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The discussion of vacuum polarization in the previous paper
of this series was confined to that produced by the field of a pre-
scribed current distribution. We now consider the induction of
current in the vacuum by an electron, which is a dynamical sys-
tem and an entity indistinguishable from the particles associated
with vacuum fluctuations. The additional current thus attributed
to an electron implies an alteration in its electromagnetic proper-
ties which will be revealed by scattering in a Coulomb field and
by energy level displacements. This paper is concerned with the
computation of the second-order corrections to the current opera-
tor and the application to electron scattering. Radiative correc-
tions to energy levels will be treated in the next paper of the series.
Following a canonical transformation which effectively renor-
malizes the electron mass, the correction to the current operator
produced by the coupling with the electromagnetic field is de-
veloped in a power series, of which first- and second-order terms
are retained. One thus obtains second-order modifications in the
current operator which are of the same general nature as the
previously treated vacuum polarization current, save for a con-
tribution that has the form of a dipole current. The latter implies
a fractional increase of a/2x in the spin magnetic moment of the
electron. The only flaw in the second-order current correction is a
logarithmic divergence attributable to an infra-red catastrophe.
It is remarked that, in the presence of an external field, the
first-order current correction will introduce a compensating di-
vergence. Thus, the second-order corrections to particle electro-
magnetic properties cannot be completely stated without regard
for the manner of exhibiting them by an external field. Accord-
ingly, we consider in the second section the interaction of three
systems, the matter field, the electromagnetic field, and a given
current distribution. It is shown that this situation can be de-
scribed in terms of an external potential coupled to the current

operator, as modified by the interaction with the vacuum electro-
magnetic field. Application is made to the scattering of an electron
by an external field, in which the latter is regarded as a small
perturbation. It is found convenient to calculate the total rate at
which collisions occur and then identify the cross sections for
individual events. The correction to the cross section for radia-
tionless scattering is determined by the second-order correction
to the current operator, while scattering that is accompanied by
single quantum emission is a consequence of the first-order current
correction. The final object of calculation is the differential cross
section for scattering through a given angle with a prescribed
maximum energy loss, which is completely free of divergences.
Detailed evaluations are given in two situations, the essentially
elastic scattering of an electron, in which only a small fraction
of the kinetic energy is radiated, and the scattering of a slowly
moving electron with unrestricted energy loss. The Appendix is
devoted to an alternative treatment of the polarization of the
vacuum by an external field. The conditions imposed on the in-
duced current by the charge conservation and gauge invariance
requirements are examined. It is found that the fulfillment of
these formal properties requires the vanishing of an integral that
is not absolutely convergent, but naturally vanishes for reasons
of symmetry. This null integral is then used to simplify the ex-
pression for the induced current in such a manner that direct
calculation yields a gauge invariant result. The induced current
contains a logarithmically divergent multiple of the external cur-
rent, which implies that a non-vanishing total charge, propor-
tional to the external charge, is induced in the vacuum. The ap-
parent contradiction with charge conservation is resolved by show-
ing that a compensating charge escapes to infinity. Finally, the
expression for the electromagnetic mass of the electron is treated
with the methods developed in this paper.

COVARIANT form of quantum electrodynamics

has been developed, and applied to two elementary
vacuum fluctuation phenomena in the previous articles
of this series.! These applications were the polarization
of the vacuum, expressing the modifications in the
properties of an electromagnetic field arising from its
interaction with the matter field vacuum fluctuations,
and the electromagnetic mass of the electron, embody-
ing the corrections to the mechanical properties of the
matter field, in its single particle aspect, that are pro-
duced by the vacuum fluctuations of the electromag-
netic field. In these problems, the divergences that mar
the theory are found to be concealed in unobservable
charge and mass renormalization factors.

The previous discussion of the polarization of the
vacuum was concerned with a given current distribu-
tion, one that is not affected by the dynamical reactions
of the electron-positron matter field. We shall now con-
sider the more complicated situation in which the origi-

1 Julian Schwinger, “Quantum Electrodynamics. I,” Phys.

Rev. 74, 1439 (1948); “Quantum Electrodynamics. IL,” Phys.
Rev. 75, 651 (1949).

nal current is that ascribed to an electron or positron—
a dynamical system, and an entity indistinguishable
from the particles associated with the matter field
vacuum fluctuations. The changed electromagnetic
properties of the particle will be exhibited in an ex-
ternal field, and may be compared with the experi-
mental indications of deviations from the Dirac theory
that were briefly discussed in I. To avoid a work of
excessive length, this discussion will be given in two
papers. In this paper we shall construct the current
operator as modified, to the second order, by the coup-
ling with the vacuum electromagnetic field. This will
be applied to compute the radiative correction to the
scattering of an electron by a Coulomb field.? The
second paper will deal with the effects of radiative cor-
rections on energy levels.
1. SECOND-ORDER CORRECTIONS TO THE
CURRENT OPERATOR

We shall evaluate the second-order modifications of

the current operator produced by the coupling between

2 A short account of the results has already been published,
Julian Schwinger, Phys. Rev. 75, 898 (1949).
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the matter and electromagnetic fields. The latter is
described by

oV[o]

do(x

ihe

=3e(x)¥[o],

1
3e(x) = *Cﬂ'u(x)Au(x)- (1.1)

Among the effects produced by this coupling is the
electromagnetic mass of the electron, as contained in
the self-energy operator 3¢y o(x). In order to describe
the electron in terms of the experimental mass, we
write (1.1) as

o¥[o]
do(x)

X (x) = 30(x) —3Cy, o().

ihe

= (3C1,0(x)+ K (2))¥[o], (1.2)

where
(1.3)

The canonical transformation

Yo -Wo]¥[a],
A — (1.4)
da(x)
then replaces (1.2) with
8¥[a]
the P =W-Lo R (x)W[o]¥[s], (1.5)

while the operator representing the current becomes
W ]ju.(x)W[a]. Now, as we have shown in II, the
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spinor W[ ¢ (x) W[ ] obeys the Dirac equation for a
particle of mass m=m,+ dm, the experimental mass of
the electron. Accordingly, the expectation value of the
current operator can be computed as

(ju@))= (¥[o], ju(x)¥[a]), (1.6)

where $U[o]
o= = 52(2) W[ o], (.7

do(x)

with the understanding that the experimental electron
mass is to be employed.

If a solution of the latter equation is constructed in
the form

Y[o]=Ulo]¥,, (1.8)

the expectation value of the current operator becomes

(Ju(@))= (%0,U [0 ] ju(x) ULo J¥0) = (¥o,ju(x) ¥0), (1.9)

in which the latter version describes the effect of the
coupling between the fields by changing the current
operator into

ju@)=U"[o]5u(x)Ulo]. (1.10)

The unitary operator U[o] obeys the equation of
motion
(o]

U
the ) =X(x)U[c],

So(x

(1.11)

which may be supplemented by the boundary condition
U[—]=1, (1.12)

in accordance with the supposition that coupling be-
tween the two fields is adiabatically established in the
remote past.

The operator j,(x) can now be evaluated by remarking that

3u(®) =Ju (®)+ f dw’

1: '
=)= de -0 (), %) U],

This process can be continued according to

[ UL T %@V 1= [ i) 2]

4 o’ 6
I I G ca e e

and yields j,(x) in the form of an infinite series,

=i+ () [ wtwaen(-) [

)
5o’ (')

(U'Lo' Jju®) UL’ D

(1.13)

(1.14)

/ f d" T3, R () K@ I+, (L.15)

—a

An equivalent procedure, which exhibits ju(x) in a form that is more symmetrical between past and future, is
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based on the following observation,

f o T U o' 1w U] f ' (u~1[a'j]“(x)afa']
+ f et (U DU D= (o) i)+ ()= UL i) UL, (116)
or .
J.(x)=3%( Sy (x)5)+(_l—)fmd‘*’/f[” o' JU o’ J[ju(x),% (") JU[e"] (1.17)
]“(JC) 2(],,(9(‘)-}- Tu e B s Ju %), y .
where
S=U[w], U[—«]=1 (1.18)

is the collision operator which describes the real transitions that permanently alter the state of the system. This
process can be continued and finally yields

Ju(®) = 3 (R (%) + S ku(2)S), (1.19)
in which

e e K e es
i 2 £
+(—2—hc) f_ wdw dw"e[o,0"JeLo’ 0" I Lju(x), K (=) % (=) ]+ - (1.20)

The further terms in the series are not required to compute the second-order correction of the current operator.
The collision operator S can be constructed in a similar manner. Thus,

(1.21)
and

Ule]—3(5+1) 1fwd oo Vo ]= —— fmd "o’ (') UL’ ] (1.22)

o]—3% =- w'e[a,0 ¢ |=—— w'e[ o, x '], .
2V _, oo’ (x") 2hcd _yp 7

whence, . .

—1= ( ~i-) wdw:K’,(x)(S+1)+2( —l)z f " deodes .0 @R &)U’ (1.23)

51 2hc »[m 2hc ® ’ ’ ' '

Continuing in this manner, we obtain

St1 ( th) f dwsc(x)+(-———) f dwde'efo,0’JK (%) K (x')+ - - (1.24)

Only the indicated terms need be retained for the desired degree of approximation. In view of the absence of real
first-order effects, as expressed by

f “e()d=0, (1.25)

the leading terms in (1.24) are of the second order:

S—1 i P i
w[——— e(x—x")[3C(x),3C(x") Jdew’ —3Cy, o(x)]. (1.26)
4hed_, i

— d
S+1 2hcY _y
According to (II 3.14) and (II 3.71), (the vacuum term 3Cq, ¢ is of no consequence),

‘——i"f e(x—x’)[JC(x),JC(x’)]dw’=5C1,o(x)+3(32o(x)+5(21l(x), (127)
4hed_o,

whence,
S—1 7 o
e j;[(!(iz.o(x)-}—i}&, 1) Jds, (1.28)
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which describes the real effects involving either two particles or one particle and a light quantum. Since we shall
be concerned only with second-order effects referring to a single particle and the absence of light quanta, such real
processes do not come into play and S is effectively unity. Consequently, the current operator is modified only by
virtual processes, and is completely symmetrical between past and future. Thus, to the desired order of
approximation,

. . i md ’ ’ . ’ i ‘md ’ ’ . ’
Jn(x) ‘]u(x)_z—;l’;[w w 5[0"‘7 ][]“(x),ﬂc(x ):H_;l;j_w w e[a,a J[-]u(x))gcl.ﬂ(x )]

i 2 0
+(_Z) f do'dw"e[o,0" Je[ 0’0" J[[u(x) 3C(2") J,3€(2") 1. (1.29)
4 —%
The correction to the current operator may now be written
3u(%) = () = 7 ® (%) + 0@ (), (1.30)
where )
$ o
.00 = [ do'ele— )L, ), (131)
Y _p
and

1 o«
(5jy<2)(x))1,o= —4—1%»[wdw,dw/’e[a’6136[6,’6"][[-7"‘(x)’j”(x/)JAV(x’),jx(x")/f)‘(x”)]l'0
1 00
+2_h;_[mdw e(x—a")[Ju(®),3Cr0(x") 1 (1.32)

are the first- and second-order corrections, respectively. In the latter, the subscripts emphasize that we are only
concerned with second-order effects involving a single particle and no light quanta. To simplify (1.32), note that

L), (") 144 (2), (") AN(x"") J1,0= 504 (), AN(") H (), 70 (2") Tuin (™)
+3{4,("), Ax@") o[ (@), 5o (") Jn(x") J1,  (1.33)

whence

1: ®©
@20 o [ do'de e D~ [0, D)

0

1 i e
_gf;; —mdw'dw"e[a,o"]e[cr',a”]l)“)(x’-—x")[[j,.(x),j,(x')],j,(x")]l-{-;l—c—.[wdw'e(x—x')[i“(x),ﬂcl,o(x')]l, (1.34)

in consequence of
—3e(a’— 2" [A,(x),A\(x"") J=1hcdn D(x'— %) (1.35)

{A4,(x"),Ax(") }o=hedAD® (&' —x""). (1.36)

and

The double commutator in (1.34) is easily evaluated,
LLIu(),0(a) 1, jn(x") J= — €[ (0) 7S (6= 2 )y () =P (& )y S (o — )y, () P (& Yy () ]
=16 P ()7, (6= 2 V7S (' — 2" )y (") P (&)1 S (" — &)1, S (' — )y ()
=P @)1S(' —2)uS(@— Yy (8) =P (IS (" — 2)vuS (e — & Yy (a)).  (1.37)

The one-particle part of {[ ju(x),7.(x)],7,(*")} can be constructed in the manner employed in II. We have only
to notice that [ ,(x),7,(#')] has a non-vanishing vacuum expectation value. Thus,

{L5u(®),50(x") 1. (x"" )} 1= 20 ), 7o(2") Jogin (")
== { @ (@)7.S(x—2) v () =P (@)1 S (&' — 2)v,a ()1, P (& Yy (8" M}
= —FWP @) 7S (=2 ) (Y @) P (") o (") = (@ )v iy (") F ()} v S (o — ), (2)
—VES (& = 2y () @) o () HEE MY (&) F () ovuS (@ — 2 )y (2))1,  (1.38)
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and
{0u(@), (") 150 (x") } 1= 20 (), (") Jogin(a"")
AP ()7 (16— 2SO (@' =" )y (&) =P (& )7 S O (2" — &)1 S (&' — w)yf ()
=PSSO —2)7, SO (x—a" b (&) P S O (" — a)yuS (= a )y ()1 (1.39)
On inserting (1.37) and (1.39) into (1.34), we obtain

i ®
(5ju‘2’(x))1,o=£—6; f_wdw’&»”e(x—x’)[ju(x) (@) Jo D('— &")ji(2")

et p* _ B _
% f do'de” (2" ) 7S (&' — 2)1uS © (v — ")y (&) HP (& )1, S O (o — 2) 7S (s — & Yy (¢))1 D (&' — &”")

ie > - =
- EI; do'dw” (P (2 )8 (' — 2)yuS(x— 2" )y (x'))1 DD (' — 2")

+}f f 0o @8 = )b o)+ S () — )y (3)):

- _Zihf de'e(x—2") P () v, [¥ (x) 301, o(x") 14 [P (),3C1, o (") Jrup ()1,  (1.40)
where (see II (3.78)) -
o(x)= —-%f do'y,( D(x—')S®O (x— ")+ DO (x—2")S (x— 2') )y (a”)

—00

= dmc(x). (1.41)
The third term of (1.40) is derived from

i3 o
;i f dw'dw” ([ o,0"]—e[o,0" Delo’ 0" J@ (' )7S (&' — 2)vuS (— & )y ()1 DD (2" — 2”") (1.42)

with the aid of the identity
(Lo,06")—€[o,0" Do’ 0" J=€[0,0" Je[7,0" ]—1, (1.43)

and the null value of
f do'de” (P (2" )y,S (&' — x)v,S(@— " Yy (&) DD (' — 2"")

1 ]
= f do'de” @)1 Y (@) B ()} () (@) (D { Ao (), An (") o (1.44)

The latter is an immediate consequence of (1.25), expressing the absence of real first-order transitions.
The insertion of the expression for 3¢y, ¢(x), (IT (3.77)),

31, 0(x) = 3 @ (x)e () + B () ()1, (1.45)
enables the last two terms of (1.40) to be combined into

;—;(xﬁ(x)wx(x)ﬂ'c(x)wxb(x))x, (1.46)

where

x(x)= f dw’[s(x—x’)¢(x')+%e(x—x’){‘l/(x),é(x’)}‘l/(x’)]- (1.47)

—00

It will first be observed that the integrand of (1.47) vanishes, in virtue of the relation ¢(x) = émc%(x), since

}(x—x' (W), 6@ W) = —B(a— ! )ome (). (1.48)
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On the other hand, integrals of the form
f dow'S(x—2")(x") (1.49)

—o0

are divergent, since ¢(x) and S(x—#'), respectively, obey homogeneous and inhomogeneous equations associated
with the same differential operator. It is convenient to express the latter integral as the limit of the finite quantity
obtained by an alteration of the differential equation satisfied by y(x), in which the mass parameter « is replaced
by x+6«k and the limit 6x—0 is taken. The differential equations

d a
(b J0ta) =0, Sy Sla—s') = o', (1.50)
ax,’ ax,/
imply the relation
Jd _ -
;*,[S(x— o Yy (") ]+ S (x— 2 ) (a) = 6 (v — 2 W (), (1.51)
whence x“ .
f do'S(x— "W (x")=Lim —y(x). (1.52)
o 8k—0 g

It may be inferred that a non-vanishing value will be obtained for x(x) if the spinor, of which (1.47) is a linear
function, is subject to the Dirac equation with the mass parameter k+ 6k, and o« is allowed to approach zero. In-
deed, according to (1.48) and (1.52),

x(x)=Lim wdw'S(x-— 2 (p(x")— dmcp(x))

ok —0, .

1
=Lim—(¢p(x) — dmcy(x)), (1.53)

x—05k
or

1 2 ©
x(x)=Lim ——[—-gf dw'y,(D(x—x") SO (x— x')—{—D“)(x—x’)S(x—x’))'y.,w(x’)—-Bmc’-ll/(x)]. (1.54)

x—0 §k —®

A suitable representation of the solution of the Dirac equation with an altered mass parameter, ¥.t.s5.(x"), in terms
of the actual spinor, ¥,(x'), is provided by

8 3
¢‘+s~(x’)=zla(x’)+—K(xx’—xx)—,¢‘(x’) (1.55)
. K Jx\
sice

d ok O
(7r—+x)¢~+a~(x’)=—*n—1//~(x’)
ax,’ ax,/

K

= — (@), (1.56)

which establishes the validity of (1.55) to the first order in 8. The latter is so constructed that Y, s(x) =y (x),
whence,

2 a® d
x(x)=—e—f do’y,(D(x— 2SO (x— &)+ DW (x—2)S(x— 2") )y, (e — 1)) — (2). (1.57)
2K —0 ax)"

The resulting expression for the second-order correction to the current operator is

7 ® ,ies 0
(872 ()1, v _[ wdw’e(x~ x’)[j,.(x),j.(x’)]oBA»(x’)—EL f_wdw’dw”(\l'/(x’)Kn(x’—x,x—x”)xb(x”))l, (1.58)

where
1 0
54, (x)=- f du’ D= )ju(o), (1.59)
Y _»
and
- K,(x —xx—x")=K,Y (&' — 25— 2")+ K, (2 —x,x—x"). (1.60)
ere

K€ =7(8()7uS® () DE+n)+S O (€)v8 () D(E+m)+8(E)7u8 ) DV (g+n))v. (1.61)
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and

1 9 _ 1 9 =
Ku‘”(im)=—7,.5(5)—*—nm(13(17)5‘”(77)+D(”(n)S(n))w—~2—gixﬂ/y(ﬁ(s)S“)(EH-D‘”(E)S(E))M(n)w- (1.62)

K (917)‘ K

An equivalent form can be given in terms of the functions

Si<x>=S<x>i§sm(x>,

Dy(x)= I')(x):t:%D“’(x). (1.63)
Thus, )
KW (&m) =—v(S+(E)vuS+(m) D1(§+n) — S_(§)vuS—(n) D_(E+))v», (1.64)
1
and
1 9 1
K, ®(Em) = —7ub(&)——m—v(Ds+(n) S+ (n) — D-(m)S-(n) }v»

2¢ O\ 2

1 0 1
———b (D (5)S(§) — D(O)S-(E)r,8(n)v,.  (1.65)

Kaf)‘ 7

The first term of (1.58) is the current induced by the electromagnetic field that accompanies a given current dis-
tribution, as discussed in II. It is the second part of (1.58), expressing the additional effects involved when the
current is associated with the matter field, rather than an external system, that merits our attention.

In order to evaluate K,(x'—x,x—2""), we shall substitute Fourier integral representations for the various func-
tions involved, (IT (A.10), (A.31)),

Q 1 kx( —_—
S f (dB)e*=(ink—x)

1
B4 2

1) ! ikz(, 2 2
S (x>=(71r;f(dk)e 2(iyk— k)8 (k24 «2),

1 1
D(x) =—— | (dB)eik*—
D= [ e
1
DV (x)= —(;ﬁf (dk)et*=5(k?), (1.66)

in which the principal part of 1/(k*+«?) and 1/k? is understood. We have employed the simplified notation ab to
denote a,b,, the scalar product of two four-vectors. The functions (1.63) have the following Fourier integral
representations,

! dk)e*=(i ! 16 (k2
Si(x)—zé;):f( )e (Vyk—x)(k2+K2:i:1rt6(k+x2)),

D ! dk)ei* ! 16 (k2 1.67
i<x>—(~2—1-r;f< Je (k—zﬂ:m )). (1.67)

These expressions can be written more compactly by observing that

1 £ €
Lim = Lim ( +7 )
=40 £ge e~ HO\ 24 £24-¢

1
= P;:I:vrié(f), (1.68)
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whence, ) .
S. (x)=——————f(dk)e“"”(i7k——x)————
* (2m)* R *Fie
Dy(®) 1f(dk>‘k : )
x)=— etk= s 1.69
T 2y K Fie (
in which the limit e—-+0 is understood.
The form obtained for K,® from (1.61), is
K, (' —x,x— r”)————f(dk Y(dE) (AR )eittk) (/=) gilietk’) (z—2"")
8(k2+x2) 6(k”2+ K?) 5(k?)
Xy, (ivk'—k)yu(ivk' — x)w[ + ] (1.70)
(k”2+x")k2 (B2 )k (B2 2) (B2 «2)

It is convenient to replace k.’ and &,/ by
pn’=ku+kll,7 P#Il:kMJf'k#”) (171)

which enter directly in the coordinate dependence of the Fourier integral. Since K, (x'—x,x—«"’) is to be multi-
plied by ¢(x), ¥(+”’) and integrated with respect to «” and «”’, only such values of " and p,” occur for which

P 2=p"*+k*=0. (1.72)
As a result of this transformation,
KO —xx— %")__'— f (dR)(ap')(dp")er" = =eir” e=a )y, (iy (p' — k) — k)yu(iy (P — B)— K)7»
5(k*—2kp") 5(k*—2kp"") 5(k?)
[ + + ] (1.73)
(2kp'—2kp")(2kp")  (2kp"'—2kp") (2kp")  (2kp)(2kp")
The last factor in (1.73) can be simplified by writing it as
1
7 a2k =2k )~ ) (1.78)
2k(p" — p”)[ka
and observing that
1 1
E(a(kz—ka)— 5(k»))= —-f dud’ (k*—2kpu), (1.75)
0
whence (1.74) becomes
—/f du[ &' (k2 —2kp'u)— &' (k*—2kp"'u)]. (1.76)
2k(p'— ")
This, in turn, can be represented more compactly as
1 1 1
; f do f wdud” (B k(p'+ '+ (5 — ")), (1.77)
-1 0

Therefore,

KOG —xx—a")=

f d”f “d“f (dR)(dp')(dp" e’ =ogip (==

Xty (p'— k) — ) vu(@y (p" — k) — )v,8" (R —k(p'+ p"+ (p'— p")0)u). (1.78)
If the expression (1.64) is employed for K,", the bracketed factors in (1.70) and (1.73) are replaced by
1 1 1 1 1 1 1 1

—I'm T - " ; =_Im ; . (1.79)
r K —ie K i—ie B—ie T B—2kp —ic F—2kp/ —ie B—i

2(2m)Y
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However,

1 1 1 1 ( 1
ok —ie B—2kp—ie K—ie 2k(p— 1:”)'.2kp B—2kp —ic F— )

1 1 1
(i) am
2kp"" \R2—2kp" —ie k2—ie

and, on extracting the imaginary part divided by =, we again encounter (1.74).
The second part of K,, (1.62), can also be readily expressed in Fourier integral form

: givw-srgireiosn| Lpr $(k= P+
Ku@)(x’_x,x—xl/)=___f(dk)(dp/)(dp /)ezp (a'=2) gip’’ (2—2 )[‘_PX (’l/‘Y(P k)_K)%'(
(27,.)11 a——'yp

2k k?
(k%) 1 8 3((k—p")*+x) (k%)
e It r i =B = < )] s
(k=) 2 o 2 (k=p" )+
To evaluate the derivatives with respect to p’ and p,”/, we observe that
é
ng;;(iv(z"*kﬂ- &) 0y (p— k) — x) f((p—k)*+ %) =0, (1.82)
where f(x) is 8(x) or 1/x. On differentiating and multiplying to the left by iy(p— k) —«, we obtain
f(R*—2kp)
Pr——(w(P k)= ) f((p—k)*+x*) = (v (p— k) — x)iv p (i (p— k)_K)—Z—kp. (1.83)
Consequently,
a 3((p— R+« (k%)
px—-—%(iv(P—k)—K)w( + )
I k2 (p—Ek)+x?
. o &'(R—2kp) (5K
== (p= B inplirtp=B) = —— S BED
in virtue of the delta-function property @
o(x
8 (2)=——. (1.85)
x
Furthermore,
&' (k*—2kp)  8(k2) 9 so(k*—2kp) (k) !
=— ( ) f udud’’ (k*— 2kpu), (1.86)
k? (2kp):  0(2kp) k? 2kp 0

according to (1.75). Therefore, (1.81) becomes

f uduf(dk)(dp )(dp”)e”’ (2'=2)gip'! (a—2'")

K@@ —xx0—x")=
“ (2m)1t

1
X [5” (k2— 2ki>'u)2—%(i7 ("= k)= ivp iy (p'— k) — K)vsvu
K

+wz—lxy,(iv<p'—k>—x)ivp"(iy(p"—k)—x)vys"(kﬁ—zkp"u)]. (1.87)
The transformation
bt D (0= )0 (1.89)
now brings the delta-function of (1.78) into the form

8 (B Nu), (1.89)
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where

(=t
)\2=x2(1+——————(1——v2)), (1.90)
442

in virtue of the relations

P’+P” 2 PI_P” 2
( 2 )+( S ) TE=0 (6= p)=0. (1.91)

As a consequence of this transformation, the factor involving the Dirac matrices in (1.78) becomes

l+ 1/ /_ 1 /+ 1 /_ 1
vy(iv(j)’—p 21) . 21) uv)~x)n(i7(1>"—p 2p MJJ 2P uv)—K)%—wkz- (1.92)

In writing this result we have exploited the symmetry of the delta-function (1.89), in connection with the % in-
tegration, and discarded terms linear in %, while replacing k\k, by 1,42 The following property of the Dirac
matrices has also been used,

Y= =27y (1.93)
The factor (1.92) can be further simplified by omitting the terms linear in v, which will vanish on integration, and
rearranging the remaining terms to obtain

1 —_2
Ayu(1—u—3u) — v,k + 2K(u~u2)am(ﬁv’—Pv”)+2(1>’—P”)2w( 1~u+-4—uu“’)

1—
+i(1—22) (g — pu") (v p'+ ) — (Byp"+1)) = 2(1— u)[(iv;i?'-f- k) (K(1+u)7u+i1>u"+i . u(Pu’-i- 1’/’))

1—u
= (yp'+)vu(ivp + )+ (K(1+u)w+i1>»'+i 5 (o' + Pu")) (ivp"+ K)]- (1.94)

Now, a right-hand factor éyp’’+« is equivalent to —v,(8/dx)\" )+« operating on K, (¥ — x,x—x’"), which annihilates
¥(x"’) on integration by parts. Similarly, a left-hand factor iyp’+ « annihilates ¢(x’). As a consequence of the Dirac
equation, therefore,

KW@ —zx—2")=

1 1
f dv f udu f (@R)(dp") (dp'")eir’ &'=gin” =2 57" (R Nogg2)
(27")“ -1 0

1—2?
X [2:(27,‘(1 —u—3u?) — 3y, B2+ k(u— 1) (p) — p/)+ (p'— j)")zy,‘( 1— u-}——4—1¢2) ] (1.95)

Transformations analogous to (1.88) can be introduced in the two terms of (1.87), namely k,—*k,+p, s, and
k.—k.+p/ u. Both delta functions then become §”(k*+«*4?), while the factors involving the Dirac matrices
simplify according to

1 1
2 Wiy (p—k) = K)ivp(iy (p— k) — k)vi—>—28(1 —u—31) +3 B — (20 (1 — u+30)) +385)-(ivp+x),  (1.96)
K K

where p is p’ or " for the two terms of (1.87). In consequence of the Dirac equation, therefore,
2
(2,,..)11

1
K ==y = = [ i [ @) @p)ape e e o)
(]
X[26,(1—u—}ad) ). (1.97)

To combine K,® and K,®, it is sufficient to perform an integration by parts with respect to » for the first two
terms of (1.95), as indicated by

1 1 d
f 408" (R N2u2) = 26" (K24 kPu?) — f dvw—5" (B4 Nu2). (1.98)
1 v

-1
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The integrated terms precisely cancel K,®. If the v differentiation is explicitly performed for the second term of
(1.95), the & integral thus encountered is

. 1 ad
J(dk)k?a”’(k2—}-)\'lu‘-’)=Ef(dk)k,—k—6"(k2+)\2u2)
dk,

= —Zf(dk)é”(kz—}—)\?u?). (1.99)

Hence,

2

"\ pip' (2'—2) p1p’’ (z—2'") / 17y2, 1+v~ 2
Je e ("= ") v\ 1—u+ T

] 1
dv | udu

- (2m)J_,

K,(x'—xx—x

¢}
+k(u—12)ou(p)— p)") — 262y, (1—u— %u2)v——]6”(k2+)\2u2). (1.100)
v
The integration with respect to £ may now be effected. According to the integral representation,

1 ]
6(k2+)\?u2)=5— f dwe i AT (1.101)
Y —o0

1 @©
f(dk)a'/(k2+)\2u‘.’)=_2_f wwwe””“f(dk)e"“'”
TY

P w
_— dw—e fwk2u?
2J_,  |w|

we have

™

- (1.102)
)\ZuZ

However, it should be noticed that we are then required to evaluate integrals with respect to # of the form
1 T 1
fu"+1duf(dk)6”(k2+)\2u?)=—2f u"du, (1.103)
0 )

in which # may be 0, 1 or 2. For n=0, the integral is logarithmically divergent.
In order to ascertain the significance of this divergence, we shall interchange the operations used in obtaining
(1.103), thus producing a more easily interpreted divergent k integral. For n=0, (1.103) reads

1 19 1
— f (dk) f d b (B \) =— f (B8 (BN — ' (k). (1.104)
222 0o Ou 2\
One may express this invariant integral, in three-dimensional notation, as

1 1 9 1 1
— f (dK)do— —[ 8k — k) — (ke — K= \2) = — f (dK)dko— 6(ke— ) — 8(k— k=) ],  (1.105)
22 2k 0k 4N2 ko?

0

in which the delta-functions describe the energy-momentum relations of a light quantum, and of a particle with
mass #\/c. On performing the %, integration, (1.105) becomes

* 1 1
‘Wf( )['kls (k2+>\2)*] :2[.[ dk(;_(kz_i_)@)%)_{_l]’ (1.106)

in which form it is evident that the divergence is associated with zero frequency light quanta—an “infra-red
catastrophe.” As we shall later demonstrate, this divergence is entirely spurious, and is removed on properly in-
cluding the effects of 55, (x), the first-order correction to the current operator. The divergent integral (1.106) can
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be expressed in terms of an invariant minimum light quantum wave number, knin, as
™ (l A ( )
- og—w—+1). 1.107
A 2kmin

With the % and « integrations thus performed, K,(x'—x,x—x'") becomes

Pl_*_pl/ //
K, — e x")—(—)— @ [ i exp[ (W= )] exp[z(p" ? >(x— )]
7y2 1+ 2 AV _p
[(P ") ’ v(log K t14dlo g(1+(1) ? )(1—v2)) __(P p") )

K 2 min 42 452

(=) 1 (1.108
—o y/_ ,,” , 1
2T = e a—) )
in which we have evaluated the third term of (1.100) by writing
1 ((p'=2")*/4)(1—9%)

=1 (1.109)

(P =P/ (=) 1+ (0 — ")/ 4 (1= 1)

and performing the v differentiation for the term obtained from the first part of (1.109), while reversing the in-
tegration by parts for the term produced by the second part of (1.109). It will now be observed that the integrand
of (1.108) involves only p.'— ;. It is then useful to introduce the new variables

P)\I+P)\”
Pr= ) ) px:P’\”“‘P)\li (1110)

since the P integration can be immediately performed, yielding §(x’—«"). In this way, we obtain
g p 8 y

1 1
Ku(&'—xx—a")= —é—;vyé(x’—x”) T,DZ[lOg (Fo(x—a)+Fi(x—2"))
2

L

min

7 a
+1F(x— ")+ Fi(x—a")+3G(x—«") ]+8—;6(x’— ¥"op—Fo(x—2'), (1.111)
ue Xy
where

1 1 eirr
Fn = dyp?n dp)
® f " <zw>4f =)

16 fld - E( :
=16x2 o : 1.112
o (1—12)?2 (1—7;2)51) (1.112)

log(14 (p*/4k%)(1—2?))
14 (p?/4k2) (1 —12)

Vo4 pludu 1 _ 2 _ 2
=8D2f dv—— [—'A( x)—-A( x)} (1.113)
0o 1—vJy1—utle? \(1—®)u (1—22)t

—Dz f [Fo(r— ')+ Fa(o— ) Jju(&)de’

mln K

and

1 1
Gla)= f H(1+) f (dp)eiv=

Finally, then,

1€’ _ a
[ " PR == = Lo
2h 4

1 a
+£:D” f [3Fo(e—x) +Fi(x—) + 16 —=) Lju@)de’ +~c— Fo(w—a/)mu(x')da’, (1.114)
K

7rx,,
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mw<x>=§—(¢(x)w<x))1

=i%woc)wcx)—\z'(x)a",w(x)}

(1.115)

Expressed in the same notation, the first term of (1.58) is (see II (2.44)),

s f do'e(x— ") [ ju(x),7,(a") 104, (x) = 2 iD‘" f [Fi(x—2a") =3 Fa(x—2") Jju(x")do’
2he? 4 2 ’

from which we have omitted the charge renormaliza-
tion term, with the understanding that the value of ¢
is to be correspondingly altered. A rederivation of this
result, employing methods akin to those presented in
this paper, is given in the Appendix. Evidently the
new contributions to the one particle current operator,
as given in (1.114), are of the same general nature as
the previously considered effect, (1.116), with the ex-
ception of the last term in (1.114). This is an addition
to the current vector of the form

c(8/3x),0m,,(x), (1.117)

where

6m,.,(x)=a/27rfFo(x—x')m,,,,(x’)dw’. (1.118)

A current vector of this type can be interpreted as a
dipole current, derived from an antisymmetrical dipole
tensor dm,, which combines electric and magnetic di-
pole moment densities. The tensor m,, is that char-
acteristic of the Dirac theory, in which intrinsic dipole
moments are related to the antisymmetrical spin tensor
., the factor of proportionality being

po=e/2x=-eh/2mc, (1.119)

the Bohr magneton. According to (1.118), the correc-
tion to the dipole tensor at a point involves an average

(87® (%))1,0=— 10g

Rmin &2

(1.116)

of m,, over the vicinity of that point. If all quantities
are slowly varying, relative to #/mc and %/mc? as units
of length and time, an expansion in ascending powers
of [ ]2 can be constructed, as in II (2.47). For this pur-
pose, it is sufficient to expand the denominator in the
first form of (1.112), thus obtaining

Fo(x)=

1
8(x)
1

n

1
——[P @)+

—_— (1.120)
(2n+ 1)(2n+3) 24*

Hence,

1
5mm(x)=;—[m,.y(x)+—6—2[:]2m,w(x)+ = -], (1.121)

and, under conditions that permit the neglect of all
but the first term in this series, an electron will act
as though it possessed an additional spin magnetic
moment?

o= (a/2m) 0. (1.122)

The comparison of this prediction with experiment will
be discussed in the sequel to this paper.

The final result for the second-order correction to
the one particle current operator is

—EF f [Far—')+ Fala—2") Jju(a)deo

+— —sz[%Fo(’C ¥ )+3Fy(x— ') +3G(x— x’)]],‘(x’)dw’—l-c—-&m,,,(x) (1.123)

Under conditions of slow variation ((1/&®)[ Py, 7us<Kju,Mu»), this reduces to

(87.® @), o——(

mm

in virtue of (1.120), and the analogous expansion of
G(),

1
G(x)= —5—2—D26(x)+- ... (1.125)

K

It will be noted that the total charge computed from
(87.®(x))10 is zero, in agreement with evident charge

17 9
— "[—__]2.7#( )+'_c—'”mu»'(x):
40 2w Ox,

(1.124)

conservation requirements, and the formal property
that the operator of total charge commutes with all

3 This result was announced at the January, 1948 meeting of
the American Physical Society. The formula is misprinted in a
published note, J. Schwinger, Phys. Rev. 73, 416 (1948). The mis-
print has unfortunately been copied by L. Rosenfeld in his book,
sz::lieézf Forces (Interscience Publishers, Inc., New York, 1949),
p- 438.
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one-particle operators. The apparent contradiction be-
tween these statements and the existence of the charge
renormalization term is discussed in the Appendix,
where it is shown that a compensating charge is created
at infinity.

Our result, (1.123), is marred only by the appearance
of the logarithmic divergence associated with zero
frequency quanta. It should be remarked, however,
that (67,®(x))1,0 is not a complete description of the
radiative corrections under discussion. In order to
measure the correction to the current, it is necessary
to impose an external field. This will induce the emis-
sion of quanta, as described by 87,’(x), among the
effects of which is a compensating low frequency di-
vergence. It will be apparent that, as a consequence of
the “infra-red catastrophe,” the second-order correc-
tions to particle electromagnetic properties cannot be

II1. 803
completely stated without regard for the manner of
exhibiting them by an external field. We therefore turn
to a discussion of the behavior of a single particle in
an external field, as modified by the vacuum fluctua-
tions of the electromagnetic field.

2. RADIATIVE CORRECTIONS TO
ELECTRON SCATTERING

We shall now be concerned with the interaction of
three systems—the matter field, the electromagnetic
field, and a given current distribution. The latter may
be associated with a nucleus or a macroscopic apparatus,
two situations in which the reaction on the current dis-
tribution may have a negligible effect. A description of
this state of affairs, in the interaction representation,
is given by

Vo 1
the E]=[——(j“(x)+f,.(x))A,.(x)]\I’[a], (2.1a)
da(x) c
a4, 1
[ & 1 f D(x'—x)<jp<x>+fu<x)>dan]\1{a]=o, (2.1b)
ax, ¢,

where j,(x) and J,(x) are the current vectors associated with the matter field and the external system, respectively.
Both current distributions are coupled to the electromagnetic field, as characterized by 4,(x). An equally valid
way of stating matters is in terms of an external electromagnetic field acting on the matter field current
distribution:

o¥[o] 1
[ i@+ a0 oo, (2.22)
oo (x) c
94,(x') 1 , . B
[ on - —CJ;D(x —x) ],,(x)da,.]\I/[a:]-— 0, (2.2b)
where
1 94, (x)
(P49 (x)=—=Tu(x), ——=0. (2.3)
c X,

The equivalence of the two descriptions is established by showing that (2.2) is obtained from (2.1) by a canonical
transformation, namely,

Yo J=e VN [o], (2.4)
with J[¢] determined by
8J o] 1
he =——Ju(x)4,(x). 2.5)
da(x) c
The functional J[¢] is explicitly exhibited as
1 c
Mal=—— [ 26 A 0, (26)
C°V

in which the choice of lower limit corresponds to selecting the retarded potentials for the electromagnetic field
generated by the given current distribution. The equation of motion satisfied by the new state vector is

8¥[o]
thc———+ihceil 191

da(x)

6e-—iJ[a]

1
wm=[——(ju(x>+f“(x>)e”wAAx)r“w]w[aj. @)
c

da(x)
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Now

A ()19 = Ay 0)+iTI 0], Ay - ML) I To ] Au(e) T

1 a
=4,0)— | D@—2)7.")de’
() CL (r— )], ()

= Au(x)+ 4, (x), (2.8)

in which the series ends after two terms since the components of J,(x) are mutually commutative, in view of the
prescribed nature of this current distribution. It is easily seen that

1 o
A, (%)= .__f D(x—«')J,(x")do’ (2.9)
Y _n
obeys (2.3). Indeed,
10 proD(x—x")
DZAM(Q) (x) = —_',—Jn(x/)d“”

cox,VJ_, 0%,

1 aD(x—')
= ——fda,’———’—f,,(x')
Y, Xy

a
1
=——J.(x), (2.10)
c
and
94,@(x) 1 pe ]
- [ = (D=1
0%, Vo Ox,/
=0. (2.11)
Furthermore,
o sem il 6J(o] ihe 8J o]
thce’ 0] =hc + —[J[o:l, J—{-
do(x) do(x) 2 da(x)
1 1
= ——Ju (@) Au(%) = —Ju() 4, (x), (2.12)
c 2c
and the transformed equation of motion therefore reads
2 1 1
ihe =[— —Ju(®) (Au() + 4, (%)) — =T (2) 4, (x)]‘l’[trl (2.13)
o (x) c 2c

which is equivalent to (2.2a), since the term — (1/2¢)J,(x)4,% (x), describing the self-action of the given current
distribution, has no dynamical consequences and can be omitted.
In a similar way, the supplementary condition (2.1b) is transformed into

4, 1
| [ D=0+ Lo, .14
dx,’ v,
wherein a4 a.4,(x") 04,()7 adux) 1 praD(w—x)
A7) Au(x Au(x Au(x 9D — "
eilol i to) = +i[][a], ]= = f T, de". (2.15)
dx,’ ox,’ dx, ax,  oJ_, Ox,/
However,
1 podDE' —x") 1p° 9 1
——f —~———J“(x”)dw“=—f ———(D(x’—-x”)],,(x”))dw”=—fD(x’—x)J“(x)da,‘, (2.16)
cJ_p  x)/ cJ_0x,” e,

which verifies (2.2b).
One can bring (2.2) into a form which enables the results of the previous section to be utilized. The mass re-
normalization transformation

VoW, i
L4 g [¥[a], P

=3C1,o(x)W[a'], (217)
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replaces (2.2a) with
ov[o]
the =[K(x)+3¢(x) ¥[o], (2.18)
do(x)
where (see (1.3)) ‘
X (x) =3C(x) =3, 0(x), (2.19)
1
3O (@)= ——7u(x) 4,9 (x), (2.20)
Cc
and the Dirac equation for ¢(x) now involves the experimental mass. The further transformation
Y[o]|=Ulo]®[c], (2.21)
where
U]
ihe =% U[c], U[—=»]=1, (2.22)
do(x
is the analog of (1.8), save that ®[a ] varies in the presence of an external field,
6o ]
the =U"" o3¢ (x)ULe]®[c]
do(x)
(2.23)

= ——Ju(2) 4, (x)®[o ],
c

in response to the coupling with the current operator j,(x). The latter contains the modifications produced by the
vacuum electromagnetic field. The supplementary condition (2.2b) appears as

(=)
[U‘lfa] ‘ U[a]—-—fD(x —x)],.(x)dtr,‘JtI)[a] 0, (2.24)
in consequence of these transformations. However,
34, (x") (=) o 8 4u(x)
U_l[o,j ® U[O’]"‘ ® =f dw" ( _1[ I/] Tu U[ /r])
ax”/ ax"/ - 50’”(3?”) “
i Au(x) Lo 9 .
dw"U—lto“J[ y<x">]j,(x">vto"]=— [ ==
h62 x“ CY_» axu”
1 .
—- [ D6~ )ix)dm, (225)
CYyq
so that the supplementary condition associated with (2.23) is simply
A, (x")
¢ ]=0. (2.26)
ax,’

As the first application of (2.23), we shall consider
the scattering of an electron produced by its interaction
with an external field, in which the latter is regarded
as a small perturbation.* We shall restrict the external
potential to be that of a time independent field, which

4 Radiative corrections to scattering have been discussed by
many authors. That a finite correction is obtained after a re-
normalization of charge and mass was independently observed
by Z. Koba and S. Tomonaga, Prog. Theor. Phys. 3, 290 (1948);
H. W. Lewis, Phys. Rev. 73, 173 (1948); and J. Schwmger, Phys.
?lev )73 416 (1948). See also R. P. Feynman, Phys. Rev. 74, 1430

will eventually be specialized to the Coulomb field of a
stationary nucleus.
A solution of (2.23) can be constructed in the form

®[o]=R[c]®s, (2.27)
where
8R[ 7]
ihe =H(x)R[7], (2.28)
do(x
and
Rlo]—1, o——oo, (2.29)
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The state vector ®; characterizes the initial state of the system, composed of one electron with definite energy
and momentum, and no light quanta. The total probability, per unit time, that a scattering process occurs, can
be obtained by evaluating the time rate of decrease of the probability that the system remain in the initial state,

— d 6 2 6 2
w=—c f b @ALeDl = e f b @0 (2.30)

The integration is extended over the surface = const., with dv the three-dimensional volume element. Now

7

% @ | (@1,R[o]®1) |*= (®1,R [0 ]®1)(®1,H(x)R[o]P1) — (1,R[0]®1) (B1,R [0 JH(x) ®1). (2.31)

In view of the treatment of H(x) as a small perturbation, it is sufficient to write

i 4 i 4
Rlo]=1—— f H@)do!, R-[o]=14— f H)do'. (2.32)
he —0 ke —®
It will also be useful to introduce
H'(x)=H(x)— (®1,H(x)®1), (2.33)
which possesses a vanishing diagonal matrix element for the initial state, and obtain
i 4 ,i '
R[a]=exp[-—h—f (1 IH(x’)ll)dw’](l—h—f H’(x’)dw'). (2.34)
Y CY

The phase factor evidently has no effect in (2.31), and can be omitted. The latter is also unaffected if H(x) is
replaced by H'(x). Hence to the accuracy of first-order perturbation theory, we have

’ ®1,R[ 0 |P1) |2= ! 1H ’H'( "Vdw' ,H' "dw'H' (x) |1 2.35
@R (1 [ Hwst [ HEwEe|), (2.39)

and . 3 "
w=;z2—cfdvdv’(llH’(x)wa’(x')dxo’—i—j:wH'(x’)dxo’H'(x) 1). (2.36)

We may now remark that a diagonal matrix element for a state of definite energy must be invariant with re-

spect to time displacements, whence
1)= f dvdv’(l‘l-[’(x) f H()do'
zo

f dvdv’(l. f B ()i B ()
w=h% f dvdv'(l 1). (2.38)

This result is perfectly equivalent to the more conventional perturbation formula in which the rate of transition
from the initial state is expressed as a sum of transition rates to all possible final states of equal energy. The energy
conservation law is here expressed by the time integration, and the summation over all states other than the
original is provided for by the removal from H(x) of the diagonal matrix element. Our basic formula for calculating
the transition rate for scattering of a particle by a time independent potential is thus

1), (2.37)

and

H'(x) f H' () dy’

1 00
wee [t a0 a0 (10 [ i1 (2:39)

We have not indicated that the diagonal matrix element is to be subtracted from j,(x), since it is sufficient to re-
move, in the final result, those transitions in which no change of state occurs.
We have shown in the first section that, to the second order in e,

3u(2) = u(2) + 87, O () + 87,2 (x), (2.40)
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where . -
sj“<n<x>=$ L«x—x’)[f»(x>,jy<x'>JlAy<x'>dw'
i p° _ -
-~ L[\wxms(x—x')7,¢<x'>+¢(x'>w5<x'—x)W(x)JlAy(x')dw', (2.41)
and .
i@ nomies [ [T W) D (2.42)
Here

k I a 1 a 19
—D2(F0(x)+Fl(x))+;—'Yu_2D2(%FO(x)+%F2(x)+%6(x))'—'i'_apv"‘—FO(x)- (2.43)

a
T,(x)=—, log
* 4 * 2 T K OX,

min K

It is only the indicated portion of 85, (x), referring to one particle and no light quanta, that need be retained to
compute the second-order correction to the scattering cross section for an external field, since only this part of
87.@(x) is coherent with 7.(x).

The total rate of transition from the initial state can now be written as

w=wo+w1, (244)
where
1 0
= f dwva,xw(r)Ay(ﬂ(r')(l () + (87,2 () 1.0) f (&) + (55,2 @) )’ 1) (2.45)
describes the rate of radiationless scattering, while
1 @
w1=%fdvdv’A,‘“)(r)A,“)(r’)(1 Bj,‘(”(x)f 87, @ (x")dxo 1) (2.46)

accounts for scattering that is accompanied by single quantum emission.
To indicate the manner in which the perturbation formulas are to be used, we consider the evaluation of

[ alii)| nas. 2.47)
This can be written as -

_ee f AP v W v ()| 1ds (2.48)

in which it is understood that one omits the processes in which ¥(x)¢(x), or ¥(*')¢(x’) induces no change in state.
Now ¥(«’) can either annul the original electron, in which case ¥(x')¢(x') causes an electron transition to some
final state, or y/(x’) generates a positron, in which event (x')¢(x’) induces the creation of a pair. However, the latter
process is incompatible with the energy conservation that is enforced by the time integration, and can therefore
be omitted. Hence, it only occurs that (') annihilates the original electron, whence y¥(x')®, is a multiple of the
vacuum state vector. The same comment applies to ¥ (x)®,=~ya)(x)®;. Therefore, only the vacuum expectation
value of the operator ¢(x)¥(x’) is required in (2.48). Furthermore, since only one state of the matter field is ini-
tially excited, as described by the wave function ue??, we arrive at the result

© 8262
f (1] ju(®) (") | 1)dece’ = (2n)? f (dg)d(g0— 0)(¢*+ kD) @vu(ivg— k) ysue @0~ =0, (2.49)
—c0 m
on employing the relation
. 1 o
Wal@Ws(x))o=—1Sas™® (x—a") = ——— (dg)d(g*+x) (tyg— K) et 9=, (2.50)

(27!‘)3 20>0

Before further simplifying this expression, we shall consider the analogous evaluations of

f (1] 7u(x)(87,® (x))1,0] 1)daco’ (2.51a)
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and

f (1] (87,2 ()1 0 ()| 1)dy (2.51b)

—00

which describe the radiationless corrections to the scattering process. Now (2.51a) can be written
—ec f dxo’ f o’ (1P (@) v (P ()T (&' — " W (x"") [ 1), (2.52)
which, according to the arguments presented in connection with (2.47), becomes

_3202f dxo'fdw"d’)’u(l/’(x)';(x”))orv(x'—-x")ue“’(’"—f)

e’

f dxy dw”f (d9)8(g*+ )@y (tyq— k) T, (&' — " Yueitr—0G="=a  (2.53)
(27r)3 20>0

On introducing the Fourier transform of T',(x):
I(p—q)= fe‘“"“”’F»(x)dw, (2.54)

we obtain

— 00)0(g*+ k*)iy,(ivg— k)T, (p—q)ue @0 ('=0_ (2.55)

f (11 7,5) (852 (&) o| 1)’ = (; ‘

—o0

The result of combining (2.49) and (2.55) with the-analogous evaluation of (2.51b) is expressed by

f qo(dq)a(qo PO)B(q2+K2)f —i(p—q) -1 4 (c)(r)dvfez(p LU | (e)(rl)dv

Xua(yutTulg— 1) (vg— 1) (s +To(p—@)u.  (2.56)

On performing the integration with respect to go and |q|, we obtain wy in the form of an integral extended over all
directions of the vector g, other than the incident direction:

(21r)2 R

O e e f 42[p| f A, () dy f =07 A, () do' @y - Tulg— 2)) (ivg— ) (v + T (p— ). (2.57)

This must be interpreted as the rate of transition from the initial state, expressed as the probability per unit time
for a deflection into an arbitrary element of solid angle. A further simplification can be introduced by averaging
(2.57) with respect to the two spin states in which the incident electron may occur. For this purpose, we require
the average of u#.is for the two polarization states associated with a given energy and momentum. It can be in-
ferred from the anticommutator

1 1
W) )] = Sasla—2)= = [ @S Oep) PR, (258
i (2r)?

which exhibits, with equal weight, the contributions of all states of a particle, that
(uatig)=A(iyp—K)ap, (2.59)

for a state with wave number four-vector p,. The constant 4 is conveniently evaluated for our purpose in terms of
the expectation value of the particle flux vector in the initial state,

Stno) = (1] ic((x) ¥ (x))1] 1)
=1icuyu. (2.60)

Thus,
S( nec) — iCYﬁauaﬂﬂ—-}icA TT‘Y(VYP— K)

=—4cAp, (2.61)
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so that
1 ‘S(znc)|
(Uatg)=——
4c |p|

(#yp—K)as (2.62)

This leads to the following expression for the total rate of transition from the initial state,

2

$Tr[(ivp— ) (va+Talg—p)) (tvg— ) (va+Ta(p—¢))],  (2.63)

dv
8w h2c?

1 ) Ze
Wo=—— ____I Sine) | an fgl(P‘q) -1
47r

in which we have also specialized to the Coulomb potential of a stationary nucleus. We may now infer that the
differential cross section for radiationless scattering through the angle ¢ into a unit solid angle is

doo(d) 2[ Za
e

(p_q)z] sTrL(vp— ) (vatTulg— ) (vg— 0) (vat-Tu(p—)) ] (2.64)

The Fourier transform of I'y is conveniently written in the form

Ty(p—q)=— 4%74[4>\2A (k)+i7- (p—q)FoO\)], (2.65)
where
AN =log——(FoW)+Fr(0) + 3 EoN)+3Fo0) +G ). (2.66)
H min
o p—q| [p| ¢
A= =—sin-, (2.67)
q 2k K 2
. Cd log((1AN)
Fo(\)= f = (2.68a)
o 14N2(1—1) (1422
U dy 1 1
Fi(\)= f —————=(1+—)Fo()\)—— (2.68b)
o 1HN(1—2?) A2 z2
v4dv
Fa(M Fi(\)——. 2.
W)= f 14+22(1—2?) ( >\2) S (2.68¢)

The more complicated transform, G(\) is not required in the following development. The trace of the Dirac mat-
rices contained in (2.64) is easily computed:

2a 2
TGy p— 1) (yatTalg— ) Govg— ) (va+Ta(p— ) 1= 2(ps*— k*N*) ( 1——a4 (x)) ——f:c?)\?Fo()\), (2.69)

dao(P) Za 3\ ? s 2 a K
= (~—~— csc2—) (1—6’2 sinz—)[l———VA N\)—- )\QFO()\)] (2.70)
aQ 2|p|B 2 2 ™ T po>— kN2

in which 8= |p|/po is the speed of the particle relative to c.
To evaluate the rate at which transitions occur accompanied by radiation, we consider

et
(1 1) = -—-—-—fdw”dw'”(l
52

X f d [P )y S (@ — & pya (") P (" yaS (o — o Yy (') hAN(x") Ao (")

whence

@S —a" (") +P @ )MS (" = x)vap (2) T

1). (2.71)

Since the state vector ¥, is characterized by an absence of quanta, only the following vacuum expectation value is
required for the electromagnetic field,

fic
(Ax(x")A(x""))o=1hcorDP (' —x"") =

us

5j»"’(x)f 37,V («")daco’

B f (dR)5(R) e~ 2.72)
ko >0
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The matter field operators are treated as before, with the result

C @
( 57, (%) f 87,0 )dx' ) [ aosreams [ aneoenems
ﬁz (2#)6 g9.k0>0 —o
. X a@(vuS(g+Emt+1S (0 —E)vi) (ivg—©) (18 (p— EynAmS(g+E)v.)u.  (2.73)
ere
- _ iy(g+k)—«
S(q+k)=fe"'<‘f+")ﬂ§(x)dw=———({———— (2.74)
2qk
and (o B)
- 1y (p—R)—«
S(p—k)=——— (2.75)
2pk
are Fourier transforms of S(x). The integration with respect to xy’ imposes the energy conservation law
Po=qo+ ko, (2.76)

which is evidently that of a light quantum emission process. The integration with respect to go and the magnitude
of q can now be performed, leaving one with an expression for w; in the form of an integral extended over all
directions of the scattered electron, and all light quanta, as restricted by energy conservation. On averaging with
respect to the polarization of the incident electron, and specializing to the Coulomb field of a nucleus, one obtains

a |q] Za 2
=—|8§tind dQ(dk)a(kZ)———[———————] 1T [(i —K
| | ] 7| (iyp—x)

T ko>0 p|

iy(g+k)—« iy(p—k)—x \ | iy(p—k)—« wy(g+k)—«
X('h YA Y r4)(¢’Y<I—K)(’Y4 YA—YX 74)} (2.77)
2gk 2pk 2pk 2qk

It may then be inferred that the differential cross section for radiative scattering through the angle &, in which
the energy loss does not exceed AE, is

do1(},AE) a ko= lq| Za 2
—_— (dk)é(k2)——[——] [(wp— k)
dQ 12 kg =0 Ip|L(p—q—k)

x( 2 m)+ 2t —w)( )( ( )+ LLSWIVLLN ] (2.78)
—— Yg—K —_— X
Yt ) N e )T T G ) e o x) ’

K=AE/hc. (2.79)

We shall first consider the simple situation in which the emitted radiation exerts a negligible reaction on the
electron. That is to say, we shall treat the essentially elastic scattering of an electron, in which only a small frac-
tion of the electron kinetic energy is radiated. Under these circumstances, which are expressed by AEKW = E—m¢?,
(2.79) simplifies to

where

do(3,AE) ( Ze 9 B fo—K \ »
o —(leIBCSC 2) (1 sin ) j,: COLCY ( ) (2.80)
Now
1_?_)2:. (1’—4)2 1 ) o8
and bk gk (Pk)(qk) (pk)(qk) (pk)2 (gk)? :
1 1 1 1) 1 dv
PP 2.82
(pk)(qk) (g—p)k\pk qk - (2.82)

pt+e =g\ T
(557
2 2
from which one deduces, on integration by parts, that

2 1 1 19 1
— - =— f dvv— . (2.83)
(pk)(gk) (ph)* (gk)? -1 Ov[/ptqg p—q ¥
(5]
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f (dk)E(kﬁ)(—P———) @ j: ldv((p Lol ) f (dk pﬂa(? pra (2.84)
(Bt

Therefore,

The & integration in the latter equation can be written as

. 8(8) (z»+qlp 7y 9

pe q) 2 2 u?kx(ﬁq r— q)
2 2
+ —
pte 279,
1 1 r 2 2 s
)—— o(k?) —2f(dk)6’(k2)J. (2.85)
et lo—arara—nld “om (p+q p—q
—t—
However,

—2 f (dR)3 () = f -——6(k2) f (dk)—(a(kz) )+ f 9B s, (2.86)
so that

ot fp—9? 1 (dk)
f<dk)6(k2)(ﬁ_;q;) =j:ldv( PZK:I :v)l-i-[([’ 9)%/4](1—12) f 3

P+q P—q
+

a3 2 o 1
+ f (@B 5(#?) L s
ko ( p-i-q p— q Ro

in which we have discarded terms that obviously vanish on integration over the domain 0< k< K.
The first bracketed integral in (2.87), when expressed in three-dimensional notation, becomes

(dk)dk k dky K
f - 5k — ko?) = 2 f = o log—, (2.88)
k;

0 min ~0 min

in which we have again introduced an invariant minimum hght quantum wave number to characterize a loga.-
rithmic divergence associated with the “infra-red catastrophe.” A similar expression of the second bracketed in-
tegral in (2.87) yields.

1
f (@W)a(he— K| ——

p+q p q
POK—(

[ 1 bo pot (P —[(p—q)?/4](1—*))}
1—— log ] (2.89)
2(*—[(p—q)/4]J1—))t “po—(P—[(p—q)?/4](1—?))}

Therefore,

ko=K
. amstepsoe—asay

(r— q)2 d 1 [ K 1 148
=4r 1 - .
f ( v)1+E(p—q)2/4x’](1—v2)l ngminH 2B£I°g —ﬂg]’ (2.50)
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where
3 3
= (1—sin25(1—v2)) ) (2.91)
We may now employ the identity
1-1/28¢ log(1+88/1—-68) 1 log(1+[(p—a)*/4€’](1 =) log(2po/x)—1
+[p—@¥/4](1—*) 2 1+[(p—q)/4](1—2*)  1+[(p—@)*/4x*](1—2?)

) 1-B¢ 1 1+8¢
0 o
k2 1 8 2 8
o - (2.92)
po* 288 1+BE 1-pB¢
to cast (2.90) into the form
ko=K P q 2 p2 ) 3 K 2?0
f (dk)a(k2)(—~——) =4 — sin®— (log———log————}-l)(F0+F1)+F1+%G+H], (2.93)
ko =0 ?k qk K2 2 min K
where
l 1-B¢ | 1+8¢ ) 1-8 | 1+
og— lo og— log—
1x21dvg2 gZ 1x‘-’1g2 g2
H= (1+——)——f — - - . (2.94)
2N/ po*Jo BE| 14B¢ 1-p¢ N pt Bl 148 1-8
The function H approaches a constant in the limit of small velocities,
4 1
Bkl: H=§(log2—1)~6. (2.95)
At high energies, H is approximated by
K‘Z
po/k>1: H=——f(9), (2.96)
: b
with
{l 1+£ ) 1-£]
og—— log—
! & 2 & 2 | dt
7(8)= f | - . (2.97)
sind/2Jecoss/2 | 1—¢ 1+¢ ) (8—cos?(8/2))}

This integral can be performed analytically for =,
f(x)==*/12, (2.98)

but must be evaluated numerically for other angles. An approximation in excess, which has the correct asymptotic
form at small angles, is provided by

1

1) ( 2 )3[1 1 1 1—cos(d/2) 1 1] (2.99)
~ (o] -T- -+ . .
cos(d3/2)(14cos(8/2))? g2(1—cos(0/2)) 2

This formula is reasonably accurate even for ¥ ==/2, where the value yielded by (2.99) exceeds by only 8.6 percent
the following result of a numerical calculation:

f(x/2)=1.167. (2.100)
The total differential cross section for scattering through the angle ¢, in which the energy loss does not exceed
AE, is
do(3,AE) doo(d) doi(d,AFE) Za 9\ ? 04
= } = ( csc2-) ( 1—-8 sinz-) (1—6(4,AE)), (2.101)
dQ aQ aQ 2[pl8 2 2

where §(3,AE) is the desired fractional decrease in the cross section produced by radiative effects. For essentially
elastic scattering, we obtain

1 1(2/1702
2 1—B%sin?(4/2)

Po

20 p* O E 1 1
(B, AEKW)=—3"— sinz—[(log———— 1)(F0+F1)+—F0—F1+~F2-—H+
T K 2 AE 2 3

Fo], (2.102)
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on combining (2.70) with (2.80). It will be noted that
the infra-red catastrophe, as characterized by kmin has
disappeared. However, it is possible, in principle, to
consider the limit AE—Q, which would make 6 diverge
logarithmically. It is well known that this difficulty
stems from the neglect of processes involving more than
one low frequency quantum.® Actually, the essentially
elastic scattering cross section must approach zero as
AE—0Q; that is, it never happens that a scattering event
is unaccompanied by the emission of quanta. This is
described by replacing the radiative correction factor
1—48 with =%, which has the proper limiting behavior
as AE—0. The further terms in the series expansion
of e express the effects of higher order processes in-
volving the multiple emission of soft quanta. However,
for practical purposes, such a refinement is unnecessary.
The accuracy with which the energy of a particle can
be measured is such that the limit AE—0 cannot be
realized, and & will be small in comparison with unity
under presently accessible circumstances.
For a slowly moving particle,

8a 0 mc2 19
BKL1: (3, AEKW ) =—3 sinz—[log—————i-—], (2.103)
3r 2L 24E 30

according to (2.95), the limiting form of H and the
corresponding limiting form of F,:

X1 Fp= (2.104)

m+1

The radiative correction thus increases linearly with
the kinetic energy of the particle. In the extreme rela-
tivistic region, on the other hand,

po &
—sin—>>1:
K 2
4o E 13 2pp ¢ 1
(3, AEKW) =——[ (log——————) (log— sin~—-—)
T AE 12 K 2 2

17 1 s
- sin2—f(0)], (2.105)
72 2 2

which has a logarithmic dependence on the particle
energy. The asymptotic form (2.105) is quite accurate
for even moderate energies. Thus, with d==/2, AE=10
kev and W=3.1 Mev, which corresponds to (po/x)
Xsind/2=35, the value of & computed from (2.105)
differs from the correct value,

$=8.6 102, (2.106)

w2JaE /he ko |p|

o Wik dk q Za
’ dwl l[
(p—q)?

IT1. 813
by only a fraction of a percent. It is evident from this
numerical result that radiative corrections to scattering
cross sections can be quite appreciable. For the par-
ticular conditions chosen, AE can be materially in-
creased (but still subject to AEKW), without seriously
impairing §. Thus, with AE=40 kev, 6=6.3 107?
while AE=80 kev yields §=5.1 1072, As to the energy
dependence of §, we remark that with a given accuracy
in the determination of the energy, AE/E, § varies
linearly with the logarithm of the energy. Thus, with
AE/E=0.04/3.6=1.1 1072, an increase in the total
energy by a factor of four produces an addition of
4.4 1072 to 8, whence 6=11 102 for W =14 Mev, and
§=15 102 for W=357 Mev.

The angular dependence of § at relativistic energies
is not fully described by the asymptotic formula
(2.105), since the underlying condition, (po/k)sind/2
«1, cannot be maintained with diminishing ¢. In-
deed, & is proportional to sin?$/2 at angles such that
(po/x)sin?/2<«1. However (2.105) can be used over a
wide angular range, even at moderate energies. Thus,
with W=3.1 Mev, AE=40 kev, and d==/4, which
corresponds to (po/x)sind/2=2.7, the value of & de-
duced from (2.105) exceeds by only 2 percent the cor-
rect value, 6=4.2 10~2. We may note that under the
same energy conditions, but with ¢=3r/4, §=7.2 1072
The angular dependence of § may be particularly suit-
able for an experimental test of these predictions,
which involve the relativistic aspects of the radiative
corrections to the electromagnetic properties of the
electron.

We have thus far considered only the essentially
elastic scattering of an electron, in which radiative cor-
rections arise primarily from virtual processes. If we
wish to compute the differential cross section for scat-
tering with an arbitrary maximum energy loss AE, it
is only necessary to augment the essentially elastic
cross section, in which the maximum energy loss is
AE'KW, by the cross section for scattering with the
emission of a light quantum in the energy range from
AE’ to AE. The latter process involves the well-known
bremsstrahlung cross section which, of course, is the
content of (2.79). This will be illustrated by the calcula-
tion of the differential cross section for the scattering
of a slowly moving electron, irrespective of the final
energy. The differential cross section per unit solid
angle for scattering of an electron through the angle ¥,
in which a light quantum is emitted in the energy
range from AE’ to W, is

] [(p—q)*—(n-(p—q))%], (2.107)

according to the non-relativistic limit of (2.78). Here dw is an element of solid angle associated with the direction

of the unit vector n=k/kq, and

[q| = (p*— 2«ko)*.

8 F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937).

(2.108)
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On performing the integration over all emission directions of the light quantum, and introducing the new variable

of integration, x=|q|/|p|, (2.107) becomes

( )fu —aE" /W) x 2xdx
3r\|p| 1+ 22—2x cosd 1—a?

Za 3\ 28 04 w 1 1—x xdx
=( cscz—) —f? sin?— [log - f ] (2.109)
2|p|B 2/ 3n 2L AE o 1422—2x cosd 1+
Thus the contribution to & produced by emission of quanta with energies in the range from AE’ to W is
—-§fﬁ2 smf[logﬂ-— (m— 0)tanzz— cosd log cscg]. (2.110)
3w FE’ 2 cos?d/2 2
On adding this to §(83,AE"), as given by (2.103), we obtain the desired result:
Bkl: 6(9, W)—~—ﬁ2 sin?— [log-—-+ +(r—9) an—+ cosd lo gcsclz]. (2.111)
3r L 4p? 2 cos?d/2 2

It may be remarked, finally, that the analogous
meso-nuclear phenomenon, the radiative correction to
nucleon-nucleon scattering associated with virtual
meson emission, will be a relatively more significant
effect in view of the stronger couplings involved. This
may well be the explanation of the discrepancy between
the observed neutron-proton scattering cross section for
high energy neutrons and the larger theoretical values
computed from various assumed interaction potentials.®

and A,(x) is the potential of a prescribed current distribution.
The physical situation can be described as follows. In the remote
past, the matter field is uncoupled from the external electromag-
netic field, and the state vector is that of the vacuum,

Y[~ w ="V, (A.3)

It is supposed that the coupling is adiabatically switched on, and
that the external field does not induce real pair creation. The
latter restriction implies that the final state of the matter field,
after the coupling is adiabatically switched off, is simply o,
whence

Y[ 0 ]—¥[— 0 ]=(5—1)¥,=0. (A4)
APPENDIX A solution of (A.2), in the form
In this.sec.tion, we shall first give an alternative treatment of Y[o]=Ul[c]¥,, (A.5)
the Pethods developed in the praceding. pages. Te s deureq 15 ™Y be constructed, where
compute the expectation value of ju(x), i ;5U Lo ]= _1 Gu(@) Au(x) U], (A.6)
(u)= (VLo julx) ¥LoD), an g bola) ¢
where ¥[o] obeys ULe]=S, Ul—=]=1 (A7)
., 8¥[o] 1. The current induced in the vacuum is then written as
Py~ DA, (a2 () = (U0 L) U Do %)
Now
3 oo s ( 7V o L) U Lo 1= U e dis@ ULe 1= 4 Gu@)+55ul@)S), (A9)
whence )
U o ]5u@) ULo 1= $(Gu(®)+ S ju(®)S )-*--2;—62 f: do'e[,6' JU 0" Jju(2),54(2") JU 0" 144(x"). (A.10)

On placing U[¢’]=1 on the right side of (A.10), one obtains the first approximation in a treatment that regards the disturbance of the

vacuum as small. Hence,

()= 5y o ee= 2Dl o) o),

(A.11)

in view of (A.4) and the absence of a current in the unperturbed vacuum. We shall, for convenience, write this formula as

=20 [ Gl ) A, )

where, according to II (2.10),

Gu(z—2') =3 Tr[SO (' — )78 (@ —2") vy + S (&'~ 2)7uS® (x— )7, ].

(A.12)

(A.13)

The introduction of the Fourier integral representations for the functions S® and S, combined with the trace evaluation (see II (2.10))

ATrL (= ik + )vu(GvE '+ vt (— ik + Ovu Gy R + ) v J= kb + b By — 8 (R — 12),

(A.14)

¢ A summary is given by L. Rosenfeld, Nuclear Forces (Interscience Publishers, Inc., New York, 1949), pp. 450, 454.
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yields the following expression for G,‘,,(x),

Gpv(x)'— f(dk')(dk”) U o AL

(2

It is instructive to examine the conditions imposed on Gg,(x) by
the related requirements of charge conservation and gauge in-
variance. The former evidently demands that

ad
5, (@) =0. (A.16)

The requirement of gauge invariance is that the induced current

be unaffected by the gauge transformation

aA(x)

Ap(x)—>Au(x) ——— (A1T)

or that

me(x— o )aA(x )

do'= [5Gl #IA)d' =0, (A18)

in which the absence of an integrated term is a consequence of the
adiabatic removal of the coupling in the remote past and future.
Evidently (A.18) is satisfied in virtue of (A.16), since

Guv(x) = Gm(x) .

On computing 3Gy,(x)/0x, from (A.15), we obtain

(A.19)

We return to the evaluation of G, (x), and utilize the identity

(k") (kE")

BB — m

k=2

(k 2+K’)

III. 815

i Gl vy

S Chu'hy by By — B (R — )], (A.15)
PR e (I PR T
=§:r_)’ f @k)e= (@R 5E ), (A20)
where
b=k, (A.21)
which is indeed zero if
S @k 54 2) =0, (a22)

Although the latter integral is strictly divergent, the value of
zero is unambiguously obtained from any limiting process in
which the delta-function is replaced by a suitable non-singular
function. In this sense, the requirements of charge conservation
and gauge invariance are satisfied. It may be noted that the same
integral is encountered in evaluating the current in the unper-
turbed vacuum, II (1.73),

(u()o= TT‘YuS ®(0)

J (@R 3R 12), (A.23)

o)

which must also be zero.

kk"

kk
— (k"4 Kg)ﬁ (A.24)

to simplify (A.15). The third term in the latter expression makes no contribution in view of the null value of (&"24-x2)8(%'"4-«?), while

the second term produces a contribution of Gy,(x) of the form.

"
San@rnettswnre, (A.25)
which must also be zero, in consequence of (A.22). Hence,
n anfSEER) SRR\ (R R R (kR (RE)
Gu(@)= (2 ) @ @)e* ( vire t e )( e =) (A.26)
The delta-function factor can be simplified in the manner introduced in the text:
5 k12+"1 5 k/lg_*_xz 1 , " k/z+kll, B2— kug
) o=+ = —3 [ v (5 v+). a.27)
The introduction of the new variables k, and p,, as defined by
v
kll’= %kﬂ+(ﬁu_§k#)
v
k' =Yku— (i’u“'z‘kn)r (A.28)
then brings Gy,(x) into the form
G )=-#f‘d (1=22) [ (@) (@p)eit=(huby— 8 kz).s'( o 53(1—7/2) A29
v (% 8(2n)" _ o= p)e*=(kuky— dpy a +4 ) ), (A.29)

where, in virtue of the dependence of the delta-function on p? alone, terms linear in p, have been discarded, and pup, has been replaced

by 18up? It is thereby shown that

G,‘,(x) (66 %,

with

The divergent and convergent parts of G(x) can be sepa.rated by a partial integration with respect to v,

G(x)=

—5u )6, (A.30)
G(x)=§(—211r—); IS (dk)(dp)e"‘*&'(p’+x’+%z(1—-v*))- (A.31)
8(2r )7f ”2(1 ”’)d f(dk)e"“f(dp)a"(pﬁ+x’+ 1- 7)2)) (A.32)

s @+
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The invariant, logarithmically divergent integral that occurs in the first term of (A.32) can be expressed in three-dimensional notation as

S @3+ == [ @nipg Lopi—p=s= =3 [ 0=~ 2w Lim{log™T 1), (A33)

Py=(P4-x2)}. (A.34)

The convergent second integral of (A.32) is then obtained by differentiating (A.33) with respect to «? and replacing the latter by
24 (k2/4) (1—22),

2p0 aﬁ
where

k2 T
g2 207 (] - .
f(dp)a (1: T+ v’)) oy ye (A.35)
With these evaluations, G(x) becomes
1 . Po+P 11 .
6= = 7323 Lim{l0g ™57~ 1)a(6) ~ o1 <R~ 1P, (A.36)
where
1 1 eikz
Fn(x)=j; a dvmj(dk)m (A37)
Finally, we may insert (A.30) into (A.12) and integrate by parts to obtain
(Gula)y=167ec [ Gla—)J,(x')de, (4.38)

where Jy () is the current vector that generates the external electromagnetic field. The expression of G(x) contained in (A.36) then yields

(Ju®))=——+ le(log

in which the first term represents the logarithmically divergent renormahzation of charge.

It should be remarked that the existence of a charge renormalization term would appear to contradict the conservation of charge,
since it implies that a non-vanishing total charge is induced in the vacuum. Indeed, a formal evaluation of the total induced charge
would yield zero,

- I)J“(x) - ~l:|“ (Fi(x—a")=3Fs(x—2')) (') do’, (A.39)

% I (j“(x))dq.=i-2‘f e(x—x’)l} I j“(x)da,,,j,(x')]OA,(M‘,,/

=0, (A.40)
since the operator of the total charge commutes with the current vector at an arbitrary point. The expression of (ju(x)) as
G =35 2 [, (A41)
where
a a
Fup=—A,——A4,, A42
B o ax, * ( )

is formally consistent with the result since

2
%f(jn(@)‘i“u:—’?f(d”pé%'_dfvg)fc(x—x')Fuv(x/)Ilw'
=0

(A.43)
in view of the theorem

[ (M"(%'F(x)—dapé%‘F(x))=0. (A44)

However, it is evident that these formal manipulations are only justified if the integrand in (A.44) decreases sufficiently rapidly in
space-like directions, which is not fulfilled for the field strengths generated by a charge distribution of non-vanishing total charge.

This difficulty can be avoided by treating the actual electromagnetic field as the limit of a spatially confined field, for which the total
induced charge is zero. A convenient way to accomplish this is to introduce a finite light quantum mass, which is-eventually allowed to
vanish. We thus write the potentials generated by the given charge distribution as

A= [Da— )i, 2@ (A45)
c Ay
where
Dlx)=Li ~1—J ) (A.46)
A=Limm ) mraldh): .

The induced current can then be exhibited in the form
. 4 ’ 12 ' ’r >
(Gul))= =5 [ Cla=a) Dl =) T ) e

4e3 1
e (2 )
in which the second version involves the Fourier transforms of the functions, G(x) and D(x),

=G f 1) [aps(pretia-m)

e MG (R)ED (k)T (x— £)(dk) (d8), (A47)

D)= I;uonk2 e e (A.48)
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The total induced charge can then be calculated in terms of the total external charge,

1
Q= - f Ju(x— §)doy, (A.49)

which expression is independent of £. Therefore,

L [CGueda=300 f GwrD s @)

2o (i—G(k)) (A.50)
“hee c\Ete ! Jumo .

If eis placed equal to zero before evaluating the Fourier transforms at k,=0, we obtain the previously computed non-vanishing induced
charge

50= 200G Jyeo= 50 [ D)8 (4. (A1)

On the other hand, if the limiting process e—0 is reserved to the end of the calculation, we evidently find 6Q=0.
The implications of this limiting process may be further indicated by noting that, in the first term of (A.39), Jy(x) will be replaced by
Tu(x) — ecAu(x), (A.52)
in virtue of the differential equation

(= O4u(e) =~ 14(2) (A.53)

obeyed by the potential (A.45). Now (A.52) reduces to Ju(x) at any point as e—>0. Yet the total charge computed from (A.52) is zero.
This is illustrated by the charge density associated, according to (A.52), with a point charge at the origin:

—€
Lime(a(r)—eﬁ—'). (A.54)
€0 47,
We may conclude that in the process of vacuum polarization, a non-vanishing, and indeed divergent charge is attached to the original
charge distribution, and a compensating charge is created at infinity.

We shall finally apply the computational methods of this paper to evaluate the invariant expression for the electromagnetic mass,

dmery(x) = -e—; f Y[ D(@—2)SO(x—2")+ DO (x— ") S(x— &) Ty (') dov’. (A.55)
The insertion of the Fourier integral representations yields
e 1 N et (i (k24«2 8(kY) ,
dmch(x) = -3 -(—27)7 (k) (dR)ei =2y (iyk —K)'y,,(T-i- P (x")dw'. (A.56)
This becomes
e 1 s . 5(k2—2Pk) 5(k2)) ’ ’
—_————— 7 ip(z—z’). — k) — A Sl A A
2 ) @@ lin(o =) (5 h 2 V@ (A5T)
on introducing
pu=hkutky, (A.58)
which is effectively subject to the restriction
P*+x2=0, (A.59)
in view of the wave equation satisfied by ¥(x’). Now
1
—_ 2 — 2) ] = — /(b2 —
2l = 200) =88] j:a (R—2pku)du, (A.60)
and
V(i (p— k) — K)yu= — 20y (p— k) +2x), (A.61)
whence
S () = — f (@k)(dp) f dueiv@) iyl — x)8' (B2 — 2pku)d(x")de’ (A.62)
(27)", ) ’ :

in which we have employed the fact that éyp+« is equivalent to v,(9/9x,")+« applied to ¥(x') and is thus effectively equal to zero. The
transformation

ku—>ku+ pun (A.63)
then yields

dmcty(a)= (_2%_"/‘ (dk) (dﬁ)j:d”e #@=2) (Gy pu— )8’ (B4 22 (') doo’

=—%ﬂx fo "du [[(dE) A +u)8 (B4 )y (x). (A.64)
Hence,
am/m=—2%J; YAtudu [ (@RS (B atut) = — % (dk)5'(k2+x’)+2a72‘/:(2u2+u3)dux2 [ (@k)s (2 -wa2), (A.65)
and
Kotk K t),

6m/m=3—g Lim({ log—— (A.66)
2% oo K

according to the integrals (A.33) and (A.35).



