
PV(P V) 0.96 0.92

22.7
45o 90o

0.47 0
1.18 1.23
1.52 1.97
1.71 2.33
0.84 0.70

50
45o 90

0.44 0

1.80 2.33
5.12 7.90
0.71 0.48

100
45o 90

0.38 0

1.88 2.22
6.01 8.40
0.56 0.27

60
ANQLF lN C. M.

I'"zG. 1. Angular distribution of protons in c.m. system for
absorption of 22.7 Mev x+ mesons by the deuteron. The 'D1
contributian to the deuteron ground state is neglected.

s The eGect of the distortion of the final wave function caused
~~

b the interaction of the two protons was estimated and found to
ange the total and din'erential crass sections by at most a few

percent,

a All values normalized to cr(0 }=1.
b Values in this table and Tables V and VII for the PS(PS) theory where

calculated using J(r) —Vrrc~&/er. The values of Vo and n used are based
on a value of ro =1.74 X10» cm. tHughes. Surgy, and Ringo, Phys. Rev.
77, 291 (1950); Hughes, Phys. Rev. 78, 315 (1950).]

sIt should be noted that a phenomenological calculation
employing the PS(PS) theory is likely to lead to misleading
results if nuclear forces are due to an exchange of virtual mesons.
This follows because for the PS(PS) theory, the exchange terms
(i.e., the terms involving the absorption of the real meson between
the emission and absorption of the virtual mesons) dominate the
nonexchange terms and when the nuclear force is replaced by a
potential, these exchange terms are ignored. Nevertheless, we
give some results for the PS(PS) theory for the sake of comparison.

~ L. Foldy and S. %outhuysen, Phys. Rev. 78, 29 (1950).
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4 —-- P S (P Y} with tensor force
— ——PS (PV} without tensor force

PY(PV} with t. f,

0 ————— ——P V(P Y} eithoot t. f.

1

50
I

60
I

90

symbols in Table I are defined as: &=meson wave
function (incoming plane wave); ir = meson momentum;
E=meson energy; e=Pauli spin matrix; yP, yf = initial
and final nucleon momenta; h=c=M=1. A. is defined

by: (tripletiA=(tripleti; (singletih. =0. For the
process to occur, the interaction operators must be
symmetrized with respect to the space, spin, and iso-
topic spin coordinates of the two nucleons. Since the
initial state is antisymmetric in isotopic spin and the
final state symmetric in this coordinate, the interaction
operators must be antisymmetrized in the space and
spin coordinates of the two nucleons. The angular
distribution of the final protons follows directly from
the differential cross section and is expressable in terms
of two integrals u+ and c+ defined by:

t Na(&)
a+= )i exp[i(K&-,'k) R]dR,

R

uo(R)
c+= ) J(R) exp[i(Kw ', k) R-jdR,

R

where K= momentum of a final proton in the center-of-

TAsLE IV. CoeScients in expressions for total absorption
cross section (see formula 4).

Theory

S(S)

PS(P V)

V(V)

PV(PV)

—LE'E2 —k'g
1

3p2

—LE'E2 —k'j1
3E2

—LE'E2+k' j1
p2

—$E'E2+ k' j1
3E2

ANGLE 1N C. M.

FIG. 2. Angular distribution of protons in c.m. system for
absorption of 22.7-Mev m+ mesons by the deuteron. Curves"A
and C include the 'DI contribution for the PS(PV) and PV(PV)
theories respectively, whereas curves 8 and D neglect the 3D&

contribution for the PS(PV) and PV(PV) theories.

mass system; R=relative distance between the two
nucleons; and No(R)=solution of the radial part of
Schrodinger's equation for the S-state of the deuteron.

The angular distributions predicted by the four
theories are listed in Table II. Curves for the angular
distribution of the protons in the center-of-mass system
at 22.7-Mev meson kinetic energy are given in Fig. 1.
Table III lists o(0'):0(45'):0(90') in the center-of-
mass system for incident mesons whose kinetic energy
is 5, 22.7, 50, and 100 Mev in the laboratory. Figure 2
shows the eGect of the inclusion of the 'Dj contribution
to the ground state of the deuteron on the angular
distributions in the c.m. system for the PS(PV) and
PV(PV) theories. The effect on the total cross section
for the processes s++d~p+ p is negligible. It is to be
noted that at the lowest energy, the angular distribu-
tions for the PS, V, and PV theories are much more
isotropic than the curve for the S theory. This can be
understood in a qualitative way as follows: at the
lowest energy, the m+ meson is predominantly in an
angular momentum state described by 1=0.The states
which may be occupied by two identical nucleons are
limited in number by the Pauli principle and are
'Sp,' 'P2, i, p,

' 'D2,' etc. For S-state x+ mesons, the final
states of the two proton system to which transitions
occur, are determined by conservation of total angular
momentum and parity. They are, for the four theories,
S—none; PS—'Pj., V—'P2, i, p and Ii2' PV—Sp and
ID.

Since the meson is assumed to be in an S-state
initially, we would expect an isotropic distribution of
protons in the center-of-mass system for PS, V, and
PV mesons in the limit of zero energy since there is no
reference axis defined by the initial state. On the other
hand, a scalar x+ meson in an S-state cannot be
absorbed by the deuteron. (This was pointed out by
Tamor, reference 1.) Any absorption of the scalar meson
must take place from the l&0 states. This supplies for
scalar mesons an initial state reference axis, and general
arguments yield for the reaction,

s+(l) 0)+d~2p('Pg, L0+'P4, 32+etc ), , .

an angular distribution of the resultant protons which
vanishes at 90' with respect to the incident x+ meson
beam; the fact that a scalar meson with /=0 cannot
be absorbed by the deuteron is also responsible for the
smaller cross sections recorded in Table V for the scalar
case (see subsequently). These remarks explain quali-
tatively the curves at 5 Mev. At the higher energies,
the deviations from isotropy in the case of PS, V, and
PV mesons are due to the contributions from orbital
angular momentum states with l&0. Therefore, the
anisotropy should increase as the kinetic energy of the
absorbed meson increases. In addition, the relatively
large anisotropy of the PS(PV) and V(V) angular
distribution shows that even for low energy mesons,
the absorption of mesons from the p-state competes
strongly with absorption from the s-state: this is due



1121

to the presence of gradient operators in the interaction
for the I'S(I'V) and V(V) theories.

The total absorption cross section is evaluated using
the relationship:

TABLE VI. Observed angular distribution of ~+ mesons in the
laboratory system produced in 340-Mev p —p collisions.

crX10" cm~ steradian.

Angle in laboratory
(in degrees)

0
18
30
60

2.0
1.63
0.58

(0.17
where v is the relative velocity of the x+ meson and the
deuteron and dp/dE~ ——density of states per unit final
energy=-, 'EdQ/(2w)' (the direction of the incoming
meson is chosen as the polar axis in dQ). The indicated
integrations are straightforward and lead to

2xg'E' E 1 1
——A +

v E r1+r1 r2+r2

r,-r,+-
ln

kE(r2 —rg) r I+r2

r,+r, r,+r,--
+jg ln

zE(r, —r,) r,-r,+

1 r,+ 1 r,+
ln + -- ln

.2AEr, r,— 2kxr, r,—

1 r1+r2+-
ln

kE(r,+ r,) r,-r,— (4)

Theory

tic
gy
n Mev) 22.7 50

TABLE V. Total x+ absorption cross section evaluated for four
different incident m+ kinetic energies (laboratory system}.

o/(g'/kc) )(10~7 cm'.

sections for the s+ absorption should go as I/w for
small e, as indeed they do. '

3. THE REACTION p+p~e++d

Experiments at Berkeley' indicate that in 340-Mev

p —p collisions, the cross section for the reaction p+ p
~m++d is comparable to the cross section for the
reaction p+p-+s.++n+p. Table VI lists the total
cross section of these two reactions at four different
angles. The contribution to the production cross section
of the 6rst reaction can be predicted theoretically on
the basis of Tables II and IV, using detailed balancing
arguments. The total production cross section may be
obtained from the absorption cross section using the
relationship:

~&"'=-',(25+ 1)(k'/E') ~»~

where S is the spin of the ~+-meson, k is the momentum
of the meson in the c.m. system, and E is the momen-
tum of the proton in the c.m. system. Table VII lists
the total cross sections for the reaction p+p —+s++d
for incident proton energies in the laboratory system
corresponding to the four meson energies used in the
computations of Sec. 2. The ratios rr /~b~" are also
recorded in this table for S=O; for S=1, every ratio is
reduced by a factor of 3. Thus the spin of the charged
w meson will be uniquely determined" when the pro-

S(S)
PS(PS)'
PS{PV}
V(U)
PV{PV)

20.6
8.2

58.6

2.0
6.9
9.6
1.9
19.4

2.2

7.1
0.70
9.8

1.9

44
0.23
6.0

TABLE VII. Total ~+ production cross section evaluated for
p —p collisions at four different energies.

a I'"d/(g~/kc} &(10~ cd.

Absorption cross section for the PS(PS) theory was only evaluated at
22.7 Mev for comparison with the reaction P+P~D+rr+ at 340 Mev.

Proton kinetic energy (Mev) 302
Meson kinetic energy (Mev) 5

~abs/rrprod 95.4

340
22.7
18.0

394
50
8.9

494
100

5.1

Y')'
f+E'+-', k'

I r2& &p2)

r,+=r,+xk

Theory
S(S)
PS(PS)
PS(PU)
V(V)
PV(PV)

0.15

2.2
0.85
6.1

1.1
3.8
5.3
1.1

10.8

2.4

7.9
0.75

11.2

2.8

8.6
0.47

11.8

and A, 8, C, for the different theories are listed in
Table IV. The numerical values for the absorption
cross section for incident x+ mesons of 5, 22.7, 50 and
100-Mev kinetic energy are listed in Table V.

Since the transition probability for the absorption of
~- mesons from the E-shell of the mesic-deuteron atom
is 6nite in all cases except for the scalar field, the cross

s It should be remembered that the correct cross sections at
very low energy would behave quite differently because of the
coulomb barrier of the deuteron.

s Cartwright and Richman (private communication).
'OIt seems to us that this method provides a much more

clearcut method for determining the meson spin than the Wentzel
experiment (see G. Wentzel, Phys. Rev. 75, 1810 (1949)). Dr.
M. H. Johnson has informed us that he independently suggested
the measurement of the cross sections for the two reactions
~++d+~p+p as a means of dete~Ining the meson spin.
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S (8)
PS(PY)

—V(Y)

————--- PV (PV)

8
C

e. 0

25 50

ANGLE IN LA B.

FIG. 4. Angular distribution of ~+ mesons in the laboratory at
340 Mev for the reaction p+p~~++d. Same remarks apply
here as for Fig. 2.

I

50 60 90

duction and absorption cross sections are known within
a factor of three (unless, of course, the spin is greater
than 1 in which case the accuracy will have to be
better). Once the spin of the charged meson is known,
the parity is automatically determined by the results
of the x meson absorption in deuterium referred to
previously. The angular distribution of the m.+ mesons
in the c.m. system is the same as the protons but the
kinematics changes the laboratory distribution: the
results for 340-Mev protons in the laboratory system
are given in Figs. 3 and 4."%hen the data in Table VI
are analyzed as to the relative contributions of the two
competing reactions, it is hoped that it will be possible

"The angular distributions for the reaction x++d~p+p were
given only in the c.m. system since the transformation to the
system in which the deuteron is at rest only changes the distribu-
tions slightly for 22.7-Mev mesons.

ANGLE IN LA B.

Fro. 3. Angular distribution of ~+ mesons in the laboratory at
340 Mev for the reaction p+p~x++d. Same remarks apply
here as for Fig. i.

to determine the nature of the charged m-meson. If we
consider just the two meson theories which are com-
patible with the s (E shell)+d reactions, reference to
Fig. 4 shows that the PV(PV) theory predicts a slightly
more isotropic distribution of ~+ mesons in the labora-
tory than does the PS(PV) theory in the reaction

p+p —+n++d. However, a more feasible method of
deciding between the I'S and PV theories is suggested
by Tables V and VII. The absorption cross section for
the I'S theory is essentially constant in the meson
energy range of 5 to 100 Mev, whereas the I'V theory
predicts a decrease of a factor ten. This has as a conse-
quence that the production cross section increases by
a factor of ten for the PS theory in the energy region
300 to 500 Mev whereas the I'V production cross
section remains essentially constant. Either effect can
be checked experimentally and the results could oGer
another —albeit less conclusive —method for determin-
ing whether the charged x-meson is pseudoscalar or
pseudovector.
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