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thin thorium foil can be placed in the internal beam of
the cyclotron. The multiple Rutherford scattering in
this foil is sufhcient to give a r.m.s. deflection of 1.5
and causes some of the internal beam to enter the mag-
netic channel which can lead this part of the beam
away from the cyclotron magnetic 6eld in the usual
way. In this process there is no pulsed electrostatic
deflector used. This "scattered beam" comes in 60
pulses per second as does the electrostatically deQected
beam, but has the advantage of being spread (each
pulse) over a period of about 25 microseconds (whereas
the electrostatistically deQected pulses last less than
1 psec. each).

As long as the beam pulses were of less than 1 @sec.
duration there seemed little hope of developing a
coincidence counting system with resolving time much
shorter than the beam pulse time. With the advent of
the scattered beam comes the expectation that many
resolving times may be contained in the beam pulse
time, and far more eGective coincidence techniques
Used.

Now under construction are very fast ampli6ers and
coincidence circuits for use with stilbene scintillation
counters. It is hoped that fast circuits will lessen the
background due to particles penetrating the cyclotron
shielding and due to the strong di6raction scattering
in the forward direction by carbon in the polyethylene

targets. If so, the measurements can be extended to a
wider range of angles and improved ia accuracy.

Also under consideration is a liquid hydrogen target
to reduce the scattering by heavier nuclei in the target.

DISCUSSION

Christian and Noyes have shown remarkable agree-
ment between the observed p-p scattering and that
calculated using a strongly singular tensor interaction
of protons in the triplet state. The great diGerence
between the e-p potential of Christian and Hart and
the p-p potential of Christian and Noyes suggests
strongly that the interactions are di6erent; unfor-
tunately there is no rigorous proof of this difference.

The present experiments extend only to angles where
the 5- and D-scattering are expected (by comparison
with the n psc-attering experiment) to be small com-
pared to the observed cross section. The 5- and D-scat-
tering should become more important as the range of
angles is extended toward the beam direction.
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This paper presents a phenomenological analysis of the proton-proton scattering observed at 32 and 340
Mev in terms of static nuclear potentials. Comparison of these results with the neutron-proton scattering
at 40, 90, and 280 Mev analyzed previously indicates that nuclear forces are not charge independent. In
particular, there is definite evidence in the n —p scattering data that but little scattering occurs in the odd
parity states, whereas the high p —p cross section apparently must be due to scattering in the (odd parity)
triplet states. (This holds true even if velocity dependent spin orbit forces, i.e., e L, are included. )

It is possible that the radial dependences found necessary for p —p scattering would be acceptable for the
n —p scattering even though the exchange behavior is different. A definite statement regarding this must
await detailed calculations, however.

Finally, we must take notice of the fact that no large repulsive forces have shown up in either the n —p or
the p —p system of suf6cient magnitude to account for nuclear saturation if saturation is to be predicted
from two body forces. In both cases they would have been very easily detected, independent of the poten-
tial model assumed.

INTRODUCTION

N this paper we shall attempt to 6t the proton-
proton scattering data at 32' ' and 340 Mev' by the

use of static nuclear potentials. This description is
phenomenological and as such may be considered a

* The work described in this paper was performed under the
auspices of AEC.
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The success that was obtained in the I—p system
would seem to be su%cient grounds for expecting that

p —p scattering would likewise be interpretable by
means of static potentials. In fact we might be tempted
to predict the p —p nuclear potential from our knowl-

edge of the n —p potential as determined by the high
energy scattering. This prediction could be made either
on the hypothesis that the nuclear potential is charge
independent (i.e., depends only upon whether the two
particles are in a singlet or triplet spin state), or in
terms of an attempt to explain the saturation of nuclear
forces.

If we were to follow the first assumption (the so-
called charge symmetry hypothesis) there would be no
free parameters entering the p —p theory, since the
results of the e—p experiments are quite definite. For
both singlet and triplet states these experiments show
that there are no (or very small) odd parity forces.
Therefore on the basis of charge symmetry one might
expect that the e—p and p —p scattering would be quite
similar. This is in obvious disagreement with the ex-
perimental results as is seen in Fig. 1.

In order to better understand the prediction of the
charge symmetric theory we must consider in more
detail the fundamental differences between n —p and

p —p scattering. Firstly, for 32-Mev protons the Coulomb
repulsion is dominant in the scattering at angles less
than 20'. Between 20' and 40' or 50' the angular varia-
tion is governed by the nuclear-Coulomb interference
terms. The remaining region around 90' is virtually the
same as for simple nuclear scattering. Secondly, the

p
—P system, being composed of identical particles
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FIG. 1. Comparison of n —p and p —p scattering data.

Helv. Phys. Acta (in press, a review article). Also E. Segre,
private communication.

obeying the exclusion principle, has fewer states than
the e—p system. Specifically only even parity singlet
states and odd parity triplet states can be present.
Thus scattering occurs only in 'S, 'P, 'D, 'F, - - states,
and the charge symmetric theory predicts the virtual
absence of triplet scattering. The e—p system, on the
contrary, has scattering from both singlet and triplet
even parity states so that a direct comparison must be
justified. In order to learn what part of the complete
I—p scattering is singlet scattering we must recall
that in order to lead to the low total ii —p cross section
the singlet range must be greater than 2X10 " cm.
This gives an angular distribution for the singlet cross
section that has an even higher ratio of ir(180')/o (90')
than the complete scattering from both states, making
a direct comparison of the relative angular variation of
the complete n —p and p —p cross sections possible in
the region from 50' to 90'. Thus the 32-Mev p —p re-
sults show that the charge symmetry hypothesis is
untenable.

Alternatively we could attempt to predict the p —p
scattering by directing our attention to the phenomenon
of the saturation of nuclear forces. The n —p experi-
ments rule out the possibility of ri —P repulsive forces
of anything like the magnitude required to explain
saturation. The low energy experiments show that the
singlet p

—p forces are attractive. Thus the only re-
maining way for the p —p forces to lead to saturation
would be the existence of strong repulsive forces in the
triplet state. Since the triplet scattering amplitude is
antisymmetric, the scattering from a central triplet
potential is zero at 90'. Hence such repulsive forces
would lead to an angular cross section rising even more
rapidly on either side of 90' than that predicted by the
charge symmetric theory and are conclusively excluded

by the data.
Thus both the hypothesis of the charge independence

of nuclear forces and the possibility of strong repulsive
forces in the triplet p —p state such as seem to be re-

quired for the saturation of nuclear forces are already
disallowed by the P —P scattering at 32 Mev. The 340-

Mev scattering is even more strikingly anomalous

(see Fig. 1). The experiments indicate a nearly spheri-

cally symmetric distribution over the range from 41' to
90' having an absolute magnitude that is twice the
maximum possible for 5 wave scattering alone. Since
the e—p scattering at 280 Mev was in good agreement
with a non-relativistic potential model it is dificult
to accept this as a relativistic effect. Again both charge

symmetry and repulsive triplet forces would lead to
scattering strongly peaked at 0' and 180' and an order

of magnitude lower in value at 90' than the observed

p —P cross section, and are conclusively disproved. This
scattering is superficially similar to classical hard

sphere scattering. However, since the wave-length of
340 Mev protons is only three or four times shorter than
the range of the attractive region that must surround
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I'zo. 2. Effects of S, D, and I' waves on 32-Mev scattering. The upper set of curves give the nuclear scattering.
The lower set include the effects of Coulomb forces.

and include such a sphere in order to explain the low

energy results, the sphere cannot be made large enough
to give classical hard sphere scattering at this energy.
This point is discussed in more detail below.

In spite of the surprising divergence of the observed

p —p scattering from that which had been expected
previous to the experiments, it has proved possible to
reconcile all the existing data with the scattering pre-
dicted from a static nuclear potential. This model con-
sists of a shallow singlet potential and a highly singular
triplet tensor potential. The main body of this paper is

concerned with justifying this model.
In view of the apparently fundamental differences

between the expected and the observed p —p scattering,
and the various complicating factors in the analysis of
the data, we have devoted the Grst part of this report
to a more or less qualitative discussion of p —p scatter-
ing. In this section we will give typical results for
various potential models but will not discuss which

radial dependence is to be preferred. Rather we wish

to emphasize the salient features in the analysis in
order to furnish a basis for understanding the calcula-
tions which follow in Part II.

PART 1. QUALITATIVE DISCUSSION

It has been shown by many authors that the experi-
ments below 14 Mev are compatible with 5 wave scat-
tering alone' and that these experiments have deter-
mined only the scattering length and effective range. '
This indicates that no one of the radial forms usually
assumed is to be preferred. It need hardly be emphasized
that the low energy experiments give little information
concerning the interactions in states of higher angular
momentum (especially the I' state) other than putting
upper limits on the magnitudes of the interactions in
these states.

The n —p experiments at 40 Mev' ' have shown that
there is scattering in the D state and little scattering in
the P state, and that the magnitudes of these inter-
actions could be determined. It was therefore expected
that since the range of forces for the p —p system is

' Yost, Wheeler, and Breit, Phys. Rev. 49, 174 {1936).Breit,
Condon, and Present, Phys. Rev. 50, 825 (1936).Breit, Thaxton,
and Eisenbud, Phys. Rev. 55, 1018 (1939).Hoisington, Share, and
Breit, Phys. Rev. 56, 884 (1939). H. M. Thaxton and L. E.
Hoisington, Phys. Rev. 56, 1194 (1939).' J. Schwinger, Phys. Rev. 72, 742A (1947). J. M. Blatt and
J. D. Jackson, Phys. Rev. 76, 18 (1949), Rev. Mod. Phys. 22,
77 (1950).H. A. Bethe, Phys. Rev. 76, 38 (1949).



cjj
Xo

O

—3
O

o
jjj
jII

oR

I
X
Ljj
IK
jjj
jj.
jj

O

j 1 j

0 I0 RO 30 40 50 60 70 80 90
SCATTERING ANGLE

FIG. 3. Tensor scattering from a singular potential at various
energies. The energies in Mev are given parametrically on the
curves.

comparable, the scattering would likewise occur pri-
marily in the S, I', and D states.

It was observed immediately, as has been pointed
out in the experimental papers, " that the data were
in good agreement with that predicted by 5 wave
scattering alone. This is in definite disagreement with
the scattering predicted by the usual potential models.
The reason is that the 5 state interaction completely
specifies the entire singlet interaction, and in particular
the effective range is so long that the D wave predicted
at this energy is incompatible with the experimental
results. (It would of course be possible to choose a
potential that would give only S scattering at 32 Mev,
but the efI'ective range of such a potential would then
be much too short to fit the low energy region. )

If we consider in detail the predictions of the usual
models we find that even for the most cut-ofI' potential
(the square well) the D phase shift is already too large
(0.77'), and as is to be expected the more long-tailed
Yukawa potential has an even larger D phase shift
(1.4'). The adverse effect of such D phase shifts on the
angular distribution can be readily seen by reference to
the second panel of Fig. 2. The origin of this effect
is destructive interference between 5- and D-wave
scattering in the region around 90'. This interference
term is proportional to sinbs sinbz& cos(8s—8~)P2.
(P2(cos8) =

2 cos'8 —~.) The usual models predict posi-
tive values for 68 and bD, so that this term has a mini-
mum at 90' as is observed in the n —p scattering but not
in the p —p case. (Figure 2 also demonstrates that the
Coulomb scattering has little eGect in the region from
50' to 90' and hence cannot alter this conclusion. )

The central triplet scattering amplitude being anti-
symmetric leads to a cross section that is zero at 90',
and since there is no interference with the singlet state

it can only add to the rise away from 90'. Therefore
scattering in this state will increase the discrepancy
between the predictions made from the central force
model arid the experiments. Alternatively we can see
this directly from the fact that the I' scattering is pro-
portional to sin'6I cos'tII, showing that the cos'0 term
must have a positive coeScient. These effects are
illustrated in the third panel of Fig. 2.

In order to explain the 32-Mev data, we require a
model that would predict essentially spherically sym-
metric scattering in the absence of the Coulomb field.
We have already seen that central force scattering
predicted by monatonically decreasing potential models
of the usual radial form is in qualitative disagreement
with experiment. Conceivably a more complicated radial
dependence, such as a repulsive lip on a square well,
could lead to negligible D phase shifts at 32 Mev.
Attempts to build such models have been unsuccessful
because they have effective ranges too short to fit the
low energy data. In view of the straightforward inter-
pretation of the n,, pscatte—ring and the inherent difTi-

culty of using such a model to fit the 350-Mev data, it
did not appear profitable to pursue such models any
further.

The remaining alternative, within the framework of
the potential picture, is the possibility that the D wave
is masked by the scattering from tensor forces in the
triplet state. A favorable result is predicted by the use
of the Born approximation to compute the scattering
(see Fig. 3). (The Born approximation is valid for the P
waves since the centrifugal barrier reduces the effect
of the nuclear potential to a small perturbation. )
The scattering computed this way is peaked at 90'and
hence can add to the singlet cross section, which dips
at 90', to give an almost Hat nuclear cross section.
When the coulomb eftects are included the resulting
angular distribution is quite similar to S wave scatter-
ing (see Fig. 4). Thus a proper choice of range and depth
for the tensor'potential can lead to agreement with the
experiments. (An alternative way of understanding why
the scattering can have a finite value at 90' even
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FiG. 4. Effect of adding tensor scattering to the singlet scatter-
ing at 32 Mev. A. Nuclear scattering. B. Scattering including the
e8ects of Coulomb forces. The tensor scattering is that from a
potential of exponential radial dependence {8=0.71X10 " cm,
Vg= +50 Mev).
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though it takes place in odd states is that the tensor
force brings about a change in angular momentum,
and tesseral harmonics other than the Legendre poly-
nomials enter into the scattering amplitude. AVe can
then see that the presence of V~'(8, @)= e'~ sin8 in addi-
tion to VP(8, @)= cos8 leads to terms with a sin'8 sym-
metry which when added to the cos'8 symmetry terms
in the singlet scattering could lead to a Aat nuclear
cross section. )

The 340-Mev data will first be analyzed independ-
ently of the 32-Mev data. The two models so derived
will then be compared and reconciled. In order to
further emphasize the anomalous nature of the high
energy scattering, we note that if we assumed (arbi-
trarily) that there were no interactions in other than 5
states the predicted cross section would be spherically
symmetric but ten or more times too small. (Recall
that even the maximum possible 5 wave cross section
is only one-half the measured value. ) The Coulomb
scattering falls to the value of the nuclear cross section
between 6' and 7' so that Coulomb efI'ects will be un-
important beyond about 12' and have been neglected
in our analysis.

To analyze the situation in somewhat more detail
we shall first consider the scattering that would result
from the singlet state (since in this state the potential
is completely specified by the assumption of a particu-
lar radial form). At 350 Mev the Born approximation
is valid for central scattering and predicts the strong
forward maximum illustrated in Fig. 5. Alternatively
we may view the problem in terms of a partial wave
decomposition. Only the even Legendre polynomials
comprise the scattering amplitude. The even poly-
nomials are all 1 at 0' and 180' and alternate in sign
at 90' (e.g. , Po(90') = 1, P2(90') = —0.5, P4(90') =0.375,

). Scattering by the usual monatonic potential
models predicts that all phase shifts will have the same

sign, so that there is constructive interference at 0' and
180' and destructive interference at 90', giving a
characteristic peaking of the angular distribution.

In order to obtain a Hat cross section it would be
necessary to require that the sine of the phase shifts of
even parity alternate in sign with increasing t, resulting
in a singlet cross section peaked at 90'. Then if this
cross section were added to the central triplet cross
section (which is always zero at 90') a flat cross section
would result. It does not appear possible, however, to
find a singlet potential that will fit the scattering in the
low energy region while at the same time predicting
the required alternation in sign of the high energy phase
shifts.

Before turning to tensor models we will first consider
the so-called hard sphere scattering. To give this type
of scattering phase shifts from high angular momentum
states must be involved some of which must be greater
than 180' in order to change the signs of the sines. One
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Fro. 5. Singlet scattering at 350 Mev as predicted for a poten-
tial having Yukawa radial dependence R=1.1416&&10 '3 cm and
(II} for a square well potential R =2.615&10 "cm.

can estimate by reference to Fig. 7 of Mott and Massey"
that in order to give agreement with the experiments the
phase shifts must be large for angular momentum states
up to 1=20. At this wave-length of 0.5)&10 " cm it
might appear that a repulsive core in the central po-
tential would give this result. An attempt was made
using Morse potentials to find a model that would
predict hard sphere scattering at 340 Mev. These po-
tentials consisted of a repulsive core surrounded by an
attractive region adjusted to give the correct scattering
behavior at low energies. It is found that even in the
limiting case where the repulsive core becomes infinitely
high, the low energy experiments require the radius of
the core to be so short (1.2X10 "cm) that at 340 Mev
only the lowest angular momentum states are involved
in the scattering (for /&6, 8«0.1'). It therefore ap-
pears that the eR'ective range of the potential well will
limit the radius of any potential to such an extent that
hard sphere scattering cannot result. Alternatively we
may note that even if we do not fit the low energy
scattering, the absolute value of the cross section pre-
dicted by hard sphere scattering would be much too
large. This can easily be seen by noting that the ex-
perimental value is 2X' per steradian while that pre-
dicted by hard sphere scattering must be of the order
of 2(20K)' since the extent of the hard core must be
approximately 20K.

Again we must appeal to the tensor force in order to
obtain agreement with the experimental data. In fact,
if we recall that at 32 Mev we needed to add a triplet
cross section that was peaked around 90' in order to"¹F. Mott and H. S. %. Massey, The Theory of Atomic Cot-
lisions, (Oxford University Press, London, second edition) pp.
38-40.
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Fro. 6, Comparison of exact and Born calculations for tensor
force scattering at 32 Mev from a potential of Yukawa radial
dependence (8=1.25X10 "cm).

mask the minimum in the singlet scattering we see
that the situation at 350 Mev is very similar. Ke can
again use the tensor force to obtain agreement, for in
Born approximation scattering depends only on the
combination M where k is the wave number and E.
the range of the potential. That is, to produce the same
scattering at a higher energy we need only contract
the range by a factor that is the square root of the
energy ratio, and adjust the depth to give the desired
absolute magnitude to the scattering.

Ke therefore have indications of a tensor potential
at both 32 and 350 Mev, and need only show that the
requirements for the two cases are compatible. As the
energy changes different regions of the potential will

play the more dominant role. For example, at 32 Mev
the potential region at distances of the order of 3 to
4&(10 " cm is most important while at 340 Mev the
potential region at distances of the order of 1)&10 "cm
has become important. By adjusting the range and
depth of a tensor potential of any given radial form
the predictions may be made to fit the 32 Mev experi-
mental data. However, at 340 Mev the I' wave protons
are able to explore the potential into considerably
shorter distances and it is necessary to have a strong
interaction in this region in order to explain the very
high 340-Mev cross section. The tensor scattering
calculated for a singular potential in Born approxima-
tion as illustrated in Fig. 3 illustrates these remarks.
From the foregoing curves we can also see that an
appreciable fraction of the 32-Mev scattering must be
explained in terms of tensor forces if we wish to obtain
agreement with the high energy data. These curves
further show that the tensor potential would probably
have little eGect below 10Mev as the scattering amounts
to less than one percent of the total scattering.

PART 2. CALCULATIONS

A. Methods

The singlet scattering from a potential of given radial
form depending on two parameters is completely speci-
fied by the scattering length and eBective range, which
are determined by the scattering below 10 Mev. The
general method of determining these parameters for a
given radial dependence is discussed in detail by Blatt
and Jackson. ' The 5 scattering due to the nuclear po-
tential alone at higher energies was calculated by direct
numerical integration of the radial wave equation giving
the 5 phase shift. The true S phase shift (in the presence
of the Coulomb field) was then obtained by treating the
Coulomb field as a perturbation according to the method
of Chew and Goldberger. " The corrections amounted
to approximately one degree or less. The D phase shift
was calculated in Born approximation considering only
the nuclear forces. (This method was checked by
numerical integration in the case of the Yukawa poten-
tial, corrected for the Coulomb field as above. The
results at 32 Mev: 1.33' for the Born approximation,
1.45 for the exact nuclear calculation, 1.40' with the
Coulomb correction were assumed to be a satisfactory
check. ) Higher waves than the D were found to be
negligible at 32 Mev.

As was shown in Part 1, it was not necessary to cal-
culate any odd parity phase shifts due to central forces,
but the tensor scattering was required. This was calcu-
lated with the exact values of the complex phase shifts,
8~~ ', which enter into the tensor scattering. The result
was in good agreement with that predicted by the Born
approximation. There is a slight tendency for the Born
approximation to predict somewhat larger angular
variations than are found in the more exact calculations.
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FIG. 7. Comparison of exact and Born calculations for tensor
force scattering at 350 Mev from a potential of Yukawa radial
dependence (8=1 25X10—is cm).
"G. F. Chew and M. L. Goldberger, Phys. Rev. 75, 1637 (1949).
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TAar. E I. Singlet. phase shifts at 20 and 32 Mev for various radial forms adjusted to 6t the low energy scattering.

Model
32 Mev

Phase shift
20 Mev

D

v.(~/~) =
V, r&R

0 r&R
13.273 Mev 2.615 /10 "cm 41.99' 0.770' 48.5' 0.26'

V,(y/R)= V„.e "j~ 108.27 Mev 0.7088)&10 "cm 4.7 54o 1.20'

e
—rjR

~.(~/'~) =- ',—
r/R

49.350 Mev 1.1417&10 "cm 51.15' 1.40' 54.2' 0.7'

* Interpolated.

This can readily be understood in terms of the higher
approximations of the Born approximation for then the
scattering ampHtude entering into each successive
iteration (or each successive collision) is less well col-
limated than that entering the previous iteration, due
to the scattering that occurs. A further small difference
between the exact and the Born calculations occurs in
the absolute magnitude, a tensor force taken with a
positive sign (i.e., same sign as for the deuteron) always
has less scattering in the exact calculation while the
tensor force taken with a negative sign always has
more scattering. A comparison between the exact pre-
dictions using the two signs ao.d with the result of the
Born approximation is aGorded by reference to Figs. 6
and 7.

The phase shifts arising from the coupled states
entering the exact calculations were carried out by
iteration (in the manner described in reference 6) after
they had been cast in the form of coupled integral
equations. In the case of the uncoupled states any of
the methods usually applicable to central scattering
may be used. We found that the integral variational
expression was suKciently accurate when the proper
component of the plane wave was used as a trial func-
tion.

From the relatively small di6erences shown in Figs.

6 and 7, we decided it was unnecessary to carry out the
exact calculations for the nuclear part of the scattering.
This is particularly so because we are able to onset any
diBerence in absolute magnitude by choosing a slightly
altered tensor depth (which will be determined only
very roughly anyway from the present data). One
difFiculty with use of the Born approximation is that
the interference term (see Appendix 1, for a derivation
of this term) between the nuclear and Coulomb scatter-
ing identically vanishes, while the exact calculations at
32 Mev show that the P wave component of the nu-
clear scattering interferes appreciably with the Cou-
lomb scattering. We had therefore to compute two un-
coupled phase shifts, Bj"and 8~'+, and also iterate the
coupled 'P2+'Ii2 state. The iteration process is rather
tedious and as the magnitudes of the phase shifts were
small compared with the uncoupled phase shifts, we
used the lVEB approximation to obtain these phase
shifts. We shall consider this approximation in more
detail below: If the two independent solutions of the
coupled equations have the asymptotic form

a)r, a(r, sin(kx —fx/2+8)r, ~),

where J=1 or 2j—1 depending upon which is the
dominant state, then the nuclear phase shift may be
easily shown to be given by

(21.+1) & (SI.Jm,
~

SI.Om, )
exp[i(8« SLY,')] al—L QLl ex—pLi(8~1. —S'il )]+2i G~r, sin(8« —bzr, )

(2l+ 1) (S/Jm,
~
Sfom, )

exp(2zb(~"") =—
«p[ —i(&«+%r. )]—alL «I& expL —i(&lL +4l )]

where now I=2J—1 only, and we have set a~j~ ——al.q~

= 1. In the case of the 'P2+'I" 2 state we have found that
the Born approximation yields all quantities in this
expression with the exception of bi&, with su%cient
accuracy. This we have computed by using the "equiva-
lent central potential" (see reference 6) in WKB
approximation and then applying the Born approxima-
tion to this potential to obtain the phase shift. 8» is
then the sum of two terms one of which is identical with
that predicted by the Born approximation applied
directly to the coupled equations and the other is of the

nature of a correction term, and has the value

f
AgP= (36 6/25 10)1/kR

J
[xVg(x)]'gg'(kEx)dx,

0

where we have written the tensor potential,

S/QVf (r/2) = [3(a& r) (e& r)//r' ej a2]V&(x)—
and

g((kx) = (vrkx/2) &J(+t(kx).

This procedure applied to the exponential and Yukawa
radial dependences yields the coefficients of the inter-
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ference terms within a few percent the coefIicients de-
termined from an exact calculation.

For the 340-Mev scattering the Coulomb scattering
was neglected and the singlet scattering was computed
in Born approximation.

B. Results

l
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FIG. 8. Singlet scattering at 32 Mev from potentials with vari-
ous radial forms adjusted to fit the low energy scattering. Data
taken from reference 1 (29.4 Mev) and 2 (31.8 Mev).

point). Clearly these curves do not agree with the
experimental results, primarily because the nuclear
cross section adds in the region from 50' to 90' (where
the Coulomb interference can be neglected).

It is seen from Table I that the D phase shift in-
creases as the potential becomes more long tailed.
Since the D phase shift is too large even for the square
potential we are forced to turn to more complicated
radial forms, if we wish to account for the 32-Mev
scattering by central interactions alone. Such a poten-
tial might be expected to be repulsive at long distances
and attractive at short distances. Accordingly some
attempts were made to annul the D wave by adding a
repulsive lip to the square well. They met with little
success, and having regard to the inherent difIiculties
implicit in such an approach when applied to attempt
an explanation of the 340-Mev results, this approach
was abandoned.

As discussed in Part 1, the e8ect of adding tensor
force in the purely nuclear scattering is to produce a
more nearly spherically symmetric angular distribution.
The depth of the tensor potential and hence the am-
plitude of the scattering may be considered arbitrary,
and must eventually be chosen to give agreement with
the experimental data. In Fig. 10 we have shown the
result of adding the tensor scattering to the singlet
state scattering. Clearly, if the same radial dependence
is assumed to hold for both singlet and triplet states,
approximate agreement may be obtained for the ex-
ponential potential with depth V&

——~50 Mev. If we
drop the restriction that the singlet and triplet poten-
tials have the same radial dependence, it is clear that
we can obtain better agreement, especially with the

The singlet cross sections for the square, exponential,
and Yukawa models are shown in Fig. 8. In each case
the range and depth have been chosen to agree with
Blatt and Jackson's low energy analysis. (The range
and depth of the Yukawa potential and square well

were determined independently by Chew and Gold-
berger before the results of Blatt and Jackson were

available to us and agree within their assigned limits
of error. ) These parameters, together with the 5 and D
phase shifts at 20 and 32 Mev, are collected in Table I.
Clearly there are significant differences in the angular
distributions predicted by the various models. How-
ever, the magnitude of the D phase shift is always large
enough to yield a curve that has a characteristically
different shape than the experimental results in the
region from 50' to 90' and too low in absolute value at
90'. The principal reason for this is the presence of a P2
coefFicient in the nuclear scattering arising from the
interference between the 5 and the D waves.

The addition of a central P wave does not change the
cross section at 90' as can be seen in Fig. 9 where we
have indicated the e6ect of adding positive and nega-
tive P' phase shifts to the scattering predicted by the
Yukawa model (which comes closest to fitting the 90'
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Fio. 9. I' wave scattering added to the singlet scattering predicted
by the Yukawa potential at 32 Mev.
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r otentials of the same ra ia orm.d l f . (The singlet potentials have rangeFrI.. 10. Total scattering a g p p
. A. Square. B.Exponential. C. u awa. a aand depth adjusted to 6t the low energy scattering. . quar .

photograp ic a a, yh' d t b using the combination of square
well for the singlet potential and Yukawa for t e rip e
~see ig.( F 11 curve I). (This combination utilizes a

for thesquare we wi ell with the constants previously found for
of ran esinglet state and a tensor Yukawa well o range

1.25 &(10 "cm and V& ——+22 Mev. )
This model gives an angular distribution essentially

similar to S wave scattering at energies e owbelow 32 Mev.
This is illustrated in Fig. 11 where the distribution due
to this model at 32 and 20 Mev is compared to S wave
scattering. ear y a. Cl l precise measurement wouM be
neede even a ed t 20 Mev in order to distinguish between
th' d' t 'bution and S wave scattering, a t oug it is is ri

rin thatcould be distinguished from singlet scattering a
included the D wave. Further, it has been found that
the cross sect~on at 90' for this model di6'ers by at
most three percent from that due to the partia wave

M th Yukawa singlet scattering at 90' (inc u ingev e u
1 t from thethe D wave) differs by at most 1~ percent fro

As was remarked in Part 1 tensor scattering at 3
l able to explore the tail of the potential, and

consequently there is little uniqueness to the ra ia
form which can be established from the 32-Mev data.
T ll t te this we may consider the Born approxima-oi usrae

I this approximation the trip. et i er
r art~ iscross section (considering only the nuclear p

proportional to

(r(8) [C't(8)+C'(x 8)+C(8)C(s —8)], —

C(8)= ~l V, (r/R)g2(Kr)rdr, K=2k sin8/2.
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corn ared to 5 wave and singletFK.'. 11. Best 6t at 32 Mev compar t
terin at 32 and 20 Mev. I. Singlet square wel

.273 Mev triplet tensor Yukawa potentialcm and depth 13. ev; ri
R=1.25X10 "cm and Vt =23 Mev (or S12Vg exp —r r

=18 Mev . II. S wave scattering.with R=1.6)(10 " cm and V =18 Mev .
III. Singlet scattering from Yukawa potential R=1.
cm and V, =49.350 Mev; no tensor forces.

Plots proportional to C(8) are shown in Fig. 12 as a
function of a[2kR sin(8/2)] where n has been adjusted
such that each model predicts almost the same scatter-
ing at 32 Mev. (Recall that the Yukawa potential with
8=1.25X10 " cm gave a good fit to the data w en
combined with a shallow singlet potential. ) From these
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plots we find that the following ranges are practically
equivalent with respect to the 32 Mev scattering:
R=3.8X10 " cm (square), R=1.0X10" cm (expo-
nential), R=1.25X10 " cm (Yukawa), R=2.0X10 "
cm' (exp( —r/R)/(r/R)').

In the plots of C(8) we have chosen the scale of the
abscissa such that n(2kR sin8/2) = 1 for 8=90' with a
k corresponding to 32 Mev. For other angles we move

up and down the abscissa according to sin8/2 (e.g. ,
to obtain the value for C(180') at 32 Mev read the
ordinate for an abscissa 2&). The 90' point at other ener-

gies can be readily located as it is given at an abscissa
which is the square root of the ratio of that energy to
32 Mev. Thus to obtain the value of C(90') at 350 Mev
read the ordinate at an abscissa of (350/32)&=3.30.

As the energy increases a large difference in the
scattering occurs between the various models. We shall
first adjust the range and depth of the tensor potential
to fit the data at 32 Mev, then examine the predictions
of the various models at 340 Mev. From the predictions
of the singlet cross section at 90' it seems reasonable to
allow approximately one-third of the nuclear scattering
at 32 Mev to be of tensor origin. This fixes the depths of
the tensor potentials for a given range. The requirement
that the tensor scattering at 32 Mev have sufBcient

angular variation to mask the singlet D wave sets limits
on the range of the potentials.

The 340-Mev cross section is comparable with the
fraction of the 32-Mev cross section attributed to tensor
scattering. The square, exponential and Yukawa poten-
tials all give too little scattering at 340 Mev (especially
around 90'). Shorter ranges for these forms would give
better agreement, but these ranges are incompatible
with the 32-Mev data. Comparison between the radial
forms indicates that a potential more singular than the
Yukawa might give agreement. It was found that a
tensor potential of the form exp (—r/R)/(r/R)' with
R=1.6X10 " cm and V&=&18 Mev gives a good fit

5 .e?
7

IC

?

.s

ofaR) sin-e
R

Fxo. 12. Born tensor scattering amplitude for various potentials.
The abscissa scale has been adjusted so that all potentials will give
the same angular distribution at 32 Mev as the Vukawa potential
with 8=1.25&(io "cm for a suitable choice of depth.

to both the 32- and the 340-Mev data (see Figs. 11
and 13).

In order to indicate the essential features of the
singular model, we again examine the curves in Fig. 12.
Clearly a square well of range 4&10—"cm gives scatter-
ing of the correct form to fit the 32 Mev data, while a
square well of range 1)&10 "cm gives 340-Mev scatter-
ing approximating to that predicted by the singular
model. By combining the shallow long range square
well with a deep short range square well (which will
not be explored by 32 Mev I' wave protons) scattering
approximating to that predicted by the singular model
can be obtained. Thus a strong tensor interaction at
distances less than 1X10 "cm is indicated by the 340-
Mev data, while the 32-Mev data gives evidence of
interaction at greater distances (i.e., of a, "tail" in the
terminology of potential models. )

C. Summary of Results

We have shown that the 32-Mev data can be fitted
by means of two combinations of central and tensor
force. These both have the radial dependence singular
for the tensor potential and shallow and cut oG for the
central potential. The best Gt is with a singlet square
well of range 2.6X10 " cm and Vg exp( —r/R)/(r/R)
radial dependence (with R= 1.25X10 " crn and
V, =&23 Mev) or with a more singular potential
V~ exp( —r/R)/(r/R)' with R=1.6X10 " cm and
V&=&18 Mev. These combinations give better fits to
the photographic data than to the counter data.

To fit the 340-Mev data we have shown that a
very singular tensor force must be used, such as the
exp( —r/R)/(r/R)'. The essential feature is that there
must be a strong interaction in regions less than
05&(10 "cm.

The best fit of the combined data is therefore obtained
by using the singular potential so adjusted that ap-
proximately one-third of the nuclear scattering at 32
Mev is accountable to tensor scattering.

It is clear that the present data are not sufFiciently
extensive to permit very precise specification of the
radial forms; however, in the foregoing summary we
have tried to emphasize the salient features of each
model.

The eBect of velocity dependent forces such as e L
was not considered in this report because, as was men-
tioned in the introduction, they were not found neces-
sary to fit the n —p scattering.

CONCLUSIONS

We have shown that it is possible to fit all the present

p —p data by means of a shallow central potential for
the singlet states and a singular tensor potential for
the triplet states.

Quite apart from the potential models assumed how-

ever, even the most casual comparison of the p —p data
at 32 Mev with the e —p ds, ta at 40 Mev and, especially
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a comparison of the 340 Mev p —p data with the 280
Mev n pd—ata shows that nuclear scattering is charge
dependent. This statement can be made more de6nite
by an examination of the extent to which scattering in
the odd parity triplet states can be tolerated in the
ss —p system Note from Fig. 3 that the tensor scatter-
ing adds about 4 mb jsteradian to the p —p cross section
at energies between 32 and 340 Mev so that the same
forces present in odd triplet e —p states would increase
the tota. l ts pcross—section by nearly —,'(47r)(4 mb) or
12 mb. However the measured ts —p cross section at;

90 Mev is 75 mb with less than 10 percent uncertainty
while the lowest value predicted by a tensor model
with only even parity states is 87 mb, so that an addi-
tional 12 mb is hard to tolerate. A similar situation
exists at 40 and 280 Mev. Alternatively, a Yukawa
tensor potential of range 1.35&&10 " cm must be 17.4
Mev deep to fit the 32 Mev data, while the maximum
allowable depth of the rr —p tensor potential for the
same states is 9 Mev (see Table III and Fig. 12, refer-
ence 6). We may further note that u I forces have the
same undesirable feature of increasing the n p to—tal
cross section.

It is possible that the radial dependences found
necessary for p —p scattering would be acceptable for
ts —p scattering even though the exchange behavior is
diBerent. A definite statement regarding this must
await detailed calculations, however.

Finally we must take notice of the fact that no large
repulsive forces have shown up in either the n —p or
the p —p system of sufficient magnitude to account for
nuclear saturation if saturation is to be predicted from
two body forces. In both cases they would have been
very easily detected in the scattering independent of
the potential model assumed.
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APPENDIX I
The triplet cross section is given by

~~/dO, = 1/3k' r, (~Zt +ZN, +N~*+Z N„N„),

I I I I
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Fro. 13. Complete cross section at 350 Mev for various tensor
models adjusted to 6t the 32-Mev data. The legend shows the
tensor model used. Data taken from reference 3.

where

. expI —i+in sin'(8/2) j expL —io.ln cos'(8/2) jR= n/2i
~

~

sin2(8/2) cos2(8/2)

N„= 2 [4'.(2l+1)7& expt 2i(~&—0.0) j(SlJme
I
SlOm, )

)&(S/Jm, —p, j Slpm, —p,)[exp(2i8IJ ') —1jF~"(8,@),
u=e /~v

th) —0'0= tan '(0.'/l)+tan '(n/l —1}+~ .+tan 'n

F~"(8, P) are the normalized tesseral harmonics and B~J'"' are the
customary (complex) phase shifts that occur in tensor scattering
(de6ned here in the presence of the Coulomb 6eld).

In Eq. {IA) the term involving ~R~s is just the usual triplet
Coulomb scattering and the terms Z„N„*Ã„are the usual nuclear
scattering. The remaining terms represent the interference be-
tween nuclear and Coulomb scattering.

In our calculations of the tensor scattering the Coulomb modi-
6cation of the nuclear phase shift was neglected as the expected
order of magnitude of this modihcation was very small compared
to the I' phase shifts. Further the nuclear-Coulomb interference
terms were calculated only for the I' wave part of the nuclear
scattering. These terms can then be written

981 (cos8) sinu1 sin pI
2k' S' C'—

g (-,' sin'81" +-', sin'BI~ ——6'A I~—-'A I")
9P1 (cos8) cosal cosp1

2km S C
X (-,' sinB10' cosb1 + 3 sinb1~ cosBI~+-6'-BI~+-'Bp') (2A)

where

lnS'+2(
P = lnC'+2(
S'= sin'8/2
C = cos28/2

A)J s ——Eefexp{2ibfJ s) —1j
BIJ s=ImleXp(2ibIJ 8)j

Equation (2A) reduces to the expression given by Breit, Kittel,
and Thaxton, Phys. Rev. 57, 255 (1940},when the coupling be-
tween the 3P2 and 'F2 scattering is neglected,


