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The Cathode Field in D'in Diodes under Partial 8 ac-
arge Conditions with I 't'alni i Velocities

E(x) =—(m/e) ff',
I=pV= —(mep/2e)(ff'~+f f").

(3)
(4)

On the Existence of R ' 8 d d
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FIG. 2. Dependence of Z/Zo on I/Irzz for various values of g.

Diverging Integrals in the Self-Charge Problem
J, MCCONNELL

St. Patrick's College, Maynooth, Ireland
November 27, 1950

'HE polarization of the vacuum arising from the virtual
production of electron-positron pairs by an electromagnetic

Geld was examined by Schwinger, ' who found that the current
induced, in the vacuum contains a part which leads to a loga-
rithmically divergent but unobservable charge renormalization in
the current producing the electromagnetic field. In an investiga-
tion of the polarization of the vacuum by the virtual formation
of particles with spin zero, Jost and Rayski2 again found that the
induced current includes a logarithmically divergent self-charge
term, which moreover has the same sign as that occurring in
Schwinger's result. In the calculation of the current induced by
the virtual formation of particles with spin 1 having vector
coupling with the electromagnetic field, Feldman' obtained a
quadratic divergence in the self-charge term. He therefore con-
cluded that the cancellation of the diverging self-charge cannot be
effected by any superposition of real Gelds with spin 0, $, and 1, if
no formal regularization procedure is applied.

We have performed the calculation for spin 0 and spin 1
independently, and wish to draw attention to some points in the

The solution of (2) when inserted into (3) and (4) y'ves the
following general equations'

(I/I„)&= (1—2$}(1+&)&—($—2f}($+f)& (5)
E/a= (4/3) L(&—21()0+4)~(5+4)'—(k—24)(4+k) 3 (6)

Here I, is the saturation current density with zero initial
velocities according to Child's law

I,o = (4eo/9d') (0/m) 4c,&.

Eo is the value of E in the absence of current Bow (i.e., is equal to
ua/d), g is the relative initial velocity of the electrons

$= (Qi/Q )~ cosy) (?)
and P is a parameter specifying the degree of space charge. For
P= —g it follows that E=O, so that the space charge is "com-
plete, " and for P—+~, E=EO(I=O). With increasing current
density P decreases from ~ to —g and the cathode Geld decreases
from u, jd to zero, as is indicated in Fig. 1.

In the general case a relation between I and E can be obtained
by elimination of f between Eqs. (5) and (6), the nature of the
result being shown in Fig. 2. For zero initial velocities (&=0) the
formula of Ivey is regained

1W 1——— 1—— (8)

The solution of (2) also permits one to calculate the transit
times of electrons with initial velocities, and the electron paths
for oblique emission under partial space charge. s

~ H. F. Ivey, Phys. Rev. 76, 554 (1949).
o A. O. Barut. Z. Angew. Math. u. Phys. (to be published, 1951).

manipulation of the divergent integrals. For convenience we shall
quote from Feldman's paper. In the case of spin 1 he gives the
self-charge term of the induced current

a /4m - (Si—$82)l„(x), (1)

where J„(x) is the current producing the external field,

g, = 1/im' f exp{zmzz)/z'z(z)dz,
'oo

exp(An'z)/z- «(z)dz,

.(z)=z/~z~, a=e'/4z, a=c=t.
Now these integrals have singularities at z=O. Integrating from
—~ to —zo' and from zo to ~ we deduce that

gi= 2+82+1/im'- lim (1/zo —1/zo'),
so-Q, so'-4

—lim (logymmzo+ logy''zo'),
so~, so' —z0

where
y= 1.78.

Expression (1) is equivalent to

(2+g82+1/An ~ lim (1/zo —1/zo') I (u/4~)dt (&). (2)
so z0, so'-+0

The most strongly divergent terms are imaginary and so must be
excluded for physical reasons. In order to make them vanish we
are obliged to take the principal values of the diverging integrals,
that is, we must put zo'= zo. Then (2) becomes

I 2 —lim logy''zo I (n /47r) J„(x), (3)
so-A

which diverges logarithmically.
The part of the current induced in the vacuum through the

formation of electron-positron pairs, which corresponds to (3), is

(a/6z)—J„(x)f exp(im, 'z)/z z(z)dz

= lim (logymgzo) .cx/3x' J„(x), (4)
so —@

where m, is the electron mass. The sign of the logarithmic diver-
gence is different in (3) and (4). Thus on admitting principal
values —which, however, is an additional prescription —it will be
possible to cancel the self-charge effects by a superposition of
fields of particles with spins $ and 1, or indeed by a superposition
of fields with spins 0, ~, and 1.

However, the advantage gained by the compensation of the
self-charge term is offset somewhat by the fact that in the case
of vector mesons under consideration there appears also a di-
verging term

—( /24 m')e, OS„(~),
to which no term corresponds in the spin 0 or spin $ cases.

I am indebted to Professor W. Heitler, University of Zurich,
for helpful comments.

~ J. Schwinger, Phys. Rev. 75, 651 (1949).
o R. Jost and J. Rayski, Helv. Phys. Acta 22, 457 {1949}.
o D. Feldman, Phys. Rev. 76, 1369 (1949).

Cerenkov Radiation Counter for Fast Electrons*
JOHN MARSHALL

Institute for Nuclear Studies, University of Chicago, Chicago, Illinois
November 24, 1950

PROPOSALS have been made by Getting' and Dicke2 to use
erenkov radiation as a means of counting fast charged par-

ticles. Also recently Jelley' has reported Cerenkov detection of
cosmic-ray particles. This letter is a description of an arrangement
with which fast electrons, produced by the 48-Mev bremsstrahlung
of a betatron, have been counted by the Cerenkov radiation which
they produce in Plexiglas or Lucite. The work was undertaken
in the hope of developing a velocity discriminating detector to
be used with the 450-Mev proton synchrocyclotron under con-
struction at the University of Chicago.


