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To determine the relative phase with which neutrons are scattered by an element A, cross-section measure-
ments are obtained for A, for a reference element B, and for a substitutional solid solution of A and B.The
experimental value of the e6'ective coherent scattering cross section, a„h, for the solid solution, when com-
pared with the values calculated from the data for pure A and B, shows whether the two constituent ele-
ments scatter neutrons in the same or in opposite phases. Measurements made with the Columbia neutron
velocity spectrometer show that copper and nickel scatter with the same phase, and manganese and nickel
with opposite phases, in agreement with other methods of phase determination. The following more ac-
curate values of the free scattering cross sections, 0 f, and new values of the effective coherent scattering cross
sections, cr„h', were obtained: copper, cry=8. 2 barns, O„h'=6.6 barns; nickel, af =17.4 barns, o„h'=13.9
barns; manganese, af =1.80 barns. o«h'=~1.9 barns.

INTRO DUCTIOH
"N the course of the systematic investigation of the.- resonance levels of the elements being carried out

with the Columbia neutron velocity spectrometer, "
the free scattering cross sections and the 1jo capture
slopes of the elements are determined with considerable
precision. With relatively little additional work, as will
be shown in this paper, it is possible to determine the
coherent scattering cross section and the relative phase
with which an element scatters neutrons. This new
method does not require high resolution, and hence
there is no need for the high neutron intensity of a
reactor. The data are easily analyzed and the results
are obtained directly.

Fermi and MarshalP have reported three methods for
phase determination: (a) Intensity measurements of
different orders of Bragg reflections from the same plane
of a crystal and comparison with theoretical values;
(h) measurement of the limiting angle for total reQec-
tion of neutrons from mirrors; (c) comparison of the
observed total cross section of gas molecules at long
neutron wave-lengths with values calculated from
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Physical Society at Cambridge, Massachusetts, on June 18, 1949.
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'Rainwater, Havens, Dunning, and Wu, Phys. Rev. 73, 733
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classical interference theory. The second method is
the only one which gives an absolute determination of
phase, for only nuclei with positive scattering ampli-
tudes, using the Fermi sign convention, give total
reflection. The erst two methods require a high neu-
tron lux in order to obtain good resolution in a reason-
able period of time. The third method is not a precision
experiment and does not require high neutron intensi-
ties, but it is»mited in its application to gases.

Wollan and Shull4 made phase determinations by
observing the coherent Bragg scattering by diGerent
crystal planes, and comparing with theoretical values.
Fermi, Sturm, and Sachs' and Winsberg, Meneghetti,
and Sidhu, ' have determined phase of scattering by
making high resolution transmission measurements of
microcrystals, and comparing crystal di8raction peaks
of the transmission curve, after identification of the
peaks with particular crystal planes, with theoretical
values.

THEORY

The theory of the phase of scattering of slow neutrons
has been treated in earlier papers. '& ~' Only the results

' E. O. Wollan and C. G. Shull, Phys. Rev. ?3, 830 (1948).
~ Fermi, Sturm, and Sachs, Phys. Rev. 71, 589 (1947).' Winsberg, Meneghetti, and Sidhu, Phys. Rev. 75, 975 (1949).
~ Halpern, Hamermesh, and Johnson, Phys. Rev. 59, 981 (1941);

also O. Halpern and M. H. Johnson, Phys. Rev. 55, 898 (1939).' Feshbach, Peaslee, and Weisskopf, Phys. Rev. ?I, 145 (1947).
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of this theory, and the definitions used in this paper,
need be mentioned here. For slow neutron scattering
by nuclei, only zero angular momentum or spherically
symmetric scattering need be considered. If p is the
phase shift relative to the incident neutron wave of the
spherically symmetric part of the total wave at large
distances, then the free scattering cross section, Of, is
given by

a(=4jr( —X sing)'-',

where X= X/27r= 1/k and X is the neutron wave-length.
For scattering by a nucleus of spin zero, (—X sing) has
a unique value; this quantity is called the free scatter-
ing amplitude or scattering length and is denoted by u.
For

~
sing ~((1, a is just the value of the radial coordi-

nate r for the (extrapolated) node of the exterior wave
function. From general theoretical considerations, the
free scattering length is expected to be positive, except
in a small energy region on the low side of a resonance,
where it is negative. If two nuclei scatter neutrons with
the same phase, then the sign of a is the same for both;
if they scatter with opposite phases, then a is positive
for one nucleus and negative for the other.

If the spin i of the nucleus is not zero, then compound
nuclear states of spin (i+ ', ) and-(i ,') c—an—beformed
with relative statistical weights g, = (i+1)/(2i+1) and
gb=i/(2i+1), respectively. If the corresponding free
scattering lengths are a and u~, then the total free
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scattering cross section for the isotope is

o (=4s [g,(b,'+gbab']. (2)

This is the experimentally observed cross section using
neutrons of energy )1 ev. At lower energies the binding
of the atoms is important and the scattering amplitudes
for an infinitely bound atom are increased by the factor
(jf+1)/jf, where jf is the atomic weight of the nucleus.
The bound scattering cross section, orb, for a single
atom is then

&b=4~ha f'+gbfb'j

where f, and fb are the bound scattering amplitudes for
the separate spin states.

In a crystalline material containing many atoms, we
must take into account that part of the scattering by a
single nucleus is coherent relative to scattering by the
other atoms, and part is incoherent. The observed scat-
tering at any given energy below about 1 ev is very
sensitive to the crystal lattice parameters and to the
neutron wave-length on account of interference between
the coherent part of the scattering from different atoms.
We can define the coherent scattering cross section,
0.,h, as that part of o-b which can be modified by
interference effects. Then o„h is given by

~-b= 4~La.f.+gbfbh' (4)

If measurements are made on an element with several
isotopes of relative abundance p, present, the above
averages must also be taken over the isotopes. Then

& f —4~/ Pjfgaj &aj +gbj &b( )&

~b=4~Z p Lg. f.'+gb fb "3 (6)

20 - =4 IZ p Lg. f. +g f»jI'
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From Eq. (7) we can define the effective bound scatter-
ing amplitude, fb ff for an element k consisting of
more than one isotope by

fb r( Z p Lg —f+gb fb'j'''
It is the sign of this effective scattering amplitude which
is determined by the experiments. The incoherent scat-
tering cross section, 0.;„,of an element due to spin and
isotope eGects is given by
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Pro. 1. The slow neutron cross section of nickel as measured
with a 9.69-g/cm~ sample. The 1/s line for the short wave-length
region is cr = (17.4+0.79E &), and the 1/e line for data beyond the
cut-oK for Bragg reflections, X„ is cr= (4.1+0.79E &).

0'inc = &b 0 coh

If solid solutions are formed, of two metals for ex-
ample, there are two cases to consider. If the system is
completely disordered with respect to the relative
positions of the atoms of the two elements in the lattice,
then we may still use Eqs. (5)—(7), but treat p; as the
relative abundance of the jth isotope in the mixture
rather than in the element. If the coherent scattering
amplitudes are quite different (or of opposite sign) for



SLOW NEUTROiN SCATTERING 577

I6

g I2

O
~8

Q

c3 4
V)

th
v)

initial part of the curve, and the intercept obtained by
extrapolation of this line to zero wave-length gives
o;„.ob is obtained by multiplying 0 f by (2+1)'/2',
and the effective coherent scattering cross section,
o«h', is obtained from 0«h'= (0.b—0;,). The latter is
smaller than o„h given by Eq. (7) because of thermal
motion of the atoms in the crystal.

To determine the sign of the scattering amplitude of
an element, a substitutional solid solution is formed of
the element and another reference element for which the
sign of the scattering amplitude is known or assumed.
The coherent scattering cross sections for the elements
are known from measurements made on the elements
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Fro. 2. The slow neutron cross section of copper as measured
with a 19.19-g/cm' sample. The 1/e line for the short wave-length
region is a= {8.2+0.54E &), and the 1/e line for data beyond the
cut-oR for Bragg reflections, X„ is cr = {1.9+0.54E &).
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for

Same Opposite
phase phase Xo in A

Copper
Manganese
¹ickel
Cu —Ni alloy
Mn —Ni alloy

8.2
1.80

17.4
12.4
13.6

8.5 6.6
1.87 ~1.9

18,0 13.9
12.8 )0.1
14.1 5.5

9.9 0.35
9.5 5.4

4.16
12.6
4.06
4.11
6.4

the two elements, there will be a large increase in

a;„,/ab for the mixture relative to either element alone.
If there is some degree of order such that the atoms of
the two elements tend to take diGerent regular lattice
positions, the value of cr;„, is reduced, and this oGers
a method for the study of such order-disorder effects
in favorable cases. In the experiments here described,
a state of disorder was assured by rapid quenching of
the sample from a high temperature.

Let us consider typical transmission data for a micro-
crystalline sample of an element as obtained with the
neutron velocity spectrometer, and plotted as cross
section ss. neutron wave-length (see, for example, the
curve for nickel given in Fig. 1). This curve may be
analyzed as follows: The intercept on the zero wave-
length axis is 0 f as given by Eq. (5). The curve between
the zero wave-length axis and the erst crystal diffrac-
tion peak is a straight line whose slope is determined
by the capture cross section of the sample. The diffrac-
tion eGects end at the cut-oG wave-length, X„ for the
crystal, since the portion of the curve beyond X, is a
region in which there is total destructive interference
of the various coherent scattering amplitudes. The
curve beyond X, is again a straight line parallel to the

TABLE E. Some important observed and calculated cross sec-
tions, and the cut-ofF wave-lengths, X,. Cross sections are in
barns (=10 "cm').
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FIG. 3. The slow neutron cross section of manganese as meas-
ured with a 16.92-g/cm2 sample. The 1/v line for the short wave-
length is 0 = {1.80+2.14K &).

separately. From a modification of Eq. (7),

0'coh =4~Lplf1—ef f+p2f2 —ef fj ~ (10)

~„h of the solid solution is calculated assuming f& ff
and f2 ff of the constituent elements to have the same
sign, and again assuming opposite signs. A comparison
of the measured 0.„h' with the two calculated values of
o.,h shows whether the phase of scattering of the two
elements is the same or opposite.

To be more rigorous, the cross-section data beyond
), should be obtained with the sample at a temperature
well below the Debye temperature, so as to obtain
c„h rather than O.„h'. However, the diBerence between
these values is small ((0.5 barn) compared with the
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FIG. 4. The slow neutron cross section of disordered copper-
nickel alloy composed of 48.10 percent nickel and 51.69 percent
copper by weight, and having an area density of 7.48 g/cm'.
The intercepts of the 1/v lines give crf ——12.4 barns and 0;,=2.7
barns.

large diBerence between the values of 0„h calculated
for the same and opposite phases of scattering. By the
proper choice of the reference element, and of the rela-
tive proportions of the constituents of the solid solution,
the diGerence in cr„h for diferent phases of scattering
can be maximized. The scientihc literature' provides
information on a large number of substitutional solid
solutions, from which a suitable reference element may
be chosen.

EXPERIMENTAL PROCEDURE

To illustrate this method, transmission measure-
ments frere made on samples of pure nickel, copper,
manganese, and on copper-nickel and manganese-
nickel alloys. The nickel sample was composed of
seven micron particles of pure nickel obtained by the
decomposition of nickel carbonyl. The copper sample
consisted of c.p. copper pellets between 2 and 5 mm
diameter. The manganese sample consisted of 99.9 per-
cent electrolytic manganese, which was crushed and
screened to give a uniform batch of 0.5- to 1-mm
particles, and was outgassed at 400'C for 4 hr. in a
high vacuum system to remove hydrogen occluded
during the electrolytic process. The samples were
packed in Bat, cylindrical aluminum containers, 3 in.
in internal diameter, and g to 1, in. thick, depending
on the desired neutron transmission. After careful
outgassing, the containers were 6lled with helium at
atmospheric pressure and sealed 'o

The copper-nickel alloy was in the form of a plate
with an area density of 7.48 g/cm', and analyzed 48.10
percent nickel and 51.69 percent copper by weight.

I See, for example, IeternAkmd Chica/ TuMes (Mcoraw-Hill
Book Company, Inc. , New York, 1927), Vol. II, pp. 400-455.

'o I. %. Ruderman, Phys. Rev. 76, 1572 {1949).

It was heated to 800'C and quenched to room tempera-
ture with powdered dry ice in less than 1 min. to insure
that it was in a completely disordered state. The
manganese-nickel alloy consisted of a plate of area
density 3.85 g/cm' and analyzed 27.45 atom percent
manganese and 72.55 atom percent nickel. The alloy
was heated in an inert atmosphere of argon to 800'C
and quenched in dry ice to put it in a disordered state.

The operation of the neutron velocity spectrom-
eter has been described in detail by Rainwater and
Havens. " " In order to extend the transmission data
in the very low energy region ()5A), the source-to-
detector distance was reduced from 6 to 5 meters, and
a "cold source" consisting of a liquid-nitrogen-cooled

paragon slab was used. For low energy measurements
()3A), the neutron beam was filtered through 13
g/cm' of Be and 11 g/cm' of BeO so as to reduce the
stray neutron background. " "Standard Alters"" were
used for the high energy measurements to minimize
changes in the counting rate for the "sample in" and
"sample out" positions.

RESULTS

The cross-section data for nickel, copper, and
manganese are shown in Figs. 1, 2, and 3, respectively.
These results are considered more accurate and have
been extended to longer neutron wave-lengths than the
previously published curves for these elements. '" The
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Fzc. 5. The slow neutron cross section of disordered manganese-
nickel alloy composed of 27.45 atom percent manganese and 72.55
atom percent nickel, and having an area density of 3.85 g/cm'.
The intercepts of the 1/v lines give of=13.6 barns and ~r;,=8.6
barns.

"J.Rainwater and W. W. Havens, Jr., Phys. Rev. 70, 136
(1946).

~W. W. Havens, Jr., and J. Rainwater, Phys. Rev. 70, 154
(1946).

"Rainwater, Havens, Wu, and Dunning, Phys. Rev. 71, 65
(1947)."E.Melkonian, Phys. Rev. 76, 1750 {1949).
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best 1/v line for nickel in the high energy region
(0-0.8A) is given by the equation

0 = (17.4+0.2)+ (0.79&0.1)E ~,

where o is the total cross section in barns (=10-~ cm')
and E is the neutron energy in electron volts. Beyond
X„ the best 1/v line is given by

0 = (4.1&1.2)+(0.79&0.1)E ~.

After correcting the free cross section for binding, the
best value of cT„g' is 13.9 barns.

Similarly, the best high energy 1/v lines for copper
and manganese are given by

a= (8.2+0.2)+ (0.54+0.05)E &

o'= (1.80&0.05)+ (2.14&0.02)E

respectively. Beyond X, the cross section for copper is

given by
0 = (1.9&0.6)+(0.54&0.05)E '*.

The manganese curve could not be observed out to
cut-oB, because the neutron intensity at this long wave-
length (12.6A) is at present too weak to be useful.
However, since the best straight line with the correct
capture slope through the points between 4.5 and 6A
passes through zero, the incoherent scattering cross
section is probably very small, and was indeed taken
to be zero for this work. In Table I the important cross
sections and values of X, for each sample are tabulated.

Using the data from Figs. 1 and 2, f, g~ was calcu-
lated for nickel and for copper. Substituting these f, f f

values in Eq. (10) together with the appropriate p's
shows that 0.,~ for the copper-nickel alloy should be
9.9 barns if copper and nickel scatter with the same
phase, and 0.35 barn if the elements scatter with
opposite phases. The measured value of a„g' for the
copper-nickel alloy (Fig. 4) is 10.1 barns. Copper and
nickel therefore scatter neutrons with the same phase,
in agreement with Fermi and Marshall's results on the
basis of the total reQection of neutrons from mirrors'.
Their measurements also show that the signs of the
scattering amplitudes of copper and nickel are positive.

From the manganese-nickel curve (Fig. 5) &r.,~' is
found to be 5.5 barns. If the two elements scatter with
the same phase, then from Eq. (10) o„s of the alloy
should be 9.5 barns, whereas if the elements scatter
with opposite phases, then 0.„~ should be 5.4 barns.
It may therefore be concluded that manganese has a
negative scattering amplitude, in agreement with Fermi
and Marshall's results on the basis of the intensities of
Bragg reflections from MnS2, ' and Wollan and Shull's
measurements of Bragg reflections from Mn0. 4 This
experiment would have been more sensitive if the alloy
contained 72.55 atom percent of manganese instead of
72.55 atom percent of nickel; however, this would have
extended X, to TOA, in which region measurements are
presently impractical to make because of the low
neutron intensity.

The greatest uncertainty in the measurements made
here is introduced by the long extrapolation from the
points beyond X, to zero wave-length, using the capture
slope. This means that the latter must be determined
with high accuracy, and that enough points beyond X.
must be obtained to enable an accurate extrapolation
to be made. Fortunately the capture slope can be
measured with good statistical accuracy at short wave-
lengths where the neutron intensity is high, and where
crystal diGraction effects are not present. Improve-
ments in the spectrometer are now under way which
shouM make it possible to obtain better statistical
accuracy at long neutron wave-lengths.
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