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TABLE I. Implied excitation energy of Be'.

Run

3.02
3.02
3.12
3.12
3.38

1.25
1.25
1.35
1.35
1.6

0.63
0.63
0.57
0.64
0.70

0.78'
0.78s
0.76
0.87
1.13

0.45
0.45
0.54
0.45
0.44
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Y use of a very simple model for the production of stars
resulting from the absorption of ~=mesons by nuclei it is

possible to estimate (a) the number of "fast" protons (energy )30
Mev) in the stars, and (b) the average excitation energy. We
assume that the meson is absorbed by a single proton in the
nucleus producing a neutron which moves at high speed through a
"gas" of nucleons, while momentum is conserved by the recoil of
one or more neighboring nucleons. The fast nucleons may escape
from the nucleus without collision or may undergo one or more
collisions, thereby heating up the nucleus. Thus star fragments
from m -absorptions faH into two categories: high energy nucleons
arising directly from the absorption process, and evaporation
fragments whose energies are low and determined by the energy

(Three of these curves are shown in reference 1.) E~ is the energy
in Mev of the Van de Graaff protons, E„ the energy of the main
neutron group, E. the ratio of recoil energy at the anomalous peak
to maximum recoil energy, E ' the energy of the postulated slower
neutron group, and E the excitation energy of Be7 which would
cause such a group.

Table I shows that only one run was inconsistent with the
excited state hypothesis, the location of the distorted peak was in
fact exceptionally vague in this one case. While the anomalous
peak cannot be localized sufFiciently to give a precise measure of
the excitation energy, the other four runs put it between 420 and
480 kev.

Recent precision measurements indicate that such a Be' state
exists."However, the excitation of this state by 3 Mev protons
striking lithium has escaped previous observation. 4 The reason
perhaps is that the Ii(P,n) yield curve, which was studied by
Freier, I.ampi, and Williams, does not offer as sensitive a test as
the helium recoil data, in which the slower neutrons at optimum
energies produce resonant forward-scattered recoils which are
superposed, in the distribution curves, upon non-resonant faster
neutron recoils of unfavorable scattering angle. If the implications
drawn from this helium data are correct, the traces of the slower
neutron group should be observable in many neutron resonance
studies, especially by comparing resonance data taken with both
I.i(p,n) and D(d,n) neutron sources.

As to helium scattering itself, in reference 1 the smallness of the
ratio of maximum to minimum differential scattering cross sections
in all of the curves was taken to indicate a split resonance level,
but this apparently small ratio may also be due really to a slower
neutron group.

~ T. A. Hall and P. G. Koontz, Phys. Rev. 72, 196 (1947).
~ J. C. Grosskreutz and K. B. Mather, Bull. Am. Phys. Soc. 24, No. 7,

H5(A) (Chicago, 1949) report a, state at 0.470&0.070 Mev.' Brown, Chao, Fooler, and Lauritsen, Bull. Am. Phys. Soc. 24, No. 8,
D11(A) (Stanford, 1949) report a state at 0.435 &0.008 Mev.

~ Freier, Lampi, and Williams, Phys. Rev. 75, 901 (1949).

TABLE I.

Model Nitrogen Silver

Number of fast protons (E)30 Mev) per
100 ~ -mesons absorbed

Average excitation energy of evaporation
star

Number of x -absorptions giving no evapora-
tion star (per 100)

Number of evaporation stars with excitation
&40 Mev per 100 n -absorptions

I
II
I

II
I

II
I

II

48
12

31 Mev
55 Mev

28
0

31
64t

24
13

78 Mev
70 Mev

12
43t

t The escaping fast nucleon is always a neutron,

loss of the initial nucleon in traversing the nucleus. If the mean
free path of the fast nucleons is of the order of or larger than the
nuclear diameter, we would expect large numbers of fast nucleons
as well as total excitation energies of the evaporation stars low
compared to the meson rest mass of 146 Mev,

If, in addition to the collision cross section, the average energy
loss per collision is known, one can estimate the probability that
a nucleon makes a specified number of collisions before leaving
the nucleus and the excitation energy of the residual nucleus. The
energies involved are sufficiently high that, to a first approxima-
tion, the binding of the nucleons can be ignored. The total n —p
scattering n —P scattering cross section is taken as 6.8/E barns
where E is measured in Mev, ' and we assume a„=a»=40„
Since the nucleus is treated as a Fermi gas, the exclusion principle
discriminates against collisions with small momentum transfer,
thereby increasing the effective cross section by a factor of about
1.45.' The energy loss per collision has been estimated by Serber4
as 25 Mev for energies of the order of 100 Mev. The calculation is
greatly simplified by assuming forward scattering. The error
involved is difficult to estimate, but is surely not very large and
probably leads to a slight overestimate for the number of fast
protons.

Two different models were used for the calculations. ' I. The
recoil momentum is taken up by a single nucleon so that the
absorption results in two nucleons moving in opposite directions,
each with half the meson rest energy. The recoil particle can be a
neutron or a proton, and on the basis of an n-particle model the
ratio of neutrons to protons is 2:1.Use of the ratio obtained by
counting all neutrons and protons in the nucleus gives almost
identical results. II. The recoil is a triton, the residual part of the
n-particle of which the absorbing proton is taken to be a member.
Using a triton binding energy of 8 Mev, ' we find that the neutron
carries away 95 Mev while the recoil triton has 31 Mev. The entire
energy of the trition goes into heating up the nucleus.

With model I one calculates the probabilities that both nucleons
make zero collisions, one makes one and the other zero, etc. After
more than one collision the nucleon energy is degenerated below
30 Mev and is considered to be "lost" in the evaporation star. With
model II the single nucleon is "lost" after more than two col-
lisions. In this way one obtains an estimate of the number of ab-
sorptions which produce no stars (by star we mean evaporation
star) and the number which yield fast protons. In all these cal-
culations it is assumed that a charge exchange occurs in half the
neutron-proton collisions.

The calculations were carried out for ~ -absorptions in nitrogen
and in silver so as to make possible a comparison with the ob-
servations in nuclear emulsions. The important results are given
separately in Table I for nitrogen (taken as typical of the C, N, 0
group) and for silver (representing Ag, Br) since it should be
possible experimentally to distinguish between the m -stars
produced in the light and heavy elements of the emulsion.

Evaporation stars of energy less than 40 Mev are classified
separately since an excitation of that magnitude will produce stars
consisting almost entirely of neutrons in nuclei as heavy as silver7
and are therefore not observed. It is worth noting that model II
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predicts a large number of ~ -absorptions in silver which produce
no observable prongs (except possibly recoil nuclei) while model I
predicts very few. Both models lead to a substantial number of
fast protons too energetic to be accounted for by an evaporation
process.

Meson absorptions giving rise to fast protons have been ob-
served in photographic plates by Perkins' and by Cheston and
Goldfarb' at Rochester. The data appear to Gt reasonably well
with our model II but the results are still inconclusive.

The author wishes to express his gratitude to Professor R. E.
Marshak for his guidance throughout the work and to Messrs.
W. Cheston and L. Goldfarb for many valuable discussions.

~ Preliminary results were reported by Professor R. E. Marshak at the
Idaho Springs Cosmic Ray Conference in June 1949.

~* AEC Predoctoral Fellow.' Hadley, Kelly, Lieth, Segrh, Wiegand, and York, Phys. Rev. 75, 351
(1949}.

2 The calculation was also done using eA n =0'p p =Em -p. This gives about
20 percent fewer fast protons and slightly higher excitation energies but no
significant changes in the principle features of the result.

s M. L. Goldberger, Phys. Rev. 74, 1269 {1948).' R. Serber, Phys. Rev. 72, 1114 (1947).i Similar models were suggested independently by Heidmann and
Leprince-Ringuet, Comptes Rendus 226, 1716 (1948).

6 L. Rosenfeld, Nuclear Forces (Interscience Publishing Company, New
York, 1948), p. 301.' V. F. Weisskopf, Los Alamos Report 24, Lecture XXXVI.

s Perkins„Phil. Mag. 40, 601 (1949).
9W. Cheston and L. Goldfarb, paper to be presented at New York

meeting, February 1950.

We can also estimate the error of the approximate eigenfunction
It). Further (1) can be generalized to the case of degenerate eigen-
values.

These formulas proved to be very useful in approximate solution
of eigenvalue problems of various kinds. For instance, they give
much more narrow range of errors than hitherto supposed in the
calculation of eigenvalues by the relaxation method. ' Also we hope
that they can successfully be applied to problems of quantum
mechanics. Their application to the eigenvalue problem of the
deuteron with the meson potential is now in progress.

Detailed account will appear shortly in Journal of the Physical
Society of Japan.

~ G. Temple, Proc. Lond. Math. Soc. 29, 257 (1928); Proc. Roy, Soc.
119, 276 {1928); D. H. Weinstein, Phys. Rev. 40, 797 (1932); 41, 839
(1932); Proc. Nat. Acad. Sci. 20, 529 (1934); F. TreGtz, Math. Ann. 108,
595 (1933);J. K. L. MacDonald, Phys. Rev. 46, 828 (1934); W. Romberg,
Physik Zeits. Sowjetunion 8, 516 (1935); 9, 546 (1936); R. A. Newing,
Phil. Mag. 24, 114 (1937); A. F. Stevenson, Phys. Rev. 53, 199 (1938);
G. Horvay, Phys. Rev. 56, 214 (1939); L. Collatz, Zeits. f. angew. Math.
Mech. 19, 224, 297 (1939); E. Kamke, Math. Zeits. 45, 788 (1939); G.
Temple and W. G. Bickley, Rayleigh's Principle and Its Applications to
Engineering (London, 1933).

2 R. V. Southwell, Relaxation Methods in Engineering Science (Oxford
University Press, London, 1940).
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'HE Ritz variational method gives only upper bounds of
eigenvalues of Hermitian operators. Many authors' at-

tempted to generalize the method and derived various formulas
to estimate lower bounds of eigenvalues. But it seems that as yet
the mutual relations and relative merits of these formulas have
not been fully discussed from a systematic point of view.

We carefully examined these formulas and reached the con-
clusion that the formula of Temple' is the most precise one among
them notwithstanding that it is the oldest as well as the simplest
one.

Moreover, we could generalize the Temple formula to the case
of higher eigenvalues of operators which are not necessarily
bounded below. Let 'A be a non-degenerate eigenvalue of a
Hermitian operator H and let a &P be two numbers such that the
interval (a, P) contains X but no other points of the spectrum of H.
Let m be an approximate eigenfunction and calculate

~=(~, &M)/ll~ll', ~= II(&—n) II/ll~li.

Then we can show that

provided e'& (rt —a) (P—q).
This formula is symmetric with respect to upper and lower

bounds, as it should be. If in particular X is the lowest eigenvalue,
we can put a= —~ and (1) reduces to the Ritz-Temple formula.
It should be noted that (1) gives X within the error of the order e',
which is very small if ~ is small, i.e. m is a good approximate eigen-
function. Also we can show that (1) is in precision not behind any
of the formulas cited above, ' so long as the latter is not incorrect.
In fact, it can even be shown that (1) is the best possible estimate
if q, ~, a and P are the only available data.

Another advantage of (1.) is that it can be applied to higher
eigenvalues without the preliminary procedure of orthogonaliza-
tion which is necessary in the Ritz method.

Neutrons from Li'(p, n)Be' *
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F nuclear forces are charge independent, one expects Be' to.. have a low lying level equivalent to the well-known 478-kev
level in its mirror nucleus, Li~. Earlier work by one of us' on the
neutrons from Li'(p, n)Be' failed to detect such a level. However,
with the old Ilford halftone emulsions then available, the ob-
served neutron group was very asymmetric and was approxi-
mately 700 kev in half-width; hence neutrons of energy corre-
sponding to Be~ excited could easily have been missed if of low
intensity.

Recently, Grosskreutz and Mather2 reported from this same
reaction neutron groups corresponding to levels in Be"at 205 kev,
470 kev, and 745 kev, and comparable in intensity to the main
group. Because of the importance of this result on the charge inde-
pendence hypothesis of nuclear forces, we have re-examined this
spectrum with the improved post-war nuclear emulsions. Thin
(30-60 kev thick) targets of metallic lithium evaporated upon a
tantalum backing were bombarded by 3.34-Mev a,nd 3.96-Mev
homogeneous protons from the Wisconsin electrostatic generator.
100 micron thick Eastman NTA emulsions (glass-backed) were
mounted 15 cm from the target and at 0' and 60' to the proton
beam.

After processing, the tracks were measured in a microscope with
an oil immersion objective to achieve minimum depth of focus.
The observed recoil proton energy, E~, is equal to E„cos'8, where
E„ is the neutron energy and 8 is the angle of recoil with respect
to the incident neutron. If the incident neutron is along the x axis
and y is in the plane of the emulsion, then

tan8 = (R,'+R»' sin'x) &/R» cosy. ,

where R, is the z projection of the track, R „ is the projection on
the xy plane, and p is the angle R „makes with the x axis. R, is the
only one of these quantities dificult to measure accurately. Ex-
perimentally we observed the uncertainty in R, to be about 0.5
micron, which uncertainty must be multiplied by a factor 2.5
because of the shrinkage of these concentrated emulsions upon
processing. To minimize this resultant uncertainty in 8, we there-
fore accepted only tracks with a dip angle in the processed emul-
sion of &3'. Recoils out to X=15' were, however, accepted since


