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The effect of the interaction with the radiation field in changing the energy levels of an electron in
an external field is calculated using the conventional form of perturbation theory. The infinite
self-energy of the electron which occurs in the same approximation is removed by subtracting
from the Hamiltonian a “mass operator” M. The criteria used in deriving M are that it should cor-
rectly give the self-energy for a free electron in the absence of an external field and that the amended
Hamiltonian should give a properly covariant form for the level shift in an external field. It is pointed
out that M is uniquely determined by these requirements.

The results give 1051 mc/sec. for the 2s3—2p; separation in hydrogen and also show the surplus
magnetic moment of the electron as /2= Bohr magnetons, as first found by Schwinger. The amended
Hamiltonian can be used for determining the radiative corrections for other processes.

I. INTRODUCTION

ECENT measurements, for example the work

of Lamb and Retherford! on the fine structure

of hydrogen, indicate that calculations made on the

basis of the Dirac theory of the electron should be
modified.

This, however, does not necessarily indicate a
failure of the theory. Many calculations, for
example of atomic energy levels, are made without
taking into account the interaction of charged
particles with the radiation field. We might reason-
ably expect that when the radiative coupling is
properly considered the energy values would in
general be different from those calculated in the
usual way. The difficulty, however, is that the
energy values thus calculated are found to involve
divergent integrals. Thus each energy is infinite
and moreover the difference of energy between two
levels will in general be also infinite. It is for this
reason of course that the interaction is omitted in
the usual calculation. It is, however, significant that
the energy levels calculated with omission of this
interaction are only very slightly different from
those observed experimentally. Thus though the
radiative coupling gives rise to infinite level shifts,
yet in a very real sense it behaves as a small per-
turbation.

A separate aspect of the problem is due to the
fact that the ordinary one-electron Dirac theory is
incapable of explaining positron phenomena and is
moreover plagued by the negative energy solutions.
The Dirac hole theory disposes of these difficulties
and it is on the basis of hole theory that the present
calculations will be made.

It is well known that the introduction of hole
theory reduces the degree of the divergences which
are encountered. In place of linear divergences
which are encountered in the one-electron theory
we meet only logarithmic divergences. This has the

1W. E. Lamb, Jr. and R. C. Retherford, Phys. Rev. 72, 241
(1947).

important consequence that when we carry through
the renormalization of electron mass and charge,
to be discussed below, we shall get finite observable
effects due to radiative coupling. This would not be
true in the one-electron theory.

The other main result of introducing hole theory
is the phenomenon of vacuum polarization in the
presence of an external field, which also leads to
logarithmically divergent expressions. It has long
been recognized that the main effect of the vacuum
polarization is to effectively increase the electron
charge from e, to e where

e=eo(149),

Here K is a logarithmically divergent integral. We
argue that when the entire theory is eventually
modified for very high momentum exchanges a
result will be to make K convergent and of order
unity or smaller. Without this belief indeed the
application of a perturbation theory would be
senseless.

But now with the argument that the measured
charge ¢ includes the additional ‘“‘induced” charge
we see that the term in the Hamiltonian of the
system which corresponds to this renormalization
should be omitted. The residue is then interpreted
as the physically observable part of the interaction
which produces the vacuum polarization.3

In precisely the same way it has been argued‘—*
that the infinite energy which arises when we
consider the radiative coupling (without the vacuum
polarization terms) is mainly due to a term which

s~(e*/hc)K.

2'W. Heisenberg, Zeits. f. Physik 90, 209 (1934).

3V. F. Weisskopf, Kgl. Danske Vid. Sels. 14, No. 6 (1936).

4H. A. Bethe, Phys. Rev. 72, 339 (1947).

¢ J. Schwinger, Phys. Rev. 73, 416 (1948).
( "JS.)Schwinger and V. F. Weisskopf, Phys. Rev. 73, 1272
1948).

7Z.Koba, T. Tati and S. Tomonaga, Prog. Theor. Phys. 2,
101, 198, 218 (1947).

8R. P. Feynman, Phys. Rev. 74, 1430 (1948).
( 9"41;1) M. Kroll and W. E. Lamb, Jr., Phys. Rev. 75, 388
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represents an increase in the effective electron mass.
The radiative coupling will be considered as a small
perturbation, its smallness being characterized by
the fact that in a future theory the electromagnetic
mass should be of the order (e?/hc)m, where m, is
the mechanical mass. Arguing as above we should
therefore subtract this mass renormalization term
from the Hamiltonian. The residue will then give
rise to observable effects. The separation of the
mass renormalization term is however more difficult
than the separation of the charge term. We shall
consider the self-energy of a free electron (which
should of course be exclusively a mass renormaliza-
tion term) and we shall be guided by this in finding
the renormalization operator (the ‘‘mass’ operator)
in the case of an external field. The fact that the
self-energy of a free electron diverges, introduces
ambiguities in the determination of the mass
operator. The choice is determined in this paper
by requiring that the results be Lorentz invariant.
This is discussed in Section III of this paper. Some
evidence can be given that this determination is
unambiguous.

In the present work we shall consider an electron
in an external time-independent electromagnetic
field. We shall evaluate to the first non-vanishing
order the perturbation energy which results when
we add the radiative coupling to the Hamiltonian
of the system. We shall then separate out the part
which may be regarded as energy due to electro-
magnetic mass and also the terms corresponding to
a charge renormalization. The residue which will
be finite will be regarded as the true level shift.

II. THE PERTURBATION ENERGY

1. We consider an electron in a stationary state
Yo of an external time-independent electromagnetic
field. The state of the vacuum will be that where all
negative energy states are filled; the physical situ-
ation in which we are interested will have all the
negative energy states and one positive energy
state ¥, filled.

We regard the radiative coupling as a perturba-
tion. As the significant energy we take the difference
between the energies of the two systems: vacuum
plus one electron in y,, vacuum.

W= anc+1 - anc- (1)

We shall call W the perturbation energy. At first we
shall consider separately, in the usual way, the
transverse (electrodynamic) and longitudinal (elec-
trostatic) parts of the perturbation energy.

2. The electrodynamic energy (WP). We expand
A, the transverse vector potential of the radiation
field, in plane waves. We regard the wave function
function of the entire system as a function of the
photon and electron occupation numbers. For
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physical states where no photons are present we
then find that Hin=—e Y, «-A transforms as
follows: electrons

1
I‘Iim,“’—eh(Zﬂ'C)% Z ——’<\l’r*a't>‘

r, s k
A=1,2
Xexp(=ik-r/h)¢.)a.*a,

where a*, a are the usual electron creation and de-
struction operators and ( ) denotes a matrix
element. We take the * or ~ sign in the exponential
for transitions involving respectively, absorption or
emission of a photon. ¢, is a unit polarization vector
and e;rk=¢ey-k=¢;-e2=0. We shall often write
&\ = Q).

A second-order perturbation calculation with this
interaction gives

S Ao N (1=,
RN { E,—E,—ck

Ao NN,

B ck > @

where N, are the electron occupation numbers and
AP imn = (i*on exp(—ik-1/R)1)
X{m*on exp(+ik-r/h)gn). (3)
We then get

WP = WPX 4 PN, )
ox ac? rdk 5 A*orro )
= — —, d
472 E 7 Ey—E;—ckés
A=1,2
—ac [ dk
WDN = — 2 A s, (6)
272 k2 -

where > ,— means a sum over negative energy
states and 8;=E;/|E;| ==+1. We call WPX the
electrodynamic exchange energy and WP¥ the non-
exchange energy. The reason for this separation and
nomenclature will become obvious later.

3. The Electrostatic Energy (W%). The electrostatic
energy which represents the Coulomb interaction
energy and self-energy of the electrons can be
written as the average value of the operator

drdr’
1e? f (X | @) |

[r—r|’

where x=3_ a,¢, and as before the @, and ¢, are
the electron operators and eigenfunctions. The
product { } is the spin scalar product.
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We now find as before that W5 can be divided
into exchange and non-exchange parts.

WS = WSX L SN, %)
ac dk
WSX=— | — 3 A4ss0dy, 8
47?2 k2
ac dk
WSN=— | — 3 A%, 9
27?2 k2~

where A%im. is as defined before with the under-
standing that ay=1.

4. Symmetric Form of the Perturbation Emnergy.
The expressions above for W2 and W* are in dif-
ferent form corresponding to the fact that we have
divided the total field into two parts and treated
each part in a different fashion. We may now write
W5 in a form closely analogous to W?. This is of
little importance in calculating W% and W? since
the two methods will of course give the same result.
But the difference will be found to be of importance
when we later consider the subtraction procedure to
eliminate the energy due to electromagnetic mass.

If H be the one-electron Hamiltonian, ¢, and E,
its eigenfunctions and energy values, we have

(Yu*[H exp(£ik-1/k) —exp(£ik-r/h)H [¥n)
= (En—En)n* exp(£ik-1/h)Ym).
But
H exp(xik-r/h) —exp(xik-r/h)H
=+ca-kexp(xk-r/h).
So
(En—Eun){¥s* exp(Lik-1/h)¥m)
= dck(Y *ar exp(£iKk-1/h)Ym),
where ay=(1/k)e-k.

(10)

Using this we find that we may write
ac? rdk 1
k ; (Eo—Es—ckés)
X {A3%s750—A%sro}, (11)

where in 43, ax is replaced by ax.
Adopting now the convention that

2N FQ\)=FQ1)+FQ2)+F(3)—F#4),
we have
WX= WSX+ WDX
ac? dk

(12)

AXOJJ'O

> (13
4x? k N (Eo—Ej;—ckés) 19
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In evaluating the sum over A we can most simply
take ayx=a, aq, az, 1.

To combine the non-exchange terms we note that
A%0s7=0 (by an application of (10)). We find too
that

f(dk/k2)A)\klmn=ZWZhB)‘klmny (14)
where
-B)'klmn=f {‘//k*(r)a)\'l/l(r)}

X {Ym* () ara(r) } (drdr’/ [ r—1']).  (15)
Then
WN=WPN L WSN = —2 3/ Bhooss

AN
- f[PO(r)Pneg(r,) —(1/¢)Jo(x) - Jnee(r')]
X (drdr'/|r—1']). (16)

The last step follows from the definition of B*;im»
and the identification of ece as the current operator.
po and Jo are here the charge and current densities
due to the electron in ¥o; pneg and Jneg are the den-
sities due to the electrons in the negative energy
states.

To summarize we have now, for the total per-
turbation energy, WX+ W?¥ given by Egs. (13),
(16). We now examine each of these separately.

5. The Non-Exchange Energy. The non-exchange
energy has been considered by many authors, first
by Uehling 1 for the case of an external electrostatic
field. When the eigenfunctions occcurring in W¥
(Eq. (16)) are expanded in powers of the external
potential the zero order term gives simply the
interaction with the unperturbed vacuum electrons
which is of no physical interest. The first order
term contains a divergent charge renormalization
energy and a finite term AW? which we regard as
an observable effect. The higher powers are of no
interest to us. We get then

AWN = —a/157(h/mc)[V2V —ea-V2A s, (17)
where ¢="TV/e and A are the potentials for the
external field.

In the case of no external field, only the zero
order term remains and thus we may say that the
non-exchange energy vanishes for a free electron.

1 E. A. Uehling, Phys. Rev. 48, 55 (1935).
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6. The Exchange Energy. We now put WX (Eq.
(13)) in a form suitable for calculation. We treat
Yo exactly but expand the intermediate states in
powers of U=ep—ea-A where ¢, A refer to the
applied field. This procedure is clearly not accurate
for low-lying intermediate states. We therefore
restrict ourselves to values of k (the momentum
exchange) which are greater than éu where we con-
sider 6~1/137 and p=mc. For k<du we shall be
able to use the non-relativistic calculation of
Bethe.* The two parts of the result will join cor-
rectly.

—ac? pdk
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We expand ¢’ as
Uq,qJ'J
E;(9)—Es(q)

where ¢7(q) =u’(q) exp(2q-r/%) is a Dirac free
electron solution and U,,"* = {(¢*"(q) Us*(p)).

We insert this expansion for the intermediate
states into WX and collect together the terms of
different orders in U. We have then

WX =W+ WS+

where, for example,

(18)

V=¢'(Q+2 " (q)+- -+,

(19)

(Yo*ar exp(ik- r/h) ¢ ()™ (P ar exp(—1k-1/h)¢)

W()X —

- 472

__Z’ Sy

k 2. q

where E, is the energy of ¢, and
E(@ = +[cg+uc].

We introduce now the projection operators G+
which we shall use all throughout the calculation.
These operators when operating on free electron
states of momentum p —k select those of 4= energy.

e (p—k)+Bpuc
~ E(p-k

Gt= %[1 ]=%[1iH/E]. (20)

We write
(E(p—k)FE,+ck)=B,. (21)

We can now write the terms of WX as expectation
values in ¥, of certain operators. We get

ac® pdk Gt G-
W= —— —[Z' o ——————}ax] , (22)
472 kLA Bt B~ Av
ac® pdk GtU G+ G- UG~
WX =—o —[ 'axl — T
4‘7!'2 k A B+ B+ B_ B__
Gt UG~ G~ UG"'} ]
—_— a
B, B B_ B, )
ac? prdk Gt UG~
ke el
472 kL B+ B_
G- UGH
—_ }ax] . (23)
B— B+ Av

In the second part of WX we have
2¢ck
L= ,
E(p—K)+E(p'—k)

(24)

(E(q) —Eqbés+ck)

where it is to be understood that p stands to the
left of U and p’ to the right. Both WX and WX
diverge. The higher terms however are convergent.
It will become plain later that the higher terms will
not contribute to the level shift and it is for this
reason that we have written no terms of higher
order than WX above.

III. THE ELECTROMAGNETIC MASS OPERATOR

We must now separate from WX that part W¥
which is due to electromagnetic mass; or, more
generally (for use e.g. in scattering problems), we
should find an operator M which represents the
e.m. mass effect. This operator, which should be
proportional to the Dirac operator 8, will then be
subtracted from the one-electron Hamiltonian in
accordance with our idea of mass renormalization.
For level shifts we subtract from WX the average
value W™ of this operator in ¥,.

We proceed as follows; let us find an operator R
such that for a free electron in the state ¢ the self-
energy is (¢*R¢). We would then like to argue that
R is the desired mass operator M. There are how-
ever ambiguities. The self-energy of a free electron
involves only the diagonal elements of an operator
(in terms of free electron solutions) and thus from
the self-energy the non-diagonal elements cannot
be determined. Thus M is determined by the above
procedure only to within an operator with no
diagonal elements.

The ambiguity may be removed by definitely
choosing M so that it is a multiple of Bu. We meet
here the fact that M is divergent and we encounter
all the difficulties involved in handling infinite
quantities in an unambiguous fashion. (For example
the usual calculation for the free electron self-
energy does give for the divergent part a term in
Buw but there are finite terms not of this form.)
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One method of treating the problem is the rela-
tivistic “cut-off”’ procedure introduced by Feyn-
man.? This method avoids the ambiguity by modi-
fying the electromagnetic interaction so that the
divergent integrals become finite. We shall not
discuss the procedure at this point though in part
V we shall give a simple application of it.

Alternately we shall use as a criterion the re-
quirement that the result, for the level shift in an
external field be in a relativistically invariant form.
Specifically we shall calculate the level shift in both
an electrostatic and a magnetic field and combine
the results to give the level shift in a general e.m.
field. We will find that this may be written as the
average value of the following operator

c1ed —coee- A3t (h/mc)2SV +cy(eh/2mc) o - H

+ (h/mc)?V2(csp —ceea-A), (25)
where ST is the operator which enters in the inter-
action of a magnetic moment with the electrostatic
field. It is defined later by Eq. (36) and its rela-
tivistic equivalent is (mc/h)iBa-VV. The ¢'s are
numerical constants of order a. For an invariant
result we must have ¢;=c¢,, c3=c4 (also cs=cs but
we shall not however calculate c¢g). We shall
require that M be so chosen that these conditions
are satisfied. It will be noted that when ¢;=c, the
first two terms simply form a charge renormaliza-
tion term of no significance. It will however turn
out that ¢;=c¢o=0. The identity of ¢; and ¢4 insures
that the correction to the magnetic moment will be
identical if measured by the interaction with an
electrostatic field or with a magnetic field.

We see from Eq. (22) that we can write the self-
energy of an electron with momentum p as

a)‘G*'a)\

—ac? pdk
W(self) = ¢ f_[‘z/{
47 kL |E(p—k)—E(p)+ck

a)‘G_ax

- - o
E(p—k)-+E(®)+ck |

We therefore define

ac® pdk 1
=2 -_zf[axamx
4r2J B X E(p—k)—H(p)+ck
1
G ] @7)
E(p—k)+H(p)+ck

B. FRENCH AND V. F.
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where H(p) =ca-p+Buc and is to be interpreted in
the obvious fashion.

We note that consideration of W(self) does not
distinguish between E(p) and H(p) in the denomi-
nators above. It has been pointed out to the authors
by Professor F. J. Belinfante that the require-
ment of symmetry between electrons and positrons
demands the use of H(p) and not E(p). We shall
use M as given above for calculating the level shift.
Strictly speaking, the mass operator should be
written as 3(M+ M*) where M+ is the adjoint to
M and differs from (27) by having the denominators
placed to the left side of axG*ay. This is of no
account for the Lamb shift calculation, but is
important for scattering problems. There is still an
ambiguity to be resolved. If we had written the
self-energy not in the form above but, for example,
in the more usual form given by Egs. (5), (8) with
the electrostatic and electrodynamic energies sepa-
rated, then clearly we would have written a dif-
ferent mass operator (say M’) which would have
different non-diagonal elements than M, though its
diagonal elements would coincide with W(self).
With some manipulation the difference between M
and M’ can be evaluated. Neglecting terms of order
higher than (p/u)* we find that M —M'=T,

T=a/@3rm)[Bp*—pa-p]. (28)
It has indeed been pointed out by Kroll and Lamb?
that any operator, not higher in order than (p/u)?,
whose diagonal elements are zero is equal to a
multiple of 7. Thus any operator which has the
same diagonal elements as the correct mass operator
must differ from it only by a multiple of 7. This
fact can be used to justify the mass operator (27).

For an applied electromagnetic field given by ¢, A
(where V=e¢) we find by use of the Pauli approxi-
mation to the Dirac equation that

Wo*To) = (a/ 6) (h/mc)*\Yo* S Vipo)

+(a/37) (Yo ea Ago).  (29)

Thus the addition of a multiple of T to any mass
operator changes the values of ¢, and ¢; in the
resultant level shift (25) but leaves ¢; and ¢4
unaltered. We may choose this multiple of T so
that c3=c4 If at the same time we find ¢;=c; we
may conclude that the resultant mass operator M
is the correct one and that this choice of M is
unambiguous since a different choice must neces-
sarily lead to a non-invariant result.

We remark finally that M, defined by (27) does
give the desired invariant result. This will be
shown in IV and V; it will be found that the mag-
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netic moment term will be invariant (i.e., c3=c¢4)
without using any special precautions in handling
divergent integrals which enter in the calculation.
More care must be taken with the charge term and
we shall indeed use the Feynman cut-off® to evaluate
it. Its value will then be zero.

IV. THE LEVEL SHIFT IN AN ELECTROSTATIC
FIELD

It is convenient to consider separately the cases
of an external electrostatic and a magnetic field.
We now briefly outline the detailed calculation of
the level shift for the former case. We have for the
level shift (exclusive of AWY given by Eq. (17)).

AWX = WX — WM = WX —[ M. (30)

In anticipation we may say that the order of the

level shift is

(a/#2) [Pz V]AVN (a/uC)[ VZ:]AV-

Thus in the expansion of WX we need terms up to
W2X. On the other hand the only terms in W.X not
smaller than the order of the level shift are terms in
[ V*]u; we would expect such terms to be canceled
exactly since V2 is not a gauge invariant quantity.
It has been verified that this is so, and for this
reason the expansion of WX is now carried only to
first order. We have
AWX=W&+W X —WH, (31)
We combine W¢* and W¥ and then to eliminate
the H(p) in the denominator we introduce the
operators H* which decompose ¢, into its positive
and negative energy parts.

1 ca-p+PBucy 1
Hi=—[1:t———}=—[1:|:

H(p)
2 E(p) 2 __] (32)

E(p)

We get then W& —WM=W,~+ W,

—ac® pdk Gt
i [ e
A 42

G- H-
+oa—anH*+ } V] . (33)
B_2 B.B_l 1

W' is of second order in V. (It is Wy’ which cancels
the V2 terms in W>X.) Combining WX and W, we
now find that we can write AW¥ as the sum of four
separately convergent terms.
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ac? pdk Gt
AWX =— f —[Z’{ar‘—-ax
472 BLA B.?

+
G- 1
+ ayx—onn— IH_ V]
" BB N
ac? rdk Gt 1
+— f —-—[Z’a)‘l——(E V—VE)—
472 ELx B.? By

G- 1
+—(EV- VE)——}ax]
15’_2 B Av

ac? dk[ ) { G+ VG~
Q\
1\

42 B, B_
G~ VG+
55 |7
B— B+ Av
ac® rdk G* G-
- f—[Z'axl—VG"-i——VG““}
47['2 k A + B_
1 1
X)[—+—‘}ax:l . (34)
lB+ B_. Av

In (34) and elsewhere we have
E=E(p—k)=c[p*+(p—k») ]}

and G%, B, are given by (20), (21). Each of these
terms is now calculated. The procedure is to
expand, B, E in powers of k-p keeping as many
terms as will contribute to the effect (no higher
than $? in any case). Such expansions are valid for
all k. We then integrate over directions of k and
finally over the magnitude of k. In the last step
we meet only convergent elementary integrals of the
form JSk"/(QmA,7A_%) where

Q=c[u2+k7], Ax=QFEo+ck.

Since we concern ourselves only with non-rela-
tivistic ¥, it is convenient to use the Pauli approxi-
mation to the Dirac equation to reduce various
operators to their non-relativistic equivalents. We
then find that all operators occurring reduce to a
combination of the two

(33)

ViV, SV=(Q1/m)VV-eXp—3iV?l. (36)
In SV we understand that VV-e¢Xp=0 for s states.
The relativistic form of SV is (mc/h)iBa-VV.

We find the following result for the four terms
of AWX. Writing each term as

a/3m(h/me)* LoV Vn+p(SVIM],  (37)
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we find, respectively, for the four terms of AWX (34)
p1=0, pe=%1né+%1In2-3,
p1=7%Ind+%1n2+4%, p2=0,
pr=—11n2+35/24, pr=—11n2+1,
pi=—%In64+31In2-9/8, ps=—31Iné—In2—-3,

(38)

where, as mentioned above, éu is the lower limit
of the % integration and we consider §~1/137.

Now adding the four terms above, together with
the Bethe non-relativistic result! which joins on
correctly and AWY given by Eq. (17), we get for
the total level shift

-2 ()

» db 11 1y 3
X[f __1n2+_——}——(SV>Av], (39)
K k 24 51 4

where ck, is the Bethe lower limit.

We record also the results of separate calculations
of the shifts due to electrodynamic exchange terms
(A=1,2) and the electrostatic terms (A=3,4).
Writing as above, we have:

For AWPX, p1=f (dk/F) —In2+35, pr=1.
ko

For AWSX, py=—5%, po=—1.

The spin term in the level shift has the form of
the interaction of a magnetic moment with the
electrostatic field. It gives a surplus magnetic
moment of the electron a/27 Bohr magnetons, a
result first given by Schwinger.?

For hydrogenic atoms of principal quantum
number # we have

(k/me) V2V )n=8a*(T*/n*)Ry, (I=0),
=0, (#0),
(40)
T 1

1/mc)XSV )= —4a?—Ry——
(B/meXSV) w412+ 1)

(G=1+D),
T4

1
= +4a>—Ry———

, (GG=1-1).
nt o 1204+1) (G=t=%)

Then for the n=2 states of hydrogen we use the
value for S k*dk/k given by Bethe!! (=7.6876) and

1 H. A. Bethe, Solvay Report, 1948.
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we find the following level shifts, which we write in
terms of the corresponding frequency :

¥(251/2) = +1034 mc/sec.
v(2p172) = —17 mc/sec.
v(2p3/2) = +8 mc/sec.

Thus the 2sy/, state, which by the Dirac theory is
degenerate with the 2py,, state, will on the present
theory be higher by an energy corresponding to
1051 mc/sec. This is in agreement with the measure-
ment of Lamb and Retherford.!

V. THE LEVEL SHIFT IN A MAGNETIC FIELD

We repeat now the calculations for the case of
an external magnetic field. We shall be content
with verifying the magnetic moment result derived
in IV and shall not calculate the term in «-V?2A.
We have for the applied field U= —ea-A. The
order of magnitude of the level shift will be

AWX ~a[u-H]y~alea- Ay

where u is the magnetic moment operator. We may
thus neglect terms in A? and p?A.

Expanding the intermediate states in powers of
U, it will be sufficient to consider terms of order
zero and one. Since o) does not commute with U,
the manipulations used in 1V to write AWX as the
sum of individually convergent terms will not be
useful.

As before AWX=W X+ W/, where Wi/'=WZ&
— WM, WX is found by taking U= —eea-A in Eq.
(23) and W, comes from Eq. (33) by changing V
to —ea-A.

We now calculate each term using the same pro-
cedure as in IV. We consider non-relativistic ¥ and,
in various convergent terms, we use the Pauli
approximation to the Dirac theory, to reduce
various operators to their non-relativistic equiva-
lents. We find one essential difference in the cal-
culation. Whereas for the electrostatic field no
divergent integrals entered the actual calculation,
this is not the case for the magnetic field. This will
have an important consequence to be seen later.

W1 is easily evaluated. Much more work is
required for W,X. We write each term in the form

ea/2n[ pra- A+ po(h/mc)o- H

+p3(1/mc)(A-p+p-A)Jn. (41)
We find
for W':
1 1
Pu=2f kdk[ +—],
pP2= p3= 21né+2 11’12, (42)
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for WX (1st term)

1 pkip 1 1 2
S £
3J olar 42 4,4

p2=—Inéd— % In2—3,

(43)
p3=—Ind—£In2—(5/12),
for Wi¥ (2nd term)
Rk 2 k4
pP13= — Zf _= f ’
QA A 3J Q*4.4_
p2= - % ln21
(44)

pP3= "—% ln2+%.

The integrals appearing in each p; are logarith-
mically divergent. Q and 4 4 are as given in (35).
The range of integration is from du(d~1/137) to .
If now we evaluate the integrals without taking
special precautions because of their divergent nature
we find the following values:

P11=f(dk/Q)-2 Iné—21In2—-1,
pr2=— %f(dk/Q)-}-% In2,

piy= -%f(dk/Q)—-% In2+2.

We note, of course, that the divergent integrals
cancel. We now add the terms and use the Pauli
approximation :

2;1((1 . A>A\, = [A p+p A+h0H:|Av

We now find that we may write, for the level shift,

al —ekh «
AWX = —-——[———u . H] ——T[ea-Ala. (45)
27wl 2mc Av 6r

We thus get once again /27 Bohr magnetons for
the surplus magnetic moment of the electron. The
magnetic moment term in the level shift is therefore
invariant or in terms of (25) we have c;=c4. (Note
that the Pauli approximation which we have used
does not distinguish between Bo-H and e¢-H.)
However comparison of (45) with the electrostatic
level shift (39) shows that the condition ¢;=c; is
not satisfied. This can be easily remedied by a
better treatment of the divergent integrals ap-
pearing above in the p;'s. We shall use the rela-
tivistic cut-off procedure described by Feynman.?
For our purpose this may be described as follows:
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In every integral appearing we replace % by
w=(k*+4N?)} wherever k represents an energy: We
now evaluate the integrals for the two cases: A=0
and X large (say not smaller than 137u). In doing
this we take K as the upper limit of the integration
where K>>\. We then subtract the result for large
A from that for A=0 and then allow K— .
Finally we may allow A— «.

A little consideration will show that if an indi-
vidual integral is convergent this procedure will not
change its value. Thus the results of IV will be
unchanged. We must consider the divergent inte-
grals in AWX (magnetic case). For A=0 the values
will be as found before with an upper limit K on
the integrals JS'dk/Q. For large N we have
A+—(k+w), Q—k, dk/k—dk/w and thus kdk
—(k%dk/w).

Then each separate integral in W)’ and the first
term of WX becomes

K

f [k2%dk/w(k+w)?]=1, say.
8

The total contribution of these terms for large A is
thus
a/2m{eaA)n {(8/3)1:}.

The structure of the integrals in the second term
of WX is different. For these integrals come from
termsinvolving L=[2ck/E(p—k)+E(p’ —k) J~w/k.
Thus each integral here becomes, for large A,

f [kdk/(k+w)?]=1I, say
5

and the total contribution for large X is
a/2m{ea- Ay { — (8/3)12}.

Thus we must subtract from AWX given above (Eq.
(39)) the following term
4(1/37!‘(8(!'A)AV{I1"'12}. (46)

I, and I, are easily evaluated. Neglecting terms
which do not contribute in the limit we find

L= InQ2K/N) — 1%,
Il‘—Io: *%‘

I,=%In(2K/N) — 1%,
(47)

The term to be subtracted from AWX is then
— (a/67){ea- A)s. We thus get

AWX =a/27x[ — (eh/2mc)a-H ]y (48)
giving in (25) ¢;=0=¢; and clearing up the dif-
ficulty of non-invariance. It might be noted that the

divergent terms which enter the calculation involve
only the operators U=V or —ea-A and thus any



1248 J. B.

error due to improper handling of divergent in-
tegrals will result only in a violation of the condition
c1=c¢s in (25). An error of this sort can be corrected
by simply omitting any V and ea-A terms in the
result.

VI. COMPARISON WITH OTHER WORK

The results derived here are in agreement with
those of Kroll and Lamb.? Standard perturbation
procedures are used in both papers. Kroll and Lamb
do not introduce a mass operator however, but cal-
culate instead the value of the perturbation energy
(1) and omit afterwards all terms independent of
the external electrostatic field. Their treatment of
the ambiguities differs from ours only in the fact
that they do not use their own methods to calculate
the energy shift in a magnetic field but use the
criterion that the surplus magnetic moment in an
electrostatic field should be equal to that pre-
viously measured by Kusch and Foley® and cal-
culated by Schwinger.5

An expression for the level shift has also been
derived by Feynman.® His procedure differs from
that used here in that the ambiguities in handling
the divergent quantities which normally appear are
removed by introducing a relativistic cut-off. For
processes in which the actual value of the Feynman

12 P, Kusch and H. M. Foley, Phys. Rev. 72, 1256 (1947).
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cut-off is unimportant (e.g., the level shift), his
results should agree with ours. Apart however from
the non-exchange level shift AWM (the Uehling
terms given by (17)) which Feynman deliberately
omits, there is a discrepancy, of value §(a/3m)
X (h/mc)*[ V2V ], between the two values (Eq. (39)
above and Feynman's Eq. (19)). This is due to an
incorrect joining of Feynman's result with the
non-relativistic result of Bethe. In order to join at
a momentum k¢, Feynman introduces a small
light quantum mass N and then integrates down to
E=0. The correspondence between X and £k, is
given as In\=In2k,— 1. Examination of AWX (34)
shows that the correct transformation is InA
=1n2ko— % and when this is applied to Feynman’s
Eq. (18) the result agrees with the exchange level
shift given above.

The formalism introduced by J. Schwinger,®® in
order to express quantum electrodynamics in a
more obviously relativistic form, leads to results
identical with ours for the electromagnetic level
shift.
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13 J. Schwinger, Phys. Rev. 74, 1439 (1948).



