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Note on the Bremsstrahlung Produced by Protons

Joan' L. PowELi. *

Department of Physics, University of Wisconsin, Madison, 8'wisconsin

(Received September 21, 1948)

The bremsstrahlung produced by protons is discussed on the assumption that the anomalous
magnetic moment can be described in terms of a Pauli type interaction with the electromagnetic
6eld. The result of a perturbation theoretical calculation of the cross section is given, and a
comparison is made to the approximate method of Weizsacker and Williams. Reasons are given
for the failure of the Weizsicker method in special cases.

' 'N calculations concerning the radiative energy
- . loss of mesons of spin —,"it has been shown that
the bremsstrahlung cross section increases rapidly
with increasing energy if' the particle has an
anomalous magnetic moment of the Pauli type. '
The assumption that the Proton is correctly
described by Pauli's equation is admittedly
questionable. However, it is of interest to apply
the calculations to the proton, inasmuch as the
bremsstrahlung produced by primary cosmic
particles may be of importance in accounting for
the production of showers.

The aforementioned calculations were based
upon the approximate method of Weizsacker and
Williams, ' although it has been found that this
approximation can lead to error in cases for which
small impact parameters are important. ' On the
other hand, the method is known to give a correct
result for the Dirac particle with no anomalous
moment. The question therefore arises as to
whether the method is applicable in the case of
the Dirac particle (proton?) with arbitrary mo-

ment. It is the purpose of this note to compare
the Weizsacker-Williams result to a straight-
forward calculation by the method of perturba-
tion theory and to point out that the approximate
procedure can give misleading results in this
problem, in particular for the case of the pure
Coulomb field.

We assume that the only interaction between
proton and nucleus arises from the electrostatic
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field of the nuclear charge, and that it is of the
form

eh
II'=s4 iX — Pa V4.2'

(4 = spherically symmetric potential of nu-

clear electrostatic field, e, /=Dirac matrices,
X(eh/23IIc) =1.79 nuclear magnetons. ) The time
dependent perturbation theory may be applied,
in the manner described by Heitler, ~ to the calcu-
lation of the cross section for bremsstrahlung. For
convenience, we restrict the discussion to proton
energies which are large compared to Sic'. For
the pure Coulomb field, (4 =Zs/r) one obtains
the result

do =dkX'Z'a(e2/3Ec') {E2/(3Ec')2}F(k/E2), (1)

where do. =total cross section for emission of a
quantum in the energy range (k, k+dk), n = fine

structure constant, and ED=initial energy of
proton. The function F, defined by

F(x) = —~2 {(4—x) (1—x)' ln(1 —x)
+xL6(1 —x)+x'j lnx+x(1 —x) }

is zero for x=0 and x =1 and has the maximum
value 0.67 for x=0.26. Integrating, one obtains
for the energy loss cross section

v&0
$4Z2~(g2/~r2) 2 {E2/(~g2) 2 }

36

This result is remarkable for its very strong
dependence upon Eo, as compared to the case of
the electron (X=0), for which'

Zo, 2&
= Z2n(e2/Mc2) 24E2Dn(2E2/3lc2) —22 j.

s W. Heitler, Quantize Theory of Radiation (Oxford Uni-
versity Press, New York, 1944), p. 161.

6 See reference 5, p. 1'l2.
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However, this behavior is characteristic of the
Coulomb field and is essentially a result of the
divergence of C for r~o. When this divergence
is removed by the introduction of a nuclear
radius, Z is found to depend less strongly upon
the energy. Thus, if one carries through the per-
turbation calculation for a potential C which is
Ze/r for r) a but approaches a value =Ze/a for
r =0, one obtains

de =dk X'IZ'(8'/Mc')'(e'/GMc')
X I (1—&/&o)/ M'c}, (2)

where I is a number of order unity which depends
upon the detailed shape of the function assumed
for C. For the energy loss cross section, this gives

') 'IZ'(e'-/Mc')'(e'/a Mc') (Es'/Mc')

The introduction of the nuclear radius therefore
reduces the energy dependence of the cross section
by a factor ~1/Zs.

The formula (1) is essentially that derived by
Batdorf and Thomas by the Weizsacker-Williams
method, in which the problem is treated in the
coordinate system in which the proton is at rest,
and the scattering of the virtual quanta in the
contracted Coulomb field is calculated from the
Compton scattering cross section. The total cross
section is expressed as an integral over the impact
parameters r, extending from r; to r, . The
lower limit for the integration, which enters on
account of the semiclassical nature of the method,
is an essential feature and must be at least as
large as the Compton wave-length of the proton.
Equation (2) is obtained if one takes r;,=a,
which amounts to the neglect of impacts within
the nuclear radius. The above calculation shows,
however, that it is precisely for these small radii
that one obtains significant contributions to the
cross section for the pure Coulomb field.

It must be concluded, therefore, that the
formula (1) represents the actual situation only
to the extent that the nuclear field can be con-
sidered to be produced by a static distribution of
charge. In a realistic treatment of the problem,
fluctuations of nuclear charge density would have
to be considered, and the problem of individual
proton-proton collisions within the nucleus would
therefore present itself. Also, in close collisions
with nucleons, the specifically nuclear forces
would come into pI@y and would inhuence the

production of radiation. Finally, the recoil of the
nucleons, which has been neglected in the above,
would have the eR'ect of reducing the cross
section.

It should be noted that the Weizsacker-
Williams approximation gives a complete answer
in the case of a particle of normal moment (e.g. ,
the electron). The reason for this di&erence in the
two problems is easily understood. The neglect of
small impact parameters implies the neglect of
Compton scattering of the high energy virtual
quanta characteristic of this region. For the
electron this is justified by the small Compton
cross section for quanta of energy greater than
Mc'. For the Pauli particle, however, the
Compton cross section increases linearly with the
energy in the extreme relativistic limit (see
Appendix), so that the contributions from virtual
quanta of high energy are of decisive importance.
Since the Weizsacker-Williams method in its
customary form does not apply to the region in
the immediate neighborhood of the nucleus, it
does not take proper account of these high energy
quanta, and cannot be used to obtain formula (1).
The approximate result is in agreement with the
formula (2) for the "cut-off" Coulomb field, since
for this field the high energy quanta are present
with negligible intensity.
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APPENDIX, COMPTON SCATTERING FORMULAE

The differential cross section for Compton scattering by
a Pauli particle of magnetic moment (1+))ek/2' is~

de =dQ)(e'/Mc')'(k'/kes) {Lke/k+ k/ke —sin'8)
+X[(2kpk/3'') (i —cose)'g
+) 'P(kpk(Sic') (4(i—cos8)+$(1—cos8)'I g
+it'[(kek/3Pc') l 2(1—cos8)+sin'8 l j

+X P(kpk/23Pc )(1+$sin28) j},
~ Compare W. Pauli, Rev. Mod. Phys. 13, 203 (1941),

and reference (1), where this result is derived for the
special case X= —1. Note also that the expression given by
Pauli in Table III, formula III, should be corrected to read

dQ(y —1)4(e~/ilIc~)~
1k k {1+~ sin~8)+ ~ ~-
4kp kfc'
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where e and M are the charge and mass of the scatterer, ko and k are the initial and final quantum energies, and B is the
scattering angle. The first term is the Klein-Nishina formula, and the remaining terms arise from the "Pauli part"
of the magnetic moment. The total cross section is

a = m (e~/MP)' — In(i+2y)+ —+ +X —In(1+2y)—

+28 —In(1+2y}— +) ——In(i+2y}+
2y {1+2')' v (1+2m)'

+X ——In(i+2y)+, (y =ko/Mc').
4y 2(1+2')'

In the extreme relativistic limit, the term in ) 4 is dominant:

& =~(~/~c~)~(v/4).

It is this term which leads, by the method of WeizsKcker and Williams, to formula (2) above.
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The radioactivity of UY {Th»i) has been re-investigated. Samples were prepared by growth
from U»& largely freed of Ua», and absorption, decay, and coincidence experiments were run.
The presence of the 210-kev beta-ray was re-confirmed, and a 35-kev gamma-ray 82 percent
converted in the I shell was discovered. The half-life of UY was determined as 25.5 hours.

INTRODUCTION

'"RANIUM Y is the second member of the
naturally occurring actinum series of radio-

active isotopes. It rapidly approaches equilibrium
with the parent U~sq, having a half-life of about
one day, and is isotopic with thorium, ionium,
and UX1. Since UX1 is-formed at a considerably
greater rate from the U~ss in natural uranium,
it is not possible to prepare UY in radioactively
pure form from this source. Thus, despite its
discovery by AntonofP in 1911, relatively little
work has been reported on its radioactive
properties.

The International Radium Standards Corn-
mission' reported in 1931 a half-life of 24.6 hours
and a beta-ray absorption coeScient of about
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{1913}.' Int. Rad. Stds. Comm. , Rev. Mod. Phys. 3, 427 {1931}.

300 cm—' in aluminum. This absorption coeS-
cient, reported by Kirsch, ' corresponds to an
energy of 200 kev on the basis of recent range-
energy-absorption curves of Libby. 4 Gratias and
Collie' redetermined the half-life in 1932, arriving
at a value of 24.0 hours after discounting a 25.4-
hour determination obtained by an electroscope
method. These authors give references to several
earlier investigations of the half-life. In 1937
Erchova' reported extensive absorption measure-
ments on UY. She found two components of the
radiation with absorption coe%cients of 19.6 and
216 cm' per gm. These were both considered
as beta-radiation and correspond4 to beta-ray
energies of 160 kev and 0.6 Mev. (The more
penetrating component, if considered as electro-
magnetic radiation, would have an energy of
about 11 kev. )
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