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holes are immobile, being bound to the impurity atoms.
Under these circumstances the polarization is large and
temperature independent. Absorption of radiation in
the long wavelength region of the fundamental absorp-
tion band is expected to result in the production of
excitons. If these are thermally dissociated at room
temperature, free electrons and holes are produced, and
the polarization is small. At low temperatures, where
the excitons are not thermally dissociated, they wander
to impurity atoms where dissociation does occur, the
electron becoming free but the hole remaining bound to
the impurity atom. Under these conditions of excitation,
as the temperature is reduced, the polarization in-
creases.

The dissociation energy of an exciton can be esti-
mated from the relation!é

E,= —w*me*/ u'h*n? 4)
by taking n=1. The index of refraction, g, of diamond
16 F. Seitz, Phys. Rev. 76, 1376 (1949).
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is 2.42 and E;~0.2 ev. The lifetime of the exciton is
given by

r=10 exp(+Ei/kT). ®)

Estimating 7¢>~10—% sec, one obtains 7(100°K)~10-2
sec and 7(300°K)~10—° sec. If the cross section for
collision with an impurity atom is taken to be 10—
cm?, the concentration of impurity atoms of the order
of 10 cm~3, and the velocity of the exciton as 10°
cm/sec, then at 100°K an exciton will make a million
collisions with impurity atoms during its thermal
lifetime. At room temperature, the corresponding
number of collisions is less than unity. The behavior of
the exciton is therefore in agreement with the pre-
ceeding interpretation.

The authors wish to thank Professor Frederick Seitz
for advice and his suggestion of this problem. The work
was partially supported by the Office of Naval Research.
One of us (C.C.K.) was assisted by a Westinghouse
Research Fellowship.
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If transition probabilities are evaluated for transitions occuring during a finite time interval, additional
divergencies occur different from those commonly encountered for infinite time intervals. The expressions
obtained can however be made convergent, if an indeterminacy of time is attributed to each epoch of
observation. The method is applied to the emission of a photon by a free electron.

I. INTRODUCTION

HE convergent results in the relativistic quantum
theory of elementary particles, which have been
recently obtained by different authors,! apply only to
time periods of infinite duration between two observa-
tions. If one tries to evaluate transition probabilities
for processes which are localized in space-time by a
sharply defined boundary (for example two time-like
hypersurfaces specifying an initial and final observa-
tion), one obtains divergent results. These divergences
arise from regions near the boundary, where processes
occur without conservation of the momentum-energy
component normal to the hypersurface. However, we
show here that one can obtain convergent results if
diffuse boundaries are introduced. We show in Sec. I
that this generalization is possible without affecting the
unitarity and causality of the array of probability
amplitude forming the S-matrix. In Sec. III, we
* Work supported by the Swiss Atomic Energy Commission.
1S. Tomonaga, Progr. Theor. Phys. 1, No. 2, 27 (1946); J.
Schwinger, Phys. Rev. 74, 1439 (1948); 75, 651 (1949); 76, 790

(1949) ; R. P. Feynman, Phys. Rev. 76, 749, 769 (1949) ; F. Dyson,
Phys. Rev. 75, 486, 1736 (1949).

evaluate, in second-order approximation, the time-
independent probability for the emission of a photon
by an electron.

Time, with these unsharp limits, no longer appears
as a parameler, {, whose values {=¢" and {=1" are fixed
for the two limits of the period of evolution, t’—t =2T,
during which the photon emission takes place. The
initial and final epochs themselves, =2/’ and /=2, are
now of finite duration, A and A", and must be given
in terms of fwo probability amplitudes for time, f'(t) and
"’(t), describing the precision with which # and #’ have
been determined. In the probability dw(w) that an
electron has emitted a photon of frequency between w
and w+dw during the period considered, the Fourier
transforms, g’(w) and g"”’(w), of the two probability
amplitudes figure as convergence factors for the
integral.?2 We have:

dw(w)=dw(|g"|*+|g'|?)(w)n(w)
=dw'’ (w)+dw'(w). 1)
2 To g'(w)=exp(iwt’); g''(w)=exp(iwt”’) correspond the epochs

f'({)=6(—t") and f”(t)=8(t—*¢') of sharply determined time
values, for which the integral of Eq. (1) diverges.
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¢'(w) and g’ (w) are normalized to |g’(0)| =|g”(0)| =1.
Their absolute squares are time independent. We are
thus led to think of (1) as the sum of two probabilities
for processes which take place only during the epochs of
the initial and of the final observations. Furthermore,
these processes show no conservation of energy: w is
the surplus energy in the final state over that in the
initial state. This excess energy can be interpreted as
having been furnished by the measuring apparatus
during either of the two epochs of observation. Then
|g'(w)|?and |g”(w)|? indicate the probability that such
an energy is available.

II. THE CONVERGENCE CONDITIONS FOR
PROBABILITY AMPLITUDES

We describe a process taking place in a given space-
time (x-space) region, V, as the annihilation of mo-
mentum-energy out of the incoming matter or radiation
waves and the creation of momentum-energy into the
outgoing waves. We represent the incoming waves of
electrons, positrons and photons by the wave packets
u'(x), v'(x) and ¢’(x) with a positive frequency spectrum
and the outgoing waves by their conjugate complex
u”t(x), v"1(x) and ¢”1(x) with a negative frequency
spectrum. The particular packets

us'(x)= (2w) 34 (k'n’) exp(ik'x) (2)

are plane electron waves. A packet (2) represents a
quantum of sharply defined momentum-energy k', lying
in the momentum-energy space (p-space) on the hyper-
surface of rest mass k, p=F~’, where

Fi=+(c+ k'[9 )

»n' numbers the two spin orientations, 74 in (3) is
normalized to 741"n’4=2«id(n""/n’) for electrons. For
photons of rest mass® u we write p=I/" and num-
ber their polarizations by #'=1, 2, 3 (normalization
o tr'e=8(n'"/n’)). Then the nth order contribution
to the probability amplitude of a process is the »n-fold
space-time integral over V':

S VWUl

=ie"fdx”V(x”)---fdy"V(y”)---fde(x)---

dex’V(x’)- . -uA"T(x")- .. €0a"1()’”) .

o= YuB() -, (4)

For sharply defined boundaries, V(x') is a discon-
ltinuwous function, with the two values 0 or 1 for

3In order to avoid the difficulties connected with zero rest
mass photons, we suppose the photon to have a finite rest mass,
small compared to that of the electron.
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events x’ outside or inside V. The causal* function,
A@A--(g/'—y" ...) is a covariant function of the
n—1 relative displacements of the # events. It is con-
tragradient in its indices to the vector, a:-:8---, or
spinor, A---B- - -, indices of the packets.

Let us now see how the generalization to a continuous
real function V(x) related to the time uncertainties of
the initial and final observation epochs is possible
without affecting the unitarity of the theory or changing
the causal function A®. The unitarity of the S-matrix
corresponding to (4) implies that the hermitian part of
S is determined in terms of the Sn for m <#. Therefore
S is antihermitian and is given in terms of a single
space-time integral of the hermitian interaction energy
density and the real function V(x). In electrodynamics
the typical element is:

SILVIW"¢"/u)

i f AV () (0o 0 ) (). (5)

In terms of this S;, we define the hermitian part of S,
by means of the unitarity relation. We obtain for this
part expressions of the type (4) (with n=2), where sA©®
is replaced by non-causal functions — 3 (A +A ). The
anti-Hermitian part of S, is then determined in terms of
a causality correction 4A®), such that the sum of the
hermitian and antihermitian parts gives A©. The
higher order approximations are obtained in exactly
the same way. This procedure shows that the unitarity
and the causality of the S-matrix are independent of
the particular form given to V(x), as long as it is a real
function.

In order to find the convergence conditions of (4), we
transform it into p-space. The transformed integral is
n—1 fold. If m is the total number of incoming and
outgoing packets, then

e"S,.[V](k”n", . .l”’ .o '/k'ﬂ’, . )

=ien(21r)4n—}mfdp...qu. . .fd,. .

XV(E' —p—q—r—---)--V({W'+p) -
XV(O+Q)' . 'V(—k’-l-r)- SR TR Ll R

B-“(P’ cengy et ...)ﬂ-’B..._ (6)

This formula involves the Fourier transforms of V(x)
and A®. We shall use the same letters to describe these
functions in both x- and p-spaces. We see at once that
the existence of the Fourier transform of the causal

4 By the term “causal” we imply that A©) in Eq. (4) is a network
of causal functions A©(x—y) [given in Eq. (9)] describing an
outgoing wave at y and an incoming wave at x, if x is later than y
(the “creation at y” precedes the ‘“annihilation at x”), and
vice versa if y is later than x. See Stueckelberg and Rivier, Phys.
Rev. 74, 218 (1948); Helv. Phys. Acta 23, 215 (1950) ; 23, supp.
111, 236 (1930).
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function A©(p, - - ) is a necessary condition for the con-
vergence of the amplitude S.. For the particular case
V(p)=46(p) one obtains the usual result:

S Lo J(B 0" 1" JBW - )
=ien(2m)trim§(— R =" — - R )
Xaatee gt

() Arerarees

XA (=1, -0, - B, B, (T)

which is commonly used to define transition proba-
bilities for a region V extending over “infinite”” physical
space-time.

III. PHOTON EMISSION BY A FREE ELECTRON

In the second approximation of quantum electro-
dynamics, the probability amplitude of an electron-
electron transition inside of V is

S V] /)
=e2fde(x)fdyV(y)u"f(x)

X (¥84:©@4 kA1) (x—y)ot’ (v)
=6(u"/u")(—3W (") +3C (") —i®(')). (8)

Its Hermitian and anti-Hermitian parts correspond to
the separation of the two scalar, causal functions into
real and imaginary parts according to:

IA@ = — (AP AC) +7A®, (9)

A@® are functions involving only definite frequencies
larger than the sum of the two rest masses « and pu.

0
BOp=A=]

AD(p1) =0 for — p?< (k412

%m#§&(m)

(11)

A® is the causality correction, defined in terms of A®
by the following differential equation

d \" nl AD(—3z?)
- OpY)=— [ d@———" (12
( d(P2)) O f O 02

for the lowest », for which the principal value con-
verges.’

Let us now recall briefly the physical meaning of the
three parts in Eq. (8) due to A® and A® in (9):

(1) W(u') is a decrease of the probability of observing
only an emerging electron %", due to the process of

5 The integration of (12) introduces a finite series of terms of
the type @o+a1p?+ - - +a._1(p?)»"! with n arbitrary constants.
A detailed discussion of this arbitrariness will be published in the
Helvetica Physica Acta.
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photon emission (in which case we should observe the
outgoing waves %" and ¢").

(2) C(«') is an increase of this probability, due to the
diminution of the probability for the spontaneous
process of three quantum creation (photon, electron and
positron), when the electron state #’ is occupied.

(3) ®(«') is a phase change, different for different
wave packets, and giving rise to a change of the dis-
persion law for eleciron waves [i.e., differing from (2)].

We evaluate these quantities for the space-time region
V bounded by two time-like hyperplanes /=" and
1=t" defined by the amplitudes f'(f) and f”(f). In
terms of the Fourier transforms, normalized to |g’(0)|
=g”(0)| =1, the transform V(p) in (6) (Appendix I) is

V(p)=8(p)i(2mw) "' (g'—g")(w), o=p*.  (13)

Omitting the d-symbol in (8) (because it is evidently
diagonal in the momentum and spin space of the
electron), we have the following p-space representation
of So[ V] in terms of W, C and ®:

’ +o o (27)3¢2
W= [ dolg—g 10
X KPP+ 00 (p), (19)
p=kK; pi=Fita. (142)

C is the same expression involving —A) instead of
A®) and in the phase ®(«’), 4A®) has to be substituted
for A®). In the limit, where the period 2T=¢"—¢
between the two epochs ¢/ and ¢ is long with respect
to their indeterminacies At and Af, a frequency wo
may be defined

2T>w DAY, AY (15)
allowing in the integrand of (14) the substitution:
w™%(2 sinwT)?, for w?<w? (16)
=gl iw={"
W (g7 [*+ 18 M)(w),
for w?>we? (17)

If the intergrand is different from zero for w=0, W, C,
and & consist of a time proportional part plus a time
independent part.

In our particular case, we obtain a time proportional
part for the phase alone. Its form, 2TA«*(2k"4)~1, shows
that the dispersion law Eq. (2) is affected in the form
of a rest mass change A«?. The value of the invariant
A? is undetermined on account of the arbitrary con-
stants in the definition of A® in (12). The integrand
of the time-independent probability (14) decomposes,
on account of (17), into the two contributions due to
the two limits of the region V. The four vector, p, is
the momentum-energy in the electron+photon state.
The substitution of 2A® for w<x=*%"* (Appendix II)
gives the following expression for the low frequency
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probability spectrum to find a photon within w and
w+tdw created at 1=2t'.

2 (w""-— 2)!
dw'(w)=dw]g'(w)|2~(;—1r)z—:;;;—— (18)

This expression may be compared to the frequency
spectrum of the total energy of a spherically symmetric
classical radiation field x*(x) of longitudinal photons
(n'=3). Writing w=10"4, the total energy is in such a
case:

Pi= f do ()14 f ®1)(I'n")

n’/=1

=fdw47rw(w2—y2)*(b'fb)(l3). (19)

bt and b are the coefficients of the field V2x*(x), de-
veloped in terms of plane wave packets ¢'*(x) and their
conjugates of the form (2) with the three polarizations
n’ normalized to 7, tx'e=8(n""/n’).

We now determine x* from the condition at ¢=1¢'

)=0; xieym - DD e,
4w |x'| u?
(20)

€
dag(x')=—— gradé(x’); dux*(x")=0.
u

At ¢=¢/, this field compensates the static field every-
where except ‘““inside” of the point particle. We find
1 & wl—p?
btb(I3)=— '

2 (27)% wiu?

1)

Comparing (18) with (19) and (21), we see that the
classical radiation field corresponding to dw’(w) com-
pensates the field of the point charge e, except within
a sphere with a radius of the order of A¢. The energy
density of the total field (static+radiation) is strictly
zero outside of this sphere.

IV. CONCLUSIONS

These arguments show, that the introduction of a
finite period of evolution in current quantum electro-
dynamics produces no difficulty of convergence, if
diffuse time boundaries are used.
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It is also interesting to note that the emission of a
photon by a free electron has a simple classical analog.
The photon field expectation values correspond to a
classical radiation field, which compensates (or “inter-
feres away”) the point electron’s static field at the
epoch of observation /=’ everywhere, except within a
small sphere with a radius of the order of the indeter-
minacy Af of the time measurement.

APPENDIX I

If we wish to interpret the S-matrix as an operator operating
on a state vector ¢, the state vector refers not to a time like
hypersurface as in the Tomonaga-Schwinger theory, but to a
time-like layer. We may describe such a layer by a real function
F(x), which has the values one or zero for events x lying in the
future or in the past of the layer. The region V will then be given
in terms of the two layers

V(x)="F'(x)—F"(x) (L.1)
and the S-matrix transforms according to
Y[F"]=S[VIY[F'] 1.2)

the initial state into the final state. The probability amplitude
for the time measurement is the gradient of F(x):

Jo' (%) =08aF' (). (13)

It reduces to a function of time alone in the case considered in
Section III.

F@)=0; W@=FO=0n"[" doeriotg(w).
The Fourier transforms of V(x) is then given by (13).

(14)

APPENDIX I
In terms of the invariant functions of given rest mass
D, (x)=(27)"3 f do(k)e**; do(k)=1(k*)"1(dk)® (IL.1)

the A™-functions in (8) are

AO(z) = = DM (@) Dy D () = — JAD (),
(IL2)
Dals™)(2)= — 102D () - Dy (@) — (1/24%)
X3pDeD ()89, D, P (x). (IL3)

From the divergence of (IL.3), we can explicitly evaluate the
Fourier transforms for $*>0 and their limiting values for p=0,
p=k+w and w<Kk:

AN(p) =280 (p%) = 2m) (= p) [P+ (k+w)?) (P+ (k—w)?) ]
~(2m) "1 [2(w?— pd)i+~k1]. (I14)

BO(p) =250 (#) = — K= p) U= pu?
(P — 26 A0 ()
& — (I hut -~k )28 0(5).
From these approximations, the expression
20k pAs V4120, W) (P = (27) "k (07X (P — p?) i~k (IL6)
is obtained, leading from (14) to (18).

(IL.5)



