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expansion of the field, since the particle is actually
spread out over a finite region in the space of its mean-
position variable. From this point of view the explicit
appearance of the magnetic-moment interaction and
the accompanying spin-orbit interaction in the Hamil-
tonian is to be expected. In fact, the term in divE,
which has previously been regarded as of rather mys-
terious origin, can now also easily be understood since
it comes from the fact that the electric charge in the
new representation is also spread out over a finite
region. In a static potential, the particle then moves
according to a suitable average of the potential over
this region. But in lowest order such an averaging
process is known to lead to a term proportional to the
Laplacian of the potential and this is just the character
of the term in divE.

(In employing a finite number of terms in a Hamil-
tonian such as (35) it must be remembered that wave
functions, transition matrix elements, and expectation
values of operators computed from the Hamiltonian are
only correct to terms of the order in (1/m) to which
terms in the Hamiltonian are retained. Thus in the case
of (36) it would not be consistent to retain only terms of
order (1/m) in the Hamiltonian and then to employ
terms of this order in second-order perturbation theory
where they generate terms of order (1/m)2.)
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The method employed above for reducing the Hamil-
tonian to non-relativistic two-component form for the
case of interaction with an external electromagnetic
field can be employed generally for interaction of a
Dirac particle with any type of external field, such as
various types of meson fields. With meson fields one
obtains, in different cases, various types of spin inter-
action with the meson field and also various types of
spin-orbit coupling terms such as have been employed
in discussions of spin-orbit coupling in nuclei. The dis-
cussion of the reduction to non-relativistic form in the
case of the many-particle theory is left for a later com-
munication.

ACKNOWLEDGMENTS

This investigation arose out of a conversation between
the authors and Dr. A. S. Wightman to whom we are
indebted for subsequent valuable discussions on this
subject. One of the authors (L.L.F.) wishes to express
his gratitude to the University of Rochester for the
hospitality extended to him in the period in which this
work was initiated. This work was supported at Case
Institute of Technology by the AEC and at the Uni-
versity of Rochester by the joint program of the ONR
and the AEC.

PHYSICAL REVIEW

VOLUME 78,

NUMBER 1 APRIL 1, 1950

The Nucleon Magnetic Moment in Meson Pair Theories
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The contribution to the nucleon magnetic moment from an interaction of the nucleon with a spinor or
scalar meson pair field is calculated. In both cases it is found to be logarithmically divergent.

HE covariant formulation of the pseudoscalar

meson theory! together with the concepts of
mass and charge renormalization® were applied by Case?
to the computation of the anomalous magnetic moment
of nucleons. He showed that finite results are then
obtained. This is essentially due to the fact that one is
now able to isolate and incorporate® the divergences
into the mass and charge of the nucleon field thus
leaving a convergent expression for the magnetic mo-
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Luttinger, Helv. Phys. Acta 21, 483 (1948); M. Slotnick and
W. Heitler, Phys. Rev. 75, 1645 (1949); S. D. Drell, Phys. Rev.
76, 427 (1949),

ment. This separation of the reactive terms represents
an improvement over the previous treatment of this
and related problems.* On the other hand, divergence
difficulties are still encountered in the magnetic moment
calculation based on the vector meson theory with
tensor coupling.’

It is the aim of this note to report on the application
of the renormalization program to the computation of
nucleon magnetic moments by assuming a meson pair
interaction (containing no derivatives of the fields)
between the heavy particles. Two cases have been
considered for the meson field, namely, the scalar (or
pseudoscalar, which here amounts to the same) and the

4 Finite results for the nucleon magnetic moment were previ-
ously obtained by J. M. Jauch (Phys. Rev. 63, 334 (1943)) in
the conventional theory by using the lambda-limiting process;
the nucleon field was treated non-relativistically.

8 K. M. Case, Phys. Rev. 75, 1440 (1949).
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spinor one. The assumption that interactions of the type
here investigated might partially contribute to the
magnetic moment of nucleons is not without physical
interest; indeed, the present stage of the theory of
beta-decay as well as of the nuclear capture of negative
mu-mesons does not seem to exclude® such couplings as
are dealt with in this paper.

The result obtained from an interaction of the nucleon
field with a spinor or a (bilinearly coupled) scalar meson
field is that, even after renormalization is effected, the
magnetic moment still diverges. This is not unexpected.
It is a well known fact? that the meson pair theories
give rise to nucleonic interactions strongly singular at
small distances and it is reasonable to expect from these
theories results more singular than those from the
linear theories.

1. Let us first consider the case of a pair interaction
of the nucleon field ¢ with a scalar meson field ¢,. We
shall use the four-dimensional isotopic spin formalism
introduced by Case.? ¢, is a set of four real scalar fields;
¢1 and ¢, describe each positively and negatively
charged mesons; ¢3 describes the neutral mesons which
are superposed to the charged ones in a symmetrical
theory ; ¢4 is another neutral meson field. The first three
components of the isotopic spin 7, are the conventional
matrices 71, T2, 73, the eigenvalue +1 of 73 corresponding
to a neutron, —1 to a proton; 74 is the unity operator
in isotopic spin space.

In the interaction representation, the nucleon and
scalar fields obey the uncoupled equations of motion
and satisfy the following commutation rules (in units
#and ¢):

[¢a(x), ¢p(x) J=1apA(x—2") ;
{Yu(x), J,(x’)} =—iSu(x—2"); (1)
(@), ¥u(2)} = {Yu(x), §(2")} =0.

The index u corresponds to both spin and isotopic spin
components; also:*

S(x)=Sp(x)rp+Sv(®)N, (2)
n=%(1473). 3)

The interaction hamiltonian density for the system
meson-nucleon field in an external electromagnetic field
A, is the following:

re=3(1=r3);

H=H'+He+ Hy™, @)
H' =} fuaba>+ fiah7 bbb (5)
Hyxt= _ie‘;'YuTPKbAm (6)

Hyext= —eA,{p1(s/d%,) — p2(36p1/0%,) }
+(¢¥/2){ 4,24 (mAr)?} (o2 +922).  (7)

(1'1.)Tiomno and J. A. Wheeler, Rev. Mod. Phys. 21, 144, 153
949).

7See S. Hjalmars, Arkiv. f. Fysik 1, No. 3 (1949); O. Brulin,
Arkiv. f. Fysik 1, No. 4, 5 (1949), and references therein.

* The functions A and Sp are defined as in J. Schwinger, Phys.
Rev. 74, 1439 (1948) and refer to particles with mass « and Mp,
respectively.
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H' is the interaction of the nucleon with the pair field.
The f’s are the coupling constants; the summation over
a runs from 1 to 4, over ¢ from 1 to 3. H;*** and H,***
describe the interaction of the nucleon and meson
currents, respectively, with the external electromagnetic
field. The charge conjugated expressions have been
omitted from (4) which is always permissible provided
that one replaces the vacuum expectation value of
expressions of the type ¥(x)¢(x) by zero.

The Hamiltonian (5) can be expressed in the following
compact form:

H' =3 fuglratsbbats, 8

where the summation over o and g runs from 1 to 4;
fap=foa. Gauge invariance requires further that fi;= fs;
J1s=f24. The several possibilities regarding the charge
of a meson pair are specified by the following choice of
coupling constants:

Charged pair theory:

f1a=f250;
Symmetrical pair theory:

Sua=fu#0;  fu=f2#0; f53520;
the other f’s=0. 9

Neutral pair theory:
Juu=f22#0; fu#0; other f's=0.

The effective interaction Hamiltonian from which the
nucleon magnetic moment can be evaluated in the
order ef? is:

the other f’s=0.

Hi=H,+H,, (10)
where:
(—1)? i}
= 2’ f [ dxayp(—icpanrp (zo ),
5 fatl () Taral () ba () bs (),
rd @y (3)ey(Mde(y)}; (11)

Ha= (—;)2 f f dxdyP

X [ —eAu(xo)[dn(xo)

A2 (o)
P2(x0)

X, o,

\3¢>1(xo)]

%fﬂﬁ‘i/ (x) Ta‘rﬁ’lb (x)¢a (x)¢ﬂ (x)a
3y D)y b (5)r (3)64(3) } . (12)

the integrations are over the four-dimensional space
and P is the chronological ordering operator introduced
by Dyson.?

We need to evaluate the expectation value of (10)
for the state defined by the meson vacuum and one
nucleon present in the field. The meson vacuum
expectation values of the P-brackets occurring in (11)
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and (12) are:

<P{¢“(x)¢ﬂ(x)’ ¢~/()’)¢¢(y) })0
=% (8ayOset Saclpy)AF*(x—7Y);

d¢2(x0) 9¢1(0)
(Plom= ) gt -,

x“ Xu

0e(D)85(2), $x9)6(9) }}

0

= %{ (5101627_ 51752a)5ﬂe+ (51a52e— 8166211)551

+ (81802y— B1y028) 8aet (81602 — 01¢828) 8o |
aAp(xo—y)
X1 Ar(xe—x)————
dx,0
9AF(xo—x)
—Ap(xo—y)————Ar(x—7Y);
Xu

Ar(x) is the Feynman function.**

The one-nucleon expectation value of the P-brackets
containing ¥, ¥ can be evaluated along the lines indi-
cated by Dyson? and Case The expressions thus
obtained give the following expectation value for (10):

<He£f> = Hla+ H1b+ (H2>;
where:

ie
H,*= —ng,,gfﬂA,, f f dxdyTrace

XA Sr(xo—x)urpSr(x—%0)Tats}
X { 8ayBaetBaedpy J AR (X — YW (M) Tyrab(y)  (13)

describes the vacuum polarization by meson pairs
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emitted by the nucleon and vanishes on account of :***

Trace{Sr(xo—x)vuTpSr(x—x0)7ats} =0.  (14)

Furthermore:

ie
H1b= g;faﬁzA“ffdxdyl; (x)TaTﬂSF (xO—' x)

X¥urpSr(y—x0) (Tats+ 757 )Y (VAP (x—y)  (15)

is the analog of the Lamb-shift in the electromagnetic
problem. Finally:

e
<H2>=%fuquyffdxd)’J/(x)TaSF(}"“x)‘/’()’)

IAF(x0—7y)
s
dx,°
OAp(xo—x)
—Ap(xo— — tAr(x—y) (16)

n

corresponds to the interaction of the meson current with
the external electromagnetic field; (H,) has opposite
signs for neutron and proton and vanishes in a neutral
pair theory (see relations (9) above).

Both (15) and (16) give a logarithmically divergent
contribution to the magnetic moment. The divergence
comes from the occurrence of the extra factor Ap(x-—7y)
in the integrand as compared to the expression of the
linear theory; the number of Ap-functions in (15) and
(16) corresponds physically to the emission and re-
absorption of a meson pair by the nucleon. The diver-
gent character of H,® and (H,) can best be seen by
transforming them into momentum space. H,® is found
to be proportional to the following integral:

[ A ffd“kd“k"p(xO)TaTﬂ{t’YX(P)‘ _k)\—k)") M}"/uTP{z'Y (P _k k l) M}Taﬁlp(xo)
{(PY = o= BV M2} ((Pa—ba— b Yo M2} [ ) (B 2)

Tap= 15 (1aTs+767a),

f dx f WYy,

where M = M p=My. I can be expressed in the following form:
d'k’
I=24 f
k 1:
where:

Y(xo)rara{ i (QN — k) — M) v,urp{iv,(Qu— kW) — M | Tag (o)

e o

{(-a+-Ch)*+ B
A'=P'—k'; O=P\—k'; G=y{k'—[(P\—Ps+P]};
B*=(1—y)+[="* =2k ((P\' — Py)x+Py) Jy—
With k\+Ch=uy, the integration over k& becomes:
Ju=Tyt T2,

** See Case, reference 3, Eq. (23).

** A more general proof of the vanishing of the vacuum polarization for certain types of coupling is given by Case,

reference 3, Appendix A.
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where:

Iu= [ dhef () @ OO = M e i, Qo Co) = M )7 x)

Jo is a logarithmically divergent integral; it can be
discarded since it is independent of the nucleon momen-
tum transfer and does, therefore, give no contribution
to the magnetic moment. The integration in Jy, is
easily carried out and it is found that II,® is proportional

to: _
¥ (x0) T (%0)

1 1 d4k’
A fdxf ydyf
o ke B

Tu=ram{im(QV+C)— M}
XYt {1y(QutC,) — M} 1ag.

The analysis for (H,) can be carried out in a similar
manner.

After elimination of the renormalization terms—
those independent of the nucleon momentum transfer—
we are left with a logarithmically divergent magnetic
moment which, apart from numerical coefficients, is
roughly of the form:

an

k;adk/

- aa2 142 M -
(~Sfa+ i) f ey

for the proton:
© kPdR
By -
o (B4 (k4 M?)
for a neutron.
We see that the divergence of the magnetic moment
is not removed by separation of the renormalization
terms.

2. For an interaction of the nucleons with a spinor
field ¢, (5) and (7) are replaced by:

H'=3geglrared@res’¢;  Tag' =3 (1a'18'+75'7");
Hy*t= —iezy, 1.0,
g«8=gse are the coupling constants; the dash indicates
that 7’ refers to the light spinor particles. 7, and 7, are
analogous to 7p and 7y in (3).
H,° also vanishes in the present case. H;® and (H,)
are now as follows:

ie R
Hi=—=gutrd, f f dxdyl(x)

X 7a78S F(Xo— 2)v,7pS (Y= %0) T (¥)

X Trace{r,Sr' (x—y)7a6'SF (y—2)}; (18)

?

(142 + B2)3

H ° A dxdyp
( 2)—6—4§aagw uff xdyp(x)

X 1a1aSr(x—y)7y7 b (y)Trace {Sr' (xo—y)
XVu/1eSF (= x0)7ag"SE' (v—2)7},  (19)
where:
SF' () =Sror+SP7,.
Thus, for a proton:
ie

Hut=—— gy | [ asisho(@)ser—s

XvuSeF (y— 2o )Y p(y) Trace{Sré(y—x)
XSr(x—y)+Sr*(y—x)Sr(x—y)};

ie _
(Hap)= Rg 14§ 24AnffdxdWP (®)SFN (y—2)¥p(y)

X Trace{Sre(xo—y)vs Sre(x—x0)Sr*(y—2x)}.
and for a neutron:

ie

Hwb= —'6—4g14g24A,,f fdxdyxf;v(x)SpP(xo— x)
XyuSrP(y—xo)¥n (y) Trace{Sr(y—x)Sr(x—)};
(Haw)=— ;68 148244, f fdxdy[?NS PP(y— 2w (y)

X Trace{Sr*(xo— )7s'Sre(x—%0)Sr(y—2x)} .

The same conclusion is also reached here, namely,
that from both (18) and (19) a logarithmically divergent
magnetic moment is derived, as in the scalar pair
theory.

In conclusion, the author would like to express his
appreciation to Professor Oppenheimer for the kind
hospitality extended him at the Institute for Advanced
Study and to him, to Dr. A. Pais and to Dr. R. Karplus
for helpful discussions.



