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Elastic Scattering of 84-Mev Neutrons*
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Radiation Laboratory, Department of Physics, University of California, Berkeley, Californ~

(Received November 21, 1949}

Measurements have been made of the angular distribution of 84-Mev neutrons scattered into angles
between 2$' and 25' by Al, Cu, and Pb nuclei. Small spheres of these elements were placed in the neutron
beam of the 184-in. cyclotron and the scattered neutrons with energies greater than 20 Mev were detected
with pieces of carbon activated by the C"(n,2n)C" reaction. Total scattering cross sections were obtained
by integration of the differential scattering cross sections and also by attenuation measurements with good
and poor geometry.

I. INTRODUCTION

AMALDI et a/. ' have observed a portion of the
elastic scattering pattern produced by 14-Mev

neutrons incident on Pb nuclei. Using a relatively high
intensity beam of 90-Mev neutrons from the 184-in.
cyclotron the present authors have explored the elastic
scattering patterns of Al, Cu, and Pb. The measure-
ments were extended to small enough angles to include
a large part of the distribution. By measuring the ratio
of the scattered neutron Aux to the flux incident on the
scattering nuclei it was possible to determine the ab-
solute differential scattering cross sections. Total scat-
tering cross sections were obtained by integration of the
diBerential cross sections. The total scattering cross
sections were also measured directly by good and poor
geometry attenuation experiments. It is of interest to
compare these scattering cross sections to the total
collision cross sections determined by Cook et cl.' and
by the authors, using the same beam and the same
detectors. This comparison provides a test of nuclear
models such as the "opaque" model, and the "trans-
parent" model of Fernbach, Serber, and Taylor. '

II. GENERAL FEATURES OF THE EXPEMMENT

The neutron source was a ~-in. thick beryllium target
bombarded by 190-Mev deuterons in the 184-in.
cyclotron. The energy distribution of neutrons from
this source has a peak at 90 Mev and a spread at half-
maximum of 30 Mev. &5

The scattering experiment was performed in a
narrow beam of neutrons delned by a circular hole in
the 3-meter thick concrete shielding walL (See Fig. 1.)
The maximum beam intensity was about 10' neutrons
per square centimeter per second. Some early experi-
ments indicated that the flux density was essentially
constant radially out to 4 cm from the axis of the beam
and then decreased to less than 0.1 percent at 5 cm.

*This paper is based on work performed under the auspices of
the AEC.
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For the measurements of di8erential scattering cross
sections the disposition of scatterer and detector is
shown in Fig. 1A. Spherical scatterers were used to
simplify the determination of the e6'ective scattering
center and mean angle of scattering. The distance "r"
was increased as 8 was decreased so that the detector
would not be in the beam. It was experimentally
established that the activation of the detector at a
given angle varied inversely as r' indicating freedom
from unrecognized sources of detector activation.

The relative intensity of incident to scattered neutrons
was measured by placing the detector in the position of
the scatterer.

Two types of detection were employed in the course
of the study. Most of the work was done with carbon
detectors employing the (n, 2n) reaction, but a coin-
cidence recoil-proton counter was also used. Both
receive discussion in subsequent sections.

The excitation function of the reaction C"(e,2n)C"
at high energies has been investigated theoretically by
Heckrotte and %olff, 6 and experimentally by R. L.
Mather and H. F. York. 7 Using these results, and the
known neutron energy distribution, the mean detection
energy is determined to be 84&4 Mev.

The activity of the carbon detectors was compared to
the activity of a carbon monitor placed in the beam
between the target and the scatterer. The monitor for
the recoil proton detectors was a BF3 slow neutron
counter placed in a hole in the concrete shielding wall
(position 8, Fig. 1). Its response in this location was
proportional to the high energy neutron flux incident
upon the shielding in the region of collimation.

The measurements of total cross sections and absorp-
tion cross sections were obtained simultaneously with
the arrangement shown in Fig. 2. The attenuation
measured by the "poor geometry" detector gives a
cross section for removal of detectable neutron lux
from a forward cone extending to the maximum angle,
8, subtended by the absorber about the detector. This
angle is chosen to be the same as the maximum angle at
which diBerential scattering cross sections were mea-
sured, and it includes essentially all of the elastically
scattered neutrons. The cross section obtained. in this

' W. Heckrotte and Peter Wolff, Phys. Rev. 73, 265 (1948).
~ R. L. Mather and H. F. York (private communication).
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1 1 ( 8
I(8)= Io Q —(xII„)"exp( —xII,)-I I n! NIT, I.(n)&)

where I(8) is the flux per unit solid angle in direction 8;
p&, p, are the attenuation constants for collision, and for
elastic scattering, respectively; and r, is the cross
section for elastic scattering.

The erst factor of a typical "nth" term gives the
probability of just n elastic scattering collisions, and no
other collisions, in passing through the slab. Deviations
are assumed suKciently small that the distance trav-
ersed in the material is always x.

In the second factor, giving the probability that an
n-times-scattered neutron goes in direction 8, the cus-
tomary assumption has been made that the angular
spread after n scatterings is (N) l times the spread from
single scattering. This implies that the forward scat-
tered intensity shall be correspondingly reduced by the
factor 1/n.

When this type of analysis is applied to the scattering
by the spheres used (such as, copper, 2.5 cm diam. ), it is
found that the coefficient multiplying IT(8/V2) is only
5 percent of the coefficient of IT(8/il) Henc. e the effect
of multiple scattering upon the form of the angular dis-
tribution from such a sphere is not sufficiently serious
to demand attention in treating data of the present
accuracy; and it is necessary only to correct for the
sects of absorption and multiple scattering in an
integral manner rather than to evaluate a correction
which depends upon angle.

Having recognized this, it is found to be convenient
to evaluate the correction by the following simpler
analysis. In traversing a slab of thickness x a neutron
will have a probability L1—exp( —xII,)7 of being elas-
tically scattered, and a probability exp( —xI1,) of
emerging without an inelastic collision; where p, is the
attenuation constant for an inelastic or absorbing col-
lision. Since I1I=p,+II„ the product of these prob-
abilities is exp( —@I',)—exp( —xIII).

Applying this to a spherical scatterer of radius a, the
expression for the activation of the detector at angle 8

III. ANALYSIS AND DESCMPTION OF
THE EXPEMMENT

A. Angular Distribution

l. Aeclysis

Neglecting absorption of the neutrons passing through
the scatterer, the activation of a detector of area 5
placed at angle 8 and distance r from the scatterer of
volume V and atomic number A is given by

D(r, 8)= (ID(II/Dp/A) v)(~(8)(s/e))~, (1)

where ID is the incident intensity; (1VDp/A)V is the
number of scattering nuclei; a (8) is the cross section for
scattering into unit solid angle at angle 8; 5/r' is the
solid angle subtended by the detector; and g is the
efBciency of the detector. U the detector is placed in
the neutron beam the activation is given by

DD IDSTI. ——

Thus from (1) and (2)

D(r, 8) Ar'
~(8)=

Do &op~

Taking absorption and multiple scattering into
account a formula is obtained which is the same as (3)
multiplied by a factor depending on the radius of the
scattering sphere and the total and absorption cross
sections.

The method employed in 6nding the complete ex-
pression may be outlined as follows.

A representation of the intensity and angular dis-
tribution of the neutrons scattered by a slab of thick-

manner is thus approximately equal to the cross section ness x may be given in the form
for inelastic collision. A further discussion of this mea-
surement will be found in Section IG-B. A good geom-
etry detector shielded from all but the central portion of
the absorber was used to measure the total cross section
simultaneously.
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and distance r becomes

D( 8) =D (1/ .) (8)(1/ ')

I Lexp( —xu )—exp( —xu, )]ds,

where the integration is carried out over the cross-
sectional area of the scatterer. The variable x is the
length of the chord which is used to approximate the
neutron path.

Evaluation of the integral and series expansion
results in the equation:

the primary beam in place of the scatterer, we have:

D(r, 8) = (A —8)e, D0 2C——e,

where e is a relative counting tube eS.ciency factor to
allow the results of diBerent runs to be correlated, and
D(r, 8) and Do are the quantities to be used in Eq. (4).
The value of e is determined before each run by counting
standard 6xed samples with the detector and monitor
counters. The factor 2 in the second equation above is
necessary because only one of the copper holders was
placed in the beam.

A typical determination of A involved about 2500
net counts from the detector in a period of 15 minutes.

where

I:=1 4a(u~—+u.)+sa'(u~'+ua .+u')
sa (tjt +uPua+uiua+ua )+ ' ' '

Solving for o(8) we have instead of (3):

D(r, 8) Ar' 1
o.(8)=

Do Top~ K
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The scatterers used were 2.54-cm diameter spheres of
lead and copper and a 3.81-cm diameter sphere of
aluminum. These were suspended in the beam by 6ne
wires. The size of the scatterers was limited to keep
the self-attenuation factor E from becoming less than
0.75.

The detectors were stacks of twelve cylindrical
sectors of carbon 0.32 cm thick in a copper container
(see Fig. 3A). Two such stacks were placed symmetri-
cally about the axis of the beam at distances, depending
upon angle, of 18 to 125 cm. The wall of the copper con-
tainer which faces the scatterer was made 1 cm thick to
prevent activation of the carbon pieces by scattered
protons. When this thickness was doubled the activity
was reduced by the fraction which one would expect if
all the activity were due to neutrons. After a 15-minute
bombardment at the maximum cyclotron beam inten-

sity the carbon sectors were removed from the copper
holders and arranged to surround a set of four thin-
glass-walled counting tubes (see Fig. 38).

The monitors were carbon disks of 4.29-cm diameter
and 0.32-cm thickness. These were counted with a
mica window bell-jar type counter. All counts were
made concurrently; that is, the detector and monitor
activities were counted over the same time interval
eliminating the necessity of corrections for decay.

In all the experiments described here the basic
measurement is the ratio of the activity of the detector
to that of the monitor. Calling this ratio A, when the
scattering sphere is in place and the detector at (r, 8)
(see Fig. 1A); and 8, the background ratio when the
scatterer is removed but the detector is put in the same
position; and C, the ratio when the detector is put in

FIG. 3. Detector and detector counting arrangement.

This is about four times the counter background for the
set of four tubes used and about four times the net count
in determining B.Since the monitor wa, s exposed in the
primary beam it gave a much higher count. The ratio
D(r, 8)/Do was of the order of 0.001.

I(x) = Ig(x)+27r) sin8I(8, x)d8,
0

(6)

B. Attenuation Experiments

l. Analysis

From the results of the angular distribution measure-
ments one can determine by graphical integration the
cross section 0,' for scattering of detectable neutron
Aux into a forward cone extending to the widest angle
measured 8

~2m flm

dc o(8) sinede.
0 ~/p

This cross section can also be measured, if inelasti-
cally scattered neutrons are not detectable, in an
attenuation experiment utilizing the "poor geometry"
arrangement of Fig. 4 in which the attenuating material
forms the frustum of height x of a cone whose generating
angle is 8 .

For this arrangement the detectable neutron intensity
at the detector when the attenuator thickness is x will be
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where I~(x) is the flux density of unseat tered neutrons at
a distance x from the base and I(8, x) is the intensity at
x of previously scattered neutrons moving in. direction
8 within unit solid angle. This assumes that any increase
due to detection of inelastically scattered neutrons is
small, as will be justi6ed in Section V.

Consider now the effect of increasing the thickness of
the attenuating material by an amount dx. The in-

tensity of detectable neutrons at the vertex of the cone
will then be altered by an amount

dI(x) = I,(x—)So dx 2xlV—o dx lI tan8I(8, x)d8
0

so that an attenuation experiment with this arrange-
ment will measure the difference of cross sections

o,—o,'= (1/Xx) In(Ip/I(x)). (g)

The absorption cross section for the nuclei of the
attenuating material is related to (g) by

I
0 a= &t &8 0 I+&2&

where o.I accounts for elastic scattering into angles
greater than 8, and 0.2 is the cross section for inelastic
scattering of neutrons into angles less than 8 with suf-
ficient energy to be detected.

Subtraction of the measured quantity (o &

—o,') from
the measured value of Ot yields an evaluation of 0,'

+2+.Vdx tan8d8
l

&r(x —p) 2x
Jo 0

X sinnI(a, x)da,

where E is the number of nuclei per cm' in the attenu-
ator, and fTt is the total cross section of each nucleus.

The physical meanings of the successive terms on the
right-hand side of this equation are as follows:

1. Decrease caused by attenuation in fix of hitherto unseat tered
neutrons vrhose Qux density is I I.{x).

2. Decrease caused by attenuation in dx of neutrons previously
elastically scattered into the direction of the detector.

3. Increase caused by elastic scattering in dx, into the direction
of the detector, of hitherto undeviated neutrons.

4. Increase due to elastic scattering in Cx of neutrons previously
elastically scattered into direction a. The angle P defines the scat-
tering angle necessary to deQect these incident neutrons into the
direction of the detector. The angle n is to be large enough to
include essentially all the elastically scat tered Qux incident upon dx.

Since o(8) and I(8) are both strongly peaked at 8=0
the integrals in (7) are not greatly affected by replacing
tan8 by sin8. (In the worst case the difference is only
2.5 percent. ) Also for the same reason it may be shown
that the angle P may be replaced by 8 with an error
su6iciently small to be allowable in this experiment.
These two approximations are, in fact, partially com-
pensating in their effects.

In view of Eqs. (6) and (5), these approximations
permit (7) to be reduced to

dI(x) = —I(x)iV(o,—o,')dx,

0 d8
DF TECTOR

NEUTRON

SEAM l,s.~AT T EH UATOR

FIG. 4. Geometry of attenuation experiment.

08 =&t &t &S

which may be compared for experimental consistency
with that obtained by Eq. (5). If as is shown in Section
V the quantities OI and 0.2 are small, then 0.,' is approxi-
mately equal to the elastic scattering cross section
Ott= &t 0a.

Z. Apparatus artd Experirlerttat Procedure

The arrangement for the attenuation experiment just
discussed is shown in Fig. 2.

The angle 8 was 27' for dural and copper, and 21'
for lead. The maximum attenuator thicknesses were as
follows: dural and copper, six 5.08-cm disks; lead, six
2.54-cm disks. In every case a 4-cm lead shield was put
just ahead of the poor geometry detector to avoid
activation of the carbon by recoil protons from the
attenuating material. The uniformity of the incident
beam was checked in a preliminary experiment by
putting carbon detectors at various points on the base
of the absorbing cone. This was also checked by veri-

fying that a single disk at the base of the cone gave the
same attenuation as a disk of the same thickness near
the vertex. Absorption and total cross sections for
aluminum were obtained from the dural measurements
making allowance for the other metals in the alloy.

IV. RESULTS

The results are summarized in Tables I and II and
Fig. 5.

V. SOURCES OF ERROR

A. Angular Resolution

Because of the hnite size of the scatterer and detector
a measurement made at a given nominal angle actually
corresponds to detection over a fairly wide range of
angles as is shown in Fig. 6. A detailed analysis has
shown that the errors of the angles and cross sections
due to this effect are negligible considering the accuracy
of the experiment. This effect alone would not prevent
the detection of a minimum of the type theoretically
predicted for di8raction by an opaque nucleus.
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B. Detection of Inelastieally
Scattered Neutrons

The 20-Mev threshold of the CIE(n, 2TE)C" reaction
made it quite possible that a part of the scattered Qux
detected in this experiment was due to inelastically scat-
tered neutrons with energies greater than the 20-Mev
detection threshold. For this reason the angular dis-
tributions were also measured using a recoil proton
detector with a BF3 slow neutron counter as a monitor
(see Section II). The detector consisted of a 3.8-cm
diameter, 5-cm long paragon cylinder behiod which was
placed a set of three cylindrical proportional counters
each 5 cm in diameter and 5 cm long which were used in
coincidence. A copper absorber was placed between the
second and third counter. Its thickness was such that
only recoil protons from neutrons with energies greater
than 60 Mev could be detected; thus, as a neutron
detector this arrangement provided a 60-Mev detection
threshold.

Attenuation measurements, made with this detector
and monitor combination indicated that under the
conditions of operation, it was less reliable than the
carbon detectors particularly for the measurement of
the very small ratio D(r, 8)/DD. However, within the
accuracy of the measurements the differential cross
sections measured by the two methods are in agreement
as can be seen in Fig. 5.
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Element AI CU Pb

Total cross sections
Cook ef al.'
The authors

&e

By at tenuation
By integration
Maximum angle 8

2.12+0.02
1.24a0.03

0.65W0.04
0.72a0.04

27'

2.22+0.04 4.53+0.09
2.15+0.04 4.47&0.2 2

1.32&0.03 2.64+0.08
1.37+0.07 2.79+0.24

27' 2l'

TABLE I. Total cross sections and the cross sections o.,' (see
Section III-81}in units of 20~4 cm'. The third row of the table
gives scattering cross sections obtained from the total and absorp-
tion cross sections using Eq. (10).The last row gives the scattering
cross section obtained by integration of the difFerential cross
section as in Eq. (5}.
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TABLE II. Di&'erential cross section in units of 20~' cm' per
steradian. The errors shown apply to the relative magnitudes and
do not include a 3 percent error in assigning absolute magnitudes.
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NEUTRON SCATTERING ANGLE

Angle in
degrees

2k
3

6
7~

10
12 2

15
17)
20
22k
25

Al

5.0 &0.4

4.64~0.18
4.36a0.23
4.3 W0.3
3.30%0.25
2.24~0.25
1.54a0.23
2.08&0.04
0.66&0.07
0.38%0.02

0.17&0.02

CU

13.8 &0.9
14.8 &2.2
14.2 ~0.7
10.3 &0.3
10.6 &0.3
7.34+0.22
4.66&0.07
2.62~0.05
2.30&0.02
0.53&0.03
0.40+0.03

0.31&0.05

Pb

59.0 W4.0
54.0 &6.0
53.0 &5.0
34.0 ~7.0
25.6 &2.0
11.3 &2.2

4.3 &0.6
2.1 a0.3
2.46+0.24
1.58+0.22
2.04+0.10
0.59&0.23

Fro. 5. Differential scattering cross sections in units of 20~4 cm'
per steradian. The dashed and dotted curves show expected
patterns from opaque nuclei with cross sections o.,' and (o,' —o2},
respectively. (See Section VI-C.)

The contribution of inelastic scattering is not large
enough to be apparent in comparing the results of the
two methods.

An estimate of the inelastic contribution can, how-

ever, be obtained from measurements of Hadley and
York' on the diGerential cross sections of several
elements for production of high energy secondary

J. Hadley and H. F. York (to be published).
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TAsLE III. Observed scattering cross sections cr,', calculated
cross sections cr& for producing detectable neutrons by inelastic
collisions, and comparisons of ratios of cross sections measured at
two energies. {Cross sections in units of 10~ cm'. )

Observed scattering cross sections e,'
Calculated values of 0'
(~.'—~2)
o.,'/a g

(a,'—o2)/0 g

o,'/o. ~, measured with Bi fission counters
(-95 Mev)

CuAl Pb

0.71 1.37 2.79
0.07 0.13 0.17
0.64 1.24 2.62
0.62 0.64 0.62
0.56 0.58 0.59

0.58 0.61 0.60

protons by 90-Mev neutrons. At these energies the
incident neutron wave-length is suKciently small to
allow the effects of neutron-nucleon collisions to be
observed, where the collision event involves primarily
only the incident neutron and a neutron or proton of a
target nucleus. By this process nucleons may be
knocked out of nuclei with energies and angular dis-
tributions related to those of e—

p or I—e collisions.
Hadley and York have measured differential cross

sections for such emission of protons of over 20-Mev
energy from C, Cu, and Pb. We shall assume that the
neutrons emerging from e—p collisions within the
nucleus are described by the same differential cross
section as these protons.

There will also be a contribution of high energy
neutrons due to n —e collisions. We assume that these
events are similar to p —p collisions with respect to
cross section and angular distribution. Observations in

progress at this laboratory indicate that even at these

energies the p —p collisions yield spherical symmetry
in the center-of-mass system, and that the collision
cross section at these energies is roughly one-half the
n —p collision cross section.

Using these assumptions, and taking account of the
relative numbers of neutrons to protons in the nucleus
in question, cross sections 0.2 of the target nuclei for
delivering detectable neutrons by these "knock-on"
processes into the angular range detected have been
calculated and are shown in the Table III.

DeJuren and Knable' have measured total cross
sections and the cross sections for scattering of de-
tectable Aux into angles less than 8 using the same
absorbers as those used by the authors. In place of
carbon detectors they used bismuth fission chambers for
which the neutron counting threshold is about 50 Mev,
and the mean detection energy for these neutrons is
about 95 Mev. Because of the higher threshold of this
detector it is to be expected that the cross sections o

as measured by DeJuren and Knable include smaller
contributions from inelastic scattering than the cor-
responding cross sections measured by the authors.
The ratios n, '/0~ and (a,' —02)/o~ from the carbon
detector measurements and the ratio o,'/0 & from
bismuth fission detector measurements are shown in
Table III. Considering this comparison, and the simi-
larity of the angular distributions observed using
proportional counters with the 60-Mev threshold with
those observed with carbon detectors, it appears likely
that these cross sections for inelastic processes yielding
detectable neutrons are not underestimated.

In order to estimate the true scattering cross section
0; one must add the effect of the cross section 0~ for
elastic scattering into wide angles which will be dis-
cussed in the next section. Thus:

ARGUt. AR OIS7Rl8U7 lOII C URV F. FOR Lf AO
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FIG. 6. Angular resolution. The solid bell-shaped curves show
the detection eScieney distribution for two typical detector
positions in the measurement of the angular distribution from the
lead scatterer (5' at 65 cm and 10' at 34 cm}. When these are
multiplied by the dotted curve which has the form of the angular
distribution for lead we obtain the effective detection eKciency
distribution shorn as dashed curves.

&s = 0's 0'2+ 01.

Hence the values 0,' —0-2 of Table III represent lower
limits for 0;.

C. Elastic Scattering into Wide Angles

The neutron Aux per unit solid angle becomes so
small at angles greater than |t that measurements of
the intensity become very inaccurate. However, because
of the sine factor which enters into the calculation of the
scattering cross sections (see Eq. (5)) the total flux in
wide angles may not be negligible. An indication of the
order of magnitude of this effect can be obtained from
wide angle di8erential cross-section measurements made
with the recoil proton detector.

At 30' the djtfferential cross sections measured were
0.033&0.020, 0.004&0.004, and 0.22&0.13 for Al, Cu,
and Pb, respectively. At 45' the value obtained for
aluminum was 0.004&0.001 while nothing was detected
at this angle from Cu and Pb and nothing eras detected
in measurements at 60' and 90' from Pb. On the basis

9 J. DeJuren and N. Enable, Phys. Rev. 77, 606 (1950).
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of these observations it has been estimated that the
wide angle scattering eBect is of the order of 5 percent
for Al and less than this for Cu and Pb and is thus
somewhat smaller than the inelastic scattering eBect.
As can be seen from Eq. (9) the two effects tend to
cancel each other in the evaluation of the diBerence
between 0,' and the true elastic scattering cross section
a, .

It should be noticed that these eGects are common
to both methods of measuring o„hence the attenuation
method serves principally as a check on other systematic
errors in the differential cross-section measurements.

VI. ANALYSIS OF RESULTS

A. Description of the Angular Distribution

In the present experiment the de Broglie wave-length
of the neutrons is smaller than nuclear dimensions, and
it is sensible to speak of a neutron colliding within the
area of cross section presented by the nucleus. This
implies that neutrons with rather large values of
angular momentum will be involved in nuclear col-
lisions.

The quantized values of angular momentum will

extend up to pR= /k or l= kR; where k= 1/X= p/k, and
l is an angular momentum quantum number. R is the
largest value of impact parameter for which observable
effects of collision occur, and it may be de6ned as the
nuclear radius.

For 84-Mev neutrons X=0.48X10 " cm, and for a
heavy nucleus R is nearly 10 " cm. Thus values of l

will in some cases extend nearly as high as 20.
Since at the degree of excitation which such neutrons

could impart to nuclei the nuclear levels will be nu-

merous and overlapping, it is to be expected that such
collisions would lead to inelastic events or absorption.
Inelastically scattered neutrons or secondary neutrons
from such events are almost entirely of energies below
the detection threshold as indicated in Section V. Thus
it is possible to conceive of the nucleus, for the purpose
of this experiment, as an opaque, spherical obstacle
absorbing and di8racting the neutron wave.

If a description of the scattering process is represented
in partial waves, &' and the expression for the scattered
wave obtained by subtracting the expression for the
unperturbed plane wave from that for the wave 6eld
with scattering nucleus present, the asymptotic result
at a large distance r from the scattering center, and at
angle 8 from the direction of the incident beam, is:

P (21+1)(e""—1)P~(cos8). (11)
2ikr &-0

When no absorption in the scattering nucleus occurs,
b~ is a real number which measures the phase diBerence
between the lth partial wave in the diverging com-

' Rayleigh (J. Vf, Strptt}, Proc. I,ond, Math, Soc. (1) IV, 253
(1873}.

where g~ then functions as an absorption exponent
aQ'ecting the magnitude of the diverging lth wave.

If now the scattering nucleus is considered to be a
perfectly absorbing sphere of radius R, the value of g&

for 0&l&kR will be in6z. ite. Also if neutrons passing
with l& kR are to be unaffected the value of 8~ will be
zero for l&kR.

For this approximate model, then, the scattered
wave (11) reduces to:""

t.s&' I,=Zr
(2l+ 1)Pi(cos8) .

2ikr &=o
(12)

The result (12) can be directly obtained by noting
that the eGect of the nucleus is to remove from the
diverging components of the unperturbed wave those
partial waves with values of l up to l= kR. This removal
is mathematically described by superimposing upon the
unperturbed wave a set of partial waves with ampli-
tudes equal to corresponding amplitudes of the unper-
turbed wave Geld, with values of l up to l = kR, and with
each phase shifted by one-half cycle. This superimposed
set represents the scattered neutrons and its expression
is just (12). This is simply an application of Babinet's
principle from physical optics.

From (12) the differential scattering cross section is

seen to be

IsR -2

a (8)=—Q (2l —1)Pi(cos8)
4k'

(13)

For forward scattering, 8=0, (13) yields

a (0') = -'k'(R+ 1/k)'. (14)

It is to be expected that the opaque nucleus model
should give a distribution of elastically scattered neu-
trons similar to the Fraunhofer diBraction pattern for
a plane wave diffracted by an opaque circular disk. It
can be shown that expression (13) can be written in the
approximate form" "

J~(2kR' sin(8/2)) '
a (8)= -', k'(R') 4

kR' sin(8/2)

where J~ indicates a 6rst-order Bessel function, and
R =R+1/k. This is the expression for intensity in the
Fraunhofer pattern produced by a disk of radius R'
diffracting plane waves with X= 1/k.

» G. Placzek and H. Bethe, Phys. Rev. 57, 1075A (1940}.
1'A. Akhieser and I, Pomeranchuk, J. Phys. U.S.S.R. IX, 471

(1945}.

ponents of the actual wave 6eld and the corresponding
wave in the unperturbed 6eld. But when the scattering
nucleus also absorbs neutrons the eBect is described by
a complex value for b~,

8l 8l+&'sl
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S. Effect of Neutron Energy Spread Upon
Angular Distribution

The energy dependence of the di8erential cross section
occurs through the quantity k=(1/X) =p/k. In order
to compare the theoretical distribution (13) with one
observed it is necessary to calcula, te from (13) or (15)
a predicted value of 0(8) by averaging over the energy
spectrum of incident neutrons G(E) modified by the
energy dependence of the detection efficiency e(E).

Thus

0(8, E)G(E)a(E)dE
&min

~e
&max

G(E)e(E)dE

It is not necessary to account for any change in

energy of the neutrons upon being scattered, for the
lightest nucleus employed is Al, and the scattering is
confined to small angles. The averaging is accomplished
by graphical integration using information on the
neutron energy spectrum previously mentioned, and
some approximate experimental data, supplemented by
theory" on the C"(II,2n)C" cross section and its
variation with energy.

The functions (13) and (15) are indistinguishable
within the limits of accuracy needed in this comparison,
so (15) has been employed. The principal effect of the
averaging process just described is to increase the con-
tribution in the vicinity of the 6rst root of the Bessel
function above that obtained from a pure spectrum of
84-Mev neutrons.

C. Comparison of Observations with Theory

o l4-
Q0PPKR

By integration of the diBerential scattering cross
section as given by (13) the elastic scattering cross
section is obtained:

I2-

l0-
Cl

8-
+
R
lal
C,'

IL
LI

IL
0 2

b~

I-C -I--
4 8 I 2' l6' 20 24'

R

geo:. t
50-

lA
O

LKAO

I I I s~ — ~br-O~ l0 4I' 8 IP' Ie' RO 14
NKMTRbN SCATTERING ANILE

Fra. 7. Comparison of experimental di8'erential cross sections
with those calculated from transparent model theory. {Units same
as in Fig. 5.)

1 l=kR 2

o,= 2Ir
~

~ g (2l+ 1)PI(cos8) sin8d8 (16)
Qg 4/2 l 0

= Ir(R+1/k)' = IrR".

An experimental value for Ir, will, by use of (16),
allow determination of R', which, in turn, may be used
in (15) to construct angular distribution curves appro-
priate to the opaque model for comparison with the
shapes of the experimental distributions.

This comparison is shown in Fig. 5. The dashed
curves are the result of determining R' from the values
of 0.,' displayed in Table III; and the dotted curves
result from using (0.'—IrI) for determining R'. In each
case the distribution given by (15) has been modified
as in the preceding Section B to account for the energy
spread of the neutrons.

In view of Sections V, 3 and C, and Eq. (16), we
should actually determine R' from cr, =o.,'—02+0.~

= Ir(R')'. The value of oI is very small in the cases of
Cu and Pb, but may be comparable with 0-2 in the case
of Al as shown in the experimental results of Section
V—C. These facts are consistent with the agreement of
the dotted curves with datum points for Pb and Cu,
while for Al the points are closer to the dashed curve
computed from 0,'.

To be consistent, one should subtract from the datum
point ordinates the values of the differential cross sec-
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tions for inelastic collisions delivering detectable
neutrons, estimated in the manner described in Section
V—B. But this does not significantly alter the positions
of the points except at very wide angles where the
datum point accuracy does not warrant such cor-
rection.

A calculation of the angular distribution has also
been made on the basis of the "transparent" model of
Fernbach, Serber, and Taylor. ' This model assumes for
nuclear matter an absorption coefficient and an index
of refraction. The radius of an individual nucleus ac-
cording to this scheme can be represented by roA&. In
the case previously described, based on the total cross-
section measurements of Cook, McMillan, Peterson,
arid Sewell, ' the radius of the nucleus is given by 1.37A&

X10 " cm where E (the absorption coefficient) is
chosen as 2.2X10" cm ' and kq (the increase of the
propagation constant of the neutron wave upon entering
the nucleus) as 3.3X10"cm '

The angular distributions determined with these
constants yield the curves shown in Fig. 7. The theo-
retical curves are noticeably lower than the experi-
mental values in the forward direction, but fit com-
paratively well at other angles. The Bessel function
obtained from the opaque model on the other hand fits
better in the forward direction but not as well at larger
angles.

Figure 8 shows the theoretical curve for o,joI as a
function of nuclear radius. The experimental points are
taken from the attenuation data obtained from the
poor geometry experiment.

Curve 2 is calculated with the above mentioned
constants, curve 8 with constants tha, t fit this attenu-
ation data better. Neither the angular distribution nor
the total cross sections are very sensitive to changes in
the value of the absorption constant, whereas the ab-

E X PE R IN E N T A C P DIN T S D E T ER AI I!If 0

PRON ATTENUATION DATA

5,
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I t t I I
4 5 5 7 S 9
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Fro. 8. Theoretical curves for e /0 g es. R(E.= 1.37A& X 10 "cm)
A: E=2.2X10~ cm ' E1=3.3X10~ cm '
8: E=3.0X10"cm ', E&=3.3X1012 cm '.

sorption cross section is a function of EE only. Hence
a poor geometry attenuation experiment can be used to
make a more critical determination of E. In this case
E=3.0&&10" cm ' shows better agreement with the
experimental results. It should be mentioned that with
this value of E, the value of rt) necessary to give the
best fit for the total cross sections is j..39X10 "cm.

In Fig. 8 the experimental values have not been cor-
rected for the scattering beyond the maximum angle
used. The only appreciable scattering beyond 8
seems to be that for aluminum. Such correction would
reduce the ratio 0 /o & and bring the experimental point
closer to the theoretical curve.
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