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cubes of the odd integers now is of higher order in 1/k than are
already neglected terms, and hence it may also be neglected. In
the second series we make the transformation {A3), add and
subtract the terms from 1 to k, and cancel the final term of (A2).
The high frequency contribution is now:
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In the first series we may neglect the first term in the denominator
in comparison with the second, because of the assumption that the
coupling constant e is small compared with the fundamental oscil-
lator frequency vp. The resulting expression may be summed and
it is of order es and thus is to be neglected. We add and subtract

the terms from 1 to k in the remaining series. The sum from one
to infinity is equal to the middle term in (A5). In the sum from
1 to k that we subtract, the n —q may be neglected compared with
vpL/m. This last sum then becomes
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Hence the total contribution from high frequency terms is;
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When this is combined with the low frequency contribution (A9),
the formula (30) is obtained.

P H VSICAI. REVIE%' VOLUME 83, NUMBER 5 SEPTEM BER 1, 1951

Oscillator Strengths for the ~- and y-Bands in Alkali Halide Crystals*

D. L. DFXTKR
DePartment of I'byes, University of Illinois, Urbana, Illinois

(Received May 21, 1951)

The oscillator strengths for the n- and P-absorption bands are calculated for NaCl. These bands, investi-
gated experimentally by Delbecq, Pringsheim, and Yuster in KI, lie on the long-wavelength tail of the
first fundamental absorption band and are interpreted by use of a model according to which valence electrons
of the adjacent halide ions are raised to bound states in the fields of negative ion vacancies (O.-transitions)
and F-centers {P-transitions). The oscillator strengths turn out to be only slowly varying with the assumed
wave functions and are about 1.9 and 0.6 for the a- and P-bands, respectively.

I. INTRODUCTION

ECENT experiments of Delbecq, Pringsheim, and
Yuster' have shown the existence of two new

absorption bands in the long-wavelength tail of the
first fundamental absorption band in KI. Pringsheim
et at. point out the unlikelihood that the a- and P-bands
are caused by t/'-centers' and suggest that "The
presence of certain well-defined singularities in sufhcient
numbers, such as negative ion vacancies or F-centers,
may aGect the first fundamental frequency of the
crystal in such a way that new well-defined absorption
bands corresponding to perturbed transitions of the
valency electrons of the adjacent halide ions appear
superimposed on the tail of the fundamental absorption
band '"

In the present paper the oscillator strengths of the
n- and P-bands are evaluated for NaCl, assuming
models in which Cl ion 3p electrons make transitions
to bound levels in the field of a negative ion vacancy
for the n-band and in the fieM of an j -center for the
P-band. It is found that the oscillator strength of each
band is of the order unity and that the results are
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rather insensitive to the assumed final-state wave
functions.

II. DISCUSSION OF WAVE FUNCTIONS

In order to determine the dipole matrix elements
needed for the calculation of the oscillator strengths,
the following four wave functions will be required.

Let P~ be the wave function of an otherwise perfect
crystal of NaCl containing a single negative ion
vacancy. As discussed in a previous paper' the wave
function of a 3p electron in a Cl ion may be written
as an analytical approximation of the Hartree wave
function'

pq~ ——r(e "t"—Ce "t ),

where A =co/1. 1, B=ao/8, C= 23.2, and Qo= It /rwe;
P& may be approximated by a permutation of the
products of such functions. Specific changes in these
one-electron functions due to the presence of the
vacancy will be neglected, and the presence of the
positive ions may be ignored for the moment.

The excited state of this crystal is described by a
wave function, f&, representing a con6guration in which
any one of the 72 surrounding 3p electrons is in a 1s

~ D. L. Dexter, Phys. Rev. 83, 435 (1951}.
4D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London)

A156, 45 (1936}.
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yi (r) =g(r) exp( —r/y„). (3)

Tibbs"' has calculated an F-center wave function in
NaCl, and for small distances the coeKcient of g(r) can
be approximated by exp( —r/3ao). For large distances,
however, qp must have its high frequency dielectric
constant value' exp( r/Koao)g—(r) (K0=2.25 in NaCl).
We shall approximate q p by a single function (3) and
examine the variation of oscillator strength with yp.

The crystal with a positive hole in one of the sur-
rounding Cl ions and an extra electron in the F-center
is described by P4. As in the discussion of $2, however,
this is not a usual F'-center, because the surrounding
ions have not yet moved to new equilibrium positions
for times of interest here. If we assume both electrons
to be bound to the negative ion vacancy in 1s orbits,
an estimate of f4 can be made by use of the variational
method' as applied to the He atom. Minimizing the
expectation value of the hamiltonian with respect to
the binding parameter Z, we find

Z= iz(2z —5/8Kp),

~ N. F. Mott and R. W. Gurney, Electronic Processes ie Itic
Crystals (Oxford University Press, London, 1948), p. 85.
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state about the negative ion vacancy and a positive
hole is left on one of the 12 nearest Cl ions (at distance
7.5ap). This configuration is similar to that of an
F-center in a photochemically excited crystal, but
divers in one important respect. The usual F-center
electron's wave function is determined by an effective
"nuclear charge" characteristic of the crystal with the
surrounding ions in the equilibrium positions they take
when an electron is present; however, in the present
case, according to the Franck-Condon principle, the
nuclear charge will be characteristic of the ionic con-
figuration before the absorption act. The potential due
to a negative ion vacancy in an otherwise perfect
crystaP is e/Kr, where K is the static dielectric constant
(5.62 for NaCl); and hence the wave function of the
excited electron is

y p~(r) =g(r) exp( —r/Kao), (2)

where g(r) is the lattice function in the conduction
band. ' Thus, P2 may be written as one of 72 sums of
products of Eq. (2) with the functions (1). We shall
use fi and $2 for calculating the oscillator strength for
the O.-band.

The function fq is the wave function describing a
crystal in the vicinity of a normal F-center. According
to this model, it is the ground-state wave function for
the transition corresponding to the P-band and can be
written as a sum of products of Eq. (1) and an F-center
wave function,

III. MATMX ELEMENTS AND OSCILLATOR
STRENGTHS

The matrix elements we need for the oscillator
strengths' are of the form J'fo*rg,dr, where $0 is the
initial wave function and f, a final-state wave function.
For the n-band this becomes J'PP(r)rg2(r)di. , which
reduces to J'A&3„*rqri;*dr. These two center integrals
have been evaluated analytically by using elliptic
coordinates and by treating the function g(r) as a
constant. From inspection of y»~rq~* it is clear that
there is a roughly spherical region about each ion
(although not about the vacancy) in which cancellation

TABLE I. Values of fp for various choices of wave
functions (3) and (5).

2.25

3,0

1/3.00

0.605
0.646

1/3.27

0.612
0.680

1/5.62

0.544
0.748

occurs because of g(r) so that to take g(r) into account
it is necessary to subtract the contribution to the
integral arising from each of these regions. In view of
the approximate constancy of g(r) in the important
parts of the crystal (except for these small regions) it
is felt that this method is sufhcient to give a good
approximation to the matrix elements. These small
contributions were evaluated analytically by treating
exp( —r/Kao) as constant over each small region.

The energy of the Ot-transition, according to a simple
cycle and by comparison with the experimental results
on KI, should be about 6.8 ev. Then, using this energy
and the matrix elements described in the preceding
paragraph, we can evaluate f, the oscillator strength
between a state with a vacancy and no holes and a
state with an electron of either spin in the vacancy
and a hole on any adjacent Cl ion, for K=5.62 in

Eq. (2). It turns out to be f = 1.89. To show how f
varies with damping length in Eq. (2) we may state
the values of f for K=3 and K=7.3, i.e., 1.23 and
1.22, respectively. The reason for the slow variation
is that the two centers are 7.5ao apart, so that the
magnitude of the function (2) near the Cl ion site is

9 See, for example, F. Seitz, ModerrI, Theory of Solids (McGram-
HiQ Book Company, Inc. , New York, 1940},p. 148.

where z is the effective nuclear charge of the vacancy
for binding one electron and Z is defined by

yF *(r)=g(r) exp( —Zr/a, ). (5)

From the discussion of yp and consideration of the
fact that qp* has a larger spread than yp it appears
that z= 1/Eo is a good approximation, so that
Z= 1/3.27. It will be shown that the oscillator strength
is insensitive to choice of Z. Thus, P4 can be written as
one of a sum of products of the functions (1) and two
functions (5).
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not strongly dependent on damping length in this size
range of E. The oscillator strengths for transitions to
excited states are negligibly small because of the very
wide extent of the excited state wave functions.

The P-band matrix elements were treated similarly
except that in this case only half of the electrons can
make transitions, because of the spin of the electron
already in the F-center, and except that each one-
electron integral is multiplied by the overlap integral
of v s and gas ~. The value of fs is the oscillator strength
between a state with an F-center and no holes and a
state with 2 electrons in the vacancy and a hole on any
adjacent Cl ion, p& is the damping length of the
F-center wave function (3), and Z/as is the inverse
damping length in Eq. (5). The energy of the P-band
is taken to be 7.2 ev for NaCl. Table I shows the
oscillator strength fs for wave functions in the inter-
esting size range. There is very little variation of fs
with wave functions of this approximate extent, because
as 1/Z increases and the one-electron dipole matrix
element increases (until Z~1/6), the overlap integral
decreases. This calculation then indicates that f =1.9
and fs=o6.

It does not seem advisable at this time to attempt to
compare these results with the experimental data ob-
tained for KI, because the oscillator strength of the
F-band is not known for KI and because comparison
of areas in the a-, P-, and F-bands is made difficult
with the steep rise of the fundamental absorption band
superimposed on the a- and P-bands. Nevertheless,
assuming the oscillator strength of the F-band to be
about 0.6 or 0.7 in KI, the experimental areas of the
a- and P-bands are not inconsistent with oscillator
strengths of the order of those calculated here. At first
sight, it might seem surprising that f and fs should be
as large as fr, but the relative smallness of the matrix
elements for the P- and ts-band transitions are compen-
sated for by the large numbers of electrons that can

take part in these transitions and by the high energy
of the transitions.

The author is indebted to Dr. W. R. Belier for
bringing the work of Delbecq, Pringsheim, and Yuster
to his attention and for helpful discussions. He would
also like to express his appreciation to Professor
Pringsheim for a discussion of the experimental results
before their publication and to Professor Seitz for his
kind interest in this work.

Note added ie Proof: Dr. LeRoy Apker has kindly informed me
of evidence, obtained by himself and Dr. E. Taft from the photo-
electron emission experiments, which has a bearing on the P-bands
in Rb I and KI. In their paper on Rb I near 85'K P'hys. Rev.
81, 698 (1951)j they show a separate peak (a few tenths of an ev
removed from the position of the maximum'yield) which they
suggested might be associated with the decreasing transparency
of the film. I'urther preliminary results on KI near 85'K also show
this separate peak. However, their additional experiments on
optical interference appear to rule out the optical effect as being
important in this region; in view of the absorption measurements
described in reference 1, Apker and Taft now interpret the sepa-
rate peak as being associated with the P-band. One would expect
to find a peak in the photoelectric yield corresponding to the
P-band for two reasons: (2) Because of the increase in the absorp-
tion coefBcient on the tail of the fundamental band, the light is
absorbed closer to the surface, so that the electrons which are
eventually released have a shorter distance to travel within the
crystal, and thus have a higher probability of getting out of the
crystal; (2) inasmuch as F' centers, containing electrons of lower
binding energy than F center electrons, are formed by irradiation
in the P-band, subsequent ionization of the F' centers by excitons
results in electrons of relatively high energy in the conduction
band, which again increases the external photoelectric yield.

It should perhaps be emphasized at this point that this calcu-
lation has neglected entirely the effects of the positive hole left at
the Cl ion site adjacent to the vacancy, and has assumed that the
positive hole diffuses away. A more exact calculation, which ap-
pears dificult to perform, should take into account the effect of
the positive hole on the electrons' wave functions. As Professor
Seits 6rst pointed out to Drs. Apker and Taft, if the positive hole
remains in the vicinity of the vacancy, one of the F -center elec-
trons could perhaps recombine with the positive hole, the energy
of the transition being used to ionize the remaining electron. This
two-center Auger process would likewise increase the photoelectric
yield at an energy close to that of the P-band, and could perhaps
be distinguished from the two-quanta process mentioned above by
the temperature and light intensity dependence of the external
yield.


