PHYSICAL REVIEW VOLUME 76, NUMBER 12 DECEMBER 15, 1949

Experimental Investigations of Magneto-Hydrodynamic Waves

S. LUNDQUIST
The Royal Institute of Technology, Stockholm, Sweden
(Received August 29, 1949)

The importance of magneto-hydrodynamic phenomena to different parts of cosmic physics is becoming
more and more evident. This fact and the extreme mathematical difficulties involved in an exact treatment
of many problems make it necessary to consider the possibility for experimental investigations. In this paper
the fundamental equations are solved for cylindrically limited waves, a case which seems to be best adapted
for experiments. It is shown that an “ideal” magneto-hydrodynamic wave in a liquid with finite conductivity
can exist only in a certain frequency interval. The upper limit is set by the conductivity and the magnetic
field strength. Above this value the waves degenerate into skin-waves. The lowest frequency is determined
by the geometrical dimensions and by the conductivity. Waves in different liquids are compared, and liquid
sodium is found to be the best medium for an experiment. A brief account is given for a preliminary experi-
ment and other investigations are proposed.

I. INTRODUCTION paragraphs. A brief account of a preliminary experi-

HE mutual interaction between electromagnetic ~Ment is also given.

and hydrodynamic forces in an electrically con-
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ducting fluid which is subject to a magnetic field gives 1. THE FUNDAMENTAL EQUATIONS

rise to a certain type of waves, called magneto-hydro-
dynamic waves, which travel in the direction of the
outer magnetic field carrying with them an induced
magnetic field as well as a velocity field.

This phenomenon was discovered in 1942 by Alfvén.!
In the following year Alfvén outlined a theory of sun-
spots.2 According to this theory, the spots are generated
by a disturbance in the central part of the sun and then
transported to the surface by means of magneto-
hydrodynamic waves.

Walén has made a detailed theoretical study of the
waves.®* He considers especially traveling magneto-
hydrodynamic whirl-rings. Such a ring may give rise to
a bipolar spot pair when intersecting the surface.

In three papers Alfvén has developed his theory of
sunspots further and also made comparisons with ob-
servations.* 5 He has also given a theory for the granula-
tion and the heating of the solar corona, based on
magneto-hydrodynamic waves.®

Recently, some theories on the origin of the cosmic
radiation have been proposed, in which magneto-
hydrodynamic phenomena play an important role.”*

From the above it is seen that these waves are very
important in cosmic physics. Many problems connected
with the waves are difficult to treat mathematically,
even with the computing machines now existing, so it
will be necessary to consider the possibility for an ex-
perimental investigation. This is done in the following
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+H. Alfvén, M.N.R.A.S. 105, 1, 390 (1945).
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6 H. Alfvén, M.N.R.A.S. 107, 211 (1947).

7R. D. Richtmyer and E. Teller, Phys. Rev. 75, 1729 (1949).
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The motion of an incompressible fluid with the den-
sity p, the electrical conductivity ¢, and the perme-
ability p, placed in a magnetic field H, is described by
Mazxwell’s equations

curlH=4r/c-1 1
m
curlE= —-(0H/a#) (2)
c
divu-H=0 (3)
. M
1=a(E-|——v><H) 4)
c
and the hydrodynamical equations
av u, 1
—=—iXH—-gradp, (5)
dt  pc p
divv=0. 6)

Here v denotes the material velocity, H and E the mag-
netic and the electric field strength, respectively, i the
current density, and p the pressure. In (1) the dis-
placement current has been neglected. As Walén has
shown, this system of equations may be reduced in the
following way. Eliminating i and E, we have

10H ¢ 1
—_—= curl curlH—- curlv X H @)
¢ 0t 4mruc c
dv u 1
—=— curlH XH—- gradp. (8)
dt 4r p

Putting H=H,+h, where h is the induced magnetic
field, and @*=c*/4nus, we get after some transforma-
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tions:

dh
P a2Ah— (HyV)v+ (vW)Ho=curlv X h 9)
t

v u 1 p?
———1(H,V)h— (hV)H, ]+~ grad([)-f-——
ot 4mp P 2

—|-—#—H0-h) =v Xcurlv——ﬁh Xcurlh. (10)
4 47

These equations determine h and v. They are not
linear. Walén, however, has shown that if the con-
ductivity ¢ is infinite, the equations reduce to a linear
system, the right members of (9) and (10) exactly
canceling in this case. With some approximation the
same is true for a finite but still very good conductivity.
In an experiment where the amplitudes are small, we
can simply neglect the second-degree terms. For this
case and with a homogeneous outer magnetic field,

we get:
[(8/0t)—a2ATh= (HoV)v (11)
3 1 ?
l=ﬁ4ﬁwm——gm(¢ﬁ1%imh).03
ot 4mp P 2 A4r

III. A SPECIAL SOLUTION OF THE EQUATIONS

Equation (3) requires the motion to be closed. The
simplest way of satisfying this condition in an experi-
ment is to choose a motion in which the liquid rotates
about a fixed axis. This case seems to be of general
interest for experimental investigations and therefore
we deduce the corresponding solution. We assume the
rotation to take place in a plane perpendicular to the
vertical magnetic field By and around the z axis of a
cylindrical reference system (7, ¢, z). The components
of v and h are:

2,=0, v,=9, v,=0

hy=0, ho=h, h,=0.

That v and h are parallel is seen by considering the

induced currents. Equations (11) and (12) may be
written
ok @h 10h h 0% dv
— =g —-——- —)+Ho— (13)
at a rdr r 9z 9z
v [.I.H() ok
—_——— (14)
ot 4mp 9z
Eliminating v, we get
%k aro*h 10k h 6% *h
——=aL{ Fm———t }+VL—, (15)
ar atlarrt ror r 922 9z*

where

V2= (uH?)/ (4p). (16)
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We want to find a wave with the angular frequency
w, which travels along the z axis, i.e., all quantities are
to vary as exp(jwi+az). Accordingly, we put 9/9!= jw
and 9/9z=a.

Then (15) may be written

%h 10k 1
__+__n+(ﬁ—;)h=a a7
7

or r or

where k?’=a’+ (w?+a?V?)/jwa®. A solution of (17),
which is zero for r=0, is

h=A-J(kr) exp(jol+asz) (18)
with .
o= (jokd*—o?)/ (jua*+V?), (19)

where J is the Bessel function of the first order.
By means of the original equations the other vari-

ables are found:

peH
= . (20)
J4rw
i,=—ac/4r-h (21)
ke ]o(kr)
:= : (22)
4 Jl(kr)
ua
E,= ——((V*4jwa®) - (23)
Jwce
patk Jo(kr)
E=———1 (24)
c J](k)’)

Suppose that we want to study the waves under the
following simple experimental conditions: (a) The
liquid is contained in a cylinder with the radius R and
the height L; (b) at the bottom, =0, a motion v(,t)
=19y-7/R-e/** is excited.

The following boundary conditions determine the
solution:

1) r=R ,=0 " k=0
(2) 2=0 ov=vp-7/R-ei*!
(3) z=L i,=0 k=0,

The first condition gives the proper values &, of %
as solutions of the equation J,(k,R)=0. The corre-
sponding «, are then given by (19).

Conditions (2) and (3) may be satisfied in this way.
We consider the repeated reflections of the waves. A
wave traveling up to the surface is reflected without
phase difference in v but % is in opposite phase in the
upward wave and the downward wave. At the bottom
the conditions for # and v are reversed. In a point z
we add all the waves traveling up and down.

'I)(Z) — 'Z)(O) (eaz_l_ea(?L—z) — ga(2LA+2) _ea(4L—z)+ e )
cosha(L—2)

coshal

or

(25)

2(2)=1,"



MAGNETO-HYDRODYNAMIC WAVES

The solution is

* coshe,(L—2)
o(rat)=3 AJi(ky) ————-¢ivt.  (26)
=1 cosha,
For 2=0 and »<R we have
r w» ‘
Vo —= A,,Jl(k,,'f), (27)

R v=1

from which the 4, may be determined. Finally, we give
the expression for the velocity in a point (r,z), valid for
0<r<R and 0<3z<ZL

o(r,z) = 2
v(r,0) =1 k,-rJo(k,R)
IV. IDEAL WAVES AND DEGENERATED WAVES

\coshay(L-— 2)

‘J](ky?'/

(28)

cosha, L

Introducing U= jw/a we see that the field strength
of the waves varies as exp[ jw({—z/U)], where U is the
phase velocity. A complex value of U means damping
of the waves. Equation (19) may be written

11 1—j(Ba/w)
———— (29)
U2 V2 14j(wa/ V2)

The propagation of the waves depends upon both the
frequency, w, and the wave number, &; i.e., upon the
spectrum of the wave in time and space. If the con-
ductivity is infinite (a=0), we get U==4V. In this
case all waves travel without damping with the same
constant velocity V=Hou}(4mp)?, parallel or anti-
parallel to the magnetic field H,. Every velocity-state
is moving with this speed without any deformation.
Equation (20) gives v/V=h/H,, and accordingly, we
have pv?/2=uh?/8m, which means the ideal case in which
kinetic and magnetic energy are equal.

In reality we always have ¢#0 but in the cosmical
applications £ and v are so small that the waves may be
considered as ideal.

Y Mrec.
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Fic. 1. Phase velocity of magneto-hydrodynamic waves in
liquid sodium: phase velocity Vp, — - — - ideal wave velocity
Vo, —+— degeneration at high frequencies (skin-effect), —- - — de-
generation at low frequencies. I—Cylinder radius R=12 cm.
Magnetic field strength Ho=10,000 gauss. II—Cylinder radius
R=25 cm. Magnetic field strength Ho=2000 gauss.
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At high frequencies (or if ¥V—0 and k—0) we get
Ur~awte™* and »~0 which means a damped pure
electromagnetic wave, independent of Ho and p. The
waves have degenerated into skin-effect waves.

If the frequency is very low we get U~+V -w(ka)™!

ei™4 which is another type of degenerated waves,
where the degeneration is due to the finite value of .
If k=0, i.e., R= (or plane waves), we get ideal waves
for all frequencies w<KV?/a?

V. CONDITIONS FOR AN EXPERIMENT

From (29) we infer that the conditions for getting
“ideal” magneto-hydrodynamic waves are

Fa?/w1 (30)
wa?/ VK1 (31)

or together
PeLolV?/ . (32)

In order that this shall be possible we must have
VE>k%a* or
H0R>>3 -83 (4‘"’)——*620"—1‘)*#‘%’ (33)

where k& has been replaced by 3.83/R, corresponding
to the lowest wave number, which is possible in a
cylinder of the radius R.

In an experiment it is desirable to get a small re-
quired magnetic field Hy and small dimensions. Equa-
tion (33) tells us that the required value of Ho-R is
small if oulp* is large. The permeability, u, being al-
ways =~ 1, we may take op~* as a measure of the property
of a medium for magneto-hydrodynamic experiments.

The relative values of cp~* for some possible media are
as follows: liquid sodium, 35; liquid lithium, 11; liquid
sodium-potassium alloy, 10; mercury, 1; arc discharge
in air at 100 mm Hg, 0.1.

Mercury is perhaps most simple to handle, but an
experiment with liquid sodium would certainly give
much more information.

In Figs. 1 and 2 the phase-velocity and the damping
of a magneto-hydrodynamic wave in liquid sodium,
corresponding to the lowest possible wave number, &,

@
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Fic. 2. Damping of magneto-hydrodynamic waves in liquid
sodium : Zy=distance for damping of the wave to ¢, —-—
damping at high frequencies (skin-effect), —- -— damping at low
frequencies. I, II—See text to Fig. 1.
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F1c. 3. Arrangement of the experiment on magneto-hydro-
dynamic waves in mercury: (1) floating mirror, (2) stainless steel
cylinder, (3) scale, (4) vibrating disk, (5) mercury.

are given as a function of the frequency for two different

cylinder radii.

VI. INFLUENCE OF THE VISCOSITY

In a viscous fluid we get, instead of Eqgs. (13) and
(14),

ok dv

—=a*Ah+H,— (34)
ot 0z

av /.LH() oh

—=———+4pAy, (35)
ot 4mwp 9z

where v denotes the kinematic viscosity.

If v=0, Eq. (20) gives v=(apH,/j4mpw)-h. We put
this value into the last term of (35) and eliminate v
between (34) and (35). With 8/9t=jw and 8/dz=a we
get
yWia?

(36)

Jw

If vKL(w?a?/a?V?) = (U?/V?)-a? the viscosity may be
neglected. If it may not be neglected the influence of
the viscosity is to increase the damping of the waves.
For an “ideal” wave a® should be replaced by a4,
and then we see that the viscosity is unimportant if
v<a®. For liquid sodium »/a? is about 10~® and so the
viscosity certainly may be neglected.

—wth= Ah(jwa"’—i- )+a2V2h.

VII. A PRELIMINARY EXPERIMENT

An experiment on magneto-hydrodynamic waves in
mercury has been carried out at this laboratory. The
mercury was contained in a stainless steel cylinder with
the diameter 15 cm and the height 15 cm (see Fig. 3).
The waves were excited at the bottom by means of a
disk with radial strips and the measurements were
made by means of a mirror floating on the surface.
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The apparatus was placed in a vertical magnetic
field with a maximal value of 13,000 gauss. The disk
was mechanically driven to perform torsional vibra-
tions with a small amplitude. The damping and the
phase difference between surface and bottom were
measured directly by means of a stopwatch. The fre-
quency was varied between 0.1 and 1 cm/sec. for dif-
ferent values of the magnetic field. In Fig. 4 the results
are compared with the theoretical values.* The dis-
crepancy between theory and experiment may be due
to the experimental difficulties to keep the surface of
the mercury clean. A layer rapidly formed on the sur-
face, making further measurements impossible. We
hope to find the reason for the discrepancy and intend
also to repeat the experiment in liquid sodium, if
technically possible.

VIII. SOME PROBLEMS SUITED FOR
EXPERIMENTAL INVESTIGATIONS

In cosmical physics the conductivity may often be
considered as infinite and the waves are correctly de-
scribed by Egs. (9) and (10), the right members being
equal to zero. These equations are formally linear, but
do not permit the adding of solutions to get a new solu-
tion. Suppose, in particular, that we have two waves
traveling into each other. In each wave alone we have
a perfect balance between magnetic forces and cen-
trifugal forces. By adding the waves it may happen
that we get a wave which is not balanced, e.g., if the
induced fields are antiparallel but the material ve-
locities parallel. A detailed discussion is given in the
paper by Walén. This problem is very difficult to treat
mathematically. An experimental investigation may be
able to give at least a qualitative picture of the situation
if sufficiently large amplitudes may be excited that the
second-degree terms are important. The condition for
this is k= H,, or for an ideal wave v=V.

F1G. 4. Measurements
on magneto-hydrody-
namic waves in mer-
cury. p=amplitude at
surface/amplitude at
bottom. y=phase dif-
ference between bottom
and surface.
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* These values have been calculated in the same way as in
Section III, only with the exception that the excited velocity at
the bottom has been assumed to be %:7/R when 0<r<R;, and
v Ri/R-(R—r)/(R—Ry)) when R, <r<R(R,/R=0.96), which
ought to be closer to the real velocity distribution. The difference
between these values and Eq. (28) does not exceed 10 percent.
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One interesting experiment would be to study the
reflection of a magneto-hydrodynamic whirl-ring at a
non-conducting surface. Especially important for the
theory of sunspots is the behavior of rings parallel to
the magnetic field.

The generation of the whirl-rings by convection also
ought to be studied.

The experiments with waves in mercury have given
the impression that all magneto-hydrodynamic phe-

Hftst 1809

nomena have a quite different character than the corre-
sponding purely hydrodynamic phenomena. Perhaps
many theories on hydrodynamic problems in cosmical
physics have to be reconsidered.
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The radiations of Hf!'® have been studied with delayed coincidence and absorption techniques. No y-rays
are found to precede the formation of the 20-microsecond metastable state in Ta!®, thus confirming the
decay scheme of Chu and Wiedenbeck. From the values of the internal conversion coefficients together with
delayed coincidence absorption measurements it is concluded that the previously reported 0.134-Mev y-ray
is most probably emitted from another metastable state of about one-second duration in Ta!8!, A theoretical
discussion of the multipole order of the different radiations lead to assignments of probable spin and relative
parity values to the excited states of Ta!®!. Beginning with the ground state, the deduced spin and parity

values are: 7/2(%), 1/2(%), 5/2(%£), and 1/2(F).

OME uncertainty exists as to the succession of the
y-transitions in Ta'®, following the f~-decay of
Hf!8!, The metastable state in Ta!8! of 20-usec. duration
was first observed by DeBenedetti and McGowan,! and
later studied by Bunyan et al.2 The B-rays, y-rays, and
conversion electrons have been subject to investigations
by several authors,® some of which claim to have ob-
served a <y-transition preceding the formation of the
metastable state.

With the delayed coincidence recorder in Fig. 1 we
have remeasured the half-life of the metastable state
in Ta'®* with both the differential and integral pro-
cedures, the results being in agreement with earlier
determinations. Inserting a 1-mm lead absorber be-
tween the source and the Geiger counter in the B
channel and then in the A channel, we find a genuine
delayed coincidence rate of 1.5 min.™ (corresponding to
infinitely long resolving time) and less than 102 min.",
respectively. With the same Pb absorbers in front of
both Geiger counters, we could detect neither delayed
nor instantaneous coincidences exceeding the random
coincidences and in the latter case the background
coincidence rate due to cosmic rays and other instan-
1; 56 DeBenedetti and F. K. McGowan, Phys. Rev. 70, 569
( 2Bl)x.nya,n, Lundby, Ward, and Walker, Proc. Phys. Soc. 61,
300 (1948).

3 Cork, Shreffler, and Fowler, Phys. Rev. 72, 1209 (1947);
Bene§, Ghosh, Hedgran and Hole, Nature 162, 261 (1948);
K. Y. Chu and M. L. Wiedenbeck, Phys. Rev. 75, 226 (1949).

4 The sources were irradiated in the big pile at the Atomic
Research Establishment, Harwell, England.

taneous coincidence sources. We therefore conclude
that y-rays with an energy larger than 0.25 Mev can
scarcely precede the isomeric transition nor can two
or more such vy-rays follow each other in cascade. The
modified decay scheme of Chu and Wiedenbeck?® given
in Fig. 2 therefore appears to be the most satisfactory
at present.

Taking into account window absorption in the Geiger
counters, the delayed coincidence absorption measure-
ments? are in excellent agreement with the result from
the B-spectrograph® as to the value of the integrated
internal conversion coefficients for the different electron
energy groups.

A theoretical interpretation of the decay scheme
meets with certain difficulties owing to a lack of exact
numerical calculations of the internal conversion co-
efficients in the relativistic region. However, some nu-
merical calculations have been carried out for the
natural radioactive elements (Z=283).5 In the approxi-
mate calculations, the ratio of the number of conversion
electrons to the number of gamma-rays, the branching
ratio N./N,, is proportional to Z%° thus making the
internal conversion in Ta about 35 percent less than in
RaC. We have applied this correction factor to the
numerical calculations referred to above in the following
comparison of experiment with theory.

5 H. R. Hulme, Proc. Roy. Soc. A138, 643 (1932); H. M. Taylor
and N. F. Mott, Proc. Roy. Soc. A138, 665 (1932).

¢ This is because of the volume concentration factor, the radius
of the K-orbit being proportional to 1/Z.




