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Production of ~-Mesons in Nucleon-Nucleon Collisions
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The production of m-mesons in nucleon-nucleon collisions as predicted by scalar meson theory, pseudo-
scalar meson theory with pseudoscalar and pseudovector coupling, and vector theory with vector coupling
is compared with the experimental results of the workers at Berkeley. The calculations are made on the
basis of third-order perturbation theory using the methods of Feynman and Dyson and also using a phe-
nomenological treatment of the nucleon-nucleon interaction. Account is taken of the fact that the 6nal
nucleons are not in plane wave states. It is shown that pseudoscalar theory with pseudovector coupling gives
qualitative agreement with experiment.

I. INTRODUCTION

A PROBLEM of considerable interest in meson
theory is the production of mesons in nucleon-

nucleon collisions. The intimate connection, predicted
by meson theory, between this process and ordinary
nucleon-nucleon scattering provides an excellent and
basic opportunity for testing the fundamental assump-
tions of meson theory. The meson theory of nuclear
forces assumes that x-mesons, found to interact
strongly with nuclei, are responsible for the coupling
between nucleons, Since this coupling via the meson
6eld implies the existence of virtual mesons in the
mutual 6eld of two nucleons, it should be possible, if
suflicient energy is available, for virtual mesons to be
materialized as free and observable particles. A com-
parison of the predictions of the theory with the
experimental measurements of nucleon-nucleon scat-
tering and of meson production should indicate whether
this basic assumption is quantitatively correct.

Experiments are now being carried out at Berkeley'
which give information concerning the production of
charged and neutral mesons in neutron-proton and
proton-proton collisions. It is of interest to consider in
a systematic manner the theory of the production in
order to understand what can be learned from these
experiments,

The production of mesons in nucleon —nucleon col-
lisions has been studied in considerable detail by a
number of theoretical workers. ' The most thorough
theoretical analyses which have been made can be
divided into two types: (1) an application of the meson
field theory of nuclear forces to the problem considered
as a third-order process, and (2) an attempt to describe
phenomenologically the scattering of the nucleons asso-
ciated with the meson emission, and only the meson
emission itself, by meson 6eld theory. The 6rst method
suGers from the well-known failure of meson theory to
describe nuclear forces in more than a qualitative way
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and from the more general failure of perturbation theory
in the weak coupling approximation applied to problems
in which the coupling is not weak. This method can,
however, be applied rigorously in the lowest order and
with this limitation gives a logically complete de-
scription of the process. Also, because of the close rela-
tion between high energy nucleon-nucleon scattering
(virtual meson exchanges) and meson production
(virtual meson exchanges together with a real meson
emission), a theory which gives qualitatively correct
results for the former process might be expected to be
correct to a similar approximation for the latter.

The second method, based on a more phenomeno-
logical approach, describes the meson emission on the
basis of field theory but separates the nucleon-nucleon
scattering, which gives the momentum transfer neces-
sary for over-all energy and momentum conservation,
and attempts to describe this in terms of the experi-
mentally measured potentials. This method is inade-
quate in as far as processes can occur in the meson
production which cannot be described in terms of the
scattering process preceded or followed by meson
emission. Such processes are, for example, the inter-
ruption of a virtual meson exchange by a real meson
emission. These processes are equivalent to scatterings
which take place far off the energy shell, i.e., where
energy and momentum are related very diBerently from
the relationship for free particles. Only if such processes
give unimportant contributions can the phenomeno-
logical approach be approximately correct. However, if
this assumption is made, the calculation can be made
in a manner much more independent of meson 6eld
theory than is the third-order perturbation calculation.

The rigorous treatment of meson production as a
third-order process is complicated by mathematical
difBculties in the integration of the cross sections over
the momenta of the 6nal nucleons to give a result which
depends only on the meson momentum. This problem
has been partially solved by Morette' for pseudoscalar
mesons with pseudoscalar coupling; Morette, however,
ignored the sects of the Pauli principle and so intro-
duced a rather large error (about 50 percent) in the
cross section near threshold. Her expressions for the
cross sections also have been averaged over meson and
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nucleon charges and, therefore, do not give separately
the cross sections for charged and neutral mesons for
neutron-proton and proton-proton collisions. Since
these separate quantities are those which can be deter-
mined experimentally, it is of interest to calculate them.
Therefore, we have in Sec. II considered the calculation
of the transition matrix elements on the basis of rigorous
third-order perturbation theory and obtained the ex-
pressions for scalar theory, pseudoscalar theory with
pseudoscalar, and pseudovector theory with vector
coupling. The calculations are made in the center-of-
mass system for energies near threshold, where the
velocities of the final particles are small. Corrections of
the order of v'/c' for the final nucleons and mesons are
neglected, so the results are only applicable for incident
nucleon energies of 350 to 400 Mev, corresponding to
maximum meson energies in the center-of-mass system
of 23 to 44 Mev.

The second method of calculation, treating the
nucleon-nucleon interaction phenornenologically, has
been carried out by Marshak and Foldy' for scalar
mesons and for pseudoscalar mesons with pseudovector
coupling. They found a zero cross section for scalar
mesons and a very small cross section (about 10 "cm'
at 350 Mev) for pseudoscalar mesons. Both of these
results disagree with the experimentally observed' large
cross section which is of the order of 10 "cm'. How-
ever, their treatment is incorrect because they chose a
charge independent nuclear potential which is not in
agreement with later data on high energy scattering.
Experimentally, high energy neutron-proton and
proton-proton scattering are qualitatively diBerent.
Approximate agreement with the experimental results
at high energy is given by the potentials4

—g»'81+f'. )/23Lexp( —~r)/4«]
for fq Pscattering, g-»'/4v =0.479, (1)

+g»'(~i ~/~)(~2 ~/~)[exp( —~r)/2«3
for I' I' scattering, —g~p'/4v. =0.0209,

where I' is the space exchange operator. The choice
of the I'—I' potential is not unique; any potential which
predicts a very singular and strong interaction in I'
states would give approximate agreement with the high
energy scattering. This potential is chosen because it
corresponds to pseudoscalar theory with pseudovector
coupling. Using these potentials, it is of interest to
carry out calculations similar to those done by Marshal
and Foldy to see whether suKciently large cross sections
can be obtained to explain the experimental results.

This method is applied in Sec. III to the calculation
of the transition matrix elements for scalar theory,
vector theory with vector coupling, and pseudoscalar
theory with pseudovector coupling. For pseudoscalar
coupling, it is possible to generalize the I'—I' potential

' R. Marshak and L. Foldy, Phys. Rev. 75, 1493 (1949).'R. Christian and E. Hart, Phys. Rev. 77, 441 (1950); R.
Christian and H. P. Noyes, Phys. Rev. 79, 85 (1950).

to its relativistic form, using the equivalence between
pseudovector and pseudoscalar coupling pointed out by
Nelson. ' The equivalence theorem gives for the poten-
tial the result

gQp'(2M'/y)'(rs) &(r&)2 exp( —~r)/4«. (2)

f"(f')V(3) U' . f/. ' 4(1)
(Pg q)„y„i—M—

f(4) ~ '~'4 (2)x, , @,"(q), (3)
(P4 P2)'+~'—

' K. C. NelsoIl, Phys. Rev. 60, 830 (1941).
~ R. P. Feynman, Phys. Rev. 76, 769 (1949).F.J.Dyson, Phys.

Rev. 75, 1736 (1949}.

The calculation can then be carried out using this type
of interaction. However, it will be shown that for pseu-
doscalar coupling processes occur in the production of
mesons which cannot be described in terms of a poten-
tial interaction and which give the largest contribution
to the matrix element. A treatment on the basis of a
potential model, therefore, is not justified. For such a
theory the methods of third-order perturbation theory
should give more reliable results. These phenomeno-
logical calculations are made in the center-of-mass
system and are restricted to energies near threshold,
i.e., less than 400 Mev for the incident nucleon in the
laboratory system.

An additional important efkct, which has been
ignored in these calculations, must be considered before
comparison with experiment can be made. In the
ordinary approach to the problem of meson production,
the approximation is made of replacing the wave func-
tions of the initial and final nucleons by plane waves.
This approximation is fairly good for the initial nu-
cleons, since it is equivalent to the use of the Born
approximation in high energy scattering. However,
because of the large amount of energy carried oQ' by the
meson in its rest mass, the final nucleons are moving
slowly, particularly near thresholds. It was pointed out
by Hart and Chew that as a consequence of this it is
possible, if the final nucleons are a neutron and a proton,
that a deuteron may be formed. In addition, even if the
nucleons do not form a deuteron, use of the plane wave
approximation for the final nucleons gives very inac-
curate results. In the Appendix these eGects are con-
sidered and are shown to be important.

IL THIRD-ORDER FIELD-THEORETIC CALCULATION
OF TRANSITION MATRIX ELEMENTS

The third-order matrix element can be written down
directly using the methods of Feynman and Dyson. '
A Feynman-Dyson diagram for meson production is
given in Fig. 1. Seven additional diagrams can be ob-
tained for emission of the meson by the three other
nucleons and corresponding diagrams for the cases in
which the two initial or final nucleons are interchanged.
The matrix element for the diagram of Fig. 1 is
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P)

NUCLEON————MESON

Pp

are given in Table I. It is apparent that the results are
sensitive to the relative choice of sign for the coupling
of neutral mesons to neutrons and protons, since the
use of fq, with f4 set equal to zero, corresponds to the
opposite choice of sign for the couplings, while the use
of f4, with f~ equal to zero, corresponds to the same
choice of sign for the couplings. It is interesting to
observe that the only theory which predicts the pro-
duction of neutral mesons in P—P collisions with a cross
section comparable with that for charged mesons is
Ps.Ps(III). For the other theories, cancellations occur
between matrix elements, corresponding to emission of
the final meson by the initial or final nucleons, which
make the cross section of the order of (y/M)' smaller
than for charged meson production.

III. PHENOMENOLOGICAL CALCULATION OF
PRODUCTION

FIG. 1. Feynman-Dyson diagram for meson production by N—N
collisions in lowest order. The solid lines represent the nucleons;
the dashed lines represent mesons.

where U„'= U„'= 8„0 for' S(III), and = y~b„o for
Ps.Ps(III); U„'= (b„oyq/p)(P4 —P2)„y„, and U„2=

(b„oyq/p)q„y„ for Ps.Pv(III); U„'= U„'= y„for V.V(III);
@„"=P"b„ofor S(III), Ps.Ps(III), and Ps.Pv(III); and
@„"=p„" for V.V(III).

%e use the symmetrical isotopic spin notation'

T =
» T» 2T2 3T3 4T4.

Charge symmetry requires that f&=f2= f/V2; the use
of both fg and f4 corresponds to two choices of sign for
the coupling of the neutral mesons to the nucleons,
since the expectation value Of T3 is positive for a
neutron and negative for a proton, while the expectation
value of T4 is positive for both nucleon states.

The seven additional matrix elements can be obtained
by various permutations of P», P2, P3, and P», changes
of the sign of q„, and interchanges of U„2 and U,», cor-
responding to an emission of the final meson after the
exchange of the virtual meson. In the center-of-mass

system these matrix elements are approximately

f"V')'L4*(3)r"r'UA(1) j
xL4'(4) r'U24 (2)j/(2M'~')' (4)

where U& ——U2=1, S(III); U& ——1, U2 ——(e p,)y/4M,
Ps.Ps(III); U, =(e.q)(s p~)/p', U2 ——(~ p2)/p, Ps.Pv-
(III); U&= ~q~/p, U2=1, V.V(III).

The total transition matrix elements given by these
expressions, squared and averaged over the spins of
the nucleons, are given by the expressions

lH;gl'=Grrr /2M2p', S(III), Ps.Ps(III),
= (Grrr'/2M2p') (~ q~ 2/ym), Ps.Pv(III), V.V(III); (5)

the values of Grrr' for the various theories and processes
~ Ke shall, in what follows, refer to the third-order computations

for scalar, pseudoscalar with pseudoscalar or pseudovector coup-
ling, and vector theory with vector coupling as S(III), Ps.Ps(III),
Ps.Pv(III), and V.V(III}, respectively.

8 K. M, Case, Phys. Rev. 76, 1 (1949).

(a)
(b) Pg+P
(c)

P»+ P'+ ~'~P'+ P3
&2+2"+~'~&'+ &3
I'2+p'+ ~'~P2+ I'4+ ~+~'

~P3+P4+ co. (6)

It is clear that the virtual meson (&o') exchange in

processes (a) and (b) is analogous to that which occurs
in scattering; therefore, the exchange can be replaced
by the effects of the potential which predicts the scat-
tering. However, in process (c) the real meson (co) is
emitted between the emission and reabsorption of the
virtual meson. Such a process cannot occur in the scat-
tering of real nucleons; therefore, its effect cannot be
given in terms of the potential model. However, it can
be shown easily that such processes will give a rather
small contribution, at least for theories in which nega-
tive energy states are not important for the virtual
nucleons. The energy denominator for these matrix
elements is given by

1/(Eo —Eg') (Eo—E2'),

where Eo is the total energy, and E»' and E2' are the
energies of the two intermediate states. These de-
nominators are (ignoring negative energy states), for
processes (a) and (b),

1/(~Ep E4 (o )(Ep 2E4) = 1/(2(u co )(o (8)

and, for process (c),

1/(-', Ep —W4 (o') (-', Eo (u (o' —Eg)—— —
=1(-,' — ')(—-,'—'). (9)

Now, since near threshold the energy co' of the virtual

In this type of calculation we assume that the process
of production can be described by meson emission
preceded or followed by the nucleon-nucleon scattering.
This, however, is not quite true, since virtual processes
occur which cannot be described in terms of such a
separation. An analysis of the process, considered as
taking place in third order, indicates three basic ways
in which a typical process can take place. These are
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TmLE I. Values of Cqrq~ for production of charged mesons and neutral mesons of type 3 (ceupled through v3) or of type 4
(coupled through r4}.

S(III), V.V.(III)

P(f' 2f4'—)'
0
0

f'{f'—2f3')'
0
0

Ps.P8(iii) X~I/i~Ms

f'{f'+2f4')'
2f Q{f8 f 1)s

2f S{(fS f S)4l+f4)

f'(3f' —4f'f4'+ &2f4')

64f R(f 9+f %)s

64f s(fP+f l)Q

PS.Pv(III) X(M/p)s

P{(P—2f4~) ~ sin~8+(f +2') ~ cos~8)

2'((fP —f4~) ~ Sin28+f' CoS~8)

2' sin'8(f'+f3' —f4')'

P{{P—2')' sin~8+(f'+2')' cos~8)

0
0

mesons is much larger than the energy + of the real
meson, these are approximately —1/4p4p' for (a) and
(b), and 1/pp" for (c). Therefore, the contribution
from process (c) is smaller than the contribution from
processes (a) and (b) in the ratio 4p/244'. Since the
momentum of the virtual meson is equal to the dif-
ference of the momenta of the initial and final nu-
cleons, which at threshold is about (pM)&, the ratio
pp/2&p' is about $(44/M)& which is about 20 percent.
This contribution is negligible only if the ratio of the
masses of the meson and nucleon is small; actually, an
error of the order of 20 percent in the matrix element
can be expected if this term is ignored. A further error
arises from the neglect of negative energy states for the
virtual nucleons; however, because of the largeness of
the energy denominators for such processes, the con-
tribution is negligible for all theories except for pseudo-
scalar coupling. This case will be discussed in detail
below.

Ke now consider processes leading from the initial
state of two nucleons to the 6nal state of two nucleons
and a meson. This can take place in two ways, either
through a scattering of the two initial nucleons followed
by the meson emission, or with the order of these events
reversed. %e, therefore, have for the matrix element

drdr'$fp*(«, r')H(r, r')f'(r, r')7
J

fX»X+ y («) (13)

where y„ is the 4-vector formed from the Dirac matrices.
This coupling is approximately, for longitudinally
polarized mesons,

f"»"lql/44exp( —ig r)/(24p)& (14)

if corrections of the order of s/c for the nucleons are
ignored. Therefore, we can obtain this result from that
for scalar theory by multiplying the matrix element by
lvl/4

We 6nd for the matrix element for S(phen)P

—V2fgpp'M(1 Pgs)—
(xs e (Pg+P4)xg)(x4*4« (P4+Pg)xs)

X
(»)'(Ps' —P4')L4 '+(P~+P4)'7

(A) Scalar Meson Theory, Vector Meson Theory

Ke shall now consider the case of two initial protons
Pl, P'2 going into a final neutron X3, proton P4, and
positive meson q. For this case we have the scattering
before meson emission in the P—P potential and the
scattering after emission in the X—P potential. If we
take scalar coupling for the meson, then

H= f"»"exp( —441 r)/(24p)&. (12)

The case of vector coupling can be considered simul-
taneously, since the coupling is

+&fg~p'(1 Pn)—
(1+Ps4*)

X+, drdr'ttPp*(«, r')S (rrr, r')f" (r, r')7

X l d«"LP'*(, ')S (», «')P (, «')7/(Eo E')l—
(xs*xi) (x4*xs)

(15)
(2~)@LE '+(P,+P4)'7

where the operator P' exchanges the momentum coor-
dinate (corresponding to space exchanges in a coor-
dinate representation), and P exchanges both the
momentum and spin coordinates. Near threshold,
P~)&PI or P4. %e can also disregard p,

' relative to P~'.
%e then note that

In this expression Sr and Sir are the potentials de-
scribing the interaction of the initial and anal nucleons,
B is the operator for meson emission, and E' and E"
are the energies of the two intermediate states. The
energy denominators are

Ep E'= (PP/2M) (—Ps'/2M) —PP/2M-
= (Pps —P")/M, (11)

E, E" (P. /M—) (P"/M)—

(xs*xs)(x4*xi)~(xs*xs)(xp*xs)
$(1+Ps4 )

ps+(Pa+Ps)s Ps'
'Ke shall refer to the phenomenological treatment of scalar,

vector, and pseudoscalar theories arith pseudovector coupling as
S(phen), V.V(phen}, and Ps.Pv(phen), respectively.

drdr'fP*"(r, r')H(r, r')fr(«, r')7/Ep E". (10)—
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TABLE II. Values of GPh ' for production of charged mesons and
neutral mesons of type 3 and type 4.

sections are zero (to order (y/M)2).

Charged

I'-P ~'(3)
x'(4)

S(phen), V.V(phen)
P f(~lygI ~')'+ear&j

PS.Pv(phen)
P((~h n~s') +go'~'3'

(C) Pseudoscalar Meson with Pseudoscalar
Coupling

For the case of pseudoscalar coupling, we have

H= f"r"y2 exp( —ig r)/(2a&)&. (19)

Ke shall now use the relativistic generalization of the
P—P potential, which is

The expression 6nally simplifies to

(1 +12)f (x2*22 ~2x2) (x4*22 ~2x2)
gsz

M~'(~)' p
2

—g~p'(x2*X2)(x4*x2), (16)

(3) Pseudoscalar Meson with Pseudovector
Coupling

The analysis for pseudovector coupling can be carried
out in a similar way. Here we have

8=f"r"a «/p 'exp( i«r—)/(2co) &

This gives, for the production of charged mesons,

(17)

-f(1—P12) IgPP (X2 'O'«'O'P1XI)(X4 'O'Pl+2)/V'

—g~P'(X2'~ «X2)(X4*X2)I/M~'(g )' (lg)

For neutral mesons pxoduced in P—P and X—P col-
lisions, we 6nd that, as for scalar mesons, the cross

TABLE III. Ratio of third-order to phenomenological matrix ele-
ments averaged over angles for production of charged mesons.

Scalar, vector

I (fL—2')/4~ I
~

(0.499)~

Pseudovector coupling

Ik(f' —2f4')'+4(f'+2f3') I/(4~)'

(0.093)'

where we have set (P22/2M) —I2/2 and a& =p, which are
their values at threshold.

A similar expression is obtained for an initial neutron
and proton going into two 6nal protons and a meson.
For processes involving the scattering of two neutrons„
the result depends on the choice of the E-E interaction.
However, in the absence of any direct information, we
shall assume that this is the same as the P—P inter-
action. The results for these processes are then identical
with those given earlier.

For the production of neutral mesons, the analysis is
similar to that given here. In this case, however, the
nucleon charge is unchanged by the meson emission,
and the scattering takes place before and after emission
in the same potential. We 6nd that cancellation occurs
between the terms representing scattering before or
after emission, so that a zero cross section is predicted
for neutral mesons in either E-P or P—P collisions.

gpp'(2M/~)'(V2) ~(V2) 2 exp( —I r)/4~r (2o)

Since negative energy states are important with this
form of interaction, we must reconsider the energy de-
nominators in their relativistic form. If the intermediate
nucleon is in a negative energy state, its energy is ap-
proximately equal to the negative of its rest mass, and
we have for the energy denominators for processes (a)
and (b), as given in Eq. (6), approximately 1/2M2 and
for process (c) —1/2M'&'. We also must consider the
behavior of the matrix elements describing the emission
and reabsorption of the mesons. For transitions between
positive energy states, (y,)(y2) (s/c)2, where 2t is the
velocity of the nucleus. For transitions to and from
negative energy states, (y2)(y2) is about 1. Combining
these results, we 6nd, for the approximate magnitude of
the matrix elements,

Process (a) and (b):
2(2t/c) 2/&2a&' ~1/2Mau'(12/M) & 0.40/2M'&'—

(transitions to positive energy states); (21)
Process (c):

1/2M&v' (transition to negative energy state).

Ke see, therefore, that near threshold we cannot neglect
the nonpotential-like terms corresponding to process
(c) with the virtual nucleon undergoing transitions to
negative energy states, since they give the largest con-
tribution to the matrix element. Ke must refer to the
third-order perturbation theory results for a more
adequate description of the process of the anomalous
case of pseudoscalar coupling.

(D) Summary of Results for Phenomenological
Calculation

The squares of the magnitudes of the matrix elements,
given by the application of the phenomenological
method to the meson production problem, are given by

~
H f~

'= G~~'/2M p'' S(phen)
= (G~h 2/2M2p2)q /p2 Ps.Pv(phen), V.V.(phen).

(22)

The values of Gphpz are listed in Table II.A comparison
of these results with those obtained in Sec. II by the
third-order calculation for the production of charged
mesons is given in Table III. It is apparent that the
results obtained by these two methods are approxi-
mately equal for not unreasonable choice of the coupling
constants. The use of symmetric theory, in which f=f2
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Tom,E IV. Values of square of magnitude of transition matrix elements, for P-P production of positive mesons, evaluated at zero relative
momentum for the final nucleons, leading to singlet and triplet spin state. (All are to be multiplied by $M'p'. )

My(0)(triplet) s

My(0) |,'singlet) s

S(III)

0
Gzrr'

S(phen)

0
Gph.n'

V.V(III)

0
Gzzz'2T/p,

V.V(phen)

0
Gphen 2T/p

Ps.Ps(I II)

3Grrzs

4Gzzr'

Ps.Pv(I I I )

Grzr'2T/p
0

Ps.Pv(phen)

Gphen 2T/bl
0

and f4 is set equal to zero, however, would predict a and
zero cross section for'~ S(III) and V.V(III). It is
certainly not necessary, however, that such a choice of g&~M'P '

t
M'r(0)(tnpi«) '

the coupling constants be made.

IV. CALCULATION OF DIFFERENTIAL CROSS SECTION
L- ~ ~(V/T )(3 s( /T ) ( /T ))))

Ke shall consider the specilc case of production of
positive mesons in P-P collisions. The generalization
to other cases can easily be made. To the approximation
used in these calculations, the differential cross section
in the center-of-mass coordinate system for the pro-
duction of two nucleons and a meson in a nucleon-
nucleon collision is given by the expression

do/dQdT= 242M'p[T(T T))&i P;g—i'/(4x)'7r (23)

where T is the meson kinetic energy, T is the maximum
meson kinetic energy, and B;y is the transition matrix
element including the efkcts, discussed in the Ap-
pendix, of the interaction of the 6nal nucleons. Using
the results of that section, we can write

~H y~'= ~P((r=0)Mo(0)(triplet) ~'

+
~
|f,(r=0)M;g(0)(singlet) ~', (24)

where M;r(0)(triplet) and M,~(0) (singlet) are the matrix
elements leading to 6nal triplet and singlet spin states,
and f&(0) and P, (Q) are the wave functions for the anal
nucleons in triplet and singlet spin states, respectively,
evaluated at r=0. Substituting the values for the wave
functions, as given in the Appendix, this becomes
(setting Eg= T T)—
do/dodT =2(2)&M'y[T(T„T)]&-

XII

~M f(0)(triplet) ~'L(V~+T —T)/(cg+T T)j
+ ~

Mo(0)(singlet)
~
'(V,+T„T)/(e,+T T) I . (2—5)—

The values of M;f(0)(triplet) and M;r(0)(singlet) are
given in Table IV. The relation between the constants
Gfrr and Gph~' and the coupling constants f, f3, and f4
is given in Tables I and II.

The total cross section, then, is given approximately
by the expressions

4xV2M'p, T ~

I ~
M;g(0)(triplet)

~

'
(4s)'

+ (corresponding term for singlet)

for V.V and Ps.Pv.

Ke can now use this cross section, ignoring the possi-
bility of deuteron formation, to estimate the values of
the coupling constants. If we assume a cross section at
350 Mev of 2X10 "cm' with the corresponding maxi-
mum value of the meson kinetic energy in the center-of-
mass system of 24.8 Mev, the corresponding values of
Gqqr'/(4s)' and G~h,~'/(4s)' are given in Table V. The
values of the coupling constants f, fa, and f4 calculated
from these values of G'/(4s. )', by the relation given in
Tables I and II, are given in Table VI. For comparison,
the values of the coupling constants adjusted to agree
with the magnitude of P—P scattering' at 350 Mev
(about 25 millibarns) are also given. It is apparent that
the coupling constants predicted by these two processes,
meson production and high energy scattering, are within
the same order of magnitude. Conversely, we can
conclude that any of the third-order or phenomeno-
logical results can correctly predict the order of mag-
nitude of the meson production cross section, for not
unreasonable choices of the coupling constants.

Finally, we must consider the additional process
which can contribute to meson production, the forma-
tion of a deuteron and a meson in a proton —proton col-
lision. The cross section can be calculated easily; we
have (see Appendix)

d~/do= M,,(0)(triplet)yn(r=o) j'Mqp/(See, )
= M,r(0)(triplet) ~'4(2)&(T s )&V M2pt/(4s)' (26).

Using the values of the matrix elements given in Table

ALE V. Values of the constants Gzrz /4~ and Gpq /4~ giving
a total cross section at 350 Mev at 2&(10 s' cms for production
of a positive meson, neutron, and proton in a P-P colhsion.

XQ +( ~V/T)(I —
(&~2/ )T')j

+(corresponding tenn for singlet) I for S. and Ps.Ps. Gs/4

S(III),
S(phen)

0.268

V.V(III),
V.V(phen) PS.Ps(III)

0.423

Ps.Pv(III) *
Ps.Pv(phen)

0.513

"A similar result was obtained in reference 3. + Averaged over angles.
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TABLE VI. Values of the coupling constants f, f&, and f4 as given by Tables I, II, and V, and also as predicted by P-P scattering at
350 Mev.

S(III)
S(phen}
V.V(III)
V.V.{phen)
PS.PS(III)
Ps.PV(III)
Ps.Pv(phen)

Meson production

+(P 2f—P)'5&/4m= 0 268.

f /4' = 0.0608

+(P 2'—)'g&/4»=0 423.
f /47r= 0.254

~(3f4—4@f42+12f4') 'g&/4' =3.79
f'p(p —2f4~) ~+«(f +2') ~j&/47r =0.145

f /47r =0.354

P-P scat tering

{f3'+f4')/4'= 0.142

(f32+fp)/4x =0.142

(f3'+f4') 7/47r =3.73
(f32+f4')/4'= 0.0209

IV, the cross sections are

da'/dQ= (G'rir, ih,„/4s)'(2'~/y) 6.66X10 "cm'
Ps.Pv(III), Ps.Pv(phen)

=Giir'/4s)'(T /y)~2 22X10 "cm'
Ps.Ps(III). (27)

At 350 Mev, using the values of the constants G'/4s.
given in Table V, the total cross sections for formation
of a deuteron and a meson are

o =7.63X 10 "cm' Ps Pv(III), Ps.Pv(phen),
= 2.57X 10 ~ cm' Ps.Ps(III). (28)

These cross sections are larger than those in which the

final nucleons are not bound (assumed to be 2X10 "
cm').

The differential cross sections at 350 Mev for proton-
proton production of positive mesons are given in Figs.
2 and 3 for scalar theory and for the phenomenological
treatment of pseudoscalar theory with pseudovector
coupling. For comparison, the cross sections obtained
when the Born approximation was made by treating
the final nucleon wave functions as plane waves are also
given (dashed curves). The very striking effects of the
interactions of the final nucleons are obvious. The
variation of the total cross sections with energy is given
in Table VII, including the contribution to the cross
section given when a deuteron is formed. The nor-
malization is again to a total cross section of 2Xl0 '
cm' at 350 Mev for the production in which the two
final nucleons are unbound.
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Fxo. 2. Differential cross section at 350 Mev in the laboratory
system for production of positive scalar mesons in P-P collisions.
The solid curve includes the effects of the interactions of the final
particles; the dashed curve is the result of the calculations using
Born approximation throughout.

V. CONCLUSIONS

The experimental results of the Berkeley workers'
indicate that the cross section per nucleon for proton
bombarding carbon is about 2)&10 ' cm' for both
charged and neutral mesons. For protons bombarding
free protons, the cross section is about the same as for
production of charged mesons but appears to be, per-
haps, an order magnitude smaller for neutral meson
production. It is apparent from the results of Secs. II,
III, and IV that the relative size of these cross sections
is predicted successfully only by the third-order result
for pseudoscalar mesons with pseudovector coupling.
The phenomenological result for scalar, vector, and
pseudoscalar theory fails in that a zero cross section is
predicted for production of neutral mesons in neutron—
proton collisions. The third-order result for pseudoscalar
theory with pseudoscalar coupling is of the right order
of magnitude, except for neutral mesons produced in
proton —proton collisions, where a cross section is pre-
dicted comparable with that for charged mesons in
contradiction to the experimental result. The third-
order result for scalar and vector theories is peculiar in
that the cross section for neutral mesons vanishes for
neutron —proton collisions and also vanishes for charged
mesons if f'/2 is taken equal to fP (Table I), corre-
sponding to the use of symmetrical theory. It is inter-
esting to observe that a small cross section is predicted
for neutral meson production in proton-proton col-
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lisions by all of the theories except pseudoscalar theory
with pseudoscalir coupling. It is somewhat ques-
tionable, however, that such cancellations as those
which appear in these calculations are to be quantita-
tively believed, since it is possible that higher order
virtual sects would remove the cancellation which
appears in lowest order. "

The phenomenological calculations are successful in
predicting a su%ciently large charged meson cross
section for agreemen. t with experiment, because an
unsymmetrical choice of the neutron-proton and proton-
proton potentials was made. The calculation made by
Marshak and I'oldy used a symmetrical interaction,
and the cancellation which occurred reduced the cross
section by 2 or 3 orders of magnitude. It is not neces-
sarily true, however, that all symmetrical theories
wouM give a similar result. A theory which while sym-
metrical could also predict the high energy nucleon-
nucleon scattering wouM presumably give the same
qualitative features as the potential models used in
these phenomenological calculations. It is interesting
to note that the use of symmetrical theory in the third-
order calculation does predict correctly the general
magnitudes of the cross sections for pseudovector
coupling but gives zero cross sections for scalar and
vector theory.

A more detailed prediction of these calculations which
is of particular interest in the angular dependence of the
cross sections. Only the third-order calculation for
pseudoscalar theory with pseudovector coupling gives a
non-isotropic angular distribution (in the center of mass
system). This is due to the presence of a tensor force
in the neutron-proton interaction which couples the
orbital motion of the meson to that of the nudeons.
This effect is absent in the phenomenological treatment
because of the use of a central interaction to describe
the neutron-proton interaction.

The experiments on meson production by protons
bombarding free protons provide a good opportunity
for verifying the detailed predictions of the differential
energy spectra. The experimental results of Cartwright
ef, u/. for meson production in the beam direction are
shown in Fig. 4 in comparison with the predictions of
pseudoscalar theory with pseudovector coupling. It is
apparent that agreement with experiment can be ob-
tained only if the effects of the interactions of the final
nucleons are taken into account. The predicted 6ne
structure of the high energy peak resulting from the
deuteron formation cannot be resolved with the present
experimental data; presumably, an improvement of
experimental techniques will make it possible to test
this prediction of the theory. Additional data on the
angular dependence of the cross sections will also provide
a critical test of the theoretical predictions.

The author wishes to thank Professor Robert Serber

"K. A. Brueckner and K. Watson found for neutral meson
production by photons that a similar cancellation in pseudoscalar
theory was removed in higher orders {Phys. Rev. 79, 187 (1950)).
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FIG. 3. Differential cross section at 350 Mev in the laboratory
system for production of positive pseudoscalar mesons with pseudo-
vector coupling in P-P collisions. The delta-function representing
deuteron formation is averaged over a 5-Mev energy interval.

Scalar Vector Ps.Ps Ps.Pv
(Mev) Unbound Unbound Unbound Deuteron Unbound Deuteron

290
325
350
375

0
0.64
2.00
4.51

0
0.83
2.00
3.48

0
3.85
7.63

13.0

0
2.05
2.57
3.07

0
0.53
2.00
5.01

)Note added ie proof: Recent experimental results of Cart-
wright, Richman, and Whitehead show that the angular distribu-
tion of positive pi-mesons produced in P-P collisions at 343 Mev
is almost entirely coss8 in the center-of-mass system. This is

and Dr. K. M. Watson for many interesting discussions
of the theoretical results derived in this paper. He also
wishes to thank the experimental workers at Berkeley,
particularly Drs. Chaim Richman, Herb York, and
Vince Peterson for continuous information about the
preliminary results of their work and for their aid in
interpreting the experiments. In particular, he wishes
to thank William Cartwright and Marian Whitehead
for permission to quote the results of their experiment
in advance of publication. )

TAaLE VII. Variation with energy of total cross section for
positive meson production in P-P collisions, in units of 10 ' cms.
The columns headed "Unbound" are for production leading to a
neutron, proton, and meson; those headed "Deuteron" are for
production leading to a deuteron and a meson.
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FIG. 4. Comparison of the experimental results of Cartwright
et al. for production of positive mesons by 340-Mev protons
bombarding free protons. The curve is for mesons produced in the
direction of the proton beam in the laboratory system.

APPENDIX"

Effects of Interaction of Final Nucleons

For simplicity, we restrict ourselves to the case of two initial
protons leading to a 6nal neutron, proton, and positive meson.
In the calculations described in Secs. II and III, we have made
the approximation of representing the wave function of the 6nal
nucleons by plane waves. This is equivalent to using the Born
approximation to describe the nucleon-nucleon scattering. How-
ever, near threshold, where the 6nal nucleons have low energies,
the scattering into these 6nal states is poorly represented by the
Born approximation applied to the potentials. The calculations
can be done in a more satisfactory way if the actual wave function
of the final nucleons is used. We can then resolve this into plane
waves by the relation

where

Pr(r) =J aa exp(ik r}dk,

as= t 1/(2w)~1ffr(r) exp( ik r)dr—(2)

given only by the third-order result for pseudoscalar theory with
pseudovector coupling with@=2f4' {see Table I), supporting the
conclusions already reached in this paper.

'~ The material of this Appendix was developed in collaboration
with Geoffrey Chew and Mward Hart, to whom the author wishes
to express his appreciation.

The calculations which we have made can then be considered to
represent one of the fourier components of this momentum dis-
tribution. We can represent the transition matrix element which
leads from the initial state to the final state, in which we have
plane outgoing waves of relative momentum k, by 3f~(k). The
transition matrix element to a state Pp (r) then will be given by the

expression

Hq =fdkaekdg(k} . (3)

If we wish further to separate the final state into singlet and
triplet spin states, we must consider separately the matrix ele-
ments of 3f,y(k) leading to these spin states.

If we insert the definition of ag„we have

Hr=t1/(2 x)~jffdrdk exp( —ik. r)gr(r)M;y(k}. (4)
Now if we define

$1/(2x)']f dk exp( —ih r}Me(k) =jar'(r),

then we have for the matrix element

H;r =fPr(r)My'(r)dr

=Pr(re)f2dr'(r)dr (|)
=yg(rg, )M,g(0),

where Py(rA, ) is the value of the final wave function at an average
value of r. This separation can be made more acceptable if we
note that 3f,y'(r) must be large only for r considerably less than
the range of the forces, since the large momentum transfers
necessary for meson production lead to a rather singular form for
Mg'{r). Then, since for low energy nudeons, Pp(r) is slowly
varying over a region of the size of the meson Compton wave-
length, the results will not be sensitive to the particular value of
rA„as long as rA& is considerably less than h/pc.

This simple result can be applied to the problem of interest.
If we wish to calculate the probability that a deuteron is formed,
we can take the expectation value of the transition matrix element
My(0) between the initial state of arbitrary spin and the final
triplet state, and multiply this by the deuteron wave function
evaluated at rz, . Similarly, if we wish to include the effects of the
interaction of the slowly moving final nucleons in a singlet or
triplet state, we multiply the appropriate values of the matrix
elements by the singlet or triplet wave functions evaluated at rA„.

We shall use the approximate wave functions for a square well'
of range 1.53X10 ' cm, triplet depth Vg of 52.9 Mev, singlet
depth V, of 41.1 Mev. This gives simple analytic expressions for
the wave functions of the deuteron and of the unbound system
of neutron and proton of low relative momentum. The use of this
nonsingular potential may underestimate the magnitude of the
wave functions for small separations; however, the results will
not be qualitatively incorrect. The approximate wave functions
are

QD(r) = sinL{M V~) &rj/r P(M «) &/2~ j&,
+~)~»

where e„eg are the singlet or triplet binding energy (in magnitude),
and @is the energy of the final nucleons. The magnitude of these
wave functions is quite insensitive to the choice of rA, for rA„ less
than k/pc; for simplicity, we shall evaluate them at rA„equal to
zero. We then have

P~(0) = {MVg) &f(Mcg) ~/221.j&,
&,,.{0)=I:(V,.,+~.)/(„.+~.') j~.

It is apparent from these results that the value of the matrix
element is considerably increased by the factor Pz{0) near thresh-
old, where the 6nal nucleon energy Ey is considerably less than
the well depth of about 50 Mev. The factor

(V+ A)/(~; ~+4) (9)

approaches 1 only for @&&V; this condition is not satis6ed until
the incident nucleon energies are of the order of a Bev. At 350
Mev, where the 6nal nucleon energy varies from 0 to about 25
Mev, this factor varies from about 2 to 25 for the triplet state and
from 2 to about 600 for the singlet state. This has the effect of
raising the cross section by a factor of about 3 or 4. The effects
of the interaction of the final nucleons, therefore, clearly are large
and cannot be ignored.


