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Non-Equilibrium Phenomena in a Bose-Einstein Gas. Part II. Heat Transfer*
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The model Bose-Einstein gas introduced in Part I is shown to yield superconductivity for heat transfer.
The temperature dependence and order of magnitude of the thermal conductivity are shown to be the same
as in liquid helium below the lambda-point.

I. INTRODUCTION
' /ART I of this paper' discussed the two basic modes

of wave propagation in a quasi-ideal Bose-Einstein
gas in which it was assumed that the relaxation time,
~, for readjustment of equilibrium in the numerical dis-
tribution of atoms among the lowest energy and the
higher energy states was very long compared with the
relaxation time for asymmetrical perturbations of the
velocity distribution within any one energy state.

Such a gas might be described as a binary mixture
of two semiphases, the low energy semiphase and the
high energy semiphase. The two basic modes of wave
propagation roughly correspond, respectively, (a) to
density waves and (b) to waves of concentration of one
semiphase in the mixture, Both modes of propagation
can exist only at frequencies large compared with 1/r,
while at lower frequencies than this both variations can
propagate only by di6usion, below the lambda-tem-
perature.

This general situation, with regard to concentration
waves, is essentially the same as that found in liquid
helium below the lambda-temperature, where heat
waves of suKciently high frequency can propagate
without appreciable attenuation as second sound. In
both the Bose-Einstein gas and liquid helium the
essential characteristic of the second mode of wave
propagation is a disturbance of the relative numerical
equilibrium between the populations of the two semi-
phases. Relaxation of this disturbance causes attenua-
tion of second sound in both cases simply because such
relaxation consists of population readjustments that
must exchange momentum between the semiphases due
to their relative motion, simulating mutual friction.

Meyer and Hand 6rst suggestecP' in 1947 that second
sound in He II involves a lack of thermal equilibrium
between the two semiphases: transitions from one semi-
phase to the other must take place within a certain time
of relaxation to adjust populations as well as energy
content to a new thermal equilibrium. Both in second
sound and in a heat current the two semiphases move
in opposite directions. Transitions, therefore, caus
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exchange of momentum; i.e., dissipation of mo-
mentum. ' ' A steady heat current was, therefore,
regarded as damped second sound. The times of
relaxation derived from steady heat Row xperiments
on this theory are identical with those derived from the
measured attenuation of second sound within the
accuracy of available data.

Gorter and Mellink later presented a theory of heat
conduction in He II using a hypothetical mutual friction
between the two component ffuids (here called semi-
phases), but in which no account is taken of the non-
equilibrium conditions existing. The momentum dis-
sipation derived in reference 4 is formally identical with
Gorter's "friction" only for the special case of zero
frequency and no net mass Row but otherwise the
theories are not equivalent.

In the present picture it is not the relative motion
between the two semiphases that calls the momentum
exchange into being, as would be the case if a true
friction existed. Momentum exchange occurs only when
the relative motion of the two fluids is such as to carry
each of them into a situation where thermal equilib-
rium would demand a different population distribution:
for example, steady motion down a temperature
gradient. It is only this type of transition which can
produce momentum exchange. Steady Row under iso-
thermal conditions is in fact characterized by super-
fluidity of the low energy semiphase: there is no de-
parture from equilibrium, no transitions are needed and
therefore no momentum exchange occurs. Mutual fric-
tion as such does not in fact exist, and the term is liable
to be misleading.

In the present paper the heat transfer in the Bose-
Einstein model due to propagation of concentration
oscillations is discussed, and it becomes apparent that,
except just at T~ and at O'K both basic modes of wave
propagation transfer heat with their respective phase
velocities. This is because both modes include a propor-
tion of concentration variations. %hen the frequency is
reduced sufficiently below 1/r the wave equations both

4 W. Band and L. Meyer, Phys. Rev. 74, 386 (1948).' L. Meyer and W. Band, Phys. Rev. 74, 394 (1948).' W. Band and L. Meyer, Phys. Rev. 76, 417 (1949).' C. J. Gorter, Phys. Rev. 74, 1544 (1948). C. J. Gorter and
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degenerate into diffusion equations. The density oscil-
lations become a diffusion of mass down a density
gradient, corresponding to the well-known fact that an
ideal Bose-Einstein gas loses its bulk elasticity below
the lambda-point. The present model would reduce to
the ideal gas if v were put zero. Provided ~ is not zero,
however, there exists a least frequency only below
which ordinary sound fails to propagate. This minimum
frequency increases from zero at Tq to a maximum
somewhat greater than 1/r and drops back toward zero
again as T approaches O'K. The model transmits
ordinary audiofrequency sound waves, but static meas-
urements of compressibility would yield zero bulk
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normal coordinates that diagonalize the Lagrangian are

Y*=Y cos8+Z sin8

Z*= Z cos8—Y sin8

where 8 is a given function of T Lreference 1, Eqs. (3.20)
and (3.18)j. The wave equations for the two basic
modes of vibration, neglecting all damping terms, are

V 'V'Y*= O'Y*/8t'

U22V'Z*= O'Z*/8P

where V, and V2 are given functions of T Lreference 1,
Eqs. (4.1), (4.2), and (4.4)].

Under conditions in which viscous forces on the walls
of the enclosure can be completely neglected, the only
appreciable damping is due to momentum exchanges
between the two semiphases occuring during their
relative motion due to transitions tending to restore
the population equilibrium. The momentum corre-
sponding to the coordinate Z is Z, and the rate of
exchange of this is Z/r. Changing to normal coordinates
this yields

Z/r =Z*(cos8)/a+ Y*(sin8)/r, (3)

O 0'i O2 0'~ O~ 0:S O'6 O'7 Os O'S iOTn

Frc. 1. Thermal conductivity as a function of temperature.

modulus, and there is strong dispersion of sound at very
low frequencies.

Thermal conductivity as determined by thermal dif-
fusion is proportional to the population relaxation time.
The ratio of conductivity to relaxation time is cal-
culated and found to have a similar form, as function
of temperature, to the conductivity of He II: starting
from a low value at Tq it rises rather sharply to a
maximum at about T=0.65' and drops again toward
zero with a simple power law as T approaches zero. (See
Fig. 1.) If the gas is arbitrarily given a density that sets
the lambda-temperature at 2'K, the mass of the atom
being equated to that of the helium atom, and the
relaxation time assumed to be 2X10~ sec. as found for
liquid He II, the peak thermal current is identical with
that found in He II under a temperature gradient of
about 0.001' per cm. The cube root law dependence of
the thermal current on temperature gradient observed
in He II' does not follow for this Bose-Einstein model
without special assumptions about the dependence of ~

on thermal current.

so that the wave equations may be written as

V 'r7'Y*= O'Y*/8t'+ (8Y*/8t) (sin8)/r

Ug'r7'Z*= O'Z*/8t'+ (8Z*/Bt) (c s8o)/r
(4)

Vy = sll18/2&7'. (6)

Density waves are also transmitted in second sound
proportional to sin8 and suGer attenuation and disper-
sion for all frequencies less than

From (1) it is apparent that the first mode carries heat
(concentration of high energy phase) proportional to
sin8, while the second mode carries heat proportional
to cos8, each with its respective phase velocity. Writing
Ap„ for the amplitude of the variations of the concen-
tration of the high energy semiphase, the total heat
transported by the two modes of propagation into
which these variations will divide is then equal to

e(h p„cos8V2+6p„sin8V&)

where e is the mean energy density of the high energy
semiphase.

The density waves transmitted in first sound suffer
attenuation and dispersion for all frequencies less than

II. THE WAVE EQUATIONS WITH ATTENUATION v2 ——cos8/2s r. (7)

Adopting the same notation as was used in reference

1, the displacement of the mass center of the mixture is
Y and the displacement of the high energy semiphase
relative to the mass center is proportional to Z. The

9 Keesom, Saris, and Meyer, Physica 7, 817 {1940).

If it is supposed that 7.=2X10 ' sec., as is required to
make the model agree as closely as possible with liquid
helium in its thermal conductivity, the frequencies v&

and v2 have values ranging between zero and about 80
cycles per sec. Their dependence on temperature, sup-
posing that r does not vary (which of course is entirely
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unlikely. ), would be identical with the curves for sin8

and costjt given in reference 1.
IV. MASS TRANSFER BY DIFFUSION

Consider a pure density oscillation v ith X=0 and

III. THERMAL TRANSFER BY DIFFUSION

In the limit of zero frequency both of Eqs. (4)
become diffusion equations:

Y*=Y cost)t, Z*= —Y sin8

Y=Y* cose —Z* sin8
(15)

V,2V'Y*= (sin8) Y'/.
I

V,2V'Z*= (cos8) Z'/r l

Consider a pure heat excitation such that Z alone oscil-

lates, while Y remains zero. We then have from (1)

Y~= Z sin8 and Z~= Z cos8

Ui2V'(Y cos8) = (1/r) sin8 cos8Y

Vi~t'(Y sin8) = (1/r) cos8 sin8Y
(16)

which again can be combined formally to give

V'Y= (1/r) sin8 cos8 {(cos8)/ VP+ (sin8)/ V2"- }Y. (17)

In the diffusion limit the wave equations (4) now
become

Z= Z* cos8+Y* sintsl

Y= Y* cos8 —Z* sin8=0

(9)
Writing V' Y=(Ap/p) Eq. (15) can be written as a
diffusion equation for mass:

The two diffusion equations can nov be written formally
as where

V(ap/p)=~Y, (18)

Vi2V'(Z sin8) = (sin'8) Z/r

V&'V'(Z cos8) = (cos'8) Z/r
(10)

PZ= {(sin'8)/rvii+(cos'8)/r V 2}Z

This equation will be accepted here as a reasonable
description of the dift'usion process resulting from a
combination of the two basic modes of transport.

Recalling that V'. Z=hp„/p„, and taking the diver-

gence of (11), we derive the equation for thermal dif-

fusion as before4 '

(12)

where C" is the specific heat and

D = r {(sin'8)/VP+ (cos'8)/ V' } (13)

Near T~ where t)I=O, D~7-V22, and the second mode
alone is responsible for thermal transport. At the tem-
perature T~ where 8= -,'~ concentration oscillations
divide equally between the two basic modes, and D
has its maximum:

T= T„D„...=8.{V,'V,'/(V, '+ V,') }. (14)

Near 0 K where 8=2~, D approaches the value 7.V~

and almost all the heat is transported by the first mode.

This separation into two normal modes in the diffusion

limit (zero frequency) is of course highly artificial, but
the diffusive process certainly goes over gradually from
the second form in (10) at 8=0 and Ti to the first form
in (10) at 8= -', ir at O'K. The two forms can be combined
into one equation which will at least formally take care
of the situation between the above two extremes: thus
multiplying the first Eq. (10) by sin8/Vi2, and the
second by cos8/Vi', and adding the two results we find

iI = (1/r) sin8 cos8 {(cos8)/UP+ (sin8)/Vi' } (19)

V. SUPERCONDUCTIVITY FOR HEAT

The anomalously high conductivity for heat follows
from a comparison between the result (12) and (13) of
the present paper, with the expression derived for
thermal current on the formal first-order perturbation
theory that neglected the presence of non-equilibrium
conditions. " Equation (2.13) of reference 10 gave for
the thermal conductivity below T&, approximately

&".=(35/4)(r-/~)(~'-/V)&'Tf(7/2)/f(3/2), (2o)

where r„ is the time of relaxation for asymmetrical per-
turbations of the velocity distribution in the high
energy semiphase. To compare this with (12) above we

note that as T &Ti Eq. (4.5) of refe—rence 1 leads to the

Io gl. Band, Phys. Rev. 75, 1937 (1949).

can be regarded as a "bulk viscosity. " In this zero fre-
quency limit there is no pressure gradient possible
under isothermal conditions, and it is not correct to
recast (16) into the form of a viscous flow under a
pressure gradient. The so-called "bulk viscosity"
vanishes at Tq and again at O'K, having a maximum
at T& where 8= ~ ~. The physical reason for the existence
of this "bulk viscosity" is that, except at the two ex-
tremes of temperature just mentioned, density waves
split into two components —the two normal modes —in
each of which there exists relative motion between the
two semiphases and a momentum exchange between
them that causes attenuation. Although the concen-
tration variations thus present in each mode cancel
cack other initially, they get transmitted with dif-
ferent speeds, and the two attenuation processes exist
independently.
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result

V2'~(5/4)(p /p)(f'/p)
= (5/4)(p /p)(kT/p) 9 /V)f (5/2)/1 (3/2)

while

PC = (15/4) (P.k/222) {(5/2)/f (3/2),

so that the conductivity given by (12) is

K„.„„~pC V22= (75/16) (r/222) (X„/V)
X (p.p /p')k'T {f(5/2)/0(3/2) }' (21)

The order of magnitude of the ratio between the two
expressions for conductivity is essentially the same as
the ratio between the two relaxation times

Knon-eq Kpert (&l&n)(pnpa/p ) ~ (22)

On the present model r)&r„, so that as soon as T is

appreciably below Tz, Eq. (22) yields an anomalously
large value for E,„,~. If r„ is assumed to be of the
order 10 ' sec. and r as above is of the order 10 ' sec. ,
the jump in conductivity is of the order 10' times the
normal conductivity.

To obtain the complete temperature dependence of
thermal conductivity below the. lambda-point, we use

Eq. (4.4) of reference 1 for V22 and V22 in (13), and
write

C = (15/4) (T/Ti, )«(k/222) |'(5/2)/f'(3/2)
(23)

I'/p. = (kT/ )f(5/2)/{ (3/2)

This yields

K„...,/r = (25/4) (T/Tg) '"(pk2/2222)

&& {f (5/2)/f'(3/2) }2[(sin28)/ {1+[1—3x(1—x)]«}
+(costt«)/{1 —[1—3x(1—x)]«}], (24)

where

x= p /p= (T/Ti)«and tan28= [x(1—x)]«/(2x —1).

Choosing p=0.095 and m equal to the mass of the
helium atom, so that (see reference 10) the lambda-
transition occurs at 2'K, we calculate the curve given

by (24) and find the result shown in Fig. 1. The simi-

larity of this curve with the observed curve for thermal
currents in liquid helium as a function of 1,' is very
remarkable. In particular, if the same r-value is as-

sumed as for liquid helium, namely 2&(10 ' sec. , the
value of K given by (24) coincides with the observed
conductivity in liquid helium when the temperature

gradient is about 0.001' per cm. As mentioned in
Section I, however, the dependence of the heat current
on the cube root of the temperature gradient observed
in liquid helium is not given on the present model
without similar special considerations regarding the
dependence of r on the current to those already pro-
posed in connection with liquid helium. '

VI. GONCLTJSIONS

The Bose-Einstein model here discussed evidently
succeeds in reproducing qualitatively the second sound
and thermal characteristics of liquid helium, but at the
same time reduces first sound to a similar behavior with
second sound. In fact, 6rst sound exists in the Bose-
Einstein model below T~ only as an effect of the "elas-
ticity" associated with concentration variations. This
can be seen in the following way. From reference 1 it is
evident that the velocity of transmission, V&, depends
on the volume elasticity only through the expression

f P2($2—E/gp2) p(gF/gp) 2x2(g2E/gx2)

In the Bose-Einstein model E t2: x'~2/p is exactly propor-
tional to the volume so the expression for the isothermal
bulk elasticity

2P'(~'&/~P')*+ P(~&/~P)*

vanishes identically. The expression for f thus remains
finite only because of the term in (828/Bx'), .

Nevertheless, as was shown in reference 1, the
velocity of propagation of first sound below T& as
derived from this surviving term has the expected value

(SP/3p) «just below T&, and (SP/3P„) «at low T.
This result is not a peculiarity of the particular rela-

tion" assumed between p„/p and temperature; it
remains valid even for the model in which (p /p)
~ (T/Tz)2 where k is any number, so long as E~ (1/p).

It must, therefore, be admitted that while the Bose-
Einstein model reproduces with very remarkable
6delity the second-sound and thermal characteristics of
liquid helium, it fails completely in its isothermal elastic
properties. This failure is not very surprising, however,
and may fairly be regarded as a natural consequence of
the fact that helium is liquid while the Bose-Einstein
model is a gas.

"G. E. Uhlenbeck and E. A. Uehling, Phys. Rev. 39, 1014
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