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In this paper a description of the energy dependence of nuclear cross sections, especially for neutrons, is
given in terms of simple assumptions on the properties of the nuclei. The results are supposed to represent
average values over individual Quctuations and resonances. The total cross section, the reaction cross sec-
tion, and the transport cross section are calculated as functions of the neutron energy. Only two nuclear
parameters occur in the expressions; the nuclear radius and the average kinetic energy of a nucleon inside
the nucleus. Comparison of the theory with neutron experiments is made. New values of nuclear radii are
computed from total cross sections at 14 and 25 Mev. Predictions of the inelastic cross sections at 14 KIev
are in good agreement with the measurements. Experiments involving total and transport cross sections
between 0.1 and 1.5 Mev are compared with theory and reasonably good agreement is found with most of
these. However, for the elements, I, In, Sb, agreement in the context of the theory may be obtained only if
the strength of resonance levels for these elements is assumed to be unusually low.

I. INTRODUCTION AND DISCUSSION OF RESULTS

HE cross sections for nuclear reactions are com-
plicated functions of the energy of the incident

particles. One observes resonances, maxima, and
minima, and no two cross sections show exactly the same
features. There seem to exist, however, certain general
trends in the energy dependence of cross sections, es-
pecially if one averages over the individual Auctuations.
It may be worth while, therefore, to try to understand
the over-all behavior of nuclear cross sections on the
basis of a few very general assumptions.

We are presenting here a schematic theory of nuclear
cross sections which is based on an extremely simplified
and rough picture of the nuclear structure. In fact,
the only information used on the internal structure of
the nuclei is the nuclear radius R and the average kinetic
energy T of a nucleon within the nucleus.

The results obtained must be considered as a sche-
matic picture of the actual conditions, trimmed of all
individual fluctuations and deviations. It is the purpose
of this approach to give a erst orientation about the
magnitude and energy dependence of cross sections
without any claims to quantitative validity. On the
other hand, the degree in which the predictions are
found to be correct may be a measure of the validity
of the underlying concepts.

We restrict ourselves to the study of the cross sec-
tions averaged over individual Quctuations. Resonances
are not reproduced by this theory. If they occur, our
theoretical results refer to the average value taken over
an energy region containing several resonances. For
suKciently high energies, the resonances or Quctuations
in the cross sections as a function of energy become very
weak and unimportant. For it is expected that as the
energy increases, the resonance levels become broader
and finally merge into a continuous curve for the cross
section in its dependence on energy. In this region our

theoretical predictions should reproduce the actual
cross sections without any averaging.

We shall show that the results herein join on con-
tinuously to those of an earlier paper' (to be designated
henceforth as I'PAV) which apply to the resonance
region. Both papers thus have a number of parameters
in common. Of particular importance are the nuclear
radius R and the wave number E of the incident par-
ticle within the nucleus. These are the only two param-
eters used here to represent the nucleus. Both parameters
can only be defined approximately. The wave number E
may be estimated by assuming that in the nuclear
interior in the 'neighborhood of the nuclear surface,
the dependence of the wave function on the coordinate r
of the incident particle is periodic with a wave number
corresponding to its kinetic energy within the nucleus.
Hence it follows that E'= k'+EP where k'=23Ie/k'
M=mass of the incident particle, e its energy outside
the nucleus, and Ep is the wave number E for zero
incident energy. Ep was estimated in FPW using a
Fermi-Dirac model for the nucleus by

E '= 2M/5'I es+4vr'(3A/16m. V) 3],

where 2 is the nuclear mass number, V the nuclear
volume, and e~ is that part of the binding energy of the
added particle which is kinetic. We assume here, in
contrast to FPW, that &~=0, for it is probable that a
considerable fraction of the binding energy is potential
in virtue of the exchange force between nucleons. For
6p= 0, and R= rpA~, rp ——1.5)& 10 '3 cm, we find Ep= 1.0
&(10 "cm '.

In addition to Ep and R, the charge on both the
incident and target nuclei are important parameters.
Ke shall limit our discussion to neutron-initiated reac-
tions, although formulas of Section II apply more
generally. Charged particle reactions have been con-
sidered in more detail by J. K. Tyson. '

* This work was assisted by the Joint Program of the ONR and
AEC.

' Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947).' J. K. Tyson, Ph. D. thesis, M.I.T. (1948}, issued as a Tech-
nical Report by the Laboratory of Nuclear Science and Engineer-
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The following cross sections are calculated:
(i) The "total" cross seotiort, ot, t, which includes

all processes that may be initiated by the incident
neutrons such as transmutations, elastic, and inelastic
scattering, etc. It is this cross section which determines
the attenuation of a neutron beam in passing through
matter.

(2) The "reaction" rross section, &r„which we define

here, somewhat unconventionally, as the total cross
section minus the elastic scattering cross section,
O, =a&„t,—g, i. The elastic cross section, a, i, includes
only those processes in which the quantum state of the
target nucleus is left unchanged. Thus the reaction
cross section, o-„ includes aB the processes in which the
quantum state of the target nucleus is changed; i.e. ,

it includes the processes in which the compound nucleus
decays into a diGerent channel than the one by which
it was formed. Inelastic scattering, for example, is
included in the reaction cross section.

(3) TtM transport cross section, ot„which is defined

by the integral
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FrG. 2. Reaction and transport cross sections as a function of x
for various values of X0. The full line curves give the transport

(1) cross sections including the results for an infinitely repulsive
sphere. The broken line curves give the reaction cross sections.

where a.,t(0)dQ is the elastic scattering cross section
into the solid angle dQ in direction 8. The transport
cross section determines the net loss of forward mo-
mentum of the incident beam. '

All three cross sections will be expressed in units of
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FIG. 1.Total cross sections as a function of x=kE, for values of
X0=5 and 8. a0 is the total cross section for the infinitely repulsive
sphere of radius E. The dotted line gives the approximate be-
havior of all of these curves for high x.

ing, M.I.T. An article by this author will be submitted shortly to
Phys. Rev.

It is assumed here that inelastic scattering is spherically
symmetric.

~R', where R is the nuclear radius:

rrtot, tr, r rr+ ~tottrr(xr , X, ) ~ (2)

The three functions, Ff,,f,, F~„F„will be shown to de-
pend only on the dimensionless variables x=kR, and
Xo= KoR, where k is the wave number of the incoming
neutron and Eo is defined above. The following expres-
sion is useful for the computation of x:

x =0.2228(e) '*, (3)

where ~ is the kinetic energy of the incoming neutron
in Mev, and R is expressed in units of 10 "cm.

The result of the calculation of the three functions
F~,f, , F„Ff,, are plotted in Figs. 1 and 2 for diferent
values of Xo corresponding to diferent nuclear radii.
(Xs= 5 corresponds to chlorine Xs——8 to samarium. ) The
total cross section approaches 2m.R' for high energies
as is well known. However, the asymptotic valueisreached
only for extremely high values of x. The behavior at
higher energies is represented more faithfully by

o...= 2x(X+X)'= 2~Rr(l+ l/x)s

which deviates from calculated values by less than 10
percent for x)4, as is illustrated by the dotted curve
in Fig. 1.

It is interesting to compare o ~,~ with the cross section
o.s of an infinitely repulsive (totally reflecting) sphere of
radius R. The close agreement of 0.~,~ and cro shows that
the value of the total cross section for suKciently large
x is not very sensitive to the choice of the boundary
conditions satisfied by the neutron wave at the surface
of the nucleus.

The reaction cross section approaches mR' at high
energies and shows a 1/ depvendence at low energies.
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The behavior of this function can be understood from
the following qualitative considerations. From the be-
havior of ot,,~ discussed, we may infer that the cross
section for striking the nucleus is given by 7r(R+X)'
which may be understood by giving the incident neutron
a "size" X. To initiate a reaction, however, the neutron
must penetrate through the nuclear surface, which may
be represented by a sharp drop of potential, correspond-
ing to sudden change of wave number from k to
E=(Eo2+ k')&. This sudden change causes a partial

reQection of the wave. An elementary calculation shows
that the transmission 1 through the plane at which
this change of wave number occurs is given by T=4kE/
(k+E)'. The reaction cross section should be the
product of the cross section for striking the nuclear
surface and the transmission T:

o,= v.(R+X)'T. (4)

For small k(k((R-'), this becomes 4v./kEo and ex-
hibits the 1/v law with the same scale factor as given

by the precise calculation. In the intermediate energy
range, the formula (4) is not a very good approximation
to o„because of complications introduced by the con-
tribution of the partial waves with higher values of the
angular momentum. It should also be apparent now

why o«& has a 1/v dependence for small x, since it is
composed of o, and o.,~, the latter being finite at zero
energy.

Among the three sets of curves the strongest de-

pendence on Xo is found in o,. In both o.~,~ and o-t,,
the increased penetration for smaller Xo is onset by a
correspondingly lower scattering.

The expressions for o-&,t and at, , should be valid
over the entire energy range. At low energies they sig-

nify average values over resonances. The expression
for the reaction cross section o.„however, should be
applied only within a limited energy range. It is calcu-
lated with the assumption that, once the neutron has
penetrated through the nuclear surface, it will not
leave the nucleus again by the same channel, i.e., in
such a way that the nucleus is left in the same quantum
state in which it was before the reaction. Thus, our
expression for o, should not be applied if the main
process induced by the neutron is elastic scattering.
Therefore, the curve for o-, is valid only at high energies
(above 2 Mev for all nuclei except the lightest ones),
where we expect strong inelastic scattering, and at very
low energies if the main process is neutron capture. In
the low energy region o., should represent the average
over resonances. There is, however, a large region, be-
tween a few kilovolts and a few million volts, in which
o., is not represented by our curves.

A critical remark is necessary in regard to the nuclear
radius R which enters into the evaluation of the pre-
dicted cross sections, since they are proportional to
mR'. The nuclear radius is defined in this theory as the
distance of the neutron from the center of the nucleus
at which the wave number of the neutron changes from

k (the value outside) to E (the value inside). Actually,
this occurs gradually over a region of the order 1/E.
We expect therefore that R should be uncertain by this
amount, so that E. may deviate from the values of any
other radius determination by as much as ~1)&10 "
cm. Very probably R may vary within these limits for
diferent energies of the incident neutron. The validity
of this theory is based upon the smallness of 1/E com-
pared to R. Actually (ER) ' is not a very small num-

ber, so that the results of the theory must be considered
as rough approximations only.

II. CALCULATION OF THE CROSS SECTIONS

The derivation of our results follows diGerent lines
in the high energy region and in the low energy region.
The upper region is defined by the validity of the follow-

ing condition:
(a) The energy of the incident neutron must be high

enough so that it is energetically possible for the com-
pound nucleus to decay into many channels; for ex-

ample, the residual nucleus may be left in many difer-
ent excited states. Thus the high energy region includes
energies e which are considerably larger than the first
excitation energy of the target nucleus, say e&2 Mev.

We start with the calculation of the cross sections in
the high energy region. The guiding principle employed
is akin to the Bohr hypothesis of the compound nucleus.
We assume that once the particle has penetrated to
within the boundaries of the nucleus, it will not leave
it by the same channel in which it entered. This as-
sumption is valid if condition (a) holds and also if the
following condition is fulfilled:

(b) The interaction between the incoming neutron
and the nucleons of the target nucleus must be strong
enough so that the probability of decay into other
channels is high.

Both factors (a) and (b) give rise to a large level
width in the compound nucleus. In fact, it will make it
considerably larger than the level spacing. Condition
(b) sets an upper energy limit to the applicability of our
method: If the energy is too high, (b) is not satisfied,
because of the decrease of the interaction cross section
between nucleons of high energy. The nuclei thus be-
come transparent to incident neutrons of suSciently
great energy. ' This will happen if ~ exceeds about
70 Mev.

We shall now obtain a mathematical formulation of
the principal assumption in such a form as to permit
the calculation of the various cross sections in the high
energy region. Essentially we assume that there is a
vanishingly small probability that any incident particle
which enters the nucleus will be re-emitted without any
loss of coherence with the initial beam. Thus the target
nucleus acts as a "sink" for the incident particles. We
express this assumption in the following mathematical
form: the wave function P for the neutron within the
nucleus cannot be given as a function of r (its dis-

' Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 {j.949).
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expressing the fact that the entering particle does not
return. E is the wave number which corresponds to the
average kinetic energy inside the nucleus. This can be
expressed by a boundary condition: At the nuclear
surface the logarithmic derivative of rf equals:

f=R&&8(rf)/8r/Qj ii= iK—R= iX. —(5)

Ke recall that E'=E 2+t|' ED=i.0&10 " cm ' as
estimated in FPW. Boundary condition (5) determines
the behavior of the wave function outside the nucleus;
i.e., the entire nucleus is represented by the parameters
Xo in addition to the nuclear radius R. (An infinitely
repulsive sphere corresponds to / =0 at r= R and there-
fore Xo——~.)

Ke follow FP% in determining the cross sections as
determined by boundary condition (5). For the region
r)R, the wave function p= rP for a neutron (the follow-

ing treatment applies as well to charged incident
particles) with an angular momentum 1 in units of k
may be written

where

Nl+ 5&l)

g~e—i(kr —le/2)
p~ co

(6)

~g+s(kr —l ~/2)
l
r—+ 00

tance to the center of the nucleus) alone; however,
its dependence on r may be approximated by a con-

verging wave

rP~ e iKr—

TABLE I. Re-evaluation of nuclear radii.

Element

Be
B
C
0
Mg
Al
Al
S
Cl
Fe
CU
Zn
Se
Ag
Ag
Cd
Sn
Sb
Au
Hg
Hg
Pb
Bl

Observed
rrtot, X10"

0.65
1.16
1.29
1.60
1.83
1.92
1.85
1.58
1.88
2.75
2.50
3.03
3.35
3.82
3.70
4.25
4.52
4.35
4,68
5.64
5.25
5.05
5.17

E'nergy
in Mev

14
14
25
25
14
14
25
14
25
14
25
14
14
14
25
14
14
14
14
14
25
14
14

R)(10 1'
cm

2.4
3.4
3.8
4.3
4.5
4.6
4.6
4.1
4.7
5.6
5.5
5.9
6.3
6.8
6.9
7,2
7.4
7.3
7.5
8.3
84
7.8
7.9

1.17
1.54
1.65
1.71
1.57
1.53
1.52
1.30
1.44
1.46
1.38
1.48
1.46
1.44
1.46
1.48
1.52
1.46
1.33
1.42
1.44
1.32
1.34

Refer-
ence

4m xX
o,"&=—(23+1)

*'Ivi'I'+X'I'iI'+2Xx
4m

o,&
"&=—(23+1)

I
sinlii"

k2

x/I viI' aJ

+. (g)
i(x/I viI +X)+xIv'/vIcos(8&' —8)

The sum of these two expressions can be written in the
form:

Nl and vl are known functions of x, and form a conju-
gate complex pair.

The reaction, elastic, and total cross sections for
neutrons are then

o &'&= (x/k')(21+1)(1 —I»I')

o &&'&= (Ã/k')(2l/1) I1+»I'

(7a)

(7b)

where Nl and el are the values, Nl' and ~l' the deriva-
tives in respect to x, of the functions (7) evaluated
at x=kR We define the .phases 8 and 8' by v= IvIe"
and v'=

I
v'I e" and use the Wronskian relation

I
vv'I sin(8&' —8&) = 1. We then get'

This approach is similar to that of H. Bethe {Phys. Rev. 57,
1125 (1940) to describe nuclear absorption.' These two expressions follow directly from formulas {38)and
(39) in FPW, if one puts f=f0—zh= —iX so that f0=0, h=X.

o i.&&'& = (7r/k') (2t+1)2(1+Re»). (7c)

rji can be adjusted so that (6) fulfills the boundary
condition (5):

Xgl +ZXSl
gl

xvi'+iXvi

o i,&&" ——(4x/k ') (2l+1) -sin8&

co»8&(x/I vi I'+X)+»n28&(x
I
v'/v

I
cos(8&' 8&))—. (9)

x2I v, 'I2+X2I v, I2y2Xx

These cross sections are to be summed over l to
obtain o.„0..1, and r~, t,. Note that the sin28l term in
a t,,t, is just the term which would arise from the scatter-
ing by an infjI.nitely repulsive sphere of radius E. No
resonances appear in any of these cross sections, as
may be expected from the fact that the value of f in
(5) is a pure imaginary. The value of o,&'& is (4x/k')Xx/
(X+x)' which is just 4v/k' times the transmission T
discussed in the introduction.

Finally, 0&, the transport cross section is computed.
We need to evaluate the integral

J= jt o.,&(8) cos8/dn.

Writing ir, i
——

I f(8) I

' and f(8) = (1/k) QA &P&(cos8) where

.f i
——(2l+1)&e-2&" e'" sin8,

x/I vil'
+

xI vi'/viI cos(8&' —Fi)+i(x+ x/I v&I )-
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Element L'xp.
rrr )(10'' cm'

Theor. R et crence

TAaLK II. Reaction cross sections at 14 Mev. boundary condition of FPW if the energy of the inci-
dent neutron is high. We compare (5) with the corre-
sponding condition, Eqs. (17a) and (24) of FPW:

Al
Al
I'e
Fe
Cd
A,u
Hg
BI
Pb
Pb
Pb

0.90)
1.06
1.43(
1.45~
1.89
2.51
2.47
2.56
2.22'
2.29
2.s6J'

1.0

2.0
2.2
2.5
2.3

2.3

5

/

7
7

7

7a
7

w t' 'I~
f(lV) =f o(W +fr~/ 2) = —X tan —

(
$$ +——E„~ (11)

D&

where I' was called the absorption width in FPK.
In the terminology of the present paper I", should be
referred to as the reaction width since it is the partial
width corresponding to the processes we have included
in the reaction cross section. D is the level distance.
Expression (11) becomes f(IV) = iX (E—q. (5)) ife

J= (4x/le')Q(2l)/(4P 1)Re—(AtBA( &). (10)
L

The transport cross sections are given by ot, t,
—J. The

curves in Figs. 1, 2, and 3 were computed from formulas

(8), (9), and (10).
Ke now turn to the calculation of the cross sections

in the low energy region. This is the region in which the
condition (a) is no longer fulfilled. We no longer can
use the simplified boundary condition (5). It is expected
that resonances will occur at low energies and it seems
natural to fall back upon the more detailed expressions
derived in FPW and average them over an energy
region containing many resonances.

We will prove two points:
(A) The concepts of FPW join continuously into the

ones of the present paper; the calculation of the cross
sections in the high energy region is a generalization of
the ideas used in FPK.

(8) The cross sections as calculated by FPW, and
averaged over many resonances, yield the same expres-
sions (9) and (10) for ot,,t, and o~, for the low energy
region also.

In order to demonstrate (A), we show that the bound-

ary condition (5) follows from the more complicated

~r./2D»1. (12)

4~ r-2
(ITtot )A (2l+ 1) sin'8(+ — cos25( (13)

k' 2 D

This goes over into expression (9) derived above i'or the

Condition (12) requires that the reaction width be large
compared to the level distance D. This is the region
in which resonances disappear. Thus the boundary
condition of FPW goes over into the one used here when
the energy of the incident neutron is suKciently high
so that the width of the levels is larger than the distance
between them.

We turn next to point (8). In FPW, the total cross
section o tpt, is the sum of o.„and o-,b, . The former o-„,
is identical with the elastic scattering cross section o-„,

~

of this paper, the latter, o,b„ is the same as the reaction
cross section of this paper. The total cross section
averaged over many resonances for a partial wave of
angula. r momentum l can be found by adding (o.,b.)A„&'&

as given in FPW by the unnumbered equation on p. 154,
preceding Eq. (47), and (o„)A,'" as given by the un-

numbered equation on p. 156 preceding Eq. (49). One
obtains

4
I
I
I

Experrme

0 02 ip

X*kR

I6

FIG. 3. O-t, t for Pb. The full line curve is drawn through the experimental points as given in reference 10.
Some fluctuations appearing in this curve are interpreted as resonances, others are within the statistical
errors of the measurements. The broken line curve gives the theoretical values for a radius of 7.8& 10 "cm.

~ This has been pointed out 6rst by J. K. Tyson in reference 2.
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X*kR
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FIG. 4. 0.t,t for W. The full line curve is drawn through the experimental points of yet unpublished measure-
ments of H. Barschall. We are grateful to the author for giving us his results before publication. The broken
line curve gives the theoretical values for a radius of 7.8X10 1' cm.

high energy region if x«X and if the relation

2x 1 D
I'„)=—

& lv, l2 x
(14)

A( ——(A()...+(A()...
(A ()„,= (2l+1)le

*/le(l'
X

((x/l s(l '+h) [fo —x
l
s('—/((l cos(8(' —8()]

is used. Formula (14) was derived in FPW as a qualita-
tive relation between neutron width and level density.
It has been found to hold reasonably well in a recent
analysis of the experimental data. 4 The condition
x«X is always fulfilled in the resonance region for
there I'„«&D. Thus we may conclude that the total
cross sections given in I'"ig. 1 hold in the low energy
region if the experimental data are averaged over many
resonance levels.

The same can be shown to be valid for the transport
cross section by employing expression (10) for J. A( is
given by expression (39) in FPW which may be con-
veniently written as the sum of two terms:

(A,),« ——e
—'" sin8(.

In averaging J over resonances, we make use of the
fact that resonances occur at di8erent energies for
different Ps. Therefore, Re(A("A( () averaged over a
resonance equals

(Re(A (*A (—i))A

=Rel (A(*)„,(A( ()„t,+—
~l (A(*)...(A( (),~de

1
l+— (Ai*)p.((A( ()„,de

FIG. 5. crtot for Fe. The full
line curve is drawn through the
experimental points as given in
reference 8. Some fluctuations
appearing in this curve are in-
terpreted as resonances, others
are within the statistical er-
rors of the measurement. The
broken line curve gives the
theoretical values for a radius
of 4.6X10 "cm.

Experlment-

~Theory

l

4 E. wigner, Am. J. Phys. 17, 107 (1949).

a4 06 08
X=I(R

IO I6 I.8
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6r

5—
target nucleus in its original state). We may expect that
the reaction cross section will be lower in the resonance
energy region than that shown in Fig. 2.

III. APPLICATION TO EXPERIMENTAL DATA

A. Nuclear Radii

t I I

I

Fra. 6. 0.&, for Pb, W, Fe. The full line curves give the theoretical
values. The upper curve (Xo=5) should be valid for Fe, the lower
one (Xo=8) for W and Pb.

where the integrals extend over a small energy interval,
5&&a, around a characteristic resonance. The result of
this calculation is again identical with (10) if we place
x((X and employ relation (14).

One would not expect the expression (8) for the reac-
tion cross section to hold at the lower energies. Follow-

ing the derivation, it is clear that cr, may also be de-

scribed as the cross section cr, for the formation of the
compound nucleus, since it was calculated by asserting
that the neutron is "absorbed" after entering the
nucleus. At high energies (and sometimes at very low

energies) o, and 0, are identical since the compound
nucleus almost always decays into a channel other than
the entrance channel. At intermediate energies the
compound nucleus will decay with appreciable prob-
ability into the entrance channel so that 0, and o-, will

diGer considerably. a, will also contain the elastic
resonance scattering (which is that decay of the com-

pound nucleus in which the residual nucleus is the

It has been commonly assumed in the evaluation of
fast neutron cross sections that o-t,,t,

——27rR'. Our curves
(Fig. 1) indicate that this asymptotic value is reached
only at extremely high energies at which the concept
of a completely absorbing nucleus is no longer appli-
cable. Thus the determination of nuclear radii from the
measured cross sections by Amaldi et al. ,

' and Sherr'
must be revised since, at the energies of 14 Mev and 25
Mev, the theoretical values are considerably larger than
2gR'. Table I gives the result of this re-evaluation on
the basis of Fig. 1; the table also includes the value of
rp required to satisfy the relation

R= rpA&.

The discrepancy between nuclear radii calculated from
14 and 25 Mev noted in the literature is absent. Ke
should emphasize once more that the value of R de-
termined in this fashion may differ from other evalua-
tionsatdiGerentenergiesbyas much as 1 or 2&10 "cm.

B. Cross-Section Measurements

A number of neutron cross sections have been meas-
ured at an initial neutron energy of 14 Mev which can
be interpreted as reaction cross sections. The inelastic
scattering cross sections measured by Amaldi et ajt. '
can be considered as reaction cross sections since in-
elastic scattering is the principal reaction at that energy.
Recently D. D. Phillips and R. W. Davis and also

02 04 OB IO

XKkR

IB IB 20

Fzo. 7. at, t for Bi. The full line curve is drawn through the experimental points as given in reference 10.
The fluctuations appearing in this curve are within the statistical errors of the measurements. The broken
line curve gives the theoretical values for a radius of 7.8X10 "cm.

Amaldi, Bocciarelli, Cacciapuoto, and Trabacchi, Nuovo Cimento 3, 203 (1946).' R. Sherr, Phys. Rev. 68, 240 {1945).
~ These measurements were made at the Los Alamos Scientific Laboratory. We are grateful to the authors for the communications

of these results before publication.
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Fxo. 8. crt, t for Ni. The full
line curve is drawn through the
experimental points as given in
reference 8. Some fluctuations
appearing in this curve are in-
terpreted as resonances, others
are within the statistical er-
rors of the measurements. The
broken line curve gives the
theoretical values for a radius
of 4.6X10 "cm.
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Gittings et at. ' have measured the reaction cross section
of neutrons at 14 Mev in several elements at determin-
ing the cross section for those processes in which the
neutron is removed from the beam and is not re-emitted
at energies higher than 12 Mev. We do not use the
inelastic cross sections given in reference 9 as a measure
of the reaction cross section, since they are measured
with neutron energies below 3 Mev, where the elastic
re-emission of the neutron is not yet negligible. Table II
shows the measured values together with the theoretical
reaction cross sections calculated with the nuclear radii
of Table I. This comparison is a rather sensitive test of

the theory, since the reaction cross section is a measure
of how many neutrons have penetrated into the nucleus.
It checks our basic assumptions, expressed by the
boundary condition (5), as to the number of particles
which get into the inside of the nucleus and initiate a
nuclear reaction. It is also quite sensitive to the value of
Eo. The total cross sections are much less sensitive to
these assumptions for any change in penetration into
the inside of the nucleus is offset by an opposite change
in the elastic scattering.

Extensive measurements of total neutron cross sec-
tions as functions of the neutron energy have been

TQ
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Fro. 9. 0~~ for Ta. The full line curve is drawn through the experimental points as given in reference 8a.
The fluctuations appearing in this curve are within the statistical errors of the measurements. The broken
line curve gives the theoretical values for a radius of 8.5X10 "cm.

~ Gittings, Sarschall, and Kverhart, Phys. Rev. 75, 1610 (1949).
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F&G. 10. o~~ for Ag. The full line curve is drawn through the experimental points as given in reference 8a.
The fluctuations appearing in this curve are within the statistical errors of the measurements. The broken
line curve gives the theoretical values for a radius of 7.5)&10 ~' cm.

5.
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FIG. 11. 0'to& for Zr. The full line curve is drawn through the experimental points as given in reference Sa.
The fluctuations appearing in this curve are within the statistical errors of the measurements. The broken
line curve gives the theoretical values for a radius of 7.8)&10 "cm.

made by Barschall et al.'" on a series of nuclei in the
energy region between 50 and 1400 kev. Transport cross
sections have been measured at several energies by
Barschall et ut.' on a number of elements, especially
Fe, %, and Pb. Figures 3—5 show o-~, t, for these elements.
In these 6gures, and in the following ones, the experi-
mental values are plotted as functions of x and are
compared with the theoretical expectation taken from
Figs. 1 and 2. It should be noted that the theoretical
curve is supposed to represent the average over indi-
vidual fluctuations. The observed curves lie reasonably
close to the theoretical curve computed from Fig. 1.
The radius for each of the elements Pb, Bi, %, was
taken to be 7.8)&10 " cm in order to obtain best
agreement. Bi, however, shows a tendency toward
lower radii at the higher energies. The value of 7.8X 10 "

Barschall, Bockelmann, and Seagondollar, Phys. Rev. 73,
659 (1948). A number of additional measurements were given to
the authors by Barschall prior to publication. We express our
appreciation to Dr. Barschall for his communications.~ Bockelmann, Peterson, Adair, and Barschall, Phys. Rev. 76,
277 (1949).

'Barschall, Battat, Bright, Graves, Jorgensen, and Manley,
Phys. Rev. 72, 881 {1947).

agrees with the radius of Pb as determined by Amaldi
et ul. ,

' which is perhaps fortuitous since the measure-
ments are made in quite different energy regions. The
radius taken for Fe, 4.8X10 " cm, does not agree as
well with the Amaldi value of 5.4&(10 "cm; the differ-
ence is within the expected range of fluctuation,
however.

The transport cross sections have been measured' in a
similar energy region for Pb, %, Fe and are plotted in
Fig. 6 and compared with theory employing the same
radii as were chosen in the calculation of ot, t,. It is
possible to fit both O.

t,,t and 0.&, by the same choice of
radius.

It is of interest to note that O.~, t, for Pb and Bi has the
expected theoretical behavior although it is well known
that both elements show an exceptionally small O„.,~t„„
for neutrons. This behavior does not contradict our
theories in view of the fact that the distance between
resonance levels has been found by Barschall" for Pb
to be large, of the order of 100 kev. This is in contrast to

"Barschall, Bockelman, Peterson, and Adair, Phys. Rev. ?6,
1146 (1949).
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most of the other heavy elements investigated so far.
In this respect Pb and Bi are similar to light elements
such as Fe and Ni. It then follows that the radiation
width is much smaller than the neutron width (Eq.
(14)), since the neutron width is proportional to the
level distance. This has the consequence that neutron
re-emission is more probable than neutron capture,
leading to low values of o-.»~«..

We now turn to elements for which only o&,& is
measured. Figures 7 to 11 show o.&,& for the elements
Bi, Ni, Ta, Ag, Zr, between 100 and 1500 kev. Ke have
excluded the region below 100 kev for Ni because it is
dificult to average over the strong resonances which
occur there. The agreement is fair in Ag, Bi, and Ni,
although Bi shows the same tendency toward lower
radii at higher energies as Pb. Ta seems to lie below
the theoretical curve at low energies. This phenomenon
appears more strongly in the following group of ele-
ments where it will be discussed. The total cross section
for Zr agrees well with theory if a radius of 7.8/10 "
is chosen. This value is 1)&10 " cm larger than that
predicted by 8=1.5X10 " A& and is still a possible
fluctuation of the radius as defined in this theory.

The total cross-section measurements for the ele-
ments Sb, I, and In show one common characteristic
feature. They are all almost constant in the energy

region between 50 and 1400 kev. This behavior is in
striking contrast to the elements previously discussed
and also to the predictions of our theory. Figures 12, 13,
and 14 show that the theoretical curve deviates by
almost a factor of 2 if the nuclear radius is chosen so
as to 6t the high energy end. Only part of this can be
explained by assuming variation of nuclear radius with
energy. It may be possible to interpret this behavior
by assuming an abnormal level distribution such that
there is a lack of resonance levels in the low energy
region, or that the resonance levels in this region are
abnormally weak. We call a level a weak one if its
width is much smaller than the relation (14) would
predict. The weakness of a level depends therefore upon
the level distance. If this is the case, the 0.~,~ is given
by pro rather than by 0&„as seen from Eq. (13). We
therefore, in Figs. 12—14, have also included the curves
for 00 which seem to lie closer to the experimental
points.

It may be of interest to discuss in this connection the
cross section 0, of radiative capture. This cross section
is part of the reaction cross section. It is expected that
at very low energies o, may approach the full reaction
cross section, since the neutron width F becomes very
small (see (13)).Let us call eo the energy at which the
neutron width is equal to the radiation width F,. For

+tot Sb
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Frc. 12. Ot g for Sb. The full line curve is drawn through the experimental points as given in reference 8a.
The Quctuations appearing in this curve are within the statistical errors of the measurements. The broken
line curve gives the theoretical values for a radius of 8.5X10 '3 cm. o.o the cross section due to an in6nitely
repulsive sphere is included.
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FIo. 13. at ~ for I. The full line curve is drawn through the experimental points as given in reference 8a.
The fluctuations appearing in this curve are within the statistical errors of the measurements. The broken
line curve gives the theoretical values for a radius of 7.5)&10 "cm. ~0 the cross section due to an inhnitely
repulsive sphere is included.
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F 14 cr for In. The full line curve is drawn through the experimental points as given in reference Sa.
The fluctuations appearing in this curve are within the statistical errors of the measuremen s.
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ments. The broken
line curve gives the theoretical values for a radius of 7.5)&10 I' cm, a0 the cross section due to an in6nitely
repulsive sphere is included.

energies e(&eo the re-emission of the neutron is much
less likely than the capture, so that we may assume
a —o.„since no other process than capture can occur.
In heavier elements (A)100) the radiation width r,
was found to be of the order of 0.1 ev, and independent
of the neutron energy. An approximate average ex-
pression for the neutron widths in these nuclei is
I' 10 'e&, where e is expressed in ev. This leads to
eo 10,000 ev, and one should expect that cr, should be
equal to the reaction cross section fT, for energies below
eo after averaging over resonances. Our expression for
the reaction cross section at these energies can be ap-
proximated by

o,~47r/kEO 500/e& (e is—expressed in ev). (15)

It would be of interest to measure the absorption
cross section averaged over resonances for nuclei
A) 100 in the region below 10' ev. The 1/s dependence
has been established in some nuclei by Lichtenberger
et al."The value of the constant of the 1/v law would
be a test of our assumptions concerning I'„. Recent
measurements by I. H. Dearnley" at the G. E. Labora-
tories have shown some indications that this constant
is somewhat smaller than indicated in relation (15).

"Lichtenberger, Nobles, Monk, Kubitschek, and Dancoff,
Phys. Rev. 72, 164 (1947).

"We are very much indebted to Dr. Dearnley for communicat-
ing this result prior to publication.

0

This can be attributed to a number of reasons. A senes
of "weak" levels, as assumed before to explain the be-
havior of the total cross section in some elements,
would depress the constant in (15).The constant would
be decreased also if strong variations of F„occur from
level to level. In this case there would be some levels
even below &0 in which F & F, and these levels would
not lead to capture. Their existence would therefore
lower the constant of the 1/v law in (15). Some levels
of this type have been found" in heavy nuclei as W'"
and Sm'". The existence of these levels, however, has
no influence upon the average total cross section as long
as the average of I' over many levels remains equal to
(14). It is irrelevant for the value of the total cross
section whether a level leads to capture or re-emission.

The measurement of a, at higher energies (e»eo)
contributes much less information. In fact, as Kigner4
has pointed out, it is essentially independent of F„as
soon as F„))F,. This can be seen most simply in the
I=O contribution to f7 whose average over resonances
is given by

k D(r„+r)
If r. »r„~. depends only upon I',/D and cannot be
used to check our assumptions regarding F„.

"S.Harris and C. O. Muehlhause, Phys. Rev. 76, 189 (1949};
A. W. Sunyar and M. Goldhaber, Phys. Rev. 76, 189 (1949).


