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Equivalence Theorems for Meson-Nucleon Couplings
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The equivalence of pseudoscalar and pseudovector couplings of a pseudoscalar meson field with a
nucleon field is examined. It is found that to the second order in the coupling constants the two
couplings are equivalent except for two terms. One of these extra terms is predominantly an addi-
tional self-energy. The other occurs only for charged mesons and modifies the electromagnetic prop-
erties of a meson-nucleon system and the scattering of charged mesons. To this order (g~) it does not
contribute to nuclear forces. Similarly, it is shown that the vector coupling of scalar mesons to nu-
cleons can be replaced (to g~) by a term identical with the last of the above-mentioned terms. These
results show that the delta-function interactions which have been found in the past are actually
not present.

I. INTRODUCTIOÃ

q OR some time it has been known that there
exist some relations between the results to be

expected from a pseudoscalar meson theory with
pseudoscalar coupling to the nucleon field and one
with pseudovector coupling. Similarly, there have
been indications that the vector coupling of a
scalar meson field with nucleons is to a certain
approximation illusory.

However, previous statements and proofs of
these theorems have been either unconvincing' or
incomplete. ' These theorems are important labor
saving devices and so an accurate statement of their
limits of validity is useful. Below, two theorems are
proved which show when one type of coupling may
be omitted and when it may not. In order to include
cases in which electromagnetic properties of nu-

cleons are calculated by means of meson theory, an
external electromagnetic field has been explicitly
included. For generality, the proof is carried out
using the Schwinger- Tomonaga many-time for-
malism.

The two theorems may be stated as follows:

Theorem I
To the second power in the nucleon-meson

coupling constants, the Hamiltonian for a scalar
meson field having both scalar and vector interac-
tion with a nucleon field in the presence of an ex-
ternal electromagnetic field may be replaced by an
equivalent one. The equivalent Hamiltonian is one
without vector coupling but with an additional
term. This additional term is zero for a neutral
field and equal to

—g' pg ie y ) 8 ie y ieg'
+—~. ~e' + 4'4, .~,4v" 0

&gx„hc ) (Bx„hc ) f'i'c's'

for a charged field.
Here p, p* are the meson field operators, f, g the

spinor operators of the nucleon field. I(. and ao

are the reciprocal meson and nucleon Compton
wave-lengths, respectively. g is the vector (pseudo-
vector) coupling constant and f that for scalar
(pseudoscalar) coupling, A„ is the four-vector
potential of the electromagnetic field, e„ the unit
normal at the point x to the surface 0 on which we
consider the wave function. r1, 72, 73 are the usual
isotopic spin operators chosen so the eigenvalue, +1
or r3 corresponds to neutrons, —1 to protons. The
y„are the quantities ordinarily used in the Dirac
equation.

Theorem II
To the same approximation as above, the Hamil-

tonian for a pseudoscalar meson field with both
' E. C. Nelson, Phys. Rev. 60, 830 {194k).' F.J. Dyson, Phys. Rev. 73, 929 (1948).

pseudoscalar and pseudovector coupling in an ex-
ternal field may also be replaced by an equivalent
one. The new Hamiltonian is that for a system
without pseudovector interaction but with an
additional pseudoscalar interaction and two other
additional terms. The first additional term is the
same as the extra term in the scalar theory. The
second new term is

(zg/&«) (f «sgl s)e*e—A
for charged mesons and

(zg/Acs) (f zssg/s) @—'PP

for neutral mesons.

II. PROCEDURE

The essence of the proof is the following. The
vector and pseudovector coupling terms are mainly
(8&/Bx„)t'„, where I'„ is a four-vector or pseudo-
vector, respectively. Here p, is to be summed from
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1 to 4. This term may be written

(B/Bx„)&F„—y(BF„/Bx„).

Using the Dirac equation one may show that the
second term is zero or a pseudoscalar coupling. The
6rst term is a four-dimensional divergence and may
be eliminated by a contact transformation. This
transformation can be shown to depend only on
the space-like surface on which the wave function
is considered and not on the past history of the
the system. Using the commutation properties of
the various 6elds, the extra terms arising from the
transformation may all be expressed as point
functions. It turns out that the transformation
which eliminates the divergence also eliminates the
direct 8-function interaction terms which arise on
going from Lagrangian to Hamiltonian form with
vector or pseudovector coupling. By an additional
transformation most of the extra terms arising from
the original may be combined with the additional
electromagnetic terms, which occur when we have
vector or pseudoveetor coupling, to give zero.

The equations used for meson theory in the
many-time formalism are essentially those pro-
posed by various Japanese workers. "Where nota-
tion is not defined, it is the same as that employed
by Schwinger. ~

III. CHARGED THEORY

In the interaction representation the equations
of motion of the 6eld operators are

( ' —ii')p=( ' —x')&*=0

I ~.(B/».)+xone = [~,(B/».) xo)4=—o, (~)

r. =pc/h; xo ——Mc/h,

with

Hi —1——

/cjoy„

II,= (ie/hc) A„[y*(B@/Bx„)—@(By"/Bx„)j
H, =(e/hc)y*y(A '+(nQ )')
Hi =R*p+RqP
II,= (ie/hc)A„(F„P* —F„*fi)

II& = (ie/hc) n+„(n,F~' n.F—.*y)

n„I'„n„F.~+n„I',*n„F„
H

(10)

8$* 8$ 8
+F.* = (F.~*+F.*~)

QX~ BXp BXy ar„ar„*
BXp BXp

(12)

where
j„=iecgy„(1 —r i) /(2) P
R =iffy, 'rA (»)
F.= (ig/~) k~.Ve'r+4

p&' is unity for the scalar meson theory and the
conventional y~ for pseudoscalar mesons.

r~= (ri+ir2)/2
The unfamiliar terms containing e„result from

generalizing the conventional theory so as to ob-
tain manifest covariance and integrability of the
Schrodinger equation. Pure scalar (or pseudoscalar)
coupling is obtained by putting g equal to zero in
(10).Vector (pseudovector) coupling is seen to give
rise, in addition to the last term in (9), to

H, --direct 8 function interaction,
Hi+Hi —additional electromagnetic interaction.

Now:

(6) Using Eq. (5) gives

BI'„BF„*
+0

BXp BXp

p

where p, is the meson mass, M the nucleon mass.
The commutation relations are

[y(x), y*(x')j=ihca(x —x'),
[~(.), ~(")j=[~*(.), ~*(x')j=0

Ik.(x) A(x ) I
= I/i~ e(x —x )

I4-(x), 6(x') I
= I 0-(x), A(x') I =o

where 6 and S are Schwinger's 6 and 5 functions
for mass p, and M, respectively.

The Schrodinger equation for the wave functional
1S

8$* 8$ q
'hc —=P a,(x)++I F„+F„*

pe i-i 4»& Bx&J

'S. Kanasawa and S. Tomonaga, Prog. Theor. Phys. 3,
ioi (i948}.' Y. Miyamoto, Pro@. Theory. Phys. 3, 124 (1948}.

~ J. Sehwinger, Phys. Rev. V4, 1439 (1948}.

—scalar theory

= w' —2Kog
(Ryi'+R*p) —pseudoscalar theory.

xf

Thus, the last term in (12) contributes nothing
(scalar theory) or else gives an additional pseudo-
scalar coupling.

The divergence is now to be eliminated by a contact
transformation. Let 4'=exp( iGi)+', (9)—becomes

ihc(b+'/bo)+ihc exp(iG, ) (B exp( iGi)/hir) —4'
7

=exp(iGi) P II; exp( iGi)4'—

+exp(iG )B/Bx„(F„qh~+ F„*Q)

Xexp( iGi) +'+—exp(iGi) [ P(BI'„/B—x„)
—y(BF„*/Bx„)j exp( —iGi) 4'. (14)
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B exp(- ~G&)
ihc exp(iG~) with

Taking G~ to be of order g, and expanding to terms The last term in (21) is again a divergence and is
in g' gives eliminated by the contact transformation.

4 =exp( —iG2)%' (22)

sG, ~he- &6,
-

= hc — +—Gg (15)
ba 2 80.

G2= (1/hc))t F„(x")da„". (23)

Choosing
G, = (1/kc) (B/Bx„)(F„y*+F„*y)

gives

G = (1/h )Jt (B/B )(FA'*+F 4)d

62 is of order g' and so, on keeping only those terms
(16) which have contributions of order g' or lower,

g@f
ihc =exp(iG2) exp(iG, )

60.

=(I/hc)J~ ( F4'+ F.*e)d»

(on applying Gauss' theorem). With the choice of
G~, (14) becomes, on inserting (15) and dropping
primes,

ihc—=exp(iG~) P H, exp( —iG,)%
80. &~1

BF„BF„)
+exp(iGg)

~

—y* —y
~
exp( —iGg) 0Bx„Bx„)

8
+ G, -(F,~'+F,*~) +. (»)

Using the commutation rules and the properties of
5 and 5 on space-like surfaces gives

i/z[G„(B/Bx„) (F„y*+F„'y)7
Hr+—(BF„/Bx„)(x)+He, (19)

F.( ) =('/2h )~ (LF ("),F.*(.)7~*(")~( )

+LF *(x ). F.(x) 74 (x')4'(x))d~. '.

g' t' B4" „B4 )H.(x)=,kv. r34~ @
2hcK' I. Bx„Bx„i

But to order g',

exp(iG~)Hr exp( iG&) = H—r. (20)
Hence, the direct interaction is removed by the
transformation. Equation (18) becomes

8C
the —=exp($Gg) Q H exp( —iGy) +

80. &~1

XP H, exp( iG—,) exp( iG—r)e'
&~1

+exp(iGg) [ y*—(BF„/Bx„)

y(B—F„*/Bx„)7 exp( —iGg) +'

+exp(iGg)H, exp( —iGg)%'. (24)

Using the theorem

exp(iA)B exp( —iA) = P (i'/I!) [A, B]i, (25)
l~

where [A, B]~ is the I'th repeated commutator, (24)
becomes on keeping terms at most second order in
the coupling constants and again dropping primes,

ihc(b%'/Bo) = (H,+Hq+H, +Hq+'H, )4, (26)

where
4

H. =g H; —[4 (BF„/Bx„)+0 (BI'„*/Bx„)7

Hg i [Gg, H47——i[Gg, qP—(BF„/Bx„)

+4(BF.*/Bx.) 7
(2&)

H, = Hg+i[Gg, Hz]+i [G), Hg]
——.[G~ [G~. H~]7+&[G2 H~]

Hg —H6+f[GJy H27+$[Gly H67
—z[G~ [G~ H277+i[G~ H~]

In (26) the commutativity of H~ with Gq and G2 has
been used.

By (7) and (8) and the properties of S and 6,
one 6nds

i[Gg, Hg] = Hs, —
and then

H, =i/z[Gi, II,7+i[G2, H&7. (29)
These two terms may be combined by means of
Jacobi's identity and then evaluated giving

H, = (+ieg'/h'c2z~)A, P*Pfy, rgb (30).
+exp(iG ) /

—y*
Bx„ Bx„ ]

BF„
Xexp( iG~)%'+ —%+He+. (21)

BXp,

~ This is just Dyson's transformation expressed in the many-
time formalism.

Similarly,

aI1d so
i[Gg, Hr]= Hr„—'

Ha i/z[G&, He]+i[G——2, H,]
which is

Hg ——(+icg'/h'c'~') e,A,&*&Jran„y„g

(32)

(33)
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It can readily be shown that G& and G2 now com-
mute with II~.

Equations (30) and (33) hold for both the scalar
and pseudoscalar theories.

Straightforward evaluation of the commut
yields for IIb

Iib =0 (scalar theory)

Hb = (eg/Ibcii) (f ski—bg/~) y*y~
(pseudoscalar theory). (34')

Substituting the results obtained in (26) gives
as the Schrodinger equation for 0:

ator H, =O. (37)

Hb on evaluation gives the same result as in (34)
(34) and (34') with the replacement

~*~ ~'(x). (38)
Similarly He =0.

V. DISCUSSION

Scalar theory

ihc =—P H;4'
$g

g ( a $8———4'& rid 4*f.I" Lax. ac

(a ie
+—A„ ly* e

&ax„ Ibc )
zeg'

+ @*Pnpn„A, g y „rbf4',
$2c2 K2

I'seudoscaiar theory

It is to be noted that the Schrodinger equation
for the scalar (pseudoscalar) theory with pure
scalar (pseudoscalar) coupling is given by

4

ilbc(h+/aa) = Q H(%.
&=1

Thus, with charged mesons the effect of vector
(pseudovector) coupling is to add three terms to
the Schrodinger equation. The first of these terms
is zero for the scalar theory and a multiple of the
pseudoscalar coupling for pseudoscalar mesons.
The second addition is the same for both types of

(35) field and is

g' ( a ie

eIbc~' &ax„ Ibc )
6'0 4 SKpg

i bc =Q H, %—' H44'—
80' K

g' ( a ie
'%f"Y. 4' 4 f

4
eIbcb' 4 ax„kc )
(a ie

+—A
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$2c2K2
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IV. NEUTRAL THEORY

The equations for the neutral meson theory in
the many-time formalism may be obtained from
those of the charged theory given above by identi-
fying p and p~ and omitting the isotopic spin
operator. In the Schrodinger equation the terms
H2, III, H5, and II6 are to be omitted. By trans-
formations identical with G~ and G2, except for the
absence of starred operators and v vectors, the
equations may be put in the form given by (26)
and (27).

Hg vanishes since all the II,'s occurring there are
zero.

H, becomes

H, = i[G„H,]——,'[G„[G„H,]]+i[G„Hi]. (36)

( a ie
+—A I+*

(ax„hc )
zeg'

+ p*pnpn„A ppy„rbp (40).
IZ2C2K'

This term gives no magnetic moment to order eg'.
The term does not occur for neutral mesons. The
last term introduced by the vector coupling is zero
for scalar mesons. For the pseudoscalar case it may
be written

2g/&«(f 2~og/K) f(—e*e)-.A+4*eg4)-.
+(4*4 (4*&),.) g—f gP) ..)+c—onst. }. (41)

In this form it is apparent that the one particle
effects due to this term are expressible as additional
mass terms. This shows that the statement that
the pseudovector coupling is equivalent to pseudo-
scalar coupling is true for many of the simpler
problems. It is not true for the special case of self-
energy calculations. It is to be noted that to g' the
pseudoscalar and pseudovector couplings are equiv-
alent for the calculation of nuclear forces and that
there are no direct 8 function interactions to this
order.
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