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Stationary-state perturbation theory is applied to the problem of #-d scattering at high neutron energies.
The Born approximation is used and exchange, but not tensor, forces are considered. It is shown that the
n-d cross section, even in the case of general exchange forces, is made up of three distinct contributions:
the cross sections for the scattering of the incoming neutron from the bound proton or neutron, respectively,
averaged over the momentum distribution of the particle in the deuteron; and the cross-terms due to inter-

ference and the Pauli principle.

HIS paper is an attempt to establish a general
formulation for the »-d cross section at high
energies, assuming an exchange but not a tensor type
of nuclear interaction and using the Born approxima-
tion. The usual time-dependent perturbation theory
leads to some difficulties when applied to this problem.
Hence our emphasis shall be to show that a stationary-
state perturbation theory, using a symbolic expansion
for certain operators, can be used to derive the desired
formulas.

It will be shown that one can always split the n-d
cross section into three parts: (1) the cross section for
the scattering of the incoming neutron from the bound
proton, averaged over the momentum distribution of
the proton in the deuteron; (2) the cross section for the
scattering of the incoming neutron from the bound
neutron, averaged over the momentum distribution of
the neutron in the deuteron; (3) cross-terms due to
interference because of the presence of two scattering
centers and due to the operation of the Pauli principle.

We shall illustrate our method by treating the
problem with Wigner forces alone, i.e., we assume no
exchange forces of any kind.

I. WIGNER FORCES

In order to effect the separation of the scattering
from the proton and the neutron, we shall retain the
laboratory system of coordinates, although we occa-
sionally make use of the relative coordinates between
any two of the particles.

Let particles 1, 2, and 3 denote the bound proton,
bound neutron, and incoming neutron, respectively,
each of mass M. Then the coordinates are designated
r1, 73, and r3, respectively.! We shall further introduce
relative coordinates between particles 1 and 2, i.e.,

r=r—rs 1)
Introduce the following momenta in the laboratory
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1We shall omit making a distinction between the writing of
vectorial and scalar quantities, since the meaning should be clear
from the context.

system.

/before collision: po
Incoming neutron\
after collision: p

before collision: zero
Deuteron particle 1: p’
\after collision<
particle 2: p"”.

We define ¢:(r,{) and y,(r, {), respectively, as the
initial and final wave function of the three-particle
system. Further, E; and E, are total final and total
initial energies of the system. We shall have occasion
to use the quantity E,° the final energy of binding
between particles 1 and 2. Thus we have

Ef=(1/2M)(p*+p"+ "), (2)
Ei=(po*/2M)— ¢, 3)

where M is the average mass of the nucleons and e is
the binding energy of the deuteron.

It turns out that, if we wish to find an expression for
ona by means of the usual time-dependent perturbation
theory, this procedure leads to difficulties when the
Pauli principle is considered. These arise from the fact
that, in such a treatment, the small magnitude of the
potential between the particles in the deuteron, com-
pared to the Hamiltonian of the entire system, is con-
sidered at a very late stage of the treatment. We shall
here use a stationary-state perturbation theory that
makes use of this fact as early as possible.

Denote the nuclear potential between neutron and
proton by V,,(ri—r2), and set

Vmi:'Vﬂp(rl'_73>+Vnn(r'l—73)- (4)
Also introduce the notation
H=H+ Vs, (5)
where
H0= (——h2/2M) (V12+ V22+ ng) (6)
and
Vie= Vnp("l—f2)- (7)

The wave function ¢ of the entire system will be
understood to contain a spin-dependent part, but the
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potentials are spin-independent. Thus, let

y=exp[— (i/h)(Ei+in)t]s, )

i.e., ¢ describes the wave function with the time sup-
pressed. Here n denotes a small imaginary contribution
to the energy E;, and eventually we shall let 5 go to
zero. In essence then, n will serve as a convergence
factor in our integrations. Thus,

(Eitin)p=(H+Vra)o. &)

Thus, if we write ¢; for the solution of the homogeneous
equation corresponding to Eq. (9), we may write
symbolically

1
$=dit—————V . (10)
Ei'—H'i—l?)
If we set
¢= ¢z+ ¢xc (1 1)
and recall Eq. (8), we get, in the Born approximation,
1
boe=—————"""""Vnat. (12)
E,—Hoyt+in—Vy
Expanding, because V1, is so small, we find
1
el
E;—Ho+1in
1 1
+ . Vu R ]Vndqsi- (13)
E;—Hoytin E—Hytin

Thus, we find that ¢,. gets broken up into a main term
and a correction term to it.

Now we examine the commutability of Hy and V..
We know that

(HoVi2—VH)Ep=(E—E") (Vi) rE, (14)

where E and E’ are eigenvalues of Hy. Now if we choose
any model for Vi, (say a Yukawa potential, for in-
stance), we see at once that (V1) gg- is significant? only
when E—E' < {p)w/M. Thus [H,, V12] is almost but
not quite zero. Consider now, however, that V1, occurs
only in the correction term of (13). Thus the non-
commutability of Vi, with Hy is only a correction to
the correction and we shall ignore this in the approxima-
tion to which we are working.

Recall now that, for the purpose of this section, we
have assumed only Wigner potentials so that V;, and
Vna commute. Further, V,s and H, commute, so far
as the second term of (13) is concerned, by an argument
analogous to that presented above for V', and Ho. Thus
¢.c becomes

1 1
¢sc Vnd 1+"_——_—'._'V12]¢i. (15)

" Ei—Hotin Ei—Ho—in

2 Here we have set "' = p4 to indicate more clearly that we are
dealing with the relative energy in the deuteron.
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Now we may set
Vizpi=(—e—T12) i, (16)

where T is the kinetic-energy operator corresponding
to the potential operator V. Now re-express ¢; as a
superposition of plane waves:

1 7
¢.~=—eXp( po-rs)x(fx~rz), a7

w2 /)
where we recognize x(r;—r;) to be the wave function
of the deuteron and W denotes a large volume to which
we normalize. Thus if we denote the momentum trans-
form of x(r) by ®(p"”"), we may write

)
o]

T
i
Xf exp[;pd- (7‘1“ 72)]¢‘(Pd)dpd- (18)
Hence,
T120i=T12(pa) 9, (19)
where
T1o(pa)=ps/M. (20)
Symbolically we may write
i
$i=2_ Gm eXp[};pdm(n— rz)] =32 bim, (21)
so that
1 T1o(pam)+e
¢’ac=z - — nd{ S — } (22)
m E;—Ho+in E—Ho+1in

If now we write E,= E,°— e and recall that Ty, is small,
we may say that

1
=Z -
m ESTr1o(pam) — Ho+in

Psc Vnd¢imy (23)

where we have permuted V,; in analogy with our
previous argument.

We must now meet the condition laid down by the
Pauli principle and antisymmetrize the wave function
¢ in particles 2 and 3. Let us call the antisymmetrized
wave function ¢= ¢+ ... Then denoting the particles
in the deuteron by a bar, we have

1 — —
=—16:3,12)—9:(2,13)], 24
¢ \/ZE¢( )—9i(2,13)] (24)

1 — —
sc ™ | Psc 3, 12)— 8¢ 2, 13)]. 25
¢ \/2[¢ (3,12)— (2, 13) ] (25)

The fact that the normalization constant of ¢ is indeed
1/V2 to an approximation consistent with the solution
of our problem is proved in Appendix B,
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The derivation of the cross section now proceeds as
follows: the probability of finding the system in a
certain final state ““f,” where the deuteron is disrupted
and all three particles have certain definite momenta,
is given by

[o[*= 1 (4" uc) |* (26)

[0 *=exp(2nt/h) | (¢/°, ) |*.

Thus the total transition probability is given by

or

(27)

d
we— f (6%, $:)|pss exp(2ni/)E;,  (28)

where pgy is the density of states with energy Ej, i.e.,

prrdEy=W?3dpdp'dp" / I°. (29)
Hence,
ona=3% 2 i(W/po/ M) (dw/d1), (30)

where the factor § >_; merely expresses the fact that
we must average over the six equally likely initial spin
states of a three-nucleon system.

Our next task, therefore, is the evaluation of the
quantity |(¢,°, @..)|2 For this purpose, we shall recall
that, by Eq. (23), ¢.. involves V.4 and, further, that
Vna is made up of V,, and V.. [see Eq. (4)]. Thus
there will be contributions to ¢, from V., and V..
which we shall denote by ¢,.* and ¢,.5, respectively.
These will give rise to contributions to ¢.s which will
be denoted by ¢4 and o, respectively. In addition, ona
will have a cross-term o¢ arising from the mixing of
é..4 and ¢,.2. We shall first consider 4.

1. Evaluation of o4

Here we need to examine

1 1
(@', $uct) = (¢ =X de’m)
4 4 \/_ m E,0+ le(Pdm)—‘HO"i_in

I 1
(on2s |
V2 &k ESTre(par)— Hot-1n

v¢) (31)

Now examine the first matrix element in (31). This
involves the wave function

i
¢f"~exp[~f;(p'-r1+p" 'rz+1>'fa)], (32)

z
¢¢m°*~eXp[;pdm(rz— r1) ] (33)

We see that the momentum of coordinate 7, is un-
changed, and thus
Pan=17". (34)

Further, the second matrix element of (34) involves ¢;°
and Iy, and again the momentum of coordinate 7,
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is unchanged, yielding

Dar= P”. (35)
We may therefore rewrite (34) as
/", $ect) (¢° U=l p¢) 2
/'y Psc 'y VI np@Pi
1 2
X . (6
E+ Tm(P”) - Ef°+ i

Now let us permit » to approach zero. Use the relation

lim =7(x).

0 22+ n?

(37)
Then

1 W \2r [ (0/° (1—1I33)V npbs)
UA_gZi:(po/M);f 2

AR i i
X
M

2

)PEjdEf. (38)

Now note that (1—17,;) may be applied to ¢,° by virtue
of the commutability of (1—72;) with H,. Further, we
have the operator

(1=1Iy)p=2(1—12), (39)
so that
| (¢f0) (1—123)Vnp¢1')|2 . i
) =|(¢f05 I/ﬂp¢t)[2
- (¢f07 Vnp¢i) (¢zr Vnpl23¢f0)- (40)

In analogy with Eq. (40), we shall break up o4 into
TA1 and TA2.

First examine ¢4;. Since it is our aim to reduce this
cross section to one equivalent to the collision of two
particles, we must reduce out the extraneous space
coordinate 7, referring to the neutron not concerned in
V .p(ri—r3). For this purpose, let

=9, (41)

where » denotes the spin function of the three-particle
system.

Using Eq. (1), the momentum transform for x(r),
writing the é-function in terms of its integral repre-
sentation, and finally replacing —p”’ by pa, we get

g—A1=% ; ; hhj:oW f\ fl‘fus,,,,(rl— r3)Tiwidridrs
X |®(pa) | * expL (iIN/2M) (p*+ p"*— pa*— p0*) ]
XdNdpdp'dpa, (42)

Iy=exp[— (i/h)(p-rs+p"-r)], (43)

T.=exp[+ (@/h)(po-rs+ pa-r1) ] (44)

2

where
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On the other hand, consider now the collision of a
neutron of momentum p, with a proton of momentum
pa. It is easily verified that, in the Born approximation,
the cross section for this two-particle collision is given by

1
ond(po—pa) =; 2;, Ef: m

X f]fI‘/Efvnp(fl“fg)I‘iE,'dfxdf;;

Xexp[ (iN/2M)(p*+p"*— po*— pa*) JANdpdp,

where £ is the spin wave function of this two-particle
system, each particle having spin 3.
In case V,, is spin-independent, it is evident that?

(45)

§ i | (| Vap v | 2=5 i 7 (& Vap| £]2% (46)
Thus we see that
| po— pal
o= [ (i | #(00) |dps, (4T

o

i.e., ga1={0np)n, Where (o,,)n expresses the cross
section for the collision between the incoming neutron
of momentum p, with the proton of momentum pg4
averaged over the momentum distribution of the
proton.

It may be worth noting in passing that (o.,)a can be
expanded for the case of high p,, to yield

(‘Tnp>kv = U'np(PO)
+5((pa®)a/ p0®)(@*/dpo*) { po’onp(po) -

An examination of o4. shows that it is a correction
term arising in the Pauli principle treatment only by
virtue of the finite binding between particles 1 and 2.
We can easily verify that o4, vanishes for the case of
no binding between particles 1 and 2. This is a result we
must require physically, since the mere presence of the
extra neutron number 2 should not influence the #-p
scattering in the case where we have three free particles.

(48)

2. Evaluation of o3

By an analogous but slightly more involved treat-
ment than that for o4, we can show that

a'BzfMa’nn(Po-Pd)ltb(Pd)lzde, (49)

0

where o..(po— pa) represents the Born cross section for
the collision of a neutron of momentum p, with a
neutron of momentum pg, taking due account of the
Pauli principle operating between the two neutrons.
Thus 65= {0 nn)a-

3 Actually, it can be proved that relation (46) holds for any

potential where the spin-dependent part is of the form
(M1ty201°09).
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3. Cross-Term

The cross-term with which we are left is given by an
expression that involves the product of two matrix
elements of type (31), with the first one containing V,,
and the second one V,,. Thus the first matrix element
yields Pgn,=p"" and the second one pa.=p’, which
seems to present complications. Recall now, however,
that the cross-term is of the order of a correction term
to onq. In first approximation, therefore, we may set
pan=pam and obtain

1 W \2m
‘70=‘Z( )—-Ref(d)f“, (1=133)V nps)
6 i \po/M/ h

X (¢f0, (1 - 123) Vnnd)t')*

” (p2+1z'2—p"2—1>02)

psdEs.  (50)

Professor Hans A. Bethe has recently shown! that
this cross-term can be evaluated in good approximation
using elementary interference theory. The method used
in this evaluation corresponds to neglecting the second
term in Eq. (48) and the corresponding term in the
expression for the #-»n portion. In particular, Professor
Bethe finds that the interference term depends strongly
on the spin dependence of the forces. For the case of
spin independence, the cross-term is of the order of o pn.
Assuming a reasonable spin dependence, he finds that
the cross-term is probably smaller than opn.

II. SPIN AND SPACE EXCHANGE FORCES
Let us consider the potentials to be given by
Vap(ri—rs)=(a14b101-035) (c1Hd1P1s) A np(ri—rs), (31)
Voun(ra—1r3) = (as+b20s- 03) (cat-daPas) Bun(ra—rs), (52)

where P stands for space exchange. In this case, @,. is
more complicated and may be written as

¢sc= ¢sc.0+ ¢8£,X7 (53)
with
1 5 1 -
¢xc, 0= ndd)im
V2 m EL4Trs(pam)— Hot1n
! > ! V (54)
——1s3  naik
V2 t ES4To(pax) — Ho+1n
and
e ! Vi Vaadss (55)
Bac A= ( ) 2, Vnd®i.
* V2 E—~H+ 1.71 l ’
Thus the cross section is proportional to
] (d’/ox ¢80) |2= l (¢f0: ¢sc, 0) |2+ | (d’foy ¢ac. )\) ' 2
+ 2Re(¢f07 ¢-!c, 0) (¢8L\ Ay ¢/0) ) (56)

+H. A. Bethe (private communication).
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and we may introduce an equivalent notation for the
cross section,

(7

The oo part yields the usual terms corresponding to
00,41, 00,42, 00,8, and g, ¢. The term g 4; can be iden-
tified as {onp)a; 00,8 as {Fun)a; oc is given by Eq. (50)
and oy, 42 is given by

—IZZ<MW4)
G0, A2=—
Y6 T \hiops

X f @ VaoT2al65) (6] V| 69

o=0go+orto0,

Xexp[ (iN/2M)(p*+p"*— p""*— po) JANdpdp'dp"’.  (58)
Again, this term is due solely to the introduction of the
Pauli principle and vanishes for the case of no binding
between particles 1 and 2.

Upon examining ¢, as given by (55), we note that,
on squaring this term, it is of order V4. Now the chief
terms of o4 are of the order V?; the correction terms
in which we are interested are of one order higher,
namely V3; thus we may drop terms of order V4. Hence
we shall neglect 0.

Lastly, we examine the aq, )\ term. It does have a con-
tribution of order V3 and we must retain this portion,
namely,

-1 Z( w )21rR f i} I ( Varb)
= —Re | ——1 (" Vaats
a0\ 6 =\oyu) E)E,"l @7 b

X (6% [V1z, Vaales) ‘PEJ‘B(EJO_Ei)dEIO- (59)

Summarizing, we note that we are again successful
in separating out (o.p)a and {(o.»)a, representing the
cross sections averaged over the appropriate momentum
distribution. The term gy 42 is, as before, due to the
Pauli principle. The main cross-term o9, ¢ is unchanged
and a term oy, is added due to the added complexity
of ¢,
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APPENDIX A

Theorem:
If B<A, then in first approximation

(8‘4+B)ua'= (eA)ua’+(B)aa’(e;—:%)~ (Al)
Proof:
We know that
==z Z. (A2)
n=0 7!
Using (A2), expand (A1), keeping first powers of B. Then
© 1 n—1
(8A+B)aa'= E —'[(A")aa"" 2 E (A"—l_m)na"
= B! m—0 atlar?
X(B)a,,am(A"'),,may:l, (A3)
S (A" ™) (B)arrar (A™) arrrgr=am1"m(B) ua'™.  (Ad)
Thus
® n-1 gn—1—mg'm
(eA*B)oar=(e)+(Blaw T Z ———— (AS)
n=0 m=0 n!
Now consider
L=(e—e¢*)/(a—0’). (A6)
Suppose first that ¢’ <a; then
=3 =" (A7)
n=o (a—a')n!
or
© n| 1—(!1’/0)"] o n-—l a"“l(a')
-3 vli=@/o"]_3 ¢ A8
n=onla[1—(d'/a)] n=om=0 n! \a (A8)

The condition clearly holds also for ¢’>a by reversing the
grouping, i.e., considering (a/a’) as a unit. When a’=aq, the
condition is self-evident since then L=1.

APPENDIX B

In this Appendix we shall prove the normalization constant
of ¢. By assumption, most of the wave function ¢ is due to @1.
Thus it will be sufficient to determine the normalization of @..

We have
di=c(1—1Ixn)¢;, (B1)

where ¢ is the normalization constant to be determined. Making
use of Eq. (39), we may write

263 (s, ¢i) —26%(i, [2ai) =1. (B2)

We shall now prove that (s, I2s¢:) is zero to the approximation
in which we are interested. In particular, this means we must
prove that terms arising from (¢, J23¢;) are not of order (1/po)?
or lower. Consider now that

(i, Tug) = (1/WHZ, [ expl— (/) po-r3Ix*(rn—r)
Xexp[+ (@/h) po-radx(ri—rs)vi(s)vi(I2s5)dridrodrs.
Now let

x(ri—r2) = (1/1) [ expl+ (/B patri—ra) Je(p)dpas.  (BY)
Substitute in (B3), carrying out integrations, which yields

(¢, L2api) = B(po) B* (p0) Z s vi(s)vi(L235). (BS)

We know that /| ®(po)|2dpo must be finite, since in a deuteron
there must be finite total chance of finding the given momentum
state. Thus | ®(po) |2 must go at least as (1/p0)* to have the integral
converge. Hence, to our approximation, (¢:, 23¢:) =0and c=1/VZ.

(B3)



