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A study of the nuclear shell model based on the hypothesis of strong spin-orbit coupling yields a number
of interesting results for even —even and odd —odd nuclei. To secure simple relations all calculations are based
on the extreme limiting situation of complete j-j coupling. Maximum symmetry in the space wave function
and j-j coupling are generally in sharp conflict. Qn occasion there is no conflict and then the consequences
of the j-j coupling model are found to agree with experiment (notably the spin and magnetic moment of B'0
and the sign of the magnetic moment of K~). The j—j coupling model yields good results for the magnetic
moments of N'4 and Ne", but in both cases the agreement may be illusory because the computed moments
are nearly independent of the amount of singlet wave function in the representation of the ground state.
Also the model favors I=5 for the ground state of Na —.

INTRODUCTION

~

'HREE aspects of nuclear structure are particularly
relevant for the present discussion:

(a) Spin orbit coupl-ing Exper. imental results on
nuclear spins and magnetic moments of light nuclei
suggest that parallel orientation of the orbital and spin
angular momentum vectors of the individual particles
is favored energetically over the antiparallel orienta-
tion. ' The rule may be stated in the form that nuclear
multiplets are inverted or regular according as the last
orbital shell is less or more than half-filled. ' Actually the
theoretical basis for the rule is somewhat confused and
equivocal because of uncertainty in the form, exchange
properties and spin dependence of nuclear forces and
the associated relativistic corrections' ' as well as in
the best choice of nuclear model and the magnitude of
configuration interaction. "

(b) Odd even struclure —of the energy surface In the.
successive addition of neutrons (or protons), the odd
neutron (or proton) is less tightly bound than the
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Type of nucleus

even-even
odd-odd
even —odd

Spin character

singlet (5=0)
singlet ($=0) or triplet (S=1)
doublet (S=~).

N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 {1939);par-
ticularly Eq. (6).' See reference 2, Fig. 3.221-1.
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preceding and following even neutron (or proton). ~"
The simplest interpretation is that two nucleons interact
most strongly when both are in essentially equivalent
space orbits. With two particles in an orbit, energy is
gained from the direct interaction of the particles and
from a second-order polarization eGect which simulates
a direct interaction. " In the space orbital approxima-
tion, two like particles outside of a closed shell or missing
from a closed shell are described by singlet wave func-
tions completely symmetrical in the space coordinates
of the two particles.

From a more general standpoint, the odd —even
structure of the energy surface can be correlated with
a pronounced tendency for the ground state space wave
function to possess the maximum possible symmetry
consistent with the exclusion principle. The actual
maximum is associated with signer s first approxima-
tion" in which the space wave functions belong to
irreducible representations of the symmetric group. The
ground states have then the following spin properties:
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Tash.E I. Single particle T.ande g factors.

Neutron g&

—3.82—1.27
1.27—0.76
0.76—0.55
0.55—0.42
0.42—0.35
0.35

g factot
Proton g:

5.58
2.53—0.53
1.92
0.08
1.65
0.35
1.51
0.49
1.42
0.58

There is good evidence from the analysis of binding
energies supporting the approximate validity of signer's
erst approximation up to A 50.""The absence of a
noticeable trend with Z or 2 in the values of allowed
(favored)'4 and allowed (unfavored)"" beta-decay
matrix elements suggests a much wider range of validity.

(c) I=O for e'en ever n—uclei As ye. t no exception is
known to the rule that even —even nuclei have I=O in
the ground state. However, the existence of two even—
even nuclei with isomeric states (S~Pb'~ and ~2Ge") and
the probable existence of others suggests the advisa-
bility of caution in stating and applying the rule. In
terms of the explanation oGered for b, the rule implies
that the state of lowest energy has neither orbital nor
spin angular momentum. Studies of exchange force
models by variational and perturbation methods yield
results conforming to the rule. ""

Among recently discussed nuclear shell models, one
is based on the hypothesis that (i) strong spin-orbit
coupling exists in accordance with the Breit-Inglis rule'
and (ii) the effective magnitude of the coupling grows
with increasing angular momentum in an unspecihed,
but decisive manner. -""

The present note develops certain consequences of
the strong spin-orbit coupling model for two particles
with respect to the symmetry properties of the space
wave function. To secure simple relations, all calcula-
tions are based on the extreme limiting situation of
complete j—j coupling. It will be shown that j-j
coupling on the one hand and maximum symmetry in
the space wave function on the other are generally in
sharp conflict. On occasion there is no conflict and then
the consequences of the j—j coupling model are found to
agree with experiment (notably the spin and magnetic
moment of 8"and the sign of the magnetic moment of

&gK"). The j—j coupling model yiel&ls good results for
the magnetic moments of 7X" and ~~Xe", but in both
cases the agreement may be illusory because the com-
puted moments are nearly independent of the amount
of singlet wave function in the representation of the
ground state. Also, the model favors I= 5 for the ground
state of ~~Xa'-' rather than the actual I=3.

NOTATION

C)~~(e, y)—normalized single particle angular wave
function.

(2i+1)V~+,. +.=(i+1+P)'O~, ~&(m k)

+ (/ p) &0—, ,+,b(m„——.', ),

(2t+1)lg( *,+, =(f—p)lO), ,5( m„-', )
—(1+1+p) &0(, „~gb(m. , —-', ),

'S&(1, 2) = h(m. i, —',)8(m... —,'),

'So(1, 2) =2 l[6(m, ), —',)8(m, 2,
—-,')

+b(m, 2, —,')b(m„g, ——,') j,
'S g(1, 2) =5(m, g, 2)5—(m—„,——,'),

'So(1, 2) = 2 l[b(m-, ), -', )b(m.,2,
——',)

b(m, 2,
—-', )b(m.,g,

——',),

(P+l, q+k)+'=2 '*[4;.+.(1)k,. *.(2)

~A;&+1(2)4J,.+.(1)3,

(p, q)~=2 '*[0&,„(1)O&,,(2)+O&, „(2)O&,~(1)].

The last two definitions fail for p=q. Obvious modi-
hcations are then required to maintain the normaliza-
tion of the symmetrical combination.

TVfO LIKE PARTICLES IN EQUIVALENT ORSITS

The wave function

(&+1)'+0(1,2) =2(—1)"(p+-', —p —-')'+'* (1)
0

describes two like particles in j=l+-, orbits combined
to produce an antisymmetrical state with zero angular
momentum. The problem set here is the determination
of the statistical weight of the singlet component in 4'0.
A straightforward calculation yields

(2l+1)(|+1)'40(1, 2)
l

= 'S~ 2 (—1)"I (1+1+A)(1—P) I '(P, —P —1)
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'7 W. Heisenberg, Zeits. f. Physik 96, 4?3 (1935)."E.Feenberg and M. Phillips, Phys. Rev. 51, 597 {1937).
"Tyrrell, Carroll, and Margenau, Phys. Rev. 55, 790 (1939).
'll M. G. Mayer, Phys. Rev. 75, 1969 (1949).
"Haxel, Jensen, and Suess, Phys. Rev. 75, 1766 (1949}.

+'S-i 2(—1)'((f+1+p)(f—p) }'(p+1,—p)

+'S.2'2(-1) p(p, —p)

+(i+1) 'So (o, o) +2'2( —1)'(P, —p) (2)
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The singlet term is found to occur with the statistical
weight

TABLE II. Spins and magnetic moments of odd —odd nuclei.

(l+ 1)/(2/+ 1).

Similarly, one finds
Nucleus

Experimental*
Mag-
netic

Spin moment

Computed magnetic
moment

Singletj-j component
coupling removed

Statistical
meight of
the triplet

component
in j-j

coupling

Pre-
dicted
spin in

coupling

(3)

the antisymmetric wave function with zero angular
momentum constructed from pairs of orbits with

j= L—2. Proceeding as before, the singlet term is found
to occur with the statistical weight l/(2l+1). The
single formula, (2j+1)/2(2/+1) includes both cases.

As illustrations, consider the application to 38Sr" and
40Zr~ assuming I=O for the ground states of both
nuclei as required by c. In Wigner's 6rst approximation,
the space part of the wave functions belong to irre-
ducible representations of the symmetric group denoted
by the partition symbol 4 . 42 ~ 2. In the language of
the shell model, assuming I.—S coupling, two holes in
the proton 3P shell or two particles in the neutron 4d
shell generate 'So ground states, completely sym-
metrical in the space coordinates of the two particles.
With complete j—j coupling on the other hand, the
statistical weight of the 'So component is 0.33 (/=1,
j=-,') and 0.60 (l=2, j=5/2)

The only certain conclusion warranted by the pre-
ceding argument is that the hypothesis of strong spin-
orbit coupling as postulated by Mayer requires an
extreme degree of departure from the maximum pos-
sible symmetry, consistent with the exclusion principle,
in the space wave function. However, continuing on less
certain ground, several plausible lines of argument may
be cited against the possibility of such large admixture
of triplet components as occur in the preceding examples.
The simple and qualitatively satisfying explanation dis-
cussed under b of the greater binding energy of the even
particle now fails. The ground states of even —even
nuclei are now linear combinations of 'So and 3P0 com-
ponents with approximately equal statistical weights.
Also the theoretical basis for the separation of allowed
beta-transitions into distinct favored and unfavored
groups is lost.

One can, however, find in property c an argument for
a tendency toward j—j coupling. The two partic1e wave
functions with maximum spin are

+-'i=(/+o l o)—'+',

The statistical weight of the singlet component is
(2l+1) ' for the 6rst and (4/ —1)(2/+1) o for the
second. In view of these results it is a reasonable sup-
position that the statistical weight of the singlet com-
ponent for states in the antisymmetric j' function space
attains a maximum at I=0, If now strong forces tending

3Li6
B10
N14

IINa 1

19K40

0.82 0.63 0.444 3
3 1.80 1.88 1.000 3
1 0.40 0.37 0.778
3 2 75 1 73 0.640 5
4 —1.29 —1.70 0.74

+S. Millman and B. Kusch, Phys. Rev. 60, 91 {1941);J. Zacharias,
Phys. Rev. 61, 270 (1942); Gordy, Ring, and Burg, Phys. Rev. 74, 1191
(1948); and L. David, Phys. Rev. 74, 1193 (1948).

to favor energetically states of maximum symmetry in

the space wave function (i.e., Majorana forces) coexist
with strong spin-orbit forces, the opposing tendencies
should favor zero spin for the ground state.

These remarks leave the issue unsettled, but may
help to direct attention to an important problem.

TWO UNLIKE PARTICLES

The spins and magnetic moments of odd —odd nuclei
offer further opportunities for testing the hypothesis of
strong spin-orbit coupling. A table of Lande g factors
facilitates the calculations (see Table I).

The formula

(ji—jo)(ji+jo+1)
p/Vo= =.

'I go+go+(gi —
go)

/'(1+1)

+ D. R. Inglis, "Phys. Rev. 60, 837 (2941), XF, p. 426,

valid for pure j—j coupling, yields the magnetic moments
listed in column 4 of Table II.

The excellent agreement of j—j coupling moments
with the experimental vat.ues may be illusory. First of
all, the values listed in the last column of Table II
represent the ground state spins expected if strong forces
tending to produce j—j coupling are associated with

strong forces tending to favor energetically states of
maximum symmetry in the space wave function. The
discrepancies at Li' and Na" suggest that spin-orbit
coupling plays a secondary role in determining the
ground state angular momenta of these nuclei. Secondly,
the complete omission of the singlet components in the

j—j coupling wave functions (excluding K4') does not
change the moments appreciably (except in Li' where

the omission of the singlet component results in a
notable improvement).

In the shell model description of K" the (3d) '(4f)'
conhguration generates four I.—S coupling type states
with I=4; '84, 'G4, 'F4, and 'G4 all with positive mag-
netic moments. "The alternative simple possibility of

j—j coupling yields one state with I=4 from each of the
con6gurations 'D3/2 'F5/2, 'D5/2 'F5/2, 'D~/2 'F7/2, and

D3/2 F7/2 Only the last named possesses a negative
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magnetic moment. Thus the negative magnetic moment
of K4' may be cited as supporting the j—j coupling shell
model. Considering, however, the absence of symmetry
eRects (because of the non-equivalence of the 3d and 4f
orbits), it is not unlikely that the appearance of extreme

j—j coupling may be produced by a relatively weak
coupling of the spin and orbital motion. Within the
limits of the ground state configuration, the most
general wave function is a linear combination of the
four above-mentioned J=S coupling states. The ex-
pectation value of the magnetic moment operator then
contains cross terms connecting the several pure I.—S
type components. These cross terms create the pos-
sibility of a negative magnetic moment.

Recent studies of energy distribution in the 38Sr"
and 39Y" beta-transitions" " provide unambiguous
evidence for the assignment I=2 to the ground state
of 39Y".A direct measurement of the spin and magnetic
moment of this nucleus would yield information on the
coupling scheme in a (3p) '(4d)' configuration. The
various simple ways of constructing states with I= 2
and the associated magnetic moments are tabulated
below:

State D2 P2 3D p F2 P3/2D5/2 P3/2D3/2 P1/~X 3/2 Pl/2D5/2

p jpo 033 038 057 0.30 —0.97 3 29 088 —1 60

APPENDIX

Li': 'Pp/2(neutron)'Pp/2(proton), j& ——j2——3/2, I= 1.

(45)"'P =3L3"'(3/2, —1/2)+"' —2'/'(1/2 1/2) '/']

='54{3(1,—1)+—2"'(0, 0)~I+'Sp(0, 1)~
—2"''S 7(1, 1)++5'Sp(1, 0) .

neutron, & proton
hole @' hole

j7 ——j2——3/2, I= 3.

$2 2(3/2. , 3/2)+= 2SZ(1~ 1)+.

N,4» neutron» proton

jg= j2=1/2, I=1.
3&4, 7=3(1/2, 1/2)~

= 'SZ(0, 0)+—2"' 'Sp(0, 1)~+2 'S 7(1) 1)~
—2"' 'Sp(0 1)

Na ': 'Dp/2(neutron) 'Dp/2(proton),

jg= j2=5/2, I=3.
15/2, 3= 5L5 "2(5/2, 1/2) ~—2(3/2, 3/2)+]

=2SZL(/5)" 2(2, 0)+ 8(1, 1)+]+'Sp(2, 1)~
—2 'S 4(2, 2)++9 'Sp(2, 1) .

The wave functions listed in the Appendix may be
used to compute quadrupole moments. It is uncertain
whether such calculations can yield significant results
because of the sensitivity of quadrupole matrix elements
to the admixture of small components in the wave
function from excited configurations. Whereas mag-
netic moments depend quadratically on the amplitudes
of the admixture, quadrupole moments are linear func-
tions when these amplitudes are small. Consequently,
a simple wave function may produce a significant result
for the magnetic moment while failing completely on
the quadrupole moment (i.e., the 'Pp/2 wave function
derived from (2p)2 for Li')."

~' Braden, Slack, and Shull, Phys. Rev. 75, 1964 (1949)."E.N. Jensen and L. J. Laslett, Phys. Rev. 75, 1949 {1949).
~ P. Kusch, Phys. Rev. 76, 138 {1949).

protonK": 'Dp/2 hole 'FZ/2(neutron),

j4=3/2, j2="//2, I=4.
(350)"'f4, 4 = (35)"'[3'"$2/2 2/2(1) fz/2 2/2(2)

f3/2 1/2(1)fz/2 7/2(2)]

= 'Sg[(18)4/'024(1) 022(2)

(98)4/20~22(1) 0~22(2)]

+'SpL(96)'O24(1) oas(&)

—6o'»(1) o»(2)]
—(12)"' 'S 4022(1) 022(2)

—'Sp[(54) 4/2022(1) 022(2)

—60»(1)O»(2)]


