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The neutron-deuteron total scattering cross section at high energy has been calculated by expressing it
as a sum over two-particle states over a wide range of energy. A sum rule was then applied to give the total
cross section, that is, the elastic and inelastic cross sections. The calculations were performed with a Serber
type exchange force for the neutron-proton force in agreement with present neutron-proton scattering data
and a neutron-neutron force of arbitrary depth and exchange character. The neutron-neutron well depth
was then determined for an ordinary, Serber type and pure exchange force between the two neutrons by
making use of the experimental neutron-deuteron total cross section. The neutron-deuteron elastic
scattering was then calculated for the three different types of neutron-neutron exchange and was found
to agree best with the experimental value for the Serber type exchange (no force in odd states). The cross
section for production of low energy protons was also calculated and confirmed the Serber type exchange
force between the two neutrons when compared with the experimental value. Finally, a qualitative dis-
cussion of the angular and energy distribution of the low and high energy protons was given.

L. INTRODUCTION

T first glance it appears likely that the neutron-
deuteron scattering cross section can be given
accurately as the sum of the individual neutron-proton
and neutron-neutron cross sections for sufficiently high
energy. However, as has been pointed out by Chew!
and others,>® the interference between the free particle
collisions is appreciable at all energies, since collisions
of small momentum transfer are favored. One must
therefore correct the sum of the neutron-proton and
neutron-neutron cross sections by the correctly evalu-
ated interference term. It will be seen that another
important correction arises from the fact that the
neutron-proton cross section itself is affected when
the Pauli principle is applied to the two neutrons. In the
process of evaluating the total neutron-deuteron cross
section, we shall determine the magnitude of both of
these effects, as well as the influence of such factors as
spin dependent and exchange type forces.

We shall assume that the neutron-proton inter-
action is a Serber force, in agreement with the inter-
pretation of the present experimental evidence.* By
comparison of the calculated and experimental results
for neutron-deuteron scattering®® we hope to derive
some information concerning the magnitude and ex-
change character of the neutron-neutron force.

The calculations will be performed using the Born
approximation; i.e., considering the interaction between
the incident neutron and either particle in the deuteron
as the perturbing potential. We shall express the total
cross section as the sum of three terms: a neutron-proton

* Present address: Sloane Physics Laboratory, Yale University,
New Haven, Connecticut.

1 G. F. Chew, Phys. Rev. 74, 809 (1948).

2T. Y. Wu and J. Ashkin, Phys. Rev. 73, 986 (1948).

3 F. de Hoffmann, Phys. Rev. 78, 216 (1950).

4R. S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950).

6 Cook, McMillan, Peterson, and Sewell, Phys. Rev. 72, 1264
(1947); 75, 7 (1949).

¢ W. M. Powell, private communication.

cross section, a neutron-neutron cross section, and an
interference term. If we can then identify the neutron-
proton and neutron-neutron terms as those which would
be obtained in the corresponding Born approximation
calculations for the two-particle collisions, we can use
the experimental cross sections wherever possible. In
this way the calculated neutron-deuteron cross section
will be more satisfactory than might be expected with
the Born approximation.

In calculating the total neutron-deuteron cross section
we shall need to sum over final states which are made up
of two-particle states covering a wide range in energy.
By rearranging the integrals we shall be able to express
the cross section as a sum over the two-particle states;
the use of sum rules will then give the total cross section
without requiring the explicit calculation of the two-
particle continuum states. However, the continuum
states will be needed for the differential cross section.

In order to illustrate the method, we shall outline the
calculation in Sec. II under the following assumptions.
(a) There are no spin dependent forces. (b) There are no
exchange forces. (c) The particles are all distinguishable;
i.e., there is no Pauli principle. These assumptions will
be removed in Sec. III. The calculations will be carried
out only in the nonrelativistic case, although relativistic
corrections start to be important at about 200 Mev.
Tensor forces will not be included in the present paper.

II. ORDINARY SPIN-INDEPENDENT FORCES
WITHOUT PAULI PRINCIPLE

Let ry, re, and r; be the coordinates of the neutron and
proton in the deuteron and the incident neutron, re-
spectively. We shall transform to the coordinates R,
x, and r as shown in Fig. 1.

=3(r1t12413) n=R—1x+ir
x=r3—3(n+r)p (1) rn=R—1x—1rl. (2
r=r;—r; f3=R+%x

761



762

The energy of the entire system is

P (Mty)* . (Mf'z)"'+ (Mt3)*
M 2M

+Vwn(|ti—13] )+ Vur(| 1s—re|)

BMR) GMR)? (M)

TaGM) | 20M) | 2GM)

+Vun(|x—31|)+Vwe(| x+31]),

where the dots are time derivatives and the V’s are the
two-particle interaction potentials. If we now consider
the last two terms in (3) as the perturbing potentials and
eliminate the motion of the center of mass, we can
write the initial state of the system, ¥;, as the product
of a plane wave normalized in a box of volume L3, and
the ground state of the deuteron, y¥o(r).

W;= L~ exp(ik-x)¥o(r), )]

where kk=2%Mx;. The total energy of the system in the
laboratory system (t1=£,=0, t;=X,) is

E=3Mitd—e=3Mx2—e= Ok /8M)—e¢, (5)

where e is the binding energy of the deuteron.
We shall take for the asymptotic motion of the final
state

-+ VNP(Il'l—l'zl)

©)

+Vwp(r)

Wk'=2Mx, Wk'=1Mt,, ©)

but we must be careful in our choice of a wave function
for the final state. Since the energy in the center-of-mass
system is still quite large, there will always be at least
one particle which may be taken as free after the col-
lision, with a possible strong interaction between the
other two. We shall therefore divide the momentum
space for the final state into three regions:

(a) particle 3 free, interaction between 1 and 2
(near t;=1#,; k"’ =0),

(b) particle 1 free, interaction between 2 and 3
(near t.=1;; k'=%k"),

(c) particle 2 free, interaction between 1 and 3
(near t1=1;; k'=—2k").

Since conservation of energy is given by’

E-(4/3)F =P, ™
region (a) can be taken, for example, as
0<Ek'/k<s=~06, 1>F/k>t=0.7, (8)

the exact values of s and ¢ being unimportant. A similar
choice for regions (b) and (c) is possible, but we shall
show later that the boundary of the three regions has
little bearing on the problem.

We can now write the final wave function in the three

7 We shall later show that the binding energy can be neglected
with respect to the incident energy in the conservation of energy.
See Appendix D.
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regions as
(a) Yy=Ltexp(ik’-x)yu’(r) particle 3 free, (9a)
(b) ¥y=L-*exp[ik"’- (§r—3x) Wuo(—x—3r)
particle 1 free, (9b)
() ¥y=Ltexp[ik® (—§r—3x)]
X¥ri(—x+3r) particle 2 free, (9c)

where #k’”’| ki, kv, and kk®* are the momenta con-
jugate to the coordinates $r—ix, —x—3r, —$r—1ix,
and —x-+3r, respectively. The wave functions, Y,
are two particle wave functions corresponding to rela-
tive momenta k%! and may either represent the ground
state (elastic collisions) or the continuum solutions of
the two-particle problem. These are just the functions
to which we hope to apply the sum rules.

Let us first consider a collision with values of k' and
k' in region (a). The matrix element for the transition is

= [ervear=1- [ [per@ne

Xexp[ —i(k'—k)-x]{ Van(|x—3r|)

+Vwp(| x+3r|) }drdx. (10)
If we make the change of variables r=r, x—3r=y in
the Vyy term and r=r, x+3ir=y in the Vyp term, the
matrix element becomes

m=L~3[ Vanlo) [Vae (900 exp(—ia- e

+Vr(@) [Vt atr) exp(%iq-r)dr} (11)

with
v@= [V expia-nay, (120
g=k'—k. (12b)
The cross section is given by
do=L}2x/hv) |9 |?ps(k’, k")dk'dk”, (13a)

where v= |x;| = (3kk/2M) is the velocity of the incident
particle in the laboratory system and pg(k’, k”)dk’dk"”

P
2

FiG. 1. Change of coordinates from ry, 13, r; to R, x, r.
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is the energy density of final states,

L3 ok’ Ly\?
or(k, k'")dk'dk" = (——-) k'2(——) dQ’(—) dk’’;
2 oE/ i 27

(aE) 3k
v/ o

The cross section therefore becomes

o= f (M2/9r21%) (K /R)dQ (L/2x)*dk" | L3 |2 (13b)

To evaluate the total cross section we must now in-
tegrate over all values of @, @, and %" for which
energy is conserved, remembering however, that we
have an upper limit sk on k" which bounds region (a).
The integrations on Q' and " are over all solid angles.
To obtain the total cross section for region (a) we shall
hold %” (and by (7), therefore %’) fixed and change
from the variable €’ to q.

¢*= | K’ —k|2= k24 k> — 2kE’ cosh; (14a)
—2qdq=2kk'd(cosb)=FkE'dQ /. (14b)

The cross section for region (a) becomes, using the
value of 9 from (11),

sk
va= (2M?/97h*k?) f (L)27)%k k" f aQ"
0

k+k’
X f qdgq
k—k’
2

+Ve(g) f e (1)90(r) exp(li- dr| -

V(@) f Yur*(E)o(r)exp(— big-r)dr

(15)

The region of integration is shown in Fig. 2. It is
bounded by the lines =0, k”’=sk and by the ellipse

(g—k)+(4/3)k =2 (16)

The point A represents a possible strong interaction
between particle 3 and either 1 or 2, and must be
avoided.

If we perform the integration first over the entire
region between the two vertical lines ¢g=0 and ¢=2k,
and then subtract the integration over the shaded area,
we obtain

0a=01sF 02t 03— 04, 17)

where
o1a= (2M>/9mh*k?)

2k »

f qquN.‘VZ((])f (L/27)3dk"”
0 0
2
X ‘f‘l’k"*(f)\(/o(f) exp(—3iq-r)dr| , (18a)
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F16. 2. Region of integration for  in the k"¢ plane.

vra= (2M2/97h*E?)

2k 0
X f 0dgV (o) f (L/27)dK”
0 0

2

X f Vet (W) exp(hiq-dr| , (18h)

030=2(2M%/97hE?)

2k ")
Xf qdqVan(@)Vrr(g) f (L/27)*dk"
XRe' (f Vi *(D)o(r) exp(—-%iq-r)dr)
X f e OWolr) exp(%iq-r)dr], (180

o = (2M*/9mhiR?) f odg f (L/2n)%dK"| Bon |2 (18d)
(shaded region in Fig. 2)

We have finally achieved what we set out to do: to
express the total cross section in some way as the sum
over final states for the fwo-particle wave functions. The
J:2(L/27)*dk" represents just such a sum, and we can
now apply a sum rule to evaluate ¢14, 024,and 34, which,
as we shall show, represent the major portion of o,.
We shall use

2 (s, Mo)* (s, No) =227 oM™ ;No= o(M*N)o,

where M and N are hermitian operators, and

(19)

M= f Vot (1) Myn(r)dr = (Yo, M).

G1a, O2a, and o3, therefore become?®

8 We have assumed in applying the sum rule that for fixed g,
M and N do not depend on the final state. However, it appears
that they do, since they seem to depend on the direction as well
as on the magnitude of q. But by performing the angular integra-
tion on k” first, one can see that the integrals ¢4, 024, and o3, are
functions only of the magnitude of q, since there is no preferred
direction possible.
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F16. 3. Superposition of the two-particle scattered waves.

2k
o1a= 20/ hR?) f 4dqV xx*(0) f Yo2(dr,  (208)
0
2k
2= (2M?/9TIR?) f adgVxr(g) f Yelr)dr,  (20b)
0
2k
03qa= 2 (2M2/91rh4k2)f qdq VNN (q) VNP((])
[1]

XRe[fllfoz(r) exp(iq-r)dr}. (20c)

The integration over the shaded region in Fig. 2 is
mostly for large &”. In this region, we shall therefore
replace ¢r-*(r) by L~!exp(—ik”-r), its asymptotic
form for large %”’. This approximation will be justified
in Appendix E.

We have seen that the application of the sum rule to
O1a; 02, and a3, gives a result independent of the form
of the ¥+ (r). The only requisite is that the ¥ (r) form
a complete set of eigenfunctions, a condition which we
satisfy by extending the &’ integration up to « and by
including the ground state in the case of triplet inter-
action. Exactly the same result would have been
obtained if we had used the set of plane waves
L% exp(ik”-r) for the Y- (r). We therefore arrive at
the result that we can obtain the cross section o, by
using plane waves for the two-particle wave functions in
the original region of integration [region (a)]. This is
quite startling, since it is in just this region that the
two-particle wave functions are nof plane waves. The
reason for this surprising result is that the contribution
of the elastic scattering is just canceled by the cor-
rections to the plane waves which must be applied for
the low energy free two-particle states. The elastic
scattering in a sense “robs” the neighboring low energy
two-particle states.

It now appears that the total cross section is a more
fundamental quantity than the inelastic cross section,
and calculations should be directed accordingly. To be
sure, the total cross section is made up of an elastic and
an inelastic part, but these complement one another in
such a way that the two-particle wave functions ap-
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proximate a complete set only if both parts are taken
together.

In a similar manner the same result can be obtained
for regions (b) and (c). It now becomes clear that the
total cross section can be obtained without splitting the
region of integration by using plane waves throughout,
that is, in the entire half-ellipse in Fig. 2.

Of course, in the calculation of the angular and energy
distributions of either neutrons or protons, a better
approximation to the wave function, ¥ (r) will be
necessary, since there are no sums over two particle
states. This matter will be treated in Sec. VI.

We shall now evaluate the total cross section by
replacing ¢;’*(r) by the plane wave

i (r)= L exp(ik” - 1),

as we have just discussed, and by extending the region
of integration for (15) to the half ellipse in Fig. 2. If
we define the momentum distribution (Fourier trans-
form) of the final state as

o= [ explin )i, (1)
we obtain for the total cross section
o= (2M/OmhiR?) f " g f (1/2x)%dk”
:
X | Ven(g)o(| K"+ a)+ Vo@ ol K= Sal) % 22)

If we neglect the contribution above the ellipse, we
obtain the expressions in (20) combined to give

o' = (2M?/9rhk?) f : qdg f dr

X | Vun(g9)+Var(g) expliq-n)|*¥o*(r). (23)

We shall now find it possible to give a simple physical
picture to both (22) and (23).

Let us consider the wave scattered by each of two
particles, separated by a displacement, r, as in Fig. 3.
The amplitude for transferring a momentum q is pro-
portional to V(q) for each particle, and the difference
in phase for the two waves is k’-r—k-r=gq-r. Since the
probability of finding the deuteron with a relative
separation r is yX(r)dr, the cross section for this cal-
culation will be proportional to

[ el Vant@r+ Vur(@) explia- 01 900),

which when integrated over angle with appropriate
factors gives the expression (23) for ¢’. The inaccuracy
in this expression then lies in the assumption that the
particle not struck remains stationary.

If instead we consider the deuteron as a superposition
of plane wave states of momenta z with amplitude ¢(z),
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the amplitude for scattering from the state given in
Fig. 4(a) in the laboratory system to the state in Fig.
4(c) is proportional to Vynx(q)¢(z). However, we may
also obtain the final state in Fig. 4(c) by starting with
the state in Fig. 4(b) with an amplitude for this transi-
tion proportional to Vupr(q)¢(|z—q|). If we now let
the momentum of the struck neutron and proton
relative to their center of mass be k”, we have
z=k'"4+1q. The cross section for this calculatlon will
therefore be proportional to

[ Van(@e(IK"+3a))+Var(@) o(| K" —3a )%

which, when integrated over all values of q and z that
conserve the over-all energy, leads to the expression
(22) for a. The reason for the validity of this picture is
that we have justified using plane waves to obtain the
total cross section.

Before calculating the value of these integrals, we
shall remove the simplifying assumptions used in this

section.
/
N
)

3

wZz

/ |
-2 (a)

F16. 4a. Momentum state before a neutron-neutron collision.

III. SPIN DEPENDENT, EXCHANGE FORCES
WITH PAULI PRINCIPLE

Since the neutrons are indistinguishable, we must
apply the operator (1— P13013)/V2 to both the initial
and final state wave functions, where P and Q exchange

the space and spin coordinates, respectively. The
matrix element will then be
M=5({1-PuQus} ¥yxs, V{1—PuQus}¥ixs), (24)

where x; and x; are the initial and final spin wave
functions. The perturbation ¥ must be chosen differ-
ently for the direct and antisymmetrized terms; it must
be taken as the interaction between the particle de-
scribed as free in the ¥; or P13¥; and the other two.
This gives
=3({1—P1sQrs} ¥sx;,

{1—P13Qus} { Va4 Twp®} Wixa).

15013 is hermitian and

(1 "‘Pl:in:i)?: 2(1 -
we obtain for the matrix element

M= (¥sxs, {1—P13Q1s} { Van+Vup®}|¥ixs).

Since 1—P

PWQIK),

(25)
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F16. 4b. Momentum state before a neutron-proton collision.

(6)

We shall choose a linear combination of Wigner,
Majorana, Bartlett, and Heisenberg forces for the
neutron-proton interaction. For the neutron-neutron
interaction only the Wigner and Majorana forces are
necessary.

V%= Vyp(ras) (Wt mpPagt+ 0,023+ hpP2sQ2s),
Van'3=Vun(r1s) @atmaPis).

(26a)
(26b)

There are eight linearly independent and orthogonal
spin functions which may be written as

X1= 010283, (27a)
x2= (1/V3) (a1a2b5+ a1b2a5+b1azas), (27b)
x3= (1/V3)(b1bsas+ brashs+ a1b:bs), (27¢)
X4=b1b2b3, (274d)
xs=[1/(6)¥](2a1a2b3— a1bras— brasas),  (27e)
xo=[1/(6)¥](2b1baas— brashs—arbobs),  (27f)
x7= (1/V2)(a1b205— brazas), (27g)
xs= (1/V2) (Brashs— asbaba). (27h)

The first four are quartet spin functions corresponding
to a total spin of . The other four are states of total
spin %, the first two of which are symmetric and the
last two antisymmetric in the two particles 1 and 2,
originally in the deuteron.

The initial state is clearly either a quartet or a doublet
symmetric state with a relative frequency of occurrence
of two to one. For the quartet states all the spin

wZ
\nu

?
/ ©

FiG. 4c. Momentum state after either collision with a
momentum transfer q.
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exchange operators leave the state unchanged. The
final spin function must therefore be the same as the
initial one to give a nonvanishing matrix element. For
the doublet symmetric state, xs° the spin exchange
operators Q give a mixture of xs and x7. The final spin
function can therefore be either x;s or x7.

If we put the expressions (26) for Vyp and Vyy into
91 given in (25), and use the initial state ¥; given in (4),
we obtain

Lign= (¥, {a:V (| x—31|) exp(ik-x)¢o(r)
+asV (| x—34r|) exp[ik- (3r—3x) Wo(| x+31])
+asV (| x+3r|) exp(ik- x)yo(r)
+aV (| x+3r|) exp[ik- (—§r—3x) Wo(| x—3r1/)
+asV (r) explik- (§r—3%) Wo(| x+31])

+asV (r) exp[ik- (—§r—3x) Wo(|x—31])}). (28)
We have used
Prpx=x, Pior=—r,
Posx=—3r—3x, Por=—x+ir, (29)
Pix=3r—1ix, Pyr=—x—13r,

TasiLE I. Values of the coefficients a; for the quartet, doublet
symmetric, and doublet antisymmetric matrix elements in (33)
and (35).

Quartet Doublet x; Doublet x;

a Wp—Mp Wn+3Mn $m.V3

as — WMy FWnt+mn JwaV3

a3 wp+by wp—%byp 30,V3

ay Mp+hp Mmp—3hy 3hpV3

as —wp—bp 3w,+3bp 3(wp—0,)V3
as —mp—hyp $mp+ihy $(mp—h,)V3
Qixi=x1, Quxs=xs Quxi=—Xx1

Qux1=x1, Qaaxs=—3xs+3V3x7,
Qasx1=3V3xs+3xs, (30)
Q13X5= ’*%Xs- “;\/3)(7:

Qusxr= —3V3xs+3x7.

Q13X1= X1y

The a’s!° are given in Table I. The total cross section
can now be obtained as
oror=2%0quar+3(opous syu+opous anrrsyy), (31)

where the ¢’s on the right side of (31) are given by
(13b) and (14b) except for a factor 3 due to the identity

9 xs and xs differ from x; and x7 by interchanging ¢ and b so
that they need not be considered separately in obtaining the
matrix element.

10 A sample calculation for the doublet xs @’s is given in Ap-
pendix F.
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of the two neutrons in the final state;! for example,

13

oouar= (M?/9nh'k?) f (L/27)%"2dk"
0

kiR
deﬂ"f gdg| LN quar|?, (32)
ek’

where Mgquar is obtained from (28) by using the
quartet values for the ¢’s in Table I.

In considering the final state we shall, as before,
divide the k', k’ space into three regions. In the region
in which particle 3 can be considered free the final state
is given by (9a). The matrix element, after appropriate
changes of variables, becomes

L“SK:ZG: azfl,bku*(r)Fl(r)dr, (33)
where
Fu(r) =¥o(r) exp(—}ig- 1)V (g), (34a)
Fa(r) =exp(—}ig - 1) f dyV ol y+r)
Xexp[—iy-(q+3k)], (34b)
Fa(r)=¥o(r) exp(lia- DV (g)=F1*(r), (340)
Fu(t)=exp(liq- 1) f dyV el y—r])
Xexpl—iy- (q+3k) J=Fa¥(r), (34d)
Fy(r)= V() explir- (a+3K) (| a+3k]), (34¢)
Fa(t) = V(r) exp[ —}ir- (a+3K) Jo(| a-+3k])
—F*(r). (346)

When we now take |L30|? we obtain 36 terms of the
type

f Yo K1) Fi(x)dr f Vi (DF ().

As before, we can apply a sum rule in evaluating the
total cross section. The procedure is similar to that in
the preceding section and justifies the use of plane
waves for the y,”/(r) throughout the elliptical region
in Fig. 2.2

11 As in neutron-neutron scattering.

2One important difference is that the Fi(r) are not really
independent of the final state. In the preceding section we con-
sidered only the terms F; and F; and we were able to show that
the variation of the direction of q over the final states had no
effect, but the argument is not valid here since the other F’s
depend on q. After the Q" and r integrations are performed the
terms will still depend on the angle between q and k which depends
on both g and k", and can be expressed, with the use of (12b) and

(M, as
k-q=3}(k2—F—¢) = — 3¢~ 38"

However we now see that, for small 2", where the sum rules are
necessary, the angle between q and k is reasonably constant and
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If we now set
Y *(r)=Ltexp(—ik’' 1)
in the matrix element (33), we obtain

6

Isran=3 a Gy, (35)
=1
where
0; X, A.S.
Gi=Vnwn @ e(|K'+34a])
=V(g)e(|k"+3q]), (36a)
} 'X; 0,A.S. ,
Go=Vwyy  (|3k+3q—K"]) (| k"+3q])
=V(g") (| k*+34q'|), (36b)
0
Gs=Vwr (@o(|K'—3a])=V(9)e(|k"—3q]), (36c)
X
Gi=Vyp (|3k+3a+Kk"|)e(|k"—34q])
=V(g") (| k**+3q"]), (36d)
0, A.S. ,
Gs=Vwp (|%k+%q—k'l)¢([%k+q|)
=V(@)e(|k*—3q'[), (36e)
X, A.S. )
Ge=Vnr (I3k+3q+Kk"|)o(| 3k+q])
=V(")e(| ki=3q"]), (36f)

where the subscripts and superscripts on the V;¢® are
included for clarity, and describe (a) the type of force
(O, ordinary, or exchange) between (b) the two par-
ticles interacting and (c) whether or not the term
arises from the antisymmetrized part of the initial
wave function. G; and G, can arise in two different
ways; these are separated by semicolons. The G’s have
also been expressed in terms of the momentum vectors
k''=q+Kk’, kiv, k*=q"’+k, k¥ obtained from a cyclic
permutation of the three particles. A little thought
will show that the forms of the G’s are necessarily the
same as in the k’, k’’ space, since the space exchange
operators giving rise to the terms G, G4, Gs, and Gs do
nothing more than permute (and invert the “sense” of)
the three particles. In addition the density of final states
can be expressed in terms of the permuted momentum
vectors since

dK'dk” dkdkv  dkedke
dE  dE  dE

If we now put the matrix element (35) into the
cross section (32), we find we have 6+3(6-5)=21
integrals to evaluate. However, because of the sym-
metry mentioned in the previous paragraph all these

q may therefore be considered fixed. In addition it can be seen
from (36) that the vicinity #”=0 contributes only very slightly
in all but the first and third terms.
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integrals are not distinct. In fact, there are only five
different integrals

r=f(;12= f(:f:f(m:f(;f
- f o= f Ge, (37a)
Il=fGng——-szGs= fG«sz,
m:fm w:fc;xa:fcbcc,
V= f CiGi= f GiGo= f GuGa= f GiGo
- f GGo= f GiGs (37d)
V= f GiGa= f GiGo= f GiGs,

2k Q
I= f 4dgV(g) f e f 4" (| K"+3al),
0 0

(37b)

(37¢)

(37e)

" 0 (38a)
7= f 9dqV*(q) f kiR f Q"
0 0
Xo(|k"+3q])e(|k"—3q]), (38b)
2%k Q
II[=f qqu(q)f k"gdk"fdQ”
0 0
XV(|3k+3q—K'])e*(|k"+3q]), (38c)
2% Q
IV=f qqu(q)f k”*dk"fdﬂ"
0 0
XV(|3k+iq—k"])
Xe(|k'+3q])e(|k"—1q]), (38d)
2k Q
V= f 9dqV (q) f Kk f Q"
0 0
XV(|3k+3ia+k")V(|3k+39—k"|)
Xe(|k"+3qD) o(|k"—3q]), (38e)
where
0°=12q(2k—g). (39)

Detailed evaluation of the integrals /-V is carried out
in the Appendices A, B, and C. However, there are
several qualitative features which may be discussed
without specifying a particular potential. If we change



|
-3k

 I——
FiG. 5. Region of integration for 7 in the zq plane.

the variable Q" to z=|k”’+3q| as in the appendix, we
can express I as

2k ig+Q
I=21rf quz(q)f 2¢%(2)dz
0 19—Q

X {zg—(¢*+2°—39k)}.

The region of integration is shown in Fig. 5. Since the
deuteron is large compared with the wavelength of the
incident particle, ¢(z) will be important only for small z.
We can obtain a rough approximation to the integral
at high energy by integration from —o to o« on z
wherever the z integration goes through z=0, that is,
for 0< ¢< 3k and using zero for the z integral otherwise;
i.e., for ¢>3k. If we do this, only the even part of the
z integrand will contribute and we will obtain for this
approximation to I

(40)

3k )
To=2r f 4dqV(g) f Pdde. (41)
0 —w
Since
f 22p%(z)dz=(1/2m) 0*(2)dz
—w all space
and
[ e@in= @ fras= ey
because of closure, I becomes
1k
Iy= (21r)“f qdgV*(q). (42)
0

As can be seen from (20a,b) this is just what was
obtained when we neglected the contribution of the
region above the ellipse in Fig. 2 and used the sum rule
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result exclusively. One slight change is that the upper
limit on the ¢ integration has been changed from 2% to
the more accurate value $k. This agrees with the fwo-
particle picture where the maximum momentum
transfer 3% is obtained in a head-on collision between
the incident particle and one of the particles in the
deuteron.

We have obtained our results thus far without the
use of an explicit potential. However, we must now
choose a particular form for the potential and for the
corresponding deuteron ground-state wave function.
We shall use the Yukawa interaction!?

V(r)=Voe#/ur (43)

with V=67.8 Mev, pu1=1.18X10"3 cm. For the
ground state yo(r) we shall use the Hulthén wave
function

rdo(r)=N(e—r—e¢Fr) 44)

with N?2=aB(B+a)/2w(B—)?, a=(Me/h)Y, B/a=1T.
The value of 7 for B/« differs from Chew’s value of 53
and represents an average of the values obtained! by
using a variational principle on the binding energy,
calculating the effective range'®!¢ in terms of B/a,
satisfying the Schroedinger equation at r=0, and using
a variational principle on the wave function in mo-
mentum space. These criteria give values for 8/« of 6.8,
6.9, 7.3, and 7.1, respectively.

We shall consider an incident energy of 90 Mev, for
which 271=0.72X10" cm. The latest value of the
binding energy'? is 2.226 Mev and leads to the deuteron
radius o 1=4.314X10" cm, and fl=a7'/7=0.616
X101 cm.

Using the Yukawa potential (43), we obtain for 7o,
the sum rule approximation to 7,

Io=(2m)3(4nVo/u)2(1/2u2) {1 — (14-9k2/4u2)1}.

The exact evaluation of the integral I in the appendix
shows that the value obtained for I is 14 percent smaller
than the value obtained for I, at an incident energy of
90 Mev. The main contribution to the 14 percent comes
from the fact that we have extended the lower limit
on the z integration to — . If instead we use

(45)

f 22¢%(z)dz
—3k

in (41), our result for 7 will be only 43 percent too small.

A similar phenomenon occurs in the interference
term II. If we change variables from £ and Q" to
r1=|k""4+%q| and r.=|k”’—}q| as in Appendix B, we

13 These are the values used by Chew (footnote 1) and represent
the best fit with the Berkeley data without tensor forces.

4 E, E. Salpeter, private communication.

16 G, F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950).

18 H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950).
( :Sg C. Mobley and R. A. Laubenstein, Phys. Rev. 80, 309
1950).
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obtain

2k 474+Q
IT=21rf qu‘l(q)f rip(r)dr,
0 30—Q
(3gk —ri2—gt)

3q
<
q—n

We have shown in Appendix B that at high energy //
reduces to

12 (p(fz)d' 2 (46)

ITy= (218 f ' 4dgV(g) f Wo(r) explia- n)dr, (47)

which is the result obtained in (23) for the interference
term evaluated directly from the sum rule, independent
of the explicit form of the potential.

The exact evaluation of I in the appendix shows
that IT is smaller than I7, by 19 percent at 90 Mev.
This is somewhat larger than the error in o but is duc
to approximately the same cause.

The relative value of I and I7 at 90 Mev is

I1=0.461.

This implies quite a large interference term and is sur-
prising in view of the high energy. Because of the factor
V%(q) in the integrands, the most important momentum
transfers are of order of magnitude g~ u. Since the most
important values of r in (47) are r~'~2a, the most
likely phase factor will be exp(ip/2a). Since u is not
much larger than 2a[(u/2a)=1.8], the interference
term will not be small. Moreover, the ratio, 71/, will
not decrease appreciably with increasing energy. This
can be seen from (42) and (47), since neither I, or I/,
are appreciably affected by raising the upper limit on g.
Of course, we have omitted the constant factor, which
is inversely proportional to the energy in each of these
terms. However, this does not affect their ratio.

The evaluation of II7 is considerably more difficult
and has been done only approximately in the appendix.
The value obtained is

IIT=0431,

(48)

(49)

which is quite large. This integral represents inter-
ference between direct and exchange fwo-particle scat-
tering (G1Gs, G:Gs, GsGs) and is similar to the cor-
responding term arising in either neutron-proton or
neutron-neutron scattering. It need not be calculated
accurately, since it can be obtained from the two-body
scattering experiments. We shall later group it with
terms which will represent the experimentally observed
neutron-neutron and neutron-proton cross sections.

The integrals IV and V are also evaluated approxi-
mately and represent more complicated interference
terms. Their values are

IV=0.111,
V=0.03I.

(50)
)
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We are now in a position to evaluate the total cross
section. In order to do so, we must specify the exchange
character and spin dependence of both the neutron-
proton and neutron-neutron forces. For the neutron-
proton interaction we shall use the spin-dependent
Serber force

e# f14-P\ /1490 1—9
V(r)=V0T————(~———) e ), (52)
ur 2 2 2
where 7=V,5/V,T=46.5/67.8=0.686 and for the
neutron-neutron force
V(r)=VoT (e /un)t[5(14-8)+3(1—=8)P], (53)

where & describes the space exchange character of the
force.!®* We therefore have

bpzhp=i}(1"""7)
my=%(1—20)¢

wp=mp=1(147),
w,=3(140)¢,

so that the @’s take on the values in Table II. If we now
use (31), (32), and (35-38), we obtain for the total cross
section

y o (54)

aToT= (UNP+0'INTERF+G'NN), (55)
where
onp= (M2/97h*k®)(1/27)3 {3 B3+ ) I+ III)
— &=+ (IT42IV4V)}, (56a)
ornrere=(M*/9rh*k?)(1/2x)* {3 (1+4n)
XUTTH2IV4 V)4 18(5+n)(TT—-V)}, (56b)
oyn=(M*/9mh*k*)(1/27)?
XAYI4 1IN +-382(I—111)}. (56¢)

We have used the subscripts NP, INTERF, and NN
to correspond to the source of these terms as evidenced
in the particular power of £ in each term.

If we had made separate calculations of free neutron-
proton and neutron-neutron cross sections at the same
incident energy using the Born approximation, we
would have obtained

3k
a.,w,fm=<M2/9wh4k2>;—<3+n2>{ [ wiavo
0

3k
+ f qqu(q)V(!%k+q|)}, (57a)

TaBLE II. Values of the coefficients a; for the neutron-proton force
in (52) and the neutron-neutron force in (53).

Quartet Doublet x; Doublet x;
a 133 £(3+8)/4 £(1—8)v3/4
a: — 8¢ £3—9)/4 £(1+8)V3/4
a3 3 (1+3n)/8 (1—n)V3/8
ay 3 (1+37)/8 (1—n)V3/8
as -3 1 nv3/4
as -3 % 7V3/4

18 § is the relative magnitude of the neutron-neutron force in
odd and even / states.
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ik
o= Oy 9rtke| 1+359 [ qdg(p)
0

F1(1=38) f qqu<q>V<|sk+q|>]. (57b)

Since the integrals I and III are given by (38a) and
(38¢) as

I= f gdqV*(g) f S 2)d, (58a)

= f ) f V(|3k+q—12|)¢*@)dz  (58b)

integrated over appropriate values for z, where

z=k""+13q, and since

f ez = (2m),
all z

we see that oror contains terms which are very similar
to the two-body cross sections. There are therefore
three corrections to considering the total cross section
as the sum of the two-body cross sections.

(a) The integrals must be performed over only those
momentum states of the deuteron permitted by con-
servation of energy.

(b) The interference term must be taken into account.

(c) There is a correction to the neutron-proton cross
section which arises from the interference between the
exchange scattering of the direct and antisymmetrized
neutrons by the proton. This is the second term in
(56a) and is considerably smaller than the first.

Since the Born approximation for the total scattering
gives a result which is a corrected sum of the two-
particle cross sections calculated with the Born ap-
proximation, it seems reasonable that the eract total
cross section would give the sum of the exact two-
particle cross sections, corrected in a similar way. If
this is so, we ought to use the measured two-particle
cross sections rather than those calculated by Born
approximation when evaluating the total scattering. An
argument which may make this more plausible is the
following.

Consider the next order Born approximation, that is,
double scattering in the potential wells of the two

TasLe III. Division of oxp between onp, oinTERF, and oNN

as a function of the exchange character of the neutron-neutron
force.

) 1 0 -1
N-N force 1 3(1+P) P
£=Vwn/VupT 0.44 0.80 0.77
aNP 71 mb 71 mb 71 mb
OINTERF 26 mb 16 mb —16 mb
ONN 20 mb 30 mb 62 mb
aror 117 mb 117 mb 117 mb
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nucleons. This may take place either twice in the
neutron well, once in each well, or twice in the proton
well. Since the radius of the deuteron is considerably
larger than the range of the forces, the term corre-
sponding to successive scattering by the neutron and
the proton will be smaller than the term corresponding
to a double scattering in either well, and will be omitted.
If we also neglect successive scattering in higher orders,
then, roughly speaking, the amplitude for the total
scattering is just the sum of the first, second, and
higher order scatterings in the neutron well and the
first, second, and higher order scattering in the proton
well, that is, the sum of the true neutron-neutron and
neutron-proton scattering amplitudes (with appropriate
phase factors). We may therefore feel justified in
replacing the appropriate terms in (56) by the observed
values wherever possible. Although this treatment is
far from rigorous,'? it should be a considerable improve-
ment over using the Born approximation directly.

Let us therefore adjust the constant in (56) so that
anp?® is 83 mb, the observed neutron-proton cross
section® where oyp=0np°?*—Acyp. The corresponding
neutron-deuteron cross section® is 117 mb. Since we
know all the quantities in oror except d and £, we obtain
the following relation between & and £:

[1—0.15]+£[0.2440.495 ]+ £2[0.58+0.695%] = 117/83.

If we set 6=-41, 0, —1 corresponding to ordinary,
Serber, and pure exchange forces, respectively, for the
neutron-neutron interaction, we can determine £ and
therefore the relative value of each term. The results
are given in Table ITII.

It may be noticed from (56a, b) that the form of the
interference term for §=0 is the same as the correction
for the neutron-proton cross section. As we mentioned
before, the reason for this is that the neutron-proton
correction term is mainly an interference term between
the exchange scattering of the direct and antisym-
metrized neutrons by the proton, a term which has
exactly the same form as the interference between the
incident neutron scattered by the neutron and by the

proton. The similarity of these two terms can be seen

more easily if we antisymmetrize the final state instead
of the initial state. A neutron-proton exchange collision
will then give rise to a proton in the forward direction
and two slowly moving neutrons. If we now antisym-
metrize this final state in the two neutrons, we see that
the two terms represent very similar states and therefore
will interfere. This interference will therefore be analo-
gous to the ordinary interference between the small
momentum transfer neutron-neutron and neutron-
proton collisions. The similarity of these two terms in
magnitude is most likely accidental, since they depend
differently on 7 and £. We evaluated the form of these
two terms for a neutron-proton force of arbitrary

19 Perhaps the most important error is due to the phase factors
in the exact scattering amplitudes, which cannot easily be deter-
mined from experiment.
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exchange character and found that only in the case of
a Serber force for both interactions is the form of the
two correction terms, oryrerr and Acyp, the same.

If we are to choose between the values of 41, 0, and
—1 for 8, we must make use of other measured values,
such as the elastic scattering and the angular and energy
distributions. For this reason we have repeated Chew’s
calculation of the elastic scattering,! with arbitrary 6
and £. This work is discussed in the next section.

IV. ELASTIC SCATTERING

The elastic scattering is obtained from (31), (32), and
(33) by replacing the two-particle wave function ¥ (r)
by the ground state yo(r). In addition, the integration
over kK’ reduces to the single state yo(r), so that
(L/27)3fdk” in (32) is replaced by unity. We then
obtain for the elastic cross section?

2k I 6 2
crel=(2M2/97rh4k2)f qdq ?:lasz ) (59
where ’
Hi=Hy=1=VQ) [ i) explhia-n), (60a)
112=H4EI2=fdr¢/o(r) exp(%iq-r)fdyV(y)
X¥o(|y—r|) exp[ —iy-(q+3k)], (60b)
Hy=Ho=I1=p(l 0+ 3k]) [ drp) V)
Xexp[3i(q+3k)-r], (60c)

and the a;’s are given as before in Table I. The integrals
I, I,, and I; correspond to Chew’s! notation for the
elastic cross section.

With our assumptions for V(r) and o(r) as stated in
(43) and (44), I1 and I; can be calculated explicitly, but
I, must be evaluated numerically. The term I, repre-
sents a small momentum transfer to either the neutron
or proton in the deuteron and is therefore the main term,
giving a large forward peak for the incident neutrons.
I, and I; represent the effects of antisymmetrization
and exchange forces and include the possibility of
“pick-up” processes, that is, collisions in which the
incident neutron forms a deuteron by “picking up” the
proton in the initial deuteron, giving a small backward
peak for the free neutron.

In our sum over final spins, it must be remembered
that the deuteron exists only in a triplet spin state. The
final spin must be either a quartet or doublet symmetric
spin state, and therefore the doublet antisymmetric
term in (31) will be absent. The elastic cross section is
then given by
(61)

—2 1
Tel= 30el qunr+ 30l doub,

2 The factor 3 (footnote 11) is no longer present, since the neu-
tron and deuteron in the final state are distinguishable.
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where o1 quar and el doub are given by (59) with the
appropriate a;’s.

We have calculated I; and I; explicitly and an ap-
proximate expression for I, assuming the range of
nuclear forces much smaller than the radius of the
deuteron? (1/u<<1/a). The integrations in (59) have
been performed numerically and the final result for the
elastic cross section can be obtained in a form similar to
(56). If we use the values of 6 and £ in Table ITI, we
obtain the values for g, of 80, 60, 30 mb for the direct,
Serber, and pure exchange neutron-neutron forces, re-
spectively. Since the measured value for the elastic
cross section is? 48 mb, it appears a Serber type ex-
change force between the two neutrons is not incon-
sistent.

It may seem surprising that the elastic scattering is
such a large fraction of the total. As we have previously
pointed out, this is due to the fact that small mo-
mentum transfers (g~pu), independent of energy, are
favored at high energies. For this reason the ratio of the
elastic to the total cross section should approach a
constant as the energy is increased. The value of this
constant is related to the probability of the deuteron
remaining bound after absorbing a momentum transfer
of order g~ p.

The wide variation of the elastic cross section with
the exchange character of the neutron-neutron force is
due in part to the fact that an exchange may result in
the wrong spin state for the proton and the exchanged
neutron, thus causing them to separate. It also seems
that the interference is destructive when there is a
neutron-neutron exchange. This is similar to what
happens in the total scattering where the interference
term (Table III) is negative for a pure exchange neu-
tron-neutron force.

V. LOW ENERGY PROTON COMPONENT

The cross section for the production of protons of low
energy has recently been measured? in order to obtain
additional information about the neutron-neutron inter-
action. It was thought that low energy protons result
most probably from neutron-neutron collisions which
break up the deuteron. We shall calculate the low
energy proton cross section by first calculating the fofal
cross section for low energy free and bound protons.

This cross section for the production of slow protons
will necessarily include those that remain bound in
elastic collisions. For this reason, we must evaluate the
elastic cross section for slow deuterons and subtract it
from the calculated total low energy proton cross
section. This will give us what we are after, namely, the
cross section for the production of low energy free
protons.

Protons resulting from neutron-deuteron scattering

21 This is admittedly not too good, but we shall only be in-
terested in the qualitative features of the results.

2 W. Powell (private communication).

2 W. Powell, Phys. Rev. 79, 219 (1950).
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fall roughly into two groups: a high energy group which
results from small momentum transfer neutron-proton
exchange collisions, and a low energy group which
results from all low momentum transfer collisions except
the neutron-proton exchange. These groups are quite
well separated, so that the total cross section for the
production of protons in the low energy group will
involve a sum over a wide range of final two-particle
states for all terms except those due to neutron-proton
exchange collisions, namely, F, and Fgin (34). This can
also be seen from (36) in which the final momentum of
the proton in the laboratory system is z=k'"'+3q. For
small z all the terms except G4 and G¢ can be large when
integrated over q. G; and G; are large near q=0, and
G, and G; are large near q= —3k. We shall therefore
set G4=G¢=0 in (35) to evaluate the low energy
proton component. Using the values of & and £ in
Table I we obtain 66, 69, 75 mb for the direct, Serber,
and pure exchange neutron-neutron forces, respectively.

As we previously mentioned, the part of the elastic
cross section giving rise to low energy deuterons must
be subtracted. In order to do this we must confine the
integrations in (59) to values of ¢ for which the deuteron
has low energy. Since the momentum of the deuteron
in the laboratory system after the collision is just q,
we can restrict the range of integration in ¢ from 0 to 4.
In this way, the backward peaks for I, and I3 mentioned
in Sec. IV are omitted. The values of the integrals in
(60) change somewhat and lead to cross sections for
the collisions resulting in low energy deuterons of 65,
50, 25 mb for the direct, Serber, and pure exchange
neutron-neutron forces, respectively.

If we now subtract the cross sections just evaluated,
we obtain 1, 19, 50 mb for the cross section for the
production of low energy protons for the direct, Serber,
and pure exchange neutron-neutron forces, respectively.

The experimental value reported for this cross section
is 6 mb in the backward direction. For lack of more
detailed information we can assume that, since the low
energy protons are more or less spherically symmetric,
the cross section in all directions* is 12 mb. This evi-
dence is therefore once again not inconsistent with a
Serber type exchange force between the two neutrons.
The discrepancy may be accounted for by the fact that
there are a considerable number of protons of quite
small energy which may not have been counted.

It may be worthwhile pointing out that the low
energy proton cross section is not directly connected
with the neutron-neutron cross section. The bound
states play an important part and must be included in
the calculation.

% Since the system as a whole has forward motion, there will
probably be more protons forward than backward. This will raise
the 12 mb into closer agreement with the calculated value for a
Serber exchange neutron-neutron force. We have investigated the
approximate angular distribution of low energy protons in the
next section.
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VI. ENERGY DISTRIBUTION OF PROTONS AND
NEUTRONS AT VARIOUS ANGLES

In order to calculate the energy distribution of
protons or neutrons at various angles, we can no longer
use plane waves for the ;. (r); there is no complete
sum over final states to which we may apply a sum
rule. We must instead find a more accurate expression
for ¢ (r) to use in the integrations.

Before investigating the problem in detail we shall
be able to make a rough guess as to the nature of the
angular and energy distribution from the qualitative
features already discussed. There will be two main
groups of protons: a group at low energy resulting from
neutron-neutron and ordinary neutron-proton collisions
(favoring small momentum transfers) which break up
the deuteron, and a group of high energy protons which
result from neutron-proton exchange collisions. The
low energy group will be roughly isotropic, since the
momentum distribution of the particles in the deuteron
is isotropic; but the high energy proton group will be
confined to the forward direction as in the scattering of
neutrons by protons.

In order to set up the expressions for the angular dis-
tribution, we must transform the momenta k’ and k'’
to the laboratory system. We shall outline the calcu-
lation for the more easily measurable proton distribu-
tion.

For the high energy proton group, it will be more
convenient to use the description of the final state in
which particle 2 is free, namely, (9c) in terms of the
quantities k» and k@i The angular distribution of the
low energy group will require a description of the final
state in which either particle 1 or 3 is free.

If we now put the final state (9¢c) into (28), the matrix
element 9N in (33) becomes

Lm:fi"‘f Y (0 FY (1)dr, (62)
where
Fy(1)=V(r) exp[3ir- (q+3k)Jo(| 4"+ 3k|), (63a)
F)(r)=V(r) exp[ —%ir- (q+3k) Jo(| a’+3k|), (63b)
Fy/(r)=exp[ —3iq" 1] f ayV(y)vo(|y+r|)
Xexp[—1y-(q"+3k)], (63c)
F{(r)=yo(r) exp(—3iq"-n)V(¢"), (63d)
F¥() =explbia" 51 [ ayV)waly—r))
Xexp[—iy-(q"+3k)], (63e)
Fe'(r)=40(r) exp(3iq”- 1)V (q"). (63f)

As mentioned previously, these expressions can be
obtained directly by a proper cyclic transformation of
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the relative coordinates. The similarity between (63)
and (34) is evident.

The relative importance of the various terms in (63)
can be obtained gqualitatively by using the plane wave
expression for y,»(r), that is by using

V¥ (r) =L exp(—ik¥-r).

The matrix element (62) can now be written as

6
LWZm:Z asz', (64)
1
where
0; X, A.S. .
G/'=¢(|q"+3k|)VNn (I3k+3q"—k*|), (652)
X; A.S.
G=¢(lq"+3k|)VN~y  (|3kt+iq"+k"]), (65b)
(o]
Gi'=o(|k"+3q"|)Vrr(|$k+3q" — k), (65¢)
X
Gi'=o(|k"+3q"[)Vnr(g"), (65d)
A.S.
Gi=o(|ki=3a"Vur (I3k+3a"+k¥),  (65¢)
’ i " X, 45,
Gs'=o(|k"*=3q")Vnp  (¢). (65£)

(65) is of course identical to (36) written in terms of q”
and kv

The high energy proton group is obtained in the
vicinity q’=~0, k*~k, k**~0. Since both ¢(3k) and
V (3k) are small compared to ¢(0) and V(0), respectively,
most of the contribution to the cross section comes from
the terms G4’ and Gs'. We shall therefore consider only
Fy and F¢ in (63) with a corrected expression for
¥&i(r) in order to obtain the high energy proton dif-
ferential cross section.

If we now select a particular proton direction and
energy, there still remain two degrees of freedom ; these
are the two variables needed to specify the direction of
ki, In order to obtain the differential cross section as
a function of the proton momentum, we must square
the matrix element (62), multiply by the appropriate
density of final states, and integrate over Qv the
direction associated with kvi. The differential cross
section for high energy protons will therefore be given
by25

do=(M/12x°k2k)(L/27)3(dk*dkvi/dE) | LM |2  (66)

Since the energy in the center-of-mass system is given
from (3) and (6) as

E=(hk**/(4/3) M)+ (k*k*% /M),
we may use
(3E/0k¥) o= (212k*)/ M.

% The factor 4 due to the identity of the two neutrons has been
included as before.
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If we transform the momentum kv to the momentum
of the proton in the laboratory system
k,=k"+%k=q”+%k; dk"—'dkm

we obtain for the differential cross section

(67)

do= (M?/24%h*k)(1/27)3dk kv f aQyi| L2, (68)
where the matrix element

L=V (g") f g (D o(r)

X {as exp(—3iq”- 1)+aeexp(iq”-1)}  (69)

is obtained from (62) and (63) by using only the terms
=4 and I=6.

As before the cross section will be the sum of the
quartet and doublet cross sections. However, we must
now remember that the two-particle wave functions
¥ii(r) for particles 1 and 3 will depend on the spin
symmetry between these two particles (triplet or
singlet). Since the spin states x5 and x7 are neither sym-
metric nor antisymmetric in particles 1 and 3, we shall
change our complete set of spin states to x1, X2, X3, X4,
x5y x¢', X7, xs', where the four quartet spin states are
unchanged and the doublet spins states are given by?¢

x5’ =[1/(6)Y](2a1b:03— 610203 b1a2a3)
=Qusxs= —3xs+3V3x7,
x7' = (1/V2)(@182b3— b1a2a3)
=Qaaxr=3V3xs+3xr-

We now obtain the cross section by summing over the
spin states x1, x5, and x;’ giving

do=3(do)x,+5(do)xy+1(do)x,, (71)

where each do is given by (68). We must use the triplet
wave function ¥;»7(r) in (do)x, and (do)x, and the
singlet wave function y,**5(r) in (do)x,. The corre-
sponding values of a; and as, obtained from (70) and
Table II, are

(70a)

(70b)

(@x/=—%(a)x,+3V3(a)x,= (1-31)/8,  (72a)
(@e)x,'=—5(ae)x,+3V3(as),=—(1—37)/8, (72b)
(@0)x,'=3V3(ae)x,+ 3 (2)x, = (1-+n)V3/8, (72¢)
(@6)x' =3V3(a)x,+3(ae), = (147)V3/8. (72d)

We must now evaluate the integrals

J]_ = fdﬂ”"

2 ¢’ and xs’ are obtained from x5’ and x7/, respectively, by in-
terchanging a and b.

2

f drpe* (Do(r) expia’ 0| (732)
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FiG. 6. Approximate energy spectrum for high energy protons
in the forward direction at laboratory angles of (a) 0° (b) 10°
and (c) 30°.

and

To= f dQ“’Re[ f drp(Do(r) exp(iq” 1)

Xf dryi=*(r)o(r) exp(3iq” 1) ¢ (73b)

for both the triplet and singlet ¥;»(r). Since we are
interested mainly in the proton cross section in the
forward direction at high energies, k** and q” will be
quite small. For simplicity we shall set” ¢”/=0 in J,
and J,. In this rough approximation only the spherically
symmetric part of ¥;»i(r) enters. The resulting integrals
for small k%% are

f ridrdieiS(r)Yo(7).

0

f rdrgT(Wo(r) and

0

27 A more accurate method of calculating J; and J, is given in
Appendix G, but the present method is adequate for our purposes.
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The first of these vanishes because the triplet wave
function ¥,»7(r) is necessarily orthogonal to the ground
state Yo(r). The remaining integral is the same as the
one that occurs in the photo-magnetic disintegration of
the deuteron. The integral has been evaluated by
Bethe and Longmire?® at low energy using the effective
range method. The result, after proper normalization, is

J.=I} f P2drgsS(r)dolr)
0

7} (703+ fo.s) )

N siné, [ a+ k" cotd,
- (74

)l a2_i_kviz
where 7o and 7o, are the triplet and singlet effective
ranges and N is the ground-state normalization factor

given by
N=qa/[2r(1—ary)].

This value of N is equivalent to that given in (44),
leading to the relation between «, 8 and 7o

ro=4/(a+8)—1/B.
The singlet phase shift é, is given by
k’”’ C0t6;= - l/as+ %kvizrﬂn (75)

where a, in the singlet scattering length. The integral
J. can therefore be written as

a

2r(1—aro:)

L
| (e (= o sty

a—1/a,+1k"r,
a+ fvi®

1(rosrtros) ;. (76)

Since the integrals J, and J, vanish in first approxima-
tion for triplet wave functions, the cross section

becomes, using (68), (69), (71), and (72)
do= (M2kv/A8a2hR) VE(g") (14 1)2T 2R,2dk,dQ,.  (T7)

If we had used a plane wave for y,v(r) in the same
approximation (q’=0), we would have obtained the
same cross section (77) with a different value for J,

JPVW.= (k%) /4n

a 3 1
(i) e
2r(1—are)/ a4k B4R

In Fig. 6 we have plotted the approximate spectrum
for high energy protons in the forward direction for both
the effective range and plane wave values of J, at
angles of 0°, 10°, and 30°. We have used the values:

70s=2.7X10"8 cm, 7,,=1.71X10"13 cm, (79
a,=—23.8X10713 cm.

28 H. A. Bethe and C. Longmire, Phys. Rev. 77, 647 (1950).
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From the curves we see that the high energy protons
are confined to high energies and small angles. This is
what we had supposed, since these high energy protons
come from neutron-proton exchange collisions which
favor small momentum transfers. The angular de-
pendence of the cross section (77) comes about pri-
marily from the factor V2(¢’). For this reason the
angular distribution of the high energy protons should
be very similar to the angular dependence in neutron-
proton scattering.

One feature of the high energy proton spectrum which
is rather surprising is that the protons seem to be
crowded more toward higher energies than would be
expected in the plane wave approximation. This is due
to the interaction between the two neutrons, and since
the energy of the neutrons is small, most of the con-
tribution to the cross sections occurs for a singlet spin
state between the two neutrons. The energy width of
the proton peak is proportional to (1/a,)?, whereas the
energy width for the plane wave calculation is propor-
tional to o2 The ratio of these two widths,

AE,/AE PV =(1/a,)%/a?=1/30, (80)
is quite small and accounts for the highly peaked
proton spectrum.

The sharp peak in the energy distribution could be
used in practice in order to obtain very nearly mono-
chromatic beams of neutrons. For this purpose, the
inverse process is used;i.e., protons of given energy E
are permitted to fall on a deuterium target. Then, in the
forward direction, neutrons will be emitted whose energy
is slightly below E—e (e=binding energy). According to
Fig. 6a, the width of the energy distribution is only
about 1 Mev, and is not appreciably increased if
neutrons up to 10° angle with the proton beam are
included. To get an appreciable neutron yield, probably
liquid deuterium should be used as a target, but apart
from this technical difficulty the neutron beam obtain-
able seems far superior to that from other methods.

We have only performed a rough calculation of the
high energy proton distribution. More exact calcula-
tions can be performed along the lines mentioned in
Appendix G. The work is considerably more involved
and the major changes will occur where k% and ¢’ are
not small, that is, for proton energies away from the
maximum and for large scattering angles. However, our
results should remain essentially unchanged.

The total cross section for the production of high
energy protons can be obtained approximately by
retaining only the a4 and @ terms in (35) and (36).
These are the terms which represent neutron-proton
exchange collisions and which therefore are mainly
responsible for high energy protons. The result is that
the cross section for high energy protons is approxi-
mately 20 mb.

As mentioned earlier there is also a group of low
energy protons in the laboratory system resulting from
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neutron-neutron and ordinary neutron-proton collisions
which break up the deuteron. Since small momentum
transfers are most probable, the incident neutron? will
continue in the forward direction and will be essentially
free. We may therefore use the representation of the
matrix element in (33) and (34) with particle 3 free.

Since we are now asking for a final state with particle
3 only “slightly” scattered, only the terms F; and F;
in (34) will contribute. If we use the approximation
q=0 in F; and F;, we see that we have to evaluate the
same integrals as before:

f r2dryi T(r)yo(r) and f r2dr g S(r)o(r).
0 0

Once again, only the singlet wave function contributes
and gives a value for the integral given by (74) with kv
replaced by &”'.

We must now remember that we are fixing the angle
and energy of the profon in the final state. The remain-
ing degree of freedom to be removed is therefore the
angle of the vector kv not k. This integration will be
quite complicated, but we shall make some rough ap-
proximations to allow us to carry the calculation
through in order to obtain qualitative results.

As we have seen in the calculation of the high energy
proton distribution, the sharp peak was due to the
smallness of |1/a,| compared to . The integral J, can
be given approximately from (74) by neglecting the
terms with 7y, and 7o.. We then have

N a
],'z . . (81)
[(1/a.)*+k"2]t o>tk

The cross section is now given by

do= (M?/72x1k) (1/27) dk B

3
X f aQi(4m)*Vi(g)J 3’2674‘[452(1 —o0)*+(1—-m)?] (82)

obtained from (77) by replacing 4wkvi by kvi fdQv,
¢’ by q, J, by J,/ in (76), and

X (1472 =[(a0) 5, + (a6) x,” I
Y
(3/64)[482(1—8)*+(1—n)*]=[(a1)x,+ (as)x, I

The vectors q and k? are given in terms of " and k*# as
a=kei— (k+1a"); (832)
K=~ 3k gt a”). (83b)

The vector q"’ (and therefore k,=%k+q"’) and the mag-
nitude of kvé are fixed during the angular integration
over dQV1. Both ¢ and %" will therefore vary over the

29 The free neutron may also be the antisymmetrized neutron,
but, since we have antisymmetrized only the initial state, we may
consider only collisions in which the incident neutron (particle 3)
remains free.
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integration. However, the effect of the variation of ¢
will be dwarfed by that of k", since u is considerably
larger than both « and |1/a,| ; ¢ can then be set equal
to zero in V(g).

If we now measure the angle of k*¥ with respect to
the fixed vector k+q”, we can change the angular
variable @V1 to the magnitude of k” by using (83b). In
fact,

ki k+q” | dQvi=2xdk"";
koidQri= (8x/3)(dk"*/ | k+q"|).

Since we are interested mainly in small k,, ¢ will be
approximately —3k, so that we have

kvidQvi= (16w/3)(dk""*/k).
The cross section now becomes
B max ar'"”
xf ,
Paw  [(1/a) k" J(a®+E")?
where K is a constant and #”'pi and &/ pax are given by
F'min=|3k"—}|k+q"] |,
¥mae= 33 et g
k7 is given from conservation of energy by
k=3B k"= (4/3) M/,

where the binding energy ¢ now becomes important.
For small k, we can write

|k+q"| = |3k—k;| ~3k— (k-k,)/k

doy

d—];:

(84)

(85)

and

kot 3L+ -k, — (4/3) Mo/}
~ 36+ 30 (k-k,)/k]— 3¢/ .

We can therefore set &'* = and
B~ 3+ Gk -k, /k)—3(Me/h2k)— 3k

+i(k-ky)/k)~ {[(k-k,)/k]1—5Me/h7k}2.
The integral in (84) can be evaluated, and for «>>(1/a,)?
is approximately

K o+ {[(k-ky)/k]—3Me/B7k}?
T2at | (/e (L k) H]— M e/ R
X kdk,%dQ,.  (86)

This represents a peaked distribution of low energy

protons, but #ot isotropic. The maximum cross section
at a given angle, for (1/a,)*&a?, occurs approximately at

ky cosf=~3(Me/h2k)+a,

where 6 is the angle of the proton momentum with
respect to the incident direction in the laboratory
system.

Since iMe/h*k*~3e/E,, where E, is the incident
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energy, $Me/h* will be considerably smaller than «
(a ratio of ~1/20). The “width” of the peak will
therefore vary approximately as

AE,~ o?*/cos?6. (87a)

For angles near 90° (k-k,)/k must be replaced by
kp*/k so that

AE,(90°)~ ak. (87b)

The distribution of low energy protons is now seen
to be approximately egg-shaped, with the peak in the
spectrum occuring at increasing energies as the angle
to the incident direction is increased up to 90°. The
term containing the binding energy in (86) will favor
the forward direction over the backward direction
slightly, but the main feature of the low energy proton
group is the large difference between the 0° and 90°
scattering.

It was mentioned before that the low energy proton
group may favor the forward direction rather than being
isotropic, because of the over-all forward motion of the
system. Although the binding energy term s in this
direction, this situation should still exist for no binding
energy. The reason for its disappearance is as follows:

(1) The reason that the forward direction should be
favored is that the two-particle collisions can only result
in an additional forward motion to the struck particle.

(2) We have found from (81) and (84), however, that
only final states for which k" is of order of magnitude
a give much contribution. Since

o+ 3K’ = - @k+q") = —k,,

-q will necessarily be about the same size as k", that is,

g~a.

(3) For this reason we have neglected ¢ compared with
u, that is we have taken V(g)=V(0). Since we have
also set ¢=0 in the exponentials, we have effectively
considered only very small momentum transfers which
give practically no additional forward motion to the
struck particle.

If we were to consider the case g0, we would have
to evaluate both the singlet and triplet integrals in (73)
and we would obtain a low energy proton distribution
which would favor the forward direction. However,
because of the above discussion the effect would be
rather small.

It should be mentioned that the free particle cal-
culation with ¢=0 predicts an isotropic low energy
proton component varying as ¢?(k,) and therefore
having an energy width AE,~ o?, agreeing qualitatively
with the more correct width given by (87a) near the
incident direction. As can be seen from (86), however,
the spectrum predicted does not agree.

VII. CONCLUSIONS

(1) The total cross section (inelastic plus elastic) can
be calculated using plane waves for the final state of
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the three particles involved. No such simple method is
available for the inelastic scattering alone, or for the
differential cross section.

(2) The total cross section is given within about 20
percent by elementary interference theory, in which the
amplitudes of the waves scattered by a neutron and a
proton at rest are added, taking into account spin and
symmetry. A better approximation is obtained by con-
sidering the motion of neutron and proton in the initial
state of the deuteron. (See Sec. IL.)

(3) From the total cross section one cannot deduce a
unique value for the neutron-neutron cross section.
Different assumptions on the exchange properties of
the neutron-neutron force lead to values of oxx at 90
Mev from 20 mb for ordinary forces to 62 mb for pure
exchange forces (Table IIT). The interference between
the scattering from neutron and proton may give either
a positive (for ordinary N-N forces) or negative
(exchange forces) contribution. (See Sec. III.)

(4) The elastic scattering permits a decision between
the various types of neutron-neutron forces, being
greatest for an ordinary force (Table IV). The experi-
mental value of about 50 mb is closest to the result for
a Serber type N-N force (Sec. IV).

(5) The cross section for the production of low energy
protons does not agree with the N-N cross section
(Sec. V and Table IV) but is generally smaller. The
observed cross section is again compatible with a
Serber force.

(6) The energy distribution of the protons in the
forward direction show a very sharp peak near the
incident neutron energy (Fig. 6a, b) which is closely
related to the cross section for the photo-magnetic disin-
tegration of the deuteron. The reverse reaction, i.e., the
bombardment of deuterons with high energy protons,
should yield very nearly monochromatic neutrons.

(7) In Table IV, we have summarized the most im-
portant results not contained in Table III.

APPENDIX A.
EVALUATION OF INTEGRAL [/

The integral I given in (38a) can be evaluated completely once
the radial dependence of the potential and the deuteron ground
state are decided upon. We shall use the Yukawa potential and
Hulthén wave function as given in (43) and (44).

The variable @” in (38a) represents the angle of k”” and can be
taken with respect to q if 2"’ and ¢ are kept constant. Let us now
change from the variable Q" to the variable z= |k”+3q| just as
we did in (14) when setting up the integral over the final states.

k"'dQ" =4wads/q.

The z integration must now be performed first between the limits
|3g—#"| and 3g+~", so that I is given by

1=2x [ aqvg) [ war [ ! e (a)ds,

where Q?= §9(2k—q) and where $¢—£"” has been written without
an absolute value sign, since the integrand is an odd function of z.
We would now like to interchange the order of the %" and z
integrations and can do so with proper regard to the limits. The

(A1)
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TaBLE IV. Calculated cross sections in millibarns for different
exchange character of the N-N interaction.

1 0 -1
N-N force 1 3(1+P) P
Total elastic 80 60 30
Elastic scattering giving low energy deuterons 65 50 25
Low energy protons 1 19 50
N-N cross section 20 30 62

integral then becomes

k 1e+Q Q
1=2n [  dqvitg) [ ssge) [ AR (A2)
If the & integration is now performed, we obtain
1=2x [ agviq) [, sdst(a) lsg— o+~ k) ). (A3)

The region of mtegratmn in the ¢z plane is shown in Fig. 5.
We now have to determine V(g) and ¢(z). Using (43) and (44)
we readily obtain

V=)o),

o(z) =47N\ ——;

(A%)

1 1
pe B’+z’) (AS)

If we now interchange the order of the ¢ and z integrations, we
obtain

(161r1NVq)2 1k o 1 1 )’
T M 4k a?+32 (2432

S

s =jk+iz {(3k+32) (32 —32) 1.
If we now perform the ¢ integration, we obtain

I=2

where

16m2NV,\? 1 ;k 1 1 \?
I=2T( ) 2;1,3 z(a2+z’.—ﬁ2+z2)
X (g4 u?) (w—tan™"w), (A6)
where
w= {2p/(p*+27) } {(3k+32)(3k—32) }3. (A7)

The remaining integration can fortunately be performed by
contour integration if we notice that w is real for —3k<z<3k
and imaginary for other values of z along the real axis. Therefore,
tan"lw will be real for —4k<z<$k; for other real values of z,
since

tan™%|w| =—21—i ln(ﬁ—}),
tan~lw will be imaginary as long as |w| <1. If we write
w= {2ip/(W¥+2Y) } {£2— G2+ 162 ],
we see that for 3< —3k and for 2> %%k we may write
|w| <2pz/ (w249 L1.

We can therefore extend the integral along the entire real axis
and take the real part in order to obtain the integral between the
limits —4% and 3. If we now close the contour in the upper half-
plane, we find that we must avoid the four branch points z=—}#,
z=13k, and z=21, 3=2,, the two branch points for which w= TFi.
The contour is shown in Fig. 7. The integrals from z; to « and
Z2 to © can be readily evaluated, since tan™'w changes by +2xi
on going around the branch points 2; and z,. 21 and z; are given by

n=4ip+ {§ut+3iuk}l, w=—i, (A8a)
ze=—}ip+ ({2 —fipk}), w=1+1, (A8b)
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Real Axrs

where the “angle” of the square roots is taken between 0 and .
The only poles of the integrand inside the contour are at z=ia
and z=18, and residues must be taken at these points.

If we now evaluate the residues, subtract the integrals along
the branch cuts, and take the real part we obtain

. (161:"NV0)2 f[Zu’~a’—ﬁ’Im (W (ia) — W (iB) )
I

WL g—a?
2 2
e Wtia) |+ e (W)
o B
u’—-a’{l_l};ﬁ—ﬂ“{l_l}
+ 2 Re 2422 a4zt + 2 Re B2tz B2
2=t (o) (B2)
@) |t e ] @
where
W(z)=w—tan"w; W'(z) =1_-1;-%’ %u,

and w is given by (A7). Using the numerical values

p1=1.18X10713 cm
a1=431X10"13 cm

£1=0.616X10-13 cm (410
k1=0.720 10713 cm
which have previously been given, we obtain
I={(27)3/2u2} {47V o/u}%(0.739). (A11)
From (45) I, can be evaluated to give
To={(2m)3/2u2} (47 V o/ 1)?(0.858). (A12)
We therefore have
I=0.861,. (A13)

The discussion of this result follows (45) in Sec. III.

APPENDIX B.
EVALUATION OF INTEGRALS II AND II,

We shall first show that at high energy I given in (46) goes
over into II, given in (47). In this limit we may replace the
elliptical region in the rig plane by the strip 0<¢<3k and
— 0 <r;<w as before (Fig. 5). The upper limit on the r inte-
gration can also be made infinite. Let us now express o(r;) in
terms of Yo(r) by integrating (21) over angles

pr)=r/r) [ wdmpoe) sinriz.

The integral II then goes over into

11,=322 [ dqv(q) [ an, [.” admpo(a) sinna

(B1)

X./:,, d’ﬂﬁm ydypo(y) sinryy.  (B2)

If we interchange the order of integration for 7; and y, we can
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perform the 7, integration giving®

113 o Yoo . o
=323 " aqvi(q) [ an, [, xdrwe() sinrx [ dypols)
X [cosgy cosriy+singy sinr1y].  (B3)

Only that part of the integrand which is even in 7; contributes,
so that the cosine term vanishes. If we now perform the r; inte-
gration, we obtain a delta-function; in fact,

© ) >
f_@ sinxr; sinyridr;=w8(x—1y) {;;g,

so that 17, becomes

110=2m)* [ gdqv2(@) [ we(=)n(sings/qz)atdz.  (B4)

This is clearly the same as

3k .
o= 2m)3 [ gdgv2(g) [¥e(r) explia-r)dr
after performing the angular integration on r in (BS).
We can carry out the x integration in (B4) by using the ex-
pression (44) for yo(x). This gives
I1y=2m)4=* [ dgV2(q) {tan~1[q/2a]
+tan™'[¢/28]1—2 tan"'[g/(a+B)]}. (B6)

This integral can be readily performed by numerical methods and
gives

(BS)

In order to evaluate I7 in (38b) we shall change the variables
of integration from £” and @ tor,= |k’’+4q| and 7= | k" —}q|.®
The volume element becomes

k'"2dk"dQ" =2mr1drirodrs/q.

We must now determine the limits on the 7; and 7, integrations
to give as the region of integration the sphere of radius Q shown
in Fig. 8. For a fixed value of 71, the limits on 7, will depend on
whether Q is greater than or less than 3¢ and whether 7, is greater
or less than |Q—3q¢|. Specifically,

051 {OSnSQ—%q, lg—n| <r.<g+n (B8a)
=M0-13g<n<Q+ie, lg—nl<rn<@Bhg—ri—gif (B8b)
0<49: 34— 0<n<3g+Q, |g—n| << @Bkg—r—g)}  (B&c)
Let us now consider the integral over the regions
3¢—0<n<0, |g—ri|<r:<(Bkg—ri— ’)*}
> ) BY
s N L T A )

Since the integrands are odd functions of 7, and r,, if we change
the sign of 7, in the first of the two regions, we must then subtract
the two regions of integration from one another. This means that
the region

0<n<Q—14g, ¢+n<ra<(3kg—rid—g)}

must be subtracted from the region,

0<n<Q—4g, lg—n|<r<@Bkg—rid—g?)},
leaving the region

023¢: 0<n<Q-ig, lg—n|<rn<gtn

The region given in (B8a) is therefore equivalent to the regions in
(B9). If these regions are now combined with the region in (B8b),
we obtain the same region as in (B8c), so that the integral

II=‘/;2kqqu2(q)‘[;Q k"“dk”fdﬂ"qaﬂk"+§q|)¢(|k"—*}q|)

may finally be written as the single integral

k ) (3kg —ri2 —g)}
H=2x " dgv(g) L o ndnery) [ T rdraelr).

® The upper limit gives no contribution since an exponential convergence
factor must be used.

3 r; and r2 are directly related to spheroidal coordinates. See, for example,
J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book Company, Inc.,
New York, 1941), p. 56.
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The absolute value sign has been dropped from g—ri, since
r29(r2) is an odd function of .. If we now put in the expressions
(A4) and (AS) for ¢(z) and V(g), we obtain

II=(1672VoN/w)2r {I] sa—ITap—ITga+1155),
where
Ilonm j‘ﬂk dq 10+Q ridr1  LBkg—r2—g)} rodrs
o Getgpiee dtrtdan Ftr?

and I7 4q, 1184, and I1gg are similarly defined. We can now perform
the r, integration giving

1 pee  dg
Haﬂ_2'/; (u*+¢%)?

1e+Q 71dr
1-Q o472
X {In(8*+3gk—r*—¢*) —In(B*+(g—71)) }.
Let us make the change of variable
22=3qk—r2—¢; o+r?=a?+3gk—gt—x?
in the first term in the bracket. The limits on x become
Fmin = {3gk—g*— (3¢£Q)*1=1¢ FQ.

xdx=—ridr;;

If we make the change of variable

x=q—r1; dx=—dn;

a4rit=a?4(g—x)?
in the second term in the bracket, the limits on x also become
Xmin=¢— (%q:hQ) = %q q:Q

max

The integral I1,g may therefore be written as

1w dg 10+Q
Ias=3 | vl MINCLICR)

< { x qg—=x }
o?+3gk—g*—2* o?4(g—x)?
with similar expressions for IIaq, I1ga, and I1gg. If we now inter-
change the order of integration as we did for I, we can perform
the ¢ integration by partial fractions. The x integration remaining
is quite complicated and can only be done numerically. The result
of the numerical integration® is

I1I=0.811I,; II=046I.

APPENDIX C.
EVALUATION OF INTEGRALS III, IV, AND V
The integral

111= [ qaqv(g) [ k7 ak" [‘a0v (| 3k+4a—k") 2K +3a])

can be evaluated accurately but only after an extremely laborious
numerical integration. We have previously mentioned that the
value of this integral need not be calculated accurately, since it
can be obtained indirectly from the two-particle cross sections.
We shall therefore evaluate I approximately by assuming that
the major contributions to the integral come near |k”+3q|=0.
The integral then becomes

11~ [ qaqvigv(isktal) [ ¥ ar [ aer (K +1a)).

The % integration is now the same as the one encountered in the
evaluation of I in (38a). We shall therefore make use of our
experience with 7 in Appendix A: the integral is 14 percent less
than the Q= « value (Zo), and the limit of 2% on ¢ is changed to
the more accurate value 4. We therefore have

111 ~(2m)3(0.86) [ qdgV (@) V(| $k-+al).

32 All the calculations were originally performed with the incorrect value
of 54 for 8/a. The calculations for I, Jo, and IIo were repeated for 8/a =7
and were found to give values that differed from the old by approximately
0 to 2 percent. Since the work involved in calculating /I was quite com-
plicated, the value of II for 8/a =7 was inferred from the way in which
the others changed. The value given for II (and for III, IV, and V) should
be good to within =0.01 I.
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Near k' = —1q we have
|$k+q|2=(9/4)k*+¢*+3k-q=(9/4) B —3¢*— 2k"" ~ (9/4) B —¢".
So that the integral becomes

~ . [ 9dq
I1T =~ (27)3(0.86) (4w Vo/ 1) fo D AR /A=)

=~ (27)3(0.86) (47 V o/ 1)2(1/2142)
X {14(942/8p } 7 In {14 (9k2/442) }.

Using (43) and (A10) we therefore obtain
IIT =~0.561.

We have made a rough calculation of the error in 777 due to the
approximations made and have found it to be quite large. This
error cannot be easily calculated; but, as we have mentioned, and
as we shall show, the value of I7T need not be known accurately.
We shall include the rough estimate of the error and use the value
III =0.43I.

The integral

1v=[" gaqv(@ [* ¥ a [ a0V (| 3kt ha—K"))

X o(|K"+3q]) o(| K" —1q])

is quite difficult to evaluate, but can be done approximately with
little difficulty. We shall again assume that the deuteron is large,
so that the main contribution to the integral occurs near
|k”"4+3q| =0 and |k”"—4q|=0, that is, near £’/=0, ¢=0. We
shall therefore set ¥’ =¢=0 compared to 3% in the second V term.
This then gives

1v=van J; aavo) [ var [ e

Xo(|K"+3q]) (| K"~ 4q]).

The similarity between this integration and the one in (38b) for
the interference term /I, is now evident and we shall once again
make use of our experience with II. The calculation of I7 in
Appendix B gave the result that 77 is 19 percent less than the
value calculated for Q= o« (IIo) and that the upper limit for the
g integration changes to $k. We therefore have for IV

1V ~2n)08) V@A) [ 1dgV(@) [ i) explia- 1)dx

~ @080 V(RN [ dgV(g)

X {tan~(g/2a)+tan"(g/28) —2 tan"[g(a+B) ]}

as in (B6). This integral can be readily performed by numerical
methods and gives IV =0.111.

F1c. 8. Diagrams to de-
termine limits on 7, and 7,
after change of variables in
Appendix B.

-
VAT
(b)
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The integral

V=f;2k qdqj;o ku!dku dﬂ’lV(l%k"l’*q-{-k"l)
X V(|3 Ha—K" ) o( K"+ 3al) (| K"~ da])

can be treated in an analogous way and gives
V ~2m)3081) V(R and [ dg (tan—1[g/2a]

+tan[g/28]—2 tan"'[g/(a+B)]}.
The integral can be performed directly and gives
V =0.031.

We shall not try to estimate the errors made in the approximations
used in evaluating IV and V.

We shall now demonstrate that our results do not depend
critically on the numerical value of I71. In order to do so, we shall
repeat the calculations for Table III with the uncorrected value

II1=0.561.

The new numerical values given in Table V are quite close to
those in Table III and show clearly that the exact value of the
ratio III/I, is unimportant. As previously mentioned, this is
because the total cross section was expressed as the sum of the
three terms owp, oINTERF, and onn, and the experimentally ob-
served value of oxp was used.

TaBLE V. Table III recalculated with the uncorrected value
of the integra] I77=0.56! instead of the corrected value IT1=0.431
used in Table IV.

t] 1 0 -1
N-N force 1 $(14-P) P
E=VNn/VnpT 0.46 0.79 0.83
onP 72 mb 72 mb 72 mb
CINTERF 26 mb 15 mb —16 mb
ONN 19 mb 30 mb 61 mb
agror 117 mb 117 mb 117 mb
APPENDIX D.

EFFECT OF INCLUDING THE BINDING ENERGY IN
THE CONSERVATION OF ENERGY

If the binding energy had been included, the conservation of
energy (7), would have been

P (4/3)R" = — (4/3)(Me/R).

The arguments given for replacing Y4 (r) by a plane wave in the
half-ellipse of Fig. 2 are still valid; but the ellipse is now given by
(@—R*+A/3)F " =R(1—3)*.

where
1—6={1—(4/3)Me/B?R2 )}, s=~3iMe/Wk2=%(a/k).

In order to determine the effect of 5, we need only consider the 7o
term, which now becomes

10= 2w 4" dgvg),

where the upper limit is determined by where the new ellipse in
Fig. 5 crosses the ¢ axis. Clearly, at the lower limit, the factor ¢
in the integrand will make the change small; and at the upper
limit the change will also be small because of the size of V*(3k).
In fact, the fractional change can be given approximately as

(5k)*/2u*+ (%) (3k) / (u+9K2/4)*
2 2
. =0.86&'k’| 0.645k%2 -
@ (uHOR/4)r

=(0.86)

I—Iy
0

0.002,

which can certainly be neglected.

R. L. GLUCKSTERN AND H. A.

BETHE

APPENDIX E.

VALIDITY OF THE ASSUMPTION OF A PLANE WAVE
FOR 4 (r) IN THE SHADED REGION OF FIG. 2

In the justification of the use of plane waves in the elliptical
region in Fig. 2 it was assumed that y(r) could be replaced by
a plane wave in the shaded region which occurs mostly for large
k'’. The most questionable region for this assumption is in the
lower left corner of the shaded region where k" can be small. The
lower right corner will give a small contribution because of the
factor V2(q) =~ V2(2k).

In order to obtain a more accurate expression for ¥+ (r) in the
region mentioned we shall use the first Born approximation in a
deuteron potential, so that Y (r) will be given by

Y (r) =~ L~ exp(ik"- 1)+ L7V o f(K", 1), (E1)

where f(k”, r) is a function depending on the details of the Born
approximation and ¥V is either the triplet or singlet Yukawa well
depth. We now wish to evaluate the integral in (18):

J e *@)0(r) exp(tia- vydr.

Since the region being considered contains only small values of ¢
(much smaller than %”, since the boundary ellipse is given by
g=~%k'"?/k near the origin), we shall set the exponential equal to
unity. The remaining integral will be just the orthogonality
integral and will necessarily vanish for a triplet wave function;
that is,

(E2)

S e @ryar=0. (E3)

From (E1) we therefore must have
vor f 1, Duar)dr~ — f exp(—ik"-Dvo)dr=—o(k"). (E)
In the case of a singlet potential we have
S s @pa)dr= L@+ LAV [ 16", polo)dr.
Using (E4), this becomes

SV @ de~ L) A= Vi VD).

We therefore reach the following conclusions.

(ES)

(1) In the case of a triplet interaction we have subtracted too
great an amount in the region near the origin. A calculation of the
integral using a plane wave in this region shows that I should be
increased by about 4 percent.

(2) In the case of the singlet interaction we have again sub-
tracted too much in the region near the origin, but this time by
an amount

4 percent {1—(1—VoS/V,T)2},

since the integral (E2) appears squared in (18). Using the value
of V¢S/V,T=0.686, this becomes 3} percent, or approximately
the same as in the triplet case.

This adjustment is also necessary in the other integrals, II-V,
and will be approximately the same. For this reason the ratios
(48), (49), (50), and (51) will not change appreciably and all the
numerical results in Table IIT should be valid.

The use of a plane wave for the y(r) should be better at
higher . The failure of the plane wave to be orthogonal to the
ground state for the triplet case makes little difference, since the
factor exp(=£34q-r) is now a rapidly oscillating function. The
reason is that the most important values of ¢ are large because of
the factor V(g).

We have investigated the validity of using the plane wave in
the entire shaded region in some detail and found that the cor-
rection is quite appreciable—in fact, it is about one-half of the 14
percent discrepancy between the values of I and Io,. However,
this correction must also be applied to the integrals II-V. As
mentioned before, this will leave the ratios (48), (49), (50), and
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(51) only slightly changed and will not appreciably affect the
numerical results in Table III.

APPENDIX F.

EXAMPLE OF EVALUATION OF COEFFICIENTS a;
IN TABLE 1

As an example of the manner in which the a/’s in (28) and in
Table I are obtained, we shall evaluate the doublet x;s coefficients
in (28). This means that both the initial and final spin states will
be xs. If we then insert (26) into (25), we obtain for the matrix
element

M = (¥sxs, {1—P13Q1s} Van(ria) {wat-mnP1s} ¥ixs)
+ (¥yxs, {1—P13013} Vvp(ras)

X {wp+mpPas+b,Q25+hpP2:Q23} ¥ixs). (F1)
From (30) we find that
(X57 X5) = 11 <x57 Ql3x5) = —*:
(x5, Qusxs)=—%, (x5, Q1aQasxs)=—14,
so that (F1) becomes
M= (‘I,/y { (wu+§mn)+ ('}wn+mn)Pla } VNN('IR) ‘I’l')
+ (¥, {(wp—3bp)+(mp—3hp) Past (Gwp+3b5)P1a
+@mpt3hp) P1aPas} Vie(ra) ¥:).  (F2)

If we now use (29) and the initial state
W;=L¥ exp(—ik-x)¢o(r).

(F2) goes directly into (28) with the a/’s as given in the doublet
xs row of Table I.

APPENDIX G.

A MORE ACCURATE CALCULATION OF J; AND J,
IN EQ. (73)

We were faced with the evaluation of

Ji= f dar f dryie*(r)go(r) exp(dig”’-r)

(Gla)

and

n=J ‘m"'R"{f dryusi(r)a(r) exp(¥ia” 1)
xJ arp(ee) expthia”0} (G1H)
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for both the triplet and singlet y¥*(r). Since we are interested in
these integrals only for small values of k7%, we must find an ap-
proximate expression for ¥*(r) at low energies. We shall there-
fore expand yx=(r) into spherical harmonics with the intention of
using only the lowest order terms. We shall set

Y () = Zid(B*r) Vo (K™, 1), (G2)
where the ¥;9(k?, r) are spherical harmonics in terms of the angle
of kv¢ with respect to the polar axis in the direction r, and the
A (k%) are the corresponding coefficient in the expansion. If we
also expand the exponential

exp(3iq”-1) =2y By *(3¢"r) Yuo(r, q")
and use the addition theorem
Yo(k¥, 1) =[4r/Q+1) 2, Y4k, q")Vin(r, q”), (G4)
the integral J; in (Gla) becomes

(G3)

s (4
wvw Q+1)(2r+1)
X A (k") P*m(k™, ") Vi (r, a”) Yo (K%, q”')
X Yl’m'(q", l")Bl"*(iq"T)Bl'"(%q"”)

4
]1=fd9°‘ dr | dr’ }A,*(kn‘,)

XY*po(r, ") Yo', q").  (GS)
Since
fdQZY*lm(xy a) Yl'm'(x) a) = 87’""'5"'1
the integral reduces to
. 2
2 f A(kVr)Bi(3q"'r)¢o(r)r%dr| {4x/(2+1)}. (G6)

From this result we see that the various angular momentum states
in the sum (G2) do not interfere with one another in the cross
section. We can therefore evaluate the cross section for different
I’s and add the individual results. The same will be true for the
second integral J» in (G1b).

The integral for /=0 at low energy can be treated quite satis-
factorily by the effective range method, but for higher I’s we shall
use the corresponding components of the plane wave approxima-
tion. The result is that the integrals J, and J; can be written as

J=TJimo+Tpw—JPW 1~0,

where Ji-o is the /=0 term evaluated by the effective range
method, Jpw is the integral evaluated using a plane wave for
Yin(r), and Jpw 1o is just the /=0 term of the plane wave
approximation.



