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FiG. 3. Absorption in aluminum of the conversion electrons of ~Te»'

On Radiative Corrections to
Electron Scattering

JULIAN SCHwINGER
Harvard Universfty, Cambridge, Massachusetts

January 21, 1949

ADIATIVE corrections to the electromagnetic prop-
erties of the electron produce energy level displace-

ments and modify electron scattering cross sections.

can be concluded that the high energy beta-rays do not go
directly to the 60-day tellurium level but are followed by
gamma-rays which then lead to the tellurium isomer. The
beta-gamma-coincidence rate, 0.42X10 ~ coincidence per
beta-ray, suggests that the beta-rays of the high energy
group are followed by 0.31 Mev of "immediate" gamma-
ray energy.

The conversion electrons of ~Te"~ were absorbed in
aluminum as shown in Fig. 3. The end point, shown by the
arrow, occurs at 18 mg/cm', 120 kev, in exact agreement
with the earlier measurement. ' On the other hand, extra-
polation of the curve as indicated by the broken line, gives
an end point at 12.7 mg/cm' or 93 kev. Either value, to-
gether with the half-life, corresponds to a 2~-pole isomeric
transition.

All measurements were completed within five days after
the chemical separations. It should also be mentioned that
a coincidence absorption experiment disclosed the presence
of the 1.7-Mev gamma-ray of Sb"4 in the antimony
fraction.

*Assisted by the joint program of the ONR and the AEC.
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"Nuclei formed in fission, " Rev. Mod. Phys. 1S, 513 (1946).
~ G. Friedlander, M. Goldhaber, and G. Scharff-Goldhaber, Phys.

Rev. 74, 981 (1948).
~ A. C. G. Mitchell, verbal communication. Spectrometric data of the

Indiana group indicate the presence of soft spectra in Sb»» in addition
to the principal group at 0.704 Mev.

Although the high accuracy of radiofrequency spectro-
scopy facilitates the measurement of energy level displace-
ments, as in the Lamb-Retherford experiment' and the
evidence on the anomalous magnetic moment of the elec-
tron/ nevertheless the correction to the cross section for
scattering of an electron in a Coulomb field is not without
interest, since it permits a comparison between theory and
experiment in the relativistic region, as compared to the
non-relativistic domain to which the energy level measure-
ments pertain.

The radiative correction to the cross section for essen-
tially elastic scattering of an electron by a Coulomb field
has been computed with the form of quantum electro-
dynamics developed in several recent papers. ' In addi-
tion to the emission and absorption of virtual quanta, we
include the real emission of quanta with maximum energy
bE, which is small in comparison with 8 =E—mc', the
initial kinetic energy of the electron. In other words, we
treat only those inelastic events in which a small fraction
of the original energy is radiated. The contribution of the
remainder of the inelastic processes can be derived from
the well-known bremsstrahlung cross section, and is not
of principal interest. The result, expressed as a fractional
decrease in the diRerentia1 cross section for scattering
through an angle 8, is

where

Kp= P/(1+X')&j logf (1+X')&+X), ) = (P/mc) sin(8/2),
K, = $(1+),2)/X~ jKp —1, (2)
Xg ——[(1+X') /X'jK~ —-';,

and

Here

(mc /E) i log 2 ( 1 —px) log~( 1 +px) dv

P p 1+Px 1 —Px x

, (mc'/E)' log@(i —p) log-', {1+p)
P 1+P 1 P

x= [)—sin'(0/2)(1 —v ) 1&

and p= pc/E. Note that 8 diverges logarithmically in the
limit bE~O. It is well known that this difficulty stems from
the neglect of processes involving more than one low fre-

quency quantum. 4 Actually the essentially elastic scatter-
ing cross section approaches zero as DE~0; that is, it
never happens that a scattering event is unaccompanied by
the emission of quanta. This is described by replacing the
radiative correction factor 1 —8 with e ~, which has the
proper limiting behavior. The further terms in the series
expansion of e ~ express the effects of higher order processes
involving the multiple emission of soft quanta. However,
for practical purposes such a refinement is unnecessary.
The accuracy with which the energy of a particle can be
measured is such that the limit DE~0 cannot be realized,
and 8 will be small in comparison with unity under pres-
ently accessible circumstances.

8=2 / log——1 (Ko+K )+'Kp —K +'6"..—J.sE
(mc'/E)' K, , (1)
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In the non-relativistic limit, P«1,
E = t 1/(2n+ 1}jP' sin~(8/2),
I =

I (4/3} (log2 —1)—$jP' sin~(O /2 },

$ = (8'/3')p2 sin~(Q/2) Dog(mc2/2&g}+ ( 19/30) j, (6)

which increases linearly with the kinetic energy of the
particle. For a slowly moving particle, it is an elementary
matter to include the additional scattering produced by
the real emission of quanta with energies in the interval
from bB to W. One thereby obtains the following frac-
tional decrease in the differential cross section for scattering
through an angle 8, irrespective of the final energy:

0 = {'8a/3')p' sin'(0/2) Dog(mc'/SW)+ (19/30)
+(s —8) mn(d/2)+Leos 8/cos'(0/2)] log csc(0/2) ). {7)

We may remark, parenthetically, that in the same non-
relativistic approximation, the radiative correction to the
energy of a particle moving in an external field with po-
tential energy V(r) is'

F.= (cr /3x) 51og(mc'/25m}+ (31/120) 1(hjmc}'(V' V)
+( /2 }(~/2mc)( 0+'V V)

= (n/3s)(h/mc)'L(log{me'/25W)+(19/30))(P Vl
+l&~.~(~ jr)«V j«))j

where L is the orbital angular momentum operator in

in units of k, and AW is an average excitation energy of the
system. e Applied to the relative displacement of the 2'Sy

and 2'P~ levels of hydrogen, this formula yields 1051
mc/sec. , to be compared with the experimental valuev of
1062&5 mc/sec.

The extreme relativistic limit of {1)is

&= (4 / }L(log(Z/~Z} —(13/12})
X {log(2~/~~'} sin(& /2) —k}+(1& /72)+4 (&}j

where

log-,'(1+x} log-', (1—x}
q(a) =

& «in(V j2}
oos(y/2) 1 X 1+X

(10)(x'—cos'(8 /2} &

The integral can be performed analytically for 8 =2r,

@(2r}=~'/24, but must be evaluated numerically for other
angles. An approximation in excess, which has the correct
asymptotic form at small angles, is provided by

1—cos(8f2}
I 2 cos{8/2) (1+cos(8/2})1&

1 1 —cos(Pf 2}
2(1—cos(tN /2)) 2

This approximation is reasonably accurate even at 0 = $2r,

where the value yielded by (11) exceeds by only 8.6 per-
cent the following result of a numerical calculation,
y(~/2) =0.292.

The asymptotic formula (9) is quite accurate for even
moderate energies. Thus, with 8=(~, 68=10 kev, and
8'= 3.1 Mev, which corresponds to (E/mc') sin{8'/2) = 5, the
value of 8 computed from (9) divers from the correct
value, 8 = 8.6 10~, by only a few tenths of a percent. It is
evident from this numerical result that radiative correc-

tions to scattering cross sections can be quite appreciable.
For the particular conditions chosen, AE can be materially
increased (but still subject to hE«W), without seriously
impairing B. Thus, with hZ=40 kev, 8=6.3 10 ', while
68=80 kev yields 8=5.1 10 2. As to the energy depend-
ence of 8, we remark that with a given accuracy in the
determination of the energy, say hE/E =0.04/3. 6 = 1.1 10~,
an increase in the total energy by a factor of four produces
an addition of 4.4 10 2 to B. Thus, for a kinetic energy of
14 Mev, 8=11 10 '.

The variation of 8 with angle, at moderate energies,
cannot be studied with the asymptotic formula (9) alone,
for at small angles the condition (Pjmc)'sin'(8 /2 }»1,which
underlies this formula, will not be maintained. It is evi-
dent from (1) that 8 is proportional to sin~{ 812}at angles such
that (P/mc)' sin'$8«1. However, for W= 3.1 Mev,
b,E=40 kev, and 8 =2r/4, which corresponds to (p/mc) sin
(8/2 }=2.7, the correct value of 8, 4.2 10~, exceeds that de-
duced from (9) by only 2 percent. For the same choice of
W' and ~, the value of 8 associated with 8=32r/4 is
5=7.2 10~.

The verification of these predictions would provide
valuable conformation for the relativistic aspects of the
radiative corrections to the electromagnetic properties of
the electron.
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TECHNIQUE capable of tracing continuously in

time the motion of a body of ions in an electric field

is desirable for the measurement of mobility and could
indicate changes of mobility occurring due to changes in

the nature of the moving charges (due to transfer of charge
in ion-molecule collision, dissociation to smaller, or asso-
ciation to larger ionic masses, etc.).

The technique used by H. G. Stever' in obtaining a
"recovery curve" for Geiger-Mueller tube discharges has
been extended to give information concerning the actual
progress of the sheath r = r(t) by simultaneously performing
three experiments:


