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can get an exact expression, instead of an upper limit
for the effect of one intermediate photon by refining the
above arguments in an obvious way. The result is then
the analogue of Bhabha-Heitler's Eq. (23) for n=1,
but it involves multiple integrals which cannot be

evaluated easily and it is probably not worth writing
down, since the effect it describes is so small.

The author would like to thank the U. S. Atomic
Energy Commission for a fellowship during the tenure
of which this work was done.
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A variety of a ferromagnetic ferrite is shov n to have dielectric properties corresponding to a dielectric
constant of the order of 10'. Coupled with a magnetic permeability of about 10', this leads to dimensional
resonance efkcts such that the apparent permeability of a core whose section is 2.5X1.25 cm reduces to
very low values in the region of 2 megacycles. An apparent anomaly exists in the dielectric behavior in the
vicinity of the magnetic Curie point. A general theory of dimensional effects encountered in measuring
magnetic and dielectric constants is developed. This theory is based on the geometry of the infinite slab.
When the theory is applied to the ferrite under study, a residual variation of the permeability with fre-
quency remains, which may be explained by magnetic resonance. The theory accounts adequately for the
dielectric effects at the Curie point.

I. INTRODUCTION

N the last few years there was developed in the
- Philips Laboratories, in Eindhoven, Holland, a

series of non-metalhc ferromagnetic materials by Snoek,
Verwey and their coworkers. ' Being non-metallic these
materials have low electrical conductivity and therefore
low eddy current losses when used in an alternating
magnetic Geld. Because of this development, Philips
Laboratories, Irvington, New York, were consulted
regarding the use of one of these materials in the con-
struction of a special massive ferromagnetic core for use
in the lower megacycle region. The chief requirements
made of the core material were as high permeability as
possible (preferably not less than 1000) together with

low losses (hysteresis and residual losses as well as
eddy current loss) at frequencies up to 5 megacycles
per second. Aside from the problem of the choice of the
material based on the magnetic properties, there also
existed the purely mechanical problem of the con-
struction of such a core, which would weigh about 2 ton.

One of the commercial varieties of the non-metallic
magnetic materials mentioned above is a manganese-
zinc ferrite, marketed under the trade mark Ferroxcube
III. Consideration of the nominal properties of this
material (Table I) indicated that it would probably be
acceptable for this application.

Since these materials are not ductile and cannot be
cast, it was decided that the large core could be as-
sembled of brick-shaped pieces which would be accu-
rately dimensioned and squared. This latter requirement
was imposed to reduce the effects of air gaps in the
structure to a minimum'.

For preliminary studies a smaller test core was con-
structed. The sizes chosen for the brick-shaped pieces
were 5X2.5X1.25 cm and 10X2.5X1.25 cm. In the
core structure these sizes present a minimum dimension,
in a direction perpendicular to the magnetic Aux, of 1.25
cm. On the basis of the resistivity of the material
(Table I) and this dimension, it was estimated that
eddy-current losses would not be excessive.

However, when the initial permeability of the bricks
was investigated as a function of frequency it was found
to decrease rapidly to a very low value at about 2 rnc.
Because this frequency was considerably lower than had
been expected from previous experience, an investiga-
tion of the eBect was made. This investigation led 6rst
to the prediction that the material must possess a
dielectric behavior corresponding to an unexpectedly
large dielectric constant of the order of 5X104 and then
to the experimental verihcation of this fact.

TABLE I. Nominal characteristics of Ferroxcube III.

' (a) J. L. Snoek, Eefus Developments in Ferromagnetic Materials
(Elsevier Publishing Co., New York, 1947}. (b) J. L. Snoek,
Philips Tech. Rev. 8, 353 (1946). (c) E. J. W. Verwey, Philips
Tech. Rev. 9, 46 (1947). (d) Verwey, Haayman, and Heilman,
Philips Tech. Rev. 9, 185 (1947). (e) E. J. W. Verwey and E. L.
Heilman, J. Chem. Phys. 15, 174 {1947).(f) Verwey, Haayman,
and Romeyn, Philips Tech. Rev. 15, 181 (1947).

Initial permeability pp
Loss factor, tanb/p, p, 60 kc
Hysteresis resistance coefncient, * 2 kc
Resistivity

*Victor E. Legg, Bell Sys. Tech. J. 15, 39 (1936).

1000 to 1500
0.1X10-4
1 to 4X10 s

100 ohm cm
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FIG. 3. Sample section 2.5X1.25 cm. A. Experimental values of
the ratio of the effective dielectric constants to the real part of the
actual dielectric constant at 1000 c.p.s. In the case of the imaginary
part the influence of the conductivity has been removed. B.
Theoretical values of the same.

4 Experiments performed with air gaps at 1000 c.p.s. served to
establish the fact that, when no intentional gaps were inserted in
the core assembled as described, the faces of the bricks, which
were in contact, were su%ciently plane and parallel so that no
measurable effect upon the permeability could be observed. These
experiments consisted in measuring the low frequency inductance
of a given coil upon the core with the bricks pressed firmly
together and then with various known gaps. %'hen the reciprocals
of the measured inductances were plotted against the gap lengths
the line mas straight and the intercept on the reciprocal inductance
axis coincided with the reciprocal of the inductance measured
when the blocks mere pressed Grmly together.

computed according to Eqs. (8) in the theoretical
section. p,,~~' increases to a maximum at about 0.9 mc
and then decreases to a very low value at about 2 mc.
In some samples, p, 1f' was observed to go negative in
the neighborhood of this frequency.

%hen air gaps were introduced into the magnetic
circuit, 4 the apparent resonance was shifted to higher
frequencies. Because it is an experimental fact that one
of the effects of the introduction of an air gap is to
decrease the apparent losses of the inductor, another
well-known method for reducing core losses was tried,
i.e., to reduce the dimensions of the core in a direction
perpendicular to the magnetic Qux. Again it was found
that the apparent resonance effects were pushed to
higher frequencies. The shift to higher frequencies also
occurred when the over-all core dimensions were not
changed, but the core was laminated. The curve ob-
tained with one of these laminations was substantially
the same as with the core composed of ten laminations.
(See Fig. 2A. In this ffgure the areas marked off are the
core sections drawn to scale. The largest section is

2.5X1.25 cm.)
These phenomena indicated strongly that the devia-

tions of p,qq'/pr' from unity were not due alone to an
inherent property of the material as would be the case
if they were due only to magnetic resonance. Calcula-
tions on the effect of ohmic eddy currents indicated
clearly that these alone could not account for the
results and hence we were led to a consideration of the
dielectric properties of the material.
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FrG. 4. The variation of the real part of the effective dielectric
constant with temperature through the magnetic Curie point.
Data plotted as the ratio of the effective constant to the real part
of the actual constant at: 165'C. (1) Sample section 2.5)&1.25 cm.
(2) Sample section 2.5X0.358 cm. (3) Actual dielectric constaIIt
computed from (2).

dielectric constants, e„.f~' and (e„n")~, by means of
Eqs. (g). In the effective dielectric loss factor, (e,ff )g,
the effect of the ohmic current has been eliminated by
means of Eq. (3).

Figure 3A shows the results for one of the 10 cm
Ferroxcube III bricks, the electrodes being applied to
the 2.5&1.25 cm ends. The results are plotted as the
ratios of the effective constants to the real part of the
actual dielectric constant at 1000 c.p.s. ; i.e., e,n'/e&' and
(E ff ') &/e&'. Again resonant effects are apparent and
again, in the case of some bricks, we have observed

Dielectric Experiments

The dielectric properties of the material were inves-
tigated by applying, by evaporation, gold electrodes to
opposite faces of appropriately shaped pieces.

The absence of electrode effects was demonstrated by
showing the equality of the direct current resistivity if
measured from the dimensions, the current through the
electrodes and (a) the voltage drop across the electrodes
or (b) the potential difference, measured potentio-
metrically, between two probe electrodes spaced along
the direction of the current How. Some further proof of
the absence of electrode e6ects is that, with carefully
applied electrodes, the low frequency (e.g. , 1000 c.p.s.
resistance between the electrodes was the same as the
d.c. resistance observed.

The equivalent parallel. reactance and resistance
between the electrodes were measured from 200 to
100,000 c.p.s. on a fully-shielded equal-ratio-arm parallel
impedance bridge. Above 100,000 c.p.s. the measure-
ments were made as the equivalent series reactance and
resistance between the electrodes, using either a General
Radio 917 AL or 917 A Radio Frequency Bridge. These
values were converted to equivalent parallel impedances
by calculation. On account of the high dielectric con-
stant of the material, no guard rings were necessary.
The measured impedances were converted to effective



negative values of e,lg' in the region of 2 mc. Figure 2B
shows the effect on e,ig' of reducing the 1.25 cm dimen-
sion to 0.121' cm. The areas marked off in the figure are
the electrode areas drawn to scale. It is evident that
resonant phenomena have been pushed to higher fre-
quencies by making the sample thinner, as in the case
of the magnetic permeability.

These experiments show conclusively that the ma-
terial does have a dielectric behavior corresponding to
a very high dielectric constant. The combination of the
high dielectric constant and high magnetic permeability
in the same material gives rise to the dimensional reso-
nance which accounts for the anomalous results we
have observed in our measurements of III,,g~' and e,ff'
in the samples of thicker section. A quantitative ex-
planation will be given in the theoretical section.

When the unusual dielectric properties of the material
were established, the question of the behavior of the
dielectric properties as a function of temperature was
investigated. Special interest was centered in the phe-
nomena which occur at the magnetic Curie point.

The results given in Fig. 4 were obtained by measure-
ments at 10,000 c.p.s. These data are plotted as the
ratio of the real part of the effective dielectric constant
at a given temperature to the real part of the dielectric
constant at a temperature just above the magnetic
Curie point. Curve 1 of this figure was obtained from
measurements performed on a bar 1.25)&2.50)&10 cm
with electrodes applied to the 1.25X2.50 cm faces.
Curve 2 was obtained from a similar sample in which the
1.25 cm dimension was reduced to 0.358 cm and in
which electrodes were applied to the 0.358&2.50 cm
faces. The apparent dielectric constant for the thicker
sample will be seen to become negative between about
138' and 154'C. The magnetic Curie point for the
material studied is 155'C. Near this temperature
(153') the initial permeability rises to a rather sharp
maximum and then falls rapidly to about 10 percent of
its room temperature value at 156'. Throughout the
entire temperature range, e" has no anomalies. It shows
the same temperature dependence as does the con-
ductivity. In Ferroxcube III, the conductivity varies
with temperature in a manner common to semicon-
ductors.

The apparent anomalies in the variation of the
effective dielectric constant with temperature are ex-

FIG. 5. Fundamental block of material used as the basis for the
calculations in the theoretical section.

TABLE II. Actual material constants for samples used for
the Curie point experiments.

Permeability, real part, p,
'

Permeability, imag. part,
IJt

Dielectric constant,
real part, e'

imag. part, total, ~"
imag. part, * et"

Conductivity (ohm
cm} ', cr

158'

1.4X 10' 2.6X 10' & 10

9.5X 104 7.5X 10'
13.8X 10' 10.9X 10'

~2,0X 104 2.0X 10'

7.5X 104
11.7X 10'

~2.0X 104

7.5X10 ' 5.9X10 ' 6.3X10~

*Associated with true dielectric loss only.

plained in the theoretical section, and curve 3, obtained
by correcting the data of curve 2 as discussed there,
shows the course of the real part of the actual dielectric
constant.

In Table II are given, at three temperatures of
interest, the actual material constants of the particular
samples used for the investigation of the phenomena at
the Curie point.

III. THEORETICAL

Derivation of the Impedance Expressions

Except for the limitations imposed by the assumed
geometry, the following considerations are perfectly
general and include many possible dimensional effects,
of which dimensional resonance is a specific type. Other
dimensional effects occur under non-resonant conditions,
the ordinary shielding effect of ohmic eddy currents in
magnetic cores being a case in point. All such effects
lead to apparent material constants which differ in
magnitude from the actual constants, are functions of
the sample dimensions, and, in general, show a fre-
quency dependence which is superimposed upon any
frequency dependence existing in the actual constants.

Figure 5 shows a block of material to which a mag-
netic held FX may be applied by means of a coil whose
plane is parallel to the section aecf or an electric field E
by means of electrodes on the faces abed and efgh
Because of the relative simplicity of the resulting ex-
pressions, we have assumed FI and E to vary only in
the z-direction; i.e., perpendicular to the applied fields.
This assumption imposes restrictions on the dimensions
of the block or toroidal core of which, in the magnetic
case, it is a part; i.e., (1) the thickness, t, must be small
compared to the width of the section (ab, in the case of
the dielectric block and ae in the case of the magnetic
core), (2) the width must be small compared to the
diameter of the toroid, (3) all dimensions must be
small compared to the wave-length in vacuum of the
electromagnetic wave set up by the applied fields. We
shall be concerned, then, with dimensional effects con-
nected with the dimension t only. The mathema, ties is
essentially that of the "in6nite slab. "

Referring to Fig. 5, we take z=0 to be the center of
the block section for reasons of symmetry. For the
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magnetic core, the boundary condition is that at both
surfaces, ctbke and cdgf, the magnetizing Geld reduces
to what it would be at zero frequency, II,. Similarly, for
the dielectric block, the electric 6eld at these same
surfaces reduces to E„ the value it would have at zero
frequency. Under these conditions, the Maxwell equa-
tions lead to the following solutions when the time
variations of the various quantities are taken to be
sinusoidal.

cosjk: cosjk:.
II=A,—— —, E=E,,

cosjkt/2 cosjkt/2

Here k= ja&y'c'*/c and is the propagation constant of the
electromagnetic wave in the core.

The impedance of the reactor, of which the magnetic
core is a part, is found from the ratio of applied
voltage to current, V„/I where V„~~J'E ds and

II,. Similarly, the admittance of the condenser
formed by the dielectric block is found from the ratio
lq/Vq where I,~~cut'ECh and Vq E, When .these
operations are carried out, we have

React. nr impeda»ce

Z„,= —(2c'-' ur)K(k, 'e) tanjkt/2,

Condei&~er admittance

I g=2Q(a(c 'k) tanjktg 2.

Here A. =L/pt and Q=C/et where I is the ordinary
low frequency inductance of the reactor and C is the
ordinary low frequency capacity of the condenser. K
depends only on the number of turns and dimensions of
the reactor; Q only on the dimensions of the condenser.
Kith L in henries, C in farads, and all. other quantities
in the c.g.s. system, Z is in ohms and I"~ in mhos. ' For
some calculations, it is convenient to replace e/k in Eqs.
(2) by —c'k/co'p, .

The general expressions for Z and I'~ can now
readily be derived from (2) by making the substitutions
p, = p,

' —jp,
" and ~=a' —j»" where p,

" accounts for losses
associated with the magnetization and e" for losses
connected with currents flowing in the material. A
detailed consideration of Maxwell's equations shows
that e" may be separated into factors accounting for
dielectric losses alone, e&", and for ohmic losses alone; i.e.

e"= eg"+4mac"-10 '/c

where o is in (ohm-cm) '. It is convenient to carry c"
alone throughout the calculations. The true dielectric
loss factor can then at any time be found by deter-
mining o- from d.c. measurements and substitution in

(3).
6 In terms of the dinIensions of the reactor core and block,

K=47t-e'w10 '//l and Q=m10 2/4~c l. Here m is the width of core
or block section and l the mean Bux path of the core or distance
between electrodes of the block. When these expressions for E
and Q are used, Z comes out in ohms and Yg in mhos.

2A. co A sinhat+8 sinj3t
Y

a'+ P'-coshat+ cosPt

(5)

coshat+ cosP1
(0"+~"')

2c'Q 8 sinho. t+.0 singt
(6)

CO

(t "+t"')
2c'Q

cosh at+ cosset
)

A sinhat —8 sinPt I

where

A = p'a —p"P, 8= p'P+ p"a, E„,+jX„,=Z„,

and
1t'r,]+1,'j.).p ——'1,(.

These expressions are rigorous and automatically
carry the proper sign so that if any reactance term
turns out to be positive an inductive reactance is
denoted and if negative, a condensive reactance. It
should be noted that R and X are the equivalent
series resistance and reactance of the reactor while r,-f

and x~ are the equivalent parallel resistance and reac-
tance of the condenser. For some calculations it may be
convenient to change the coefFicients of the transcen-
dental terms in (5) and (6) according to the following
identities.

~" (t "+t "'i a'+tt'
c"- ( 8 j 8'

co" (p "+p, "i A +[9"

c' I .4 )

where A'=~'a —e"P and 8'=e'P+e"a. Alternate ex-
pressions for the impedances may also be derived in
terms of 6t tanjkt/2 and s tanjkt/2 explicitly. (See
reference 8.)

Equations (5) and (6) contain many special cases of
importance. For example, when e', ~&", and p,

" are

By inserting the complex values of p, and ~, we And
k= a+jP where

a = (~/cv2) I (w '+ w'") (& '+& ') —(& &

P = (co/c&2) I (p'-'+ y"') &(e"+c"'-)&+ (p'e' —p"e")I &.

It should be remembered that in general there is, by
virtue of (3), a frequency term under the radical in (4),
even though all material constants are independent of
frequency. Physically n is the extinction coeS.cient and
co/P gives the phase velocity of the electromagnetic
wave in the material. These quantities appear in the
ordinary wave equation thus,

E=Eo ', exp —ax I Iexpjcu(r —Px/co) }.

By taking the real and imaginary parts of (2) after
inserting the complex values of p, and e, the following
expressions are obtained.

2Ea& 8 sinhat —A sinPt
R =

a-'+ P' coshat+cosPt
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neglected, Eqs. (5) reduce to those developed by K. I .
Scott' for the case of a reactor with ohmic eddy currents
alone. In this case n becomes equal to P and is the
reciprocal of the ordinary penetration depth. Other
special cases will be discussed in the section on effects
at the Curie point.

Effective vs. Actual Material Constants

From the defj.nitions of the various quantities in-

volved, apparent or effective material constants can be
determined. These play the roles of the actual constants
for any particular reactor or condenser and any par-
ticular frequency under consideration but have no
general interest. It is, however, convenient to use the
effective values when discussing a particular experi-
ment. In the absence of dimensional e8ects, the efI'ective

constants will be equal to the respective actual con-
stants. The effective values can be obtained from the
fundamental impedance and admittance equations,

culated.

tan Pt = 24—'D/ I
D' —(+'+C") }

sinho(t= 24'D/I I D' (4—'+4') }'+44' D']&

where
C = ~(1/~&) I (P'+q')'- p }::;
+= (1!v2) I (p'+q')'+ p }

'*

(9)

p=R„/rd+X, „/xd, q= X /rd R —/x~, D= 2cE'Ql;
and 4' takes the sign opposite to q. Care must be taken
to insert the values of X and x~, in these expressions,
with their proper signs. At a suKciently low frequency,
X will be positive and xd negative. Care must also be
taken that Pt is chosen in the proper quadrant. In
general, a series of measurements at various frequencies
will be necessary to establish the proper course of Pt
Having the values of (((t and Pt, the actual dielectric
constants can be calculated as follows:

When Eqs. (6) are substituted in (8), the resulting
expressions can be solved for e' and e", giving

giving

Z„,=gE(dt((, (( and I'g =gQ(«t«, ((

((,((= jZ /E(dt a—nd «,.« —— j I d/'Q(ot—
where

« —«eff U(V+«eff IV/«eff )i

«"= «,(("U(V—, «('l(V/ («("),
(10)

In general, these quantities are complex and their com-
ponents can be determined directly from measured
values of the impedances.

((~(( =X»/KM/, ((e(f =R»/I(. ~~&

«,(('= —1/xdQ(0t, «, ,(( '= 1/'r«Quot

By substituting (5) and (6) in (8), the effective con-
stants can be calculated rigorously from the actual
material constants.

' K. I.. Scott, Proc. I.R.E. 18, 1750 (1930).

Determination of the Actual Values of p', p", ~'

and e" from Measured Values of the Im-
pedances

Although Eqs. (8) with X, R, xq, rq substituted
from (5) and (6) can, in principle, be solved for rigorous
explicit expressions for the actual material constants in
terms of the effective constants, these expressions would
be cumbersome and it is simpler to return to Eqs. (2)
and proceed in a somewhat circuitous way. In the fol-
lowing outline it is assumed that the equivalent series
reactance and resistance of the reactor and the equiva-
lent parallel reactance and resistance of the condenser
have been measured, i.e. X,R, xd, r~. The relative di-
mensions of the reactor core and dielectric block are
immaterial except that the thickness, t, of the two must
be the same and that the before-mentioned limiting
conditions are met.

Multiplying Eqs. (2) together leads to the following
rigorous expressions from which n and P can be cal-

U = (cosh nt+ cosP(!)/2(sinh'((t+ sin2P/),
V= at sinh«(t+Pt sinPt,
W= Pt sinhnt —nt sinPt.

In using Eqs. (10), at and Pt are obtained from (9)
while e,~f' and t.,~~" are determined from measured
quantities using (8). When the value of «" has been
determined from (10), «(" can be computed from (3) in
which cr is known from d.c. measurements. The ex-
pressions for the actual permeabilities are the same as
(10) except that, where they occur explicitly, the «'s

are replaced by the corresponding p's. For the calcula-
tion of either the e's or the p, 's, the factors U, V, t/I~

remain the same. (See discussion of Eq. (12) in the
section Approximate Expressions. Also in this section,
approximations are developed for Eqs. (10).)

Numerical Calculations of the Actual
Core Constants

The actual material constants in c.g.s. units are
given in Fig. 6, as calculated from the rigorous ex-
pressions, using impedance measurements on samples
of the following dimensions:

Magnetic toroid: Section, 0.127)&0.53 cm; mean Aux

path, 5.56 cm.
Dielectric block: Section, 0.127)(2.5 cm; length, 7 cm.

In this case, the 0.127 cm thickness of the section was
taken as determining the dimensional efI'ects. At 10 mc,
the maximum eGect in any of the constants occurs in e",
where «"/«, (("=0.69. Above 10 mc, our measurements
become unreliable because of the difIIculty of estimating
with sufhcient accuracy the distributed capacity sects
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in the magnetic measurements. Below 10 mc we have
been able to correct for such eBects. Khile some cor-
rections may still have to be applied because of geo-
metrical limitations, we believe these will be small. It
is evident that a considerable dispersion remains after
removal of the dimensional effects, particularly in the
magnetic constants. The dependence of the com-

ponents of the propagation constant on frequency is

given in Fig. 68.
The results of calculating the effective constants for

t = 3..25 cm from the actual constants of Fig. 6, using the
rigorous equations, are given in Figs. 1B and 28. Here
they are shown in comparison to experimental values
on core and block sections 1.25X2.5 cm. %e believe the
discrepancies are due, in large part, to the failure of
these experimental samples of relatively thick section
to satisfy su%ciently well the geometrical limitations.
As mentioned in the experimental section, on some
samples of Ferroxcube III of these dimensions, we have
observed negative values of both p,

' and e' in the vicinity
of 2 mc. In none of these cases, however, are complete
measurements available for the determination of the
actual material constants. The values of the effective
constants in the resonant region are rather sensitive to
both the geometry of the core' and the actual material
constants.

Calculations have also been made on the effect of an
air gap in the magnetic core, using Eqs. (5). In making
the calculations, the value of the permeability used was
the actual value as reduced by the air gap. Reasonable
agreement with experiment was obtained.

It should be emphasized that the major features of
such curves as Figs. 18 and 28 are not necessarily
determined by a dispersion of the actual core constants.
Figures 7A and 78 show similar results, for example,
when the actual core constants are taken to be inde-

pendent of frequency.

Magnetic Flux Distribution

The magnetic Qux distribution in the core of the
reactor is found from (i) by multiplying by the per-
meability, p' —jp,".Two standing wave patterns result,
differing in phase from each other by 90'. The real

pattern, NS, is associated with the reactance of the
reactor and the imaginary pattern, 98, with its effective
resistance. The total flux, Bt,& is the vector sum of the
two patterns. Following are the expressions for the Aux

distributions.

8—
DIELECT

m. S /3

6XIQ

5 IQ 4 2

MEGACYCLES PER SECOND
IO

FIG. 6. Actual material constants for Ferroxcube III. A. Per-
meabilities. B. Dielectric constants. Propagation constants in
cm ' for an electromagnetic wave.

where

5= cosP(s+t/2) cosha(s —t/2)
+cosP(s —t/2) cosha(s+t/2),

T= sinP(s —t/2) sinha(s+t/2)
+sinP(s+t/2) sinha(s —t/2).

Figure 8 shows these distributions, calculated for the
frequency where the reactance first becomes zero in
Fig. 7A. Since at the surfaces, B=pH, and p,

"has been
taken to be zero, 8B reduces to zero at the surfaces
while (RB reduces to p, 'H, . The integral. of N,B across
the core section accounts for the reactance of the coil
and is zero as it should be for this particular case. It is
noteworthy that the total Qux density is actually higher
within the core than at the surface. To speak of the
penetration depth of the Aux is obviously meaningless
in this case. Similar considerations apply to the dis-
tribution of the electric intensity in the dielectric block.

I I I I IIII'
I I I I IIII

o~
PERMEABIL IT IE S JJ.ef'f tP,

Jeff/p,

I I I IIIII I I I IIIII

Approximate Expressions

For purposes of approximation, Eqs. (2) can be sub-
stituted in (7) and tanjkt/2 developed directly. This

p, 'T—p,"Sp, 'S+y"T
NB=H; gB=H. (ii)

coshat+ cosPt coshat+ cosPt

7 We have, for example, derived the equations for the eRective
constants for samples of circular cross section and 6nd the
resonance phenomena move to higher frequencies when the
diameter of the circular section is the sarge as the thickness of the
"ininite slab. "

I I I I I I II I I I I I I II
I

I I I I I I II I I I l I I I I

QI 02 05 I 2 5 IQ Ql OP 05 I 2 5 IO
MEGACYCLES PER SECOND

FIG. 7. ERective material constants calculated for sample
thickness 1.25 cm assuming actual material constants independent
of frequency. p,'=10', y"=0, ~'=5X10', e&"——2)C10', p =5X10 ',
A. Permeabilities. B. Dielectrjc constants,



8 ROC KAIA Y, I~OEVLI iXG, AN 0 STENEC K

-B-
5

/(B

-B
S

I.' IG. 8. Flux distribution in the core of Fig. 7A at a frequency
where p,,ff' has its 6rst zero.

procedure gives

(kt)' (kt)'
Jeff p, 1 — + '

12 120

(kt)' (kt)4
+ I ~ ~

12 120

(12)

e,g('= e' (1—M) ——1V,

e,rg" = e" (1 M)+ 1V— —
//

(13)

~vhere
(a2 p2)t2

M=
aPt-

and V=

When a and p are substituted in (13) in terms of the
actual constants, we have

2$2

1+
12c"

co"-j-'

&eff & 1+
12c"

(r' E' ) 2p
/

p—(E
-—f"')+2+'6'

//

(l4)

Equations (13) may be solved for the actual constants,
giving

These equations show clearly the symmetry between
expressions for p, gt and e.ff. For example, expressions for
p ff and p.,«" are obtained from the expressions for

f f and e,«" when the e's are replaced, where they occur
explicitly, by the corresponding p's. In the following,
then, we shaB write only expressions for the e's.

When the complex value for e is inserted in (12) and
only the terms of second degree in at and Pt are retained,
the effective constants are given by

These last equations have the same form as the rigorous
Eqs. (10). The approximate expressions for the factors
V V and U lV, appearing in (10), can thus be deter-
mined from (15) by inspection.

In using these approximations, care must be taken to
see that the approximation is warranted. When the
actual material constants are complex, the degree of
approximation is not a function of

~

kt
~

alone as might
be inferred from a casual inspection of (12).Actually in
arriving at (13), (14), and (15) it is tan jkt/2 which is
being approximated. Retaining second degree terms in
at and Pt in (12) is equivalent to retaining third degree
terms in at and Pt in the development of tan jkt/2, This
latter is a very good approximation. For example, so
long as at and pt are each no greater than unity, the
error in neither component of tan jkt/2 can be more than
about 5 percent. H at and Pt are each no greater than
0.8, the error can be no more than about 1.5 percent.
These errors may, however, be greatly magni6ed in
computing the effective material constants. This is
because one or the other of the effective constants can
always be written rigorously as the difference between
two terms; i.e., as I' 8, tan jkt/2 —

Q d tan jkt/2, where
I' and Q are functions of at, Pt and the actual material
constants appearing explicitly. ' When approximate
expressions for tanjkt/2 are used, the resulting per-
centage error in this effective constant is influenced by
the ratio of the two terms; i.e., by

x= (u"P u'a) s—inhat/(p'P+tI "a) sinPt.

As y approaches unity, the merit of the approximation
for the effective constants becomes poorer and the ap-
proximation is good only for very small values of nt and
Pt. Conversely, the merit becomes better when
approaches zero and the approximation for the effective
constants then approaches that for tanj kt/2 itself.
Similar considerations apply to the merit of the ap-
proximation for the actual constants in Eq. (15). The
ratio, y, is the same as before except that the effective
constants replace the actual constants where they occur
explicitly.

It should be emphasized further that the presence or
absence of dimensional effects does not, as might be
inferred from (12), depend on

~
kt

~
alone. This is shown

by Eqs. (13) where, because of the factor e"/e' or e'/e",
one or the other of the effective constants may differ
greatly from the corresponding actual constant, even
though Oft and pt are each small compared to unity.
Under these conditions, the dimensional effects will be
important in e,«' if e"))e' and in e,«" if ~ ((6'.

&eff
~'= e,gg' (1—M)+ cV

/
off

&eff
e"=e,o" (1—M) — X

//

L(1 —M) '-'+ X'-'],

L(1—M)'+ X'-'].

(15)

'When the effective constants are expressed in this way as
functions of R tanj8/2 and 8 tanjkt/2, they may be calculated
from tables of these quantities instead of using tables of hyperbolic
and circular functions as when working with expressions derivable
from (5) and (6). (See Kennelly, Tables of Complex PyperboLic and
Circular Functions (Harvard University Press, Cambridge, 1.914).)
The tables of the tangent of a complex variable can also be used
in estimating the errors introduced by approximations of tanjkt/2.
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EBects at the Magnetic Curie Point

%hen the material is carried through the magnetic
Curie point, the effective dielectric constant, measured
at 104 c.p.s. on relatively thick blocks, shows the rather
interesting behavior described in the experimental
section. Significant dimensional effects are present, even
at these relatively low frequencies where there can be
no question of dimensional resonance. Some sort of dis-
continuity is naturally to be expected at the Curie point
because of the collapse of the permeability. The rather
rapid decline of the effective dielectric constant with
increasing temperature below the Curie point, however,
has no primary connection with the permeability. It
arises, instead, from the fact that the conductivity of
Ferroxcube III increases rapidly with temperature.

Calculations from the data of Table II show that the
maximum dimensional eBects are to be expected just
below the Curie point (155'C), where e"/e', at and Pt
have relatively large values; i.e. at—Pt—0.15 for a
block 1.25 cm thick and e"/e' —150. Under these con-
ditions the approximations retaining only the second
degree terms in nt and Pt can be used safely. The second
degree terms, however, lead to large dimensional effects,
Since p"—0 and e&"((c",further approximation in (14).
which retains the second degree terms, is warranted and
we may write:

(16)

e„«"=«"=4xac'10 '. (17)

Equation (17) shows at once that no appreciable dis-
continuity in e".« is to be expected at the Curie point.
On the other hand, Eq. (16) shows a marked effect of
the permeability depending upon the magnitude of
(t~)'/e'.

Just below the Curie point, the difference between
6 ff and e' is large and is influenced by the square of the
conductivity. Since the latter is a rapid function of the
temperature, e, fg' becomes very sensitive to temperature
changes. In fact it is not dificult to cause ~,ff' to become
negative just below the Curie point, as shown in I'ig. 4.

At the Curie point, «f will suffer a near discontinuity
owing to the sudden collapse of p, '. Above the Curie
point, since p, is now small, there is little di8erence
between e,f~' and e' and further changes in the con-
ductivity caused by further increase in temperature
will have little eBect.'

Like all dimensional effects, these phenomena at the
Curie point can be made negligible by making measure-
ments on a sample sufficiently thin. e,«' then approaches
e' in value throughout the entire temperature range.
Otherwise e' can be determined from Eq. (16) as

f&+ (4/3)s. 2~~$202g2. 10—18 (18)

e' as computed from (18) using the data of curve 2,
Fig. 4, is shown as curve 3, Fig. 4. Equation (18) does
not give as satisfactory a correction for curve 1 of Fig. 4,
not because the approximation is invalid but because
the geometrical limitations of our theory are not met
as well by the thicker block.

' Low frequency dimensional eBects in the dielectric block can
also be discussed in terms of an equivalent circuit for the block.
In the case of our Curie point experiment, this circuit consists of
two parallel impedances. One is that of the block considered as
a lossless condenser (permeability taken as unity); the other is
that of the block considered as a lossless inductor (dielectric
constant taken as unity} in series with a resistance (the d.c.
resistance of the block). The impedance of the inductive bra~ch
can be calculated from 1/Y~= (2Qco) 'ke ' cotjkt/2. When this is
developed in the same way as we developed Z and Yz and we
put ~'=1, ~~"——p"=0, the inductance comes out to be p'/12c'Q
henries to the same degree of approximation used in Eqs. (14}.
Here we have neglected the inductance arising from the field
external to the block. Now, when the equivalent circuit is con-
verted to a reactance shunted by a resistance, as it is measured,
Eqs. (16}and (17) result. In the conversion, the further approxi-
mation is made that in the inductive branch of the equivalent
circuit, the resistance is large compared to the reactance. An
explanation of the Curie point phenomena in essentially this
manner, was given independently by C. G. Koops of the Philips
Laboratory, Eindhoven, in a private communication tn the
authors.
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