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In a-decay, after the particle has been emitted, the
asymmetrical electric field of the residual nucleus can
cause the a-particle to alter its total energy in conjunction
with a change in the state of the nucleus. Since the ability
of a particle to penetrate the potential barrier increases
rapidly with its energy, the number of particles of each
possible energy finally escaping will not be in accord with
the decay constants predicted by the Geiger-Nuttall law.

It is found that the effect is not important (a quanti-
tative estimate is given), except in the case where the

difference between the energies of the two states is less
than about 500 kev.

The investigation allows a theoretical study of the
experiments in which W. Y. Chang found anomalous fine
structure in the a-spectra of Po and Ra. It is found that
very improbable assumptions are required to reconcile
these experimental results with the theory presented here,
and we have been unable to see how any additional effects
connected with the nucleus could alter this conclusion.

I. INTRODUCTION

HE existence of groups of low energy

a-particlcs in the decay spectra of po-
lonium! and radium? has been reported by
Chang. Although these groups have weak in-
tensity compared with the main line in each case,
their strength is greater than that shown on the
Geiger-Nuttall curve by factors up to 108 in the
case of Po and 10* for Ra. This divergence
cannot be accounted for within the framework
of the standard theory of a-radioactivity on the
ground of non-zero angular momenta of the
emitted particles, since improbably high nuclear
spins would be involved.»? A number of proposed
explanations of the phenomenon are listed in
Chang’s papers. Some of these are concerned
with possible mechanisms within the nucleus,
but one theory which is discussed at some length
in this second paper seems fairly probable and
can be treated mathematically without intro-
ducing any speculation about the exact nature
of nuclear forces, other than that they are of
short range. This explanation supposes that after
the a-particle has been emitted it can still
interact with the residual nucleus and thus, by
altering the nuclear state, change its own energy.
Since the ease with which a charged particle can
penetrate the potential barrier increases very
rapidly with the energy of the particle, changes
of this energy during the flight of the a-particle
will clearly have some effect on the relative

1 W. Y. Chang, Phys. Rev. 69, 60 (1946).
2 W. Y. Chang, Phys. Rev. 70, 632 (1946).
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probabilities of its emission with the various
possible energies.

After the a-particle has left the region where
nuclear forces act (i.e., the nucleus), the most
important mechanism which would produce such
an interaction is the force acting on the particle
due to the asymmetry of the motion of electric
charges in the residual nucleus. It is the details
of such a process that are studied here.* (Brems-
strahlung has been shown to be unimportant by
Dancoff.?)

There are two cases to be considered. We
assume always that the parent nucleus is in its
ground state. In the normal case, in the absence
of the Coulomb barrier, the probabilities of decay
to the various states of the product nucleus are
of the same order because the energy of the
a-particle is considerably greater than the energy
differences between nuclear states. However,
the energy of the a-particle has such a great
effect on the penetrability of the Coulomb po-
tential barrier that the most probable process is
the emergence of the particle with its greatest
possible energy, leaving the daughter nucleus in
its ground state. If we now take into account the
interaction mentioned above, the high energy
a-particle, after penetrating part of the barrier,
can excite the nucleus to a higher state and lose
energy itself, finally appearing as a low energy
particle. This appears to be the type of process

* This possibility was first suggested to the author by
Professor Peierls, who in turn attributes it to a remark
made some years ago by Professor Gamow.

3S. M. Dancoff, Metallurgical Project Report, Short
Range Alphas in Natural Radioactivity.
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envisaged by Chang in his second paper; its
probability would have to be greater than that
of direct decay to the corresponding excited
states. Such a process should occur in the decay
of all a-emitters; hence, all should have a low
energy group for each excited state of the residual
nucleus. However, we shall see that the effect is
not, in general, great enough to be distinguished
from the direct decay, and is certainly not
sufficient to account for the lines observed by
Chang.

The second case is one in which, for some
reason connected with nuclear structure, the
direct decay to the ground state of the daughter
nucleus is forbidden. The nucleus is left in an
excited state, and the a-particle begins its career
with the corresponding low energy. However,
because of the interaction, the nucleus can now
fall to its ground state, imparting the extra
energy to the a-particle instead of emitting a
v-ray. This process will also clearly affect the
relative probabilities of emission. With our
present knowledge of the constitution of heavy
nuclei, it does not seem possible to assess with
any certainty the likelihood of the ground state
transition being forbidden. It is not forbidden
by any of the usual selection rules, such as
angular momentum or parity, because these
would make equally improbable the transition
after emission. Nevertheless the ‘‘accidental”
vanishing of a usually appreciable factor might
make the direct transition improbable. However,
we shall see in any case that this process is also
incapable of explaining Chang's results.

Indeed, we shall see that there appear to be
considerable difficulties attached to any theo-
retical explanation of Chang’s spectra, and the
indications are that, whatever the reason for the
results, it is not to be found in an effect associated
with the polonium or radium nuclei.* In this
connection we may also mention that Zajac,
Broda, and Feather* have re-investigated the
v-radiation from polonium and have found no
v-rays to correspond to the levels suggested by
Chang.

* Note added in proof: This conclusion has also been
indicated by direct experiments on polonium reported by
Dr. W. G. Wadey in Phys. Rev. 74, 1846 (1948).

4 B. Zajac, E. Broda, and N. Feather, Proc. Phys. Soc.
60, 501 (1948).

II. GENERAL THEORY

To describe the system formed by the a-
particle and the nucleons which comprise the
residual nucleus and to allow for the electrical
interaction mentioned in the introduction, we
employ a many-body wave function, ¥, which
satisfies

C—(#/2m)V:2+ V(r) +H;
+U(r, §) —E]¥(r, ¥)=0. (2.1)

This is written to describe the relative motion,
with origin at the centroid of the residual
nucleons. m is the reduced mass (practically
that of the a-particle). r is the position vector
of the a-particle, £ denotes all the coordinates
(including spin, etc.) of all the other nucleons,
V:? denotes the Laplacian operator on r, and H;
is the Hamiltonian of the other nucleons. E is
the total complex energy, i.e., its imaginary part
is —34h\, where X\ is the total decay constant.
V(r) is the potential function for the a-particle
which is generally used in theories of a-decay.
Outside the nucleus V=2Ze?/r, and inside it
forms a well of some shape which we shall not
need to specify—in fact we do not even use the
assumption that it can be expressed as a function
of » inside the nucleus. U is the potential due
to the nuclear charge asymmetry. For »>7, (the
nuclear radius),

U=Z(2e2)/(|r—r,~])—2Ze2/r

-]
=2eY" Y (r&/r¥t1)(2/2k+41)1P(cos®,), (2.2)

1 k=1
where the sum )_; is over all the protons in the
product nucleus, ©; is the angle between r and
r;, and Pj is a normalized Legendre function.
The form of U for r<ry is also immaterial to

our discussion.

The states of the residual nucleus can then be
specified by a complete set of normalized or-
thogonal eigenfunctions #.(¥), and the total
wave function ¥ can be expanded as a series in
these functions.

(Hf—Em(N))um(E) =0, (23&)
fumum*dg =1, (2.3b)
V=3 ¢m(T)tUn(¥). (2.4)
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Then substituting for ¥ in (2.1), multiplying by
u,*, and integrating over &, we find

[—(A/2m)V2+ V(r) — (E.®™ — E) Ja(r)
= —2¢m(1) Unn(r), (2.5)
where

Unn(r) = f w*OUE, Dun(®dE.  (2.6)

Also E—E,™=E,, the complex energy of the
nth a-particle group. We take it that the states
are enumerated so that each ¢,(r) corresponds
to a fixed angular momentum [/, of the a-
particle.** Thus

In
(1) =r7Yfo(r) 3 cm
M= -l

= —n

X Pi,M(cosh) exp(tMyp). (2.7)

We now apply the addition theorem for spherical
harmonics to the factor Pi(cos®;) in (2.2), put
this result in (2.6), and find for Upw(r) the
following expression :

23 r‘“‘“’{ Cro™™P;(cosb)

k=1

k
+2 3 P.*(cosf) (Ch'"" coss¢

=1

+ Sis™m sin3<p) }, (2.8)

where

Cro™™ = (2/2k+1)fu,.*e’):r."Pk(cosﬂ.')umdi, (2.9)
Corm, Surm=(2/2+1) [[uarerre

cos
X Pi*(cosbs) . sound, (2.10)
sin

and (7 0;, ¢:;) are the coordinates of the ith
proton in the nucleus. Then, substituting (2.7)

** This is true if the parent nucleus has zero spin. Po
and Ra are even-even nuclei. If the spin is not zero (2.4)
should be replaced by ¥=2, 1 cmipmitim, Where each ém:
has a fixed angular momentum. However, there will
clearly be a later averaging process over the cmi which
?an affect the results on%y y an unimportant numerical
actor.

in (2.5), multiplying through by Pi,#(cos6) sinf
Xexp(—1iM ), integrating over 6 and ¢ for each
M, and adding the resulting equations, we get

h s d? L(.+1)
- —fn—-————fn)—(V(r)~En)fn

2m \dr? r?

—23 S fagem /. (2.11)

m k=1

The quantities a,"" are each a sum of quantities
which depend on integrals of the form

1
f Pin™ () PrM’ () Py M= (1) d s
-1

Since these integrals vanish unless l.+I.>k
> |l.—1.|, we have the general equations

d"’fn+[2m(E 7 In(lat1) s
ar? B r2 "
N=1  Intls
=2 fun 2 Aym/riH

m=0 k=|lm—In|

k0, n=0,1, ---(N—1). (2.12)

N is the total number of nuclear states whose
interactions are considered.

In the particular case when one of /. or /, is
zero, there is only one possible value of k, and
the summation over %2 on the right-hand side of
(2.12) reduces to just one term.

A" consists of terms of the form Cio™™,
Ciear™™, and Siy™™ multiplied by constants which
depend on the cx's of (2.7). If we take a sta-
tistical average over M of the values of | Cro™™|,
| Cxsr™™|, and |Sea™|, and call this |Q,""|, we
can then treat the problem simply as if M were
zero and write

A= (2m/h2) 23Q"m. (2.13)

Equations (2.12) are a set of N simultaneous
linear second-order equations for the functions fn.
There are thus 2N sets of independent solutions,
a certain linear combination of which describes
our problem. For large 7, the equations become
independent, and all the f,’s tend to functions
proportional to exp(=ik.r). However, the solu-
tions must represent particles leaving the nu-
cleus; hence we must take for f, those solutions
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which tend to a, exp(tk.r), where a, is a complex
constant. Then the ratios between the quantities
.| a@a|? are the relative intensities of the lines in
the a-particle spectrum. The condition that all
the f,'s should represent outgoing waves at
infinity has thus provided N of the 2NV (complex)
conditions needed to determine the particular
linear combination of solutions which applies to
our problem. The remaining NV conditions depend
on the nucleus.

The values of the f,’s at 7o give the relative
probabilities of an a-particle of each energy E,
being at the edge of the nucleus, i.e., the relative
probabilities of decay if there were no potential
barrier. The other conditions could be N homo-
geneous equations involving these functions; to
determine these would require extensive knowl-
edge of intranuclear behavior. However, we shall
use our N conditions at infinity, start with the
functions f,=a,exp(tk.r), and integrate the
equations inwards. Then the f,’s at 7, appear
as functions of the a,’s; if one set is known the
other can be determined. We shall find that a
good deal can be discovered without very exact
knowledge of the f.(ro).

Strictly speaking, of course, our problem is
one with given boundary conditions in which we
must find the eigenvalues E,. These eigenvalues
are complex; the real part is the energy of the
escaping particle and the imaginary part is
proportional to the decay constant. Thus the
eigenvalues are usually experimentally known,
and it is simpler to discuss the problem as above,
using this knowledge.

We have mentioned that f.(r) appear as
functions of a,’s. So, of course, do df./dr at r=r,.
If we assume all f, and df,/dr given as initial
conditions at 7y, we can integrate outwards from
7o to infinity and find the a,’s. We might there-
fore attempt to solve the problem by taking
“reasonable’ initial values, such as the presence
originally of only the high energy particles (i.e.,
fo(ro) =1, all other f,(ro) =0), and then applying
perturbation theory. There are two objections
to this procedure. Firstly, the initial values must
represent the physical fact that only outgoing
waves are present. Slight errors in these values
would be equivalent to a small admixture of the
solution which at infinity represents an incoming
wave. Inside the potential barrier this solution

grows exponentially as 7 is increased, and hence
appreciable amounts of outgoing wave might
appear in the solution at large 7, for relatively
small initial errors.

In the second place, the perturbation tech-
nique itself turns out to be invalid here. Dancoff?
has studied this problem by perturbation meth-
ods and has paid particular attention to the case
in which the energy difference between the
interacting states is small (=500 kev). He found
excitation probabilities greater than unity and
pointed out that while this may indicate that
the effect is appreciable for these energies, it also
means that the perturbation theory is unreliable.
The present author also originally used a per-
turbation theory which required that |f.| <|fo|.
Although this condition holds at 7, and at
infinity, it was found that at certain intermediate
points |f.| was as much as 100 times greater
than |f,| in some cases.

We have developed a method for integrating
outward which avoids these difficulties, but it is
more laborious than the inward integration used
in this paper, and is no more reliable (except
perhaps when the differences between the ener-
gies of the states is small).

III. METHOD OF SOLUTION

Consider that set of A functions f, which
satisfy the N-equations (2.12) with the boundary
conditions that, at 7=, f;~a;exp(tky) and
fa=df./dr=0, if nj. Call these functions fy;.
For a fixed j, fa.;j constitute a set of solutions of
(2.12); as j runs through all values from 0 to
N—1, we obtain N linearly independent sets.
We form by a combination of these solutions
another set of solutions f, defined by

N-1
fo= 2 fas, n=0,1, -

=0

(N=1). (3.1)

These functions are the functions which provide
the solution of our problem. Firstly, they have
the correct asymptotic behavior for

frn~a, exp(tkar), (3.2)
fay=dfai/dr=0 if j#n, 3.3)

and, therefore, by (3.1), fa~fnn Secondly, the
N constants @, are still at our disposal and can
be fixed as discussed in the previous section.
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Consider now the set j. Let E;=3imy}?,

ki=myv;/h, x ="k, xj=4Ze*/hv;,

Yni = 1/7jn =kn/kj- (3.4)
Since f;; is the only non-zero function of the set
at x= «, we employ a perturbation method for
integrating inwards. Thus, treating [fn;| <|fs|
and neglecting f,; on the right-hand side, (2.12)
becomes

@f i/ A%+ {Vni? = Ynikn/X —ln(lnt1) /%) fr;
In+1l;

=fii 2 Bgi/x*t (3.5)
k=|l—ll
= Fpj(x)fj;. (3.6)

Here B*=A;"k# 1. Ay™ contains in Qi a
factor of the order of ;¥ where 7; is a position of
a proton in the nucleus. Now kj; is of order 1.
Hence B contains the factor r*k;#~! which is
of order r.. Even after multiplication by me?/#?,
this is still small. Also x is always greater than
unity and is about 10 only a short distance from
the nucleus. Thus in the equation satisfied by
fis itself, viz.,

d*fi/dx*+ {1 — x;/x = L;(L;41) /x*} fi;
2l;

=fij 2o Bi¥/x*1, (3.7)
k=1

the terms on the right-hand side are, in general,
negligible compared to /;(l;+41)/x?, and may be
neglected. (If ;=0, the right-hand side is zero.)
However, the solution to be developed below
allows for the effect of the right-hand side to be
estimated if desired.

We define the confluent hypergeometric func-
tion X,(x) as follows:

d2xn/dx2+{I_Kn/x_ln(ln'f'l)/xg}xn:()y (38)

X, ~expt(x+1,), (3.9)

as X— >,

The constant 7, is defined in Eq. (4.5).
From (3.7) and (3.2), we see that (except for
the small right-hand side of (3.7))

fii=aX;. (3.10)

We use this value in the right-hand side of (3.6)
and also with

Ji(%) =2 (2) X0 (ynix). (3.11)

PRESTON

Then
V() = (dvnj/dx) e =0. (3.12)

Using (3.6), (3.11), (3.10), and (3.8) and simpli-
fying, the equation for v,; becomes, if we suppress
the suffixes on v, v, and F,

Xa(v2)v" (%) +29X" (v2)0' (%) = a;F(x)X(x). (3.13)

The ’ denotes differentiation with respect to the
argument of the function. This can be written

(d/dx) (Xn2(vx)v' (%) } = a;F(x)X;(x)Xn(7x),

and, therefore,

) =a X2 () [ TFOX ()X (vO)dt

and

v(x) =a,~fz{

0

X2 (vl) f Fu)X;(u)

X Xn(yte)du }dt. (3.14)

The lower limits are determined by the boundary
conditions (3.12). Thus the functions f,; and
hence, by (3.1), f» have been found in terms of
certain hypergeometric functions.

If it is desired to take account of the correction
to f;; caused by the non-vanishing of the right-
hand side of (3.7), a similar procedure can be
used giving

fii=a;X;{ 1+ f diX;2(1)

% f S (B X ). (3.15)

The integral is always a small quantity compared
to unity, for B, is of the order 10~ or less and
the remainder of the integral is at most 10.
(The method of evaluation is indicated in the
next section.)

The expression (3.14) can be further simplified
by introducing

ga(x) = f X0, (3.16)

where the additive constant is to have a con-
venient value, to be chosen later. Then, inte-
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grating (3.14) by parts, we find

0ai(%) = 057 f (€n(yni) — gulrnst)

4

X Fri(0)X;i($)Xal(ynit)dt. (3.17)

This equation expressed a formal solution of the
problem. Its usefulness depends on a number of
things. Firstly, we must be satisfied that the
perturbation solution is close to the actual solu-
tion. Secondly, for (3.17) to be valuable, we
must have manageable explicit expressions for
the hypergeometric functions which appear.
Thirdly, since f,; are found approximately, there
is a danger that the sum Y ; fn;( =f») is such that
the terms largely cancel, leaving only a remainder
of the order of the errors of individual terms.
We must ensure that this is not so.

IV. EVALUATION OF THE SOLUTION

The problem has been formulated in terms of
a complex energy E which represents the decay
process. However, in the numerical calculations
which we are about to outline, we ignore the
imaginary part of E. This is justified, since the
imaginary part is so small that it does not have
any appreciable effect on the values of the
functions considered in this section.

The first step in the evaluation of (3.17) is to
obtain an explicit expression for X,(x). This
function depends on «,, which is usually about
50. Thus we want the asymptotic formulae for
large k,. These have been obtained in a number
of papers. We shall use the particular result®
that, when /=0,

X =(cota)? exp(w), (4.1)
w=k(a—cosa sina), (4.2)

and
cos’a=x/x. (4.3)

Suffixes have been dropped. (The term of X in
exp(—w) which appears inside the barrier is
quite negligible for the calculation in this paper.)
These equations were developed primarily for
the region where x <. However, it can be seen
that this restriction is not essential to their
derivation, and the expression (4.1) equally
represents the hypergeometric function for large

5 M. A. Preston, Phys. Rev. 71, 865 (1947).

x. This may also be checked directly. The
exact definition is

X=exp(—3«r)(kmw)~}
X T (1+3ix) Weyin 3(— 2ix),

where W is Whittaker’s function. (Compare Eq.
(4.1) with Eqgs. (3.18) and (3.2) of reference 5
and the definition of 1¥.9)

Using the known asymptotic expansion for W
(see reference 6, p. 343), it can be checked that,
for x tending to infinity and « large, both (4.1)
and (4.4) have the same expression, v12.,

exp(ix — 37k logx+19) {14+0(1/x) },
where

(4.4)

n=n=17+3x.(logk,—1—logd). (4.5)

Thus when [, =0, we shall use (4.1) for X,.

When /,>0 it is most convenient to employ a
suitable recursion formula to estimate X,.” For
example, if /,=1,

X.=C(1/x+%}ka—d/dx)(cota,)? exp(w,)

= C(3kn.+tana,) (cota,)? exp(w,). (4.6)

As x— o, tana,——1. Hence, for the correct
infinity behavior, we choose C so that

Xo=(1—-24/k,)"1 (142 tane,/«n)

X (cota,)? exp(w,). (4.7)

Equation (4.6) cannot be used near x=k, for
there dX/dx is not equal to the derivative of the
approximate expression for X, which is actually
the first term of a semiconvergent series.® How-
ever, when x is of the order of «, the centrifugal
term is very small compared with 1 —«/x (except,
of course, in the actual limit), and hence the
solutions are almost independent of I, in this
region. Thus even when x is near «, (4.7) gives
X, with only a slight error, since when a ap-
proaches zero, X, behaves, aside from the con-
stant factor, as if /, were zero.

The correcting factor in (4.7) is never very
different from 1, since, at the nuclear radius,
tanan/k,~0.05 and it decreases to zero at the
boundary of the potential barrier; then it be-
comes imaginary and its magnitude changes
from zero to about 0.02 as x goes to infinity.
Thus, in calculating the integrals (3.17) and

6 E. J. Whittaker and G. N. Watson, Modern Analysis
(Cambridge University Press, London, 1946), p. 340.

7 L. Infeld, Phys. Rev. 59, 743 (1941); also see reference
5, Eq. (5.2).
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TABLE I. Values of I.

r X108 cm Ino™ Ino* Ton~
8.27 4.1+ 9.6¢ 0.24 5.7
9.36 3.4+10.6: 0.26 6.0

10.0 2941122 0.27 6.1
11.5 1.6+12.4¢ 0.31 6.2
16.0 —2.94-15.5¢ 0.38 6.3

(3.16), the effect of this term can be represented
by a constant mean value which is not very
different from one.
If I, is not too much greater than one, con-
siderations very similar to these will still apply.
Now

d/dx(} exp(—2w)) =exp(—2w) tana.
Therefore, we may define
g(x) =3p." exp(—2wy), (4.8)

where p’ is the mean value factor, almost unity,
which we have just discussed. Then

gn(¥nit) = 3pn’ exp{ =2 jnk; (Bn;

—cosBy;sinBy;)}  (4.9)
=3pa" exp(—2Qn;), (4.10)

where
COSBni =Yns COSt; =Yn;(t/K;)}. (4.11)

Substituting these explicit forms of g,, X,, X; in
the expression (3.17) for v,;, we find

Uni(kj7) =0n;(X) = 3@, ;npaj(cOtay cOtBo)}

X exp (wo —Qo) ZBk"i
k

XA Inj=(k) — Init (k) } /x4, (4.12)
Vjn(Rr?) = 2anpjn(cotay cotBo)?
Xexp (Qo - wo) ZB/:""*
)
XA{Iin=(k) — Lia* (k) } /%", (4.13)

where

Ini+(P_ )= IJ'n+(P - 1)

=f exp (@ — Qo+ w —we) (x/1)?

kjr

X (cota cotB tana, tanB)¥dt, (4.14)

L

exp(— (2—Qo) +w—wo) (x/£)?

kjr

Li(p—1)=
X {cota cotB tana, tanBy)idt, (4.15)

Iin=(p—1) =f exp((2—Q0) — (@ —wo)) (x/1)?

kjr
X (cota cotB tanay tanfBg)dt. (4.16)

Here we have written 2, w, 8, a for Q,;, wj, Baj, @;
and have denoted by subscript , the value of
any quantity when t=x==Fk;7. These integrals
are to be found by numerical methods. If
E,<E;, I;,~ as it stands can be evaluated for a
given value of kjr; its integrand is a decreasing
exponential. However, I,;~ has an increasing
exponential integrand inside the potential barrier,
and in the external regions where it is oscillatory,
the amplitude of the oscillations is of the same
order of magnitude as the value of the integrand
near the end of the barrier. However, the integral
is convergent since, as {— =, this amplitude goes
to zero like £~?. To evaluate I,;,~ numerically it
is therefore necessary to transform it. This can
be done by the substitution of the complex
variable

u =27 arc cos{v.;(t/«;)}}. (4.17)

It can then be seen that in the u-plane the path
of integration can be taken as the line parallel
to the real axis from #=18y to u= © +18. On
this path, both real and imaginary parts of the
integrand have a rapidly decreasing exponential
behavior. The numerical work is laborious, but
the results are reliable.

To find the numerical value of I,;t either the
method for I;,~ or that for I,;~ can be used.

V. APPLICATION TO POLONIUM

As an example, we apply the considerations
of the previous sections to the case of polonium,
where Chang has reported twelve low energy
radiations. We consider first the simplified case
of a spectrum of two lines—those connected with
the ground state and a typical excited state.
For the latter, we have taken the line labeled ay
by Chang. Thus the energies are Ey=5.303 and
E,.=Ey=4.111 Mev. Then, in the notation of
the previous sections, we have, ignoring the
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effect of all states but these two,

fO =f00(k07) +f0n(kof) ’ fnn = anxn(knf) y
fn =fn0(knr) +fnn(knr) , fno = ﬂno(kof)xn(kn') ’
foo=aoXo(kor), Jon="v0n(kar)Xo(kor).

We shall study this case on the assumption that
the transition is ‘‘dipole,”’*** that is p=2 and
ly=0, l,=1. Then X,=(cota)¥e*, where cos’a
=kor/ko, and w=ko(a—cosa sina). Also X,= {«,
+2 tanB)/ (k. — 21) } (cotB) ¥e®, where cos?B = k.7 /«,,
Q=k,(8—cosB sinB). Then we have

Uno(kot) = %Go‘)’onpno(COtao COtﬁo)’ exp(— (Qo—wo))
X B { Iy~ (1) = Lot (1)} / (kor)?
and

Von(kn?) = 5@npon(cotay cotBo)? exp(Qo— wo)
XB1"*{Io,=(1) = Ino* (1) } / (kor)2.

The values of the integrals I have been calcu-
lated and are shown in Table I. The meaning
factors p.o and pg, can be seen to lie between 0.95
and 1.05. We shall replace them by unity. We
also write

B"0=A4,""= 2m/k2) Q" = (25°me?/3h%)R, (5.1)
where R is of the same order as, e.g.,
Cpy™ = f U, *Zr; cosbiuydk.
We then find
So(ro) =Xo(ao+an. exp(18)R*B), (5.2)

fn(rO) = Xn(an exp(ia) +0'0RD)7

where 7, is the nuclear radius and ao, @, are real.
The values of the known quantities in Eqgs. (5.2)
are shown in Table II. Note that B and D,
which represent the effect of the electrostatic
interaction, are not sensitive to the value of the
nuclear radius. Since the effect is an extra-nuclear
one, occurring over distances large compared
with 7o, this is a satisfactory result. We may
also note the justification of the perturbation
methods. If the perturbation calculation is justi-
fied, it is necessary that |RDX,|<X, and
| R*BXo| <X,. By its definition (5.1) |R| is
certainly less than 10712, the greatest possible

*** In y-ray transition dipole and quadrupole effects are
of approximately equal importance; however, in the long-
range effects considered here we may expect the dipole to
predominate.
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TABLE II. Parameters in Egs. (5.2).

ro X102 cm X0 xn B D
8.27 6.0x10w X 1017 X10%  (0.441.02)107

5.1 4.1
9.36 6.6X10 5.1X10 3.4X10% (0.341.0:)107
10.0 2.0X102 1.5X10' 3.0x10“ (0.241.07)107

distance of a proton from the center of the
nucleus; hence these inequalities hold.

Next, let us consider the effect of assuming for
ao and a, the values given by Chang.! Since the
squares of these quantities are proportional to
the respective partial decay constants, we have
nfao=TX1073, (Ng=2.8X10712, \;=5.9X10"8
sec.™.) Now |DR|<10-%; thus |a.DR|<an.
Therefore fn=a, exp(8)X.. Also |R*Ba,| is at
most of the order of ao, but since 10~ is probably
a high value for |R|, the term a, exp(i8)R*B
does not alter f, very much. Hence |f./fol
=3a,X./a0Xo=10% This means that the proba-
bility of decay with energy E, is much greater
(10%) than with energy E,, in the absence of the
barrier. At first sight, this might appear to be
the explanation of Chang’s results; wviz., the
emission of an a-particle with energy E, is a
forbidden process as compared to the emission
with energy E,, but a transition from E, to E,
takes place outside the nucleus. However, we
shall see that these assumptions are in contra-
diction with the observed absolute intensity of
the a-particles.

By the conservation theorem, we have, for
the general case of N states,

9 N1 3
- ; mpm*dv=—— | 3°(¢n* gradén

at 2im
—¢m grade,*) -ndo,

where the integrations are over the volume and
surface of a sphere of large radius and ¢, is
defined by Eq. (2.4). Now the energy is complex
so that ) ¢mo»* contains a factor exp(—Af) and
the rate of charge of the volume integral is
—AS 2 pmdn*dv. This integral can be split into
two parts, one over the region inside the nucleus
and one over the region outside, i.e.,

f S bmbmtdo= X (L4147
—SIrt f > |falodr.
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However, |¢n| decreases very rapidly outside
the nucleus, so >_Iy™ can be neglected. For the
surface integral, since the sphere is large, we
can use the asymptotic expression for ¢,. The
result is

AN=2Vn|an|t/ L™ (5.3)
In the case we have been considering where
only two levels are concerned,

A= 2)0(102/(I¢0+Ii"),

We must now consider the integrals I;° and I,»
which involve the behavior of the wave functions
inside the nucleus. It is reasonable to make these
functions and their derivatives continuous at the
nuclear boundary. We have seen that with
Chang’s intensities, |f./fo|~10%, and we may
also note that f.’/f. and fy'/fo are of comparable
magnitude. Thus whatever the explicit internal
expression of the wave functions, it is clear that
I»>>1.9. Hence, with Chang’s relative intensities

A= 110(102/[1'” = ('Uo(lo?/'l’nanz) (vn/gin) ) (5'4)

Since  0,a,2<<Kveeo%

when ¢, is the internal integral in the standard
theory without interaction. (The function f,
differs from X,, which corresponds to it in the
standard theory of radioactivity, only by the
factor a,.) But since ap>a,, the partial decay
constant A= (v,a.2/vea®)A\. Hence \,=v,/9,"
=\,% where \,° is the partial decay constant on
the standard theory. Thus, when interaction is
allowed for, the partial decay constant is practi-
cally unchanged from that expected on the
standard theory.

In other words, although we may assume
suitable conditions to obtain the relative intensi-
ties found by Chang, the total decay constant,
which is determined from the partial one by the
ratio o@o?/vaa,?, is much less than the experi-
mental value. For example, if we take the nuclear
radius 8.3X10™3 cm (which on the standard
one-body theory fits the experimental data for
the intense main line%), we find that if a./a
=7%X1073, then A=5X10"" sec.”!, whereas the
experimental value is 6X10~% sec.”!. Of course
with a larger radius we can increase the value
of \. Taking 7¢=11.5X10" cm, we find A=1.5
X109 sec.”™? and with 7¢=12.5X10"2 we find
that A is about the observed value. However,

the nuclear radius as a parameter in the one-body
model is always less than 1072 cm and, using the
law 7o=Ry4?}, we would expect about 9X10~1
cm for polonium. A radius such as 12.5X10—1
cm would imply a most unusual extension of the
region where nuclear forces hold.

The above arguments are not essentially
altered if we allow for the emission of particles
in more than one low energy state which can
interact with the nucleus and acquire the energy
of the main line. Equations (5.2) are then
replaced by

N—-1
fo/xo=ao+ 2_ ane?®mR,*B,,
1

fm/Xm=aORmDm+amei5m: m= 17 21 s (N—l)

Now as the difference between E, and E,
decreases, D,, increases and so presumably does
R,.. However, for m great enough, we have as be-
fore |@oDmRn| Kan, if we use Chang’s intensities.
Also B,, decreases with Eg— E,, ; hence |@mR»*Bn|
remains of the same order as a, or less for all m.
Thus it still follows that |f./fo|>>1, at least for
m large enough. Thus we can still reduce (5.3)
to an equation similar to (5.4), vz.,

N-1
)\ivoa()?/ Z am25im1
M

where M is the lowest value of m for which
[fm/fo|>1 is valid. That is

N—1
)\ivoa(,?/ > amﬁvm/)\,,.") < (v6@6%/V20a2) N0,
I3

where # is some value of m> M. Thus, just as
before, A is much less than the experimental
value, unless a large radius is taken.

To summarize, we may say that Chang’s
results can be explained with our model only on
the basis of two assumptions: that the direct
transition to the ground state is (more or less)
forbidden and electrostatic interactions occur
after the a-particle has left the nuclear region
and that the radius of this region must be much
larger (~25 percent) than it is in the case of
other radioactive elements. This latter assump-
tion would involve us in many new difficulties.
It is to be noted that any explanation involving
strictly nuclear behavior does not affect this
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point; it could only alter the ratio (fo/fs) at 7o.
Coupled with the inability of Zajac, Broda, and
Feather* to find y-rays which would confirm
Chang's results, these theoretical arguments
would suggest that the source of the lines
observed by Chang was not in the polonium
nucleus.

VI. GENERAL DISCUSSION

We may consider what the effect of the electro-
static interaction will be in a general case.
Considering again for simplicity the case of only
one level in addition to the ground state, Egs.
(5.2) can be solved for aq and a,. The result is

Qg =f0/XO - R*-Bfn/xm

aneiﬁ =fn/Xn—DRf0/Xo. (6.1)

In general the quantities |fo| and |f.|, which as
indicated in Section III determine the proba-
bilities of decay in the absence of the potential
barrier, will be of the same order since Ey— E, is
small compared with the total energy of the
escaping particle. In (6.1) the terms f,/X, and
fa/Xn represent the effect of the barrier in the
standard theory and the other terms R*Bf,/X,
and RDfy/X, introduce the corrections due to the
interaction after emission. If we assume |[fy]
= |f.| we see that the interaction alters a, by a
fractional amount |R*BX,/X,.| and alters a, by
the fraction |RDX,/X,|. To form some idea of
the magnitude of these changes we may consider
the case of polonium for which we have worked
out numerical values. Taking R=10"12, we shall
obtain upper limits for the effect. Then
| R*BXo/X,| <102 and | RDX,/X,| <10~ Since
the decay constants involve a,?, these correspond
to changes of certainly less than 2 percent in A,
and 20 percent in A,. Thus the upper limit of
the effect is a 20 percent change in the decay
constant of the state of lower a-particle energy.
When it is remembered that the dependence of
A\ on energy is logarithmic, it will be realized
that even this upper limit does not give a very
large effect. The above calculations are’ for
Ey—E,=1.2 Mev.

As E,—E, decreases, the effect of the inter-
action becomes more pronounced. In fact as this
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difference gets small it can be confirmed that the
ratio | R*BXo/X.| becomes greater than one (al-
though |DRX,/X,| probably decreases slightly).
However, when this happens we have clearly
violated a condition for the validity of the
perturbation assumptions implied in the use of
Eq. (3.5). Nevertheless, we are led to suspect
that when the energy difference is of the order
of 500 kev or less the interaction with the
nucleus after emission may appreciably affect
the relative intensities of the two a-particle
groups. As we have indicated above, it is this
region of energy differences to which Dancoff?
has paid particular attention, and his results
also indicate that the effect is probably fairly
large. In some of the elements which have a fine
structure in the a-spectrum, the lower energy
a-particles do not obey the Geiger-Nuttall law
very exactly. This has been attributed to a
non-zero value of the angular momentum quan-
tum number /. We now see that if the energy
levels are separated by less than about 500 kev
(e.g., RaC) the partial decay constants may be
altered by the electrostatic interaction also. It
is not easy to separate these two causes, since
there are at present few independent estimates
of either / or R, but they may have effects of
roughly the same order of magnitude, changing
M. by a factor of about 2 or 3.

We may also consider briefly the effect when
the ground state transition is accidentally more
or less forbidden, i.e., |fi|<|fs|. Then (6.1)
becomes @, exp(i8) =f,/X, and ao=fo/Xo—R*
X Ba, exp(¢8). Thus, if |fo| is very small a line
may appear with intensity |R*Ba.|?, which
would be less than that expected for energy E,.
On the other hand, if |fo| is somewhat larger,
there may be destructive interference making a,
vanish, and what would have been a line with
abnormally low intensity disappears entirely.
There does not appear to be any example of
either of these processes in the present experi-
mental data.

It is a pleasure to record my appreciation of
many stimulating discussions with Professor R.
E. Peierls which have been of the greatest help
in this investigation.



