THEORIES OF SUPERCONDUCTIVITY

in levels with smaller w, values and hence larger 7,
values than those of the ground state. This shows that
collisions with the foreign gas the make molecules in
the higher excited states go over into lower excited
electronic states in the energy range 39131 to 47150
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cm™!, with larger 7, values and smaller w, values, in
the manner discussed by Wieland.®
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A gas of noninteracting electrons of small effective mass, me, has a large diamagnetic susceptibility. It is
shown that the London phenomenological equations of superconductivity follow as a limiting case when
Mest is 50 small that the Landau-Peierls theory yields a susceptibility < —1/4. Justification is given for the
use of an effective mass, m.~107* m, for superconducting electrons in the lattice-vibration theory of super-
conductivity. This value is sufficiently small to show that the theory gives the London equations and, as a
consequence, the typical superconducting properties. The concentration of superconducting electrons, #.,,
is smaller than the total electron concentration, #, by about the same ratio as the effective masses, so that
ms/ns~m/n, and thus the penetration depth is of the same order as that given by the usual London

expression.

I. INTRODUCTION

THEORY of superconductivity based on inter-

actions between electrons and lattice vibrations
has been discussed in two previous communications.!:?
The second of these (to be denoted by the letters WF),
deals with wave functions for superconducting elec-
trons. Frohlich® has independently developed a theory
along similar lines. These earlier papers have been con-
cerned primarily with the energy of the lowest state of
a superconductor and have not discussed in any detail
how the electrodynamic characteristics of the super-
conducting state—perfect diamagnetism and infinite
conductivity—follow from the model. We shall show
here that the theory leads to the London phenomeno-
logical equations* in the manner indicated in our
earlier papers.

The present theory is similar in many respects to one
suggested some years ago by the author.® In the earlier
theory it was proposed that in the superconducting
state there is a small distortion of the lattice which
produces Brillouin zone boundaries with small energy
gaps, ~kT. (T.=transition temperature) at the Fermi
surface. There would be a resultant decrease in energy
of electrons in states on the low energy side of the gap.
Associated with the small energy gap is a small effective
mass ratio, ~«T./Ep, for electrons with energies near

! J. Bardeen, Phys. Rev. 79, 167 (1950).

2 J. Bardeen, Phys. Rev. 80, 567 (1950) (referred in the text as
WF).

3 H. Frohlich, Phys. Rev. 79, 845 (1950).

4F. and H. London, Physica 2, 341 (1935).

5 J. Bardeen, Phys. Rev. 59, 928 (A) (1941). This work, done
while the author was at the University of Minnesota, was inter-
rupted by the war and was never published in full.

the Fermi surface, Er. It was shown that a sufficiently
large diamagnetism for superconductivity will occur if
there is a sufficient number of electrons of small
effective mass. The difficulty with the theory as for-
merly proposed is that it appears that the energy
required to distort the lattice and so to produce the
zone boundaries is larger than the energy gained by the
electrons.

In the present theory, zero-point vibrations replace
the small permanent distortion of the lattice. The
effective mass of the superconducting electrons is small
as in the earlier theory, and we have suggested!? that
the explanation of the superconducting properties in
terms of a large diamagnetic effect of the electrons is
similar.

It has been recognized for some years that the
Meissner effect (B=0), is a more basic property of the
superconducting state than infinite conductivity (E=0),
although, from a purely macroscopic point of view,
neither one is a consequence of the other. Both follow
from the London equations which can be derived most
readily from a consideration of the magnetic properties.

From a formal point of view, a perfect diamagnetism
can be described by a diamagnetic susceptibility equal
to —1/4x. Landau® has shown that, as a consequence of
quantum theory, a gas of free noninteracting electrons
obeying Fermi-Dirac statistics has a diamagnetic
susceptibility :

xo=— (n/2Er)(eh/2mc)*= —np2/2Er, (1.1)

Here n is the number of electrons/cm? Ep is the

¢ L. Landau, Z. Physik 64, 629 (1930).
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maximum energy of the Fermi distribution and u is the
Bohr magneton. Landau’s theory was later extended
by Peierls? to apply to electrons with Bloch-type wave
functions appropriate to motion in a periodic field of a
crystal lattice. The effect of the periodic field is to
introduce an appropriate effective mass instead of the
ordinary mass in (1.1). If the effective mass is made
sufficiently small, Eq. (1.1) will yield values for
xo<—1/4x. If values of # and Er characteristic of
ordinary metals are inserted in (1), the expression gives
values of xo of the order of 10~7 to 1075, in agreement
with observed susceptibilities. To get a value smaller
than —1/4r would require an effective mass of 1073 m
or smaller.

Wave functions for superconducting electrons (see
WF) are linear combinations of Bloch states which lie
within a small energy A~«T, of the Fermi surface. It
has been pointed out that these wave functions cor-
respond to a small effective mass, of the order of
(A/Er)m. The concentration of superconducting elec-
trons, n,, is a small fraction, of the order of (A/Er), of
the total concentration, #, but the effective Fermi energy
of the superconducting electrons, E,, is of the order of
A so that

ns/Es~n/Ep.
The condition for a perfect diamagnetism is then
(mop2/2E,) (m/Mets)’~(nu?/2Er) (Er/A?>1/4x.  (1.3)

In the derivation of (1.1) it is assumed that the magnetic
field is uniform throughout the specimen. Actually, the
magnetic field in a perfect diamagnetic or supercon-
ductor is confined to a thin surface layer. It is necessary
to reinvestigate the problem with this in mind; we
shall show that one is then led to the London phe-
nomenlogical theory. In other words, we shall show
that the London theory is the limiting case of a large
diamagnetism of the Landau-Peierls type.

In the ordinary theory of diamagnetism, the electrons
are in quantized states which correspond to the classical
circular orbits of an electron in a magnetic field. Circular
orbits in the interior of the specimen give a large dia-
magnetic moment which is cancelled to a large extent
by electrons in boundary orbits whose moment is in
the opposite direction.! We shall show that when (1.3)
is fulfilled, the magnetic field and associated currents
are confined to the penetration depth of the London
theory and there are no quantum states which cor-
respond to circular or to boundary orbits. The wave
functions of the electrons are only slightly modified by
the magnetic field.

The connection with the phenomenological theory
follows the general approach anticipated by London.?

1.2)

7R. Peierls, Z. Physik 80, 763 (1933).

8 For an excellent discussion of this problem, see J. H. Van Vleck,
Electric and Magnetic Susceptibilities (Oxford University Press,
London, England, 1932).

* F. London, Proc. Roy. Soc. (London) A152, 24 (1935); Phys.
Rev. 74, 562 (1948).
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London has pointed out that it is convenient to choose
the gauge in the vector potential, A, in such a way that
the normal component vanishes at a free surface and
such that the divergence of A vanishes everywhere:

(1.4)

These conditions determine A uniquely in a simply con-
nected body. In a multiply connected body, such as a
ring, an additional quantity, related to the flux through
the ring, must be specified. This additional freedom
permits the description of persistent currents by the
theory. In a body of macroscopic size, A is confined to
a thin surface layer and is parallel to the surface.!?

In quantum theory, the average velocity of an elec-
tron of charge (—e) is given by the average value of

v=[(p+eA/c)/m]n (1.5)

over the wave function. If it is assumed that the wave
functions are not altered by the field (with the above
choice of gauge), the average value of p will be zero
and the current density at a position R will be given by?®

i(R)=—n(R)ev(R)= — (¢/mc)n(R)A(R), (1.6)

divA=0; A, =0 on the surface.

where #(R) is the concentration of electrons at R. The
curl of (1.5) gives the London phenomenological
equation:

curlAj=—B/c, 1.7
where the parameter A of the theory is evaluated to be:
A=m/ne. (1.8)

The penetration depth, d, of the London theory is

d=(me/4men)}. (1.9)

As London points out,® the wave functions of the
electrons will be modified by the field so that (1.6) is
an over-simplification. He states that it would be
“sufficient to show that a state would be established
in which the eigenfunctions of a fraction of the electrons
are prevented from coiling when the system is brought
into a magnetic field, but stay essentially as they are
without magnetic field, as if frozen.” We may interpret
this statement as being equivalent to the one made
above: that in a superconductor “there are no quantum
states which correspond to the classical circular or to
the boundary orbits.”

We shall show in (1.6) and (1.8), that the quantum
states actually are modified by the field in such a
manner as to introduce an effective mass instead of the
ordinary electron mass. However, since mes/n, is of
the order of m/n, the values of A and of the penetration
depth are of the same order as given by (1.8) and (1.9).
It is well known that observed penetration depths are
in general agreement with (1.9) as to order of magnitude.

10 For a justification for this choice of gauge, see J. Bardeen,
Phys. Rev. 81, 469 (1951).
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II. RELATION BETWEEN THE LANDAU-PEIERLS
AND THE LONDON THEORIES

We are concerned in this section with the relation
between the Landau-Peierls theory®7? of diamagnetism
and the London theory for a model in which we make
the ad hoc assumption that the electrons have a small
effective mass. The justification for the application to
superconducting electrons will be given in following
sections. We shall here assume simply that the electrons
have an effective mass which is smaller than normal and
work out the consequences.

In the Bloch theory, the effective mass is a tensor
rather than a scalar. If the energy of an electron with
wave vector k is e(k), the effective mass is defined by

1/mets= A2 grad, grady, e(k). (2.1)
For example, for motion in the x-direction,
(1/Mett) zo=#20%(k)/ Ok 2. (2.2)
For simplicity, we shall take a model for which
e(k) = (52/2m) (ask 2+ ask,*+ ausks?). (2.3)

The coefficients, a;, are the effective mass ratios:
(2.4)

Peierls’ expression for the diamagnetic susceptibility
for electrons with energies given by (2.3) is

o= m/(meff)zz, etc.

(2.4

where #, is the number of electrons per unit volume
for which (2.3) holds and E, is the maximum value of
e(k) in the Fermi distribution. It is assumed that the
magnetic field is in the Z-direction.

If « is large, a Brillouin zone with energies given by
(2.3) can accommodate only a small number of elec-
trons; if the states are filled to a maximum energy E;:

Taone= (1/372) (3mE3/h2)*(a1a2a3)‘*. (2.5)

We shall not restrict #, to the small value given by (2.5),
but shall suppose that there is a sufficient number of
zones to accommodate any desired number, n,, of
electrons.

The condition that x<—1/4m, corresponding to a
perfect diamagnetic, is:

nspulayay/E,>1/2m. (2.6)

We shall show that (2.6) is equivalent to the condition
for the validity of the London theory, and that the
wave functions of the electrons are not modified very
much by the magnetic field. When (2.6) applies, it is
no longer permissible to assume that the magnetic field
is uniform in the specimen. The current density and
magnetic field should be determined by a self-consistent
field procedure. The current flow depends on the mag-
netic field which in turn is determined in part by the

X=— %”8#20‘10‘2/an

11 See, for example, F. Seitz, Modern Theory of Solids (McGraw-
Hill Book Company, Inc., New York, 1940), p. 316.

831

current flow. We first calculate the current under the
assumption that the wave functions are not altered very
much by the field. The penetration of the field into the
specimen then follows from the London theory. We
shall then show that if (2.6) is satisfied, the wave func-
tions are not significantly altered so that the initial
assumption is justified.

We consider a metal whose surface is the plane x=0.
The magnetic field, B, has only a Z-component and
decreases from a value By at x=0 to zero in the interior
in the case of a perfect diamagnetic. It is most con-
venient to choose the vector potential A in such a way
that

A,=A4,=0, 2.7

while 4,(x) is independent of y and z. Then B, which
depends only on «x, is given by:

B,=B,=0, B.(x)=0d4,/0x. (2.8)

The equation which determines A from the current
density, j, is:

d?A,/dx?= —4rj,/c. (2.9)

We next consider how j, depends on A. The wave func-
tion, Y, is of the form:

Y= exp[i(kyy+k:2) ] f(x). (2.10)

As the effective mass for motion in the y-direction is
m/as, the y-component of current density for an elec-
tron in the state y; is

— (ase/m)[ hik,+(e/c) Ay Wi*dr. (2.11)

If the wave function for the state +k%, does not differ
appreciably from that for —&,, the sum over k, vanishes
and the total current density is

Jy=—(ase®/mc)n,Ay, (2.12)

where
ns ="V (2.13)

is the concentration of electrons, which we shall assume
to be constant.

When (2.12) is inserted into (2.9), there results an
equation of the form:

94,/9x*= A,/ &, (2.14)
where d is the penetration depth of the London theory:

d= (mc*/4masein,)}. (2.15)
The appropriate solution of (2.14) is:
Ay=—Byde /4, (2.16)

Under what conditions is it valid to assume, as we
have done above, that the wave function for the state
+k, is nearly the same as that for —k,? The wave
equation for the electron is

(A/2m)[ arp 2+ ax(p,+edy/c)*+aspt lo=Ep. (2.17)
We may set p,=17k, and p,= kk,, so that (2.17) reduces
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to an equation in x alone. The difference between the
second term of (2.17) and asp,2/2m is an effective
potential, V., which is large only near the surface:

Ve=(as/2m)[ (py+edy/c)— pi* ). (2.18)

The potential is negative (attractive) if p, is opposite
in sign to e4,/c and is a minimum at a position x=1,
such that

pvtedy(x0)/c=0. (2.19)

In the usual theory of diamagnetism, the state corre-
sponding to this value of p, is localized near x=x,.
States localized very close to the surface correspond to
boundary orbits whose moments nearly cancel those of
states localized in the interior.’? We shall show that if
(2.6) is satisfied, there are no localized quantum states
either at the boundary or in the interior, and that the
wave function does not depend very much on the sign
of k,.

The maximum negative potential at the surface
occurs when p, has its maximum value given by

asp?/2m=E,. (2.20)

The value of V, is then —E, at x=0, and the negative
potential extends over a distance of the order of the
penetration depth, d. This potential will not affect the
wave function very much, and there will be no sta-

tionary state if
f pAx<h,

where p, is computed classically for an energy E=E,.
If (2.21) is satisfied, the change in phase of the wave
function in the W.K.B. approximation is less than one
radian. The value of p, is 0 for x>~d and is

(2.21)

pa~(2mE,/a;)} for x<~d. (2.22)
Condition (2.21) is then approximately
(2mE,/a1)¥d<h,
or
ai?/2mEd*> 1. (2.23)
With use of (2.15) for d, this relation becomes
neutayas/E>1/87, (2.24)

which, except for a numerical factor, is the same as (2.6).
We have thus shown that when the Landau-Peierls
theory indicates a perfect diamagnetism, there are no
bound states and the wave functions of the electrons
are not altered very much by the field near the surface.
The conditions for the London theory are satisfied.

III. EFFECTIVE MASS OF SUPERCONDUCTING
ELECTRONS

We have shown in WF that the wave functions of
the superconducting electrons are linear combinations

2 E, Teller, Z. Physik 67, 311 (1931).
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of Bloch states, yx, which have energies in the range
between Er— €, and Er+e; where Er is the energy of
the Fermi surface of the normal metal at 7=0°K.
In WF they were taken to be of the form

W= e+ Zicir [ e/ (Qunr) rms W (3.1)

Here, gu is the amplitude of the normal mode whose
wave vector connects the states k and k’. The states ¥
have energies in the range between Er and Er+¢;, and
the states ¥, have energies between Er—e; and Ep.
There is one superconducting state for each yi. The
value of ¢ is chosen to make the energy a minimum
when interactions between electrons and normal modes
are taken into account and is presumably of the order
of kT..

The equations which determine the coefficients ¢; and
o are Egs. (3.20) of WF:

crext+Zece M= Eycy, (3.2a)
cw (&) M = Excrr, (3.2b)

in which €, and € are the energies of the Bloch states,
E, is the energy of the superconducting state, ¥;, and
M is the matrix element and wps the angular fre-
quency for the normal mode k%’. Equation (3.2b) can
be solved for ¢ :

o =Mucr/(Ex— e — how). (3.3)

When (3.3) is inserted into (3.2a), there results an
equation for Ej:

[ M|
(3.4)

-_— =Ek_ Ek.
Ek— €' — hwkk'

In order to get an approximate solution of (3.4) we
shall replace e+ %wir by an average value, €. Equation
(3.4) then reduces to

(Bi— &) (BEx—¢) =242 3.5)
where
A?=Zp (M) (3.6
The solution of (3.5) is familiar from the theory of
nearly free electrons in metals:

Ee=}et &) =4[ (a—é)+407]0

The low energy state, which is the one of interest,
is that with the negative sign. For |e—¢' | <24, the
approximate solution of (3.7) is'3

Ei=1(a+¢)—A—[(e&—¢)?/8A].

18 Note added in proof.—It has been pointed out to the author
by J. H. Van Vleck (private communication) that a lower energy
is obtained if the ¥, are taken in the range between Er—¢ and
Er and the yy in the range between Er and Ep+e€. The differ-
ence is small when |ex—e’'| <2A so that (3.8) may be used. This
condition is equivalent to the criterion for superconductivity
given by Eq. (4.17) of WF and is required to get a small effective
mass for the superconducting electrons. The approximation
(Ex)awv=(1/2)(ex+¢€')w—A used in WF is independent of whether
the states ¥ are taken in the high energy or the low energy range.

3.7

3.8)
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We shall see in Sec. IV that the effective mass should
be computed from energy changes which involve shifts
of k and all the k’ by the same small vector displacement
K in k-space. The normal modes which connect k and
k’ are then unchanged, since they depend only on the
vector displacement between k and k’. We also want to
consider virtual shifts in which it is assumed that the
matrix elements My are independent of K. The
effective mass tensor is defined by

L(Mee) " Jij=h~%(3%Er/ K 0K ;) kmo. (3.9

In differentiating (3.8), with respect to K to get the
effective mass, we therefore assume that A and (Awi)a
are independent of K. The largest contribution comes
from differentiation of the third term of (3.8);

Comead) 1] ﬁ-zl Jex, (aek’) ][ Jey, (aek:) ]

mett) " Jj~o— ——(—) | —— .

Y 4alok: \oki) Wok; \ok,/.
(3.10)

We can use the free electron approximation,
&= Hhk%/2m, (3.11)

to estimate the order of magnitude of (3.10). Since the
angles between k and k’ are in general large, each of the
factors is of the order of

[aék (aék') ] dex  h2ko
ok \ok/wl ok m’
where ko is the magnitude of k on the Fermi surface.
Thus we have

(meer) I~ (B2 /4A) (BPko/m)*~m~(Er/24). (3.13)

As A~kT ,~10~* ev and Er is several ev, (m.s) ! is of
the order of 10~*m. A similar estimate was obtained
by a slightly different procedure in WF.

(3.12)

IV. CURRENT FLOW IN THE LONDON THEORY

It is not at once evident that an effective mass should
be used in the expression (1.5) for the current density in
the London theory, because it is the ordinary mass
which appears in the expression (1.4) for the average
velocity. We shall derive an expression for the current
density, sufficiently general to apply to superconducting
as well as to Bloch wave functions, in order to show why
the effective mass appears.

The hamiltonian for an electron interacting with the
normal modes can be expressed in the form (WF):

(HAHp+Hi)y=Ey, (4.1)

where H. is the hamiltonian for the electrons with the
ions in their equilibrium positions, Hy, is that for the
vibrations and H; represents the interaction terms
between the electron and normal modes.

We again consider a metal with a surface at x=0
subject to a magnetic field in the Z-direction. The vector
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potential may be defined as in (2.7), so that
H.=(1/2m)[p2+ (p,+edy/c)*+p21+V(r), (4.2)

where the subscript 7 represents the 7th electron. Since
A, is a function only of the x coordinate, the periodicity
in the y and z-directions is not destroyed.

A typical term of H; is of the form

qus(")) (4.3)

where ¢, is the amplitude of a mode with wave vector
s and V,(r) gives the interaction for unit amplitude.
The superconducting states can still be designated by
k, and k., but it is in general necessary to replace k=
by a different quantum number which need not be
specified. The wave function is then of the form

¥(r, ¢.)=exp[i(ky+k2) ] Ui(r, g.). (4.4)

Owing to the interaction terms, the complete hamil-
tonian is not periodic, so that U(r) is not periodic, as
it would be for Bloch functions. There are, however,
various ways in which Uy may be so specified as to
express a wave function in the form (4.4). One might
require, for example, that when U is expanded in a
power series in the ¢,’s, the term independent of the ¢,’s
be periodic. In other words, U should be periodic when
all the ¢,’s are set equal to zero.

If (4.4) is substituted into (4.1), the following equa-
tion is obtained for Uy:

h? ehk, e
[_(kuz+ kz2)+'_—(1>u+ -4 ll) ]U
2m m c

252
+[2—P+ V+HL+H1}U=EU. (4.5)
m

Let us now change &, to k,+Ak,, and treat the terms
in Ak, as a perturbation. Terms linear in Ak, are

(hAky/m)(hky+ py+edy/c). (4.6)

We suppose that the interaction terms remain un-
changed. The change in energy, AE, corresponding to
the change A%, can be obtained by first-order perturba-
tion theory. It is required that U, be of the form
specified above so that k, does not enter into the
boundary conditions for Uy. There results:

AE/Ak, = (1/m) f Ui*(hky+ py+ed,/c) Usdr,

= (/m) f U* (puted ). .7
The term on the right is just % times the average
velocity v,. Thus, just as for ordinary Bloch functions,
we have

v,=0E/hok,. (4.8)

This equation is valid if the change in energy is
computed by assuming that the interaction terms remain
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unchanged. This requires that when &, in a wave func-
tion of the form (3.1) is changed to k,~+ Ak, &, must be
increased to k,’+Ak,. The normal modes will then be
unchanged. Furthermore, in computing the change in
energy, it must be assumed that M depends only on
the vector displacement between k and k’. Even if this
latter condition is not satisfied, we can consider virtual
displacements in which it is. Equation (4.8) will then
be valid if the energy is calculated for such virtual dis-
placement.

We shall now suppose that A,(x) is such that the
wave functions are not altered very much by the field.
The conditions for the London theory are then satisfied.
We may then treat the terms in A4, as a perturbation
and calculate the energy, Ey,, arising from the magnetic
field by first-order perturbation theory. The total
energy is

Ey=Ew+En+---, (4.9)

where Eyo is the energy for a wave function ¥, cor-
responding to zero field and

1 2e e?
Epy=— f‘I’ko*[—PuA vt—4 uz]‘l’k(’d"- (4.10)
2m c c?

The average velocity of the electron can be obtained
by use of (4.8)

v,=[(8Exo/dky)+ (3Ew/dky) ]/ A. (4.11)

The change in energy with &, is to be computed as
required for (4.8) to hold. This expression is accurate
to terms of the second order in the wave function.

The expression for Ey; can be simplified if it is
assumed that A, is a slowly varying function which
can be treated as a constant while the integration is
carried out over a unit cell. We can then use (4.8) to
replace p,/m by v, for zero field, and obtain

€ (9Eko 82
Ekl‘_‘f(_ Ay+ Ay2)‘I/k0*‘I’k0dT. (4.12)
c ok, 2mc?

If we now make the reasonable assumption that the
average value of Wyo*¥y, over a cell is independent of
changes in %, we find

10Ey
=——t
i ok,

(4 62Ek0
B ok

Vy A y‘I'ko*\I’kodT. (4 13)

The first term gives the normal current which aver-
ages to zero, and the second term is that arising from
the magnetic field. It is similar to that used by London
except that an effective mass, given by

(Mete) ™= H20%Ero/ Ok2, (4.14)
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replaces the ordinary electron mass. The current density
which arises from the magnetic field is

Ju=—(&/1¥c)(O°Ero/ 0ky?) Ay 2 Wro* Vo, (4.15)

where the sum is over all occupied states. This com-
pletes the proof that an effective mass should be used
in London expressions for the current density.

V. JUSTIFICATION FOR USE OF EFFECTIVE MASS

There remains to discuss the justification for using
an effective mass, m/a;, in the condition for the validity
of the London theory, (2.3), which came from Eq. (2.17)
and following. The method of the effective mass has
been used for the discussion of the motion of electrons
in a slowly varying potential, V,, superimposed on the
periodic potential of the crystal lattice. In an energy
band in which the energies are given by an expression
of the form (2.3) it is possible to omit the periodic
potential and calculate a wave function from the
equation:

L@m) ™ (arp’+anpy’+asp?)+ V. Jo=Ep. (5.1)
To a close approximation, the true wave function is

¥=p(Nyo(r), (5.2)

where ¥(r) is the Bloch function for £=0. The method
can be applied to slowly varying magnetic fields, in
which case ¢ is a solution of (2.17).

One way to get the appropriate effective mass for
motion, say, in the x-direction is to compare the energy
of a Bloch function with a sinusoidal modulation with
that of the corresponding plane wave. Such a function is

Y= —3i(Yk+a— Yr—a)sinaays, (53)
for which the energy is approximately :
E=1[e(k+a)+e(k—a)]
=e(k)+3a%0%/ Ok, (5.4)

If the added energy is compared with #2%a?/2m, it can
be seen that the effective mass is #29%(k)/ k<2, as given
by (2.2).

The added energy is that required to localize a wave
function centering about ¥, within a distance w/a. The
above argument can be extended without modification
to apply to superconducting wave functions. The change
in energy with % should then be computed on the
assumption that the interaction terms remain un-
changed, as discussed below (4.7) for application to the
calculation of average velocity. It should be noted that
in our model the effective mass is negative so that the
hole theory should be used for the superconducting
electrons.



