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If one supposes that a particle with a single magnetic
pole can exist and that it interacts with charged particles,
the laws of quantum mechanics lead to the requirement
that the electric charges shall be quantized—all charges
must be integral multiples of a unit charge e connected
with the pole strength g by the formula eg=3}kc. Since
electric charges are known to be quantized and no reason
for this has yet been proposed apart from the existence
of magnetic poles, we have here a reason for taking mag-
netic poles seriously. The fact that they have not yet been
observed may be ascribed to the large value of the quantum
of pole.

In 1931 I gave a primitive theory which described the
motion of a pole in the field of a charged particle whose
motion is given, or the motion of a charged particle in the

field of a pole whose motion is given. The present paper
sets up a general theory of charged particles and poles in
interaction through the medium of the electromagnetic
field. The idea which makes this generalization possible
consists in supposing each pole to be at the end of an un-
observable string, which is the line along which the electro-
magnetic potentials are singular, and introducing dy-
namical coordinates and momenta to describe the motion
of the strings. The whole theory then comes out by the
application of standard methods. There are unsolved
difficulties, concerned with the interaction of a point
charge or a point pole with the field it produces itself,
such as occur in all dynamical theories of fields and par-
ticles in interaction.

I. INTRODUCTION

HE field equations of electrodynamics are

symmetrical between electric and magnetic
forces. The symmetry between electricity and
magnetism is, however, disturbed by the fact
that a single electric charge may occur on a
particle, while a single magnetic pole has not
been observed to occur on a particle. In the
present paper a theory will be developed in
which a single magnetic pole can occur on a
particle, and the dissymmetry between elec-
tricity and magnetism will consist only in the
smallest pole which can occur, being much
greater than the smallest charge. This will re-
sult in an enormous energy being needed to
produce a particle with a single pole, which
can very well explain why such particles have
not been observed up to the present.!

There are several kinds of particles in experi-
mental physics for which satisfactory theories
do not yet exist, and one may wonder what is
the value of postulating a quite new kind of
particle for which there is no experimental evi-
dence, and thus introducing a further complica-

1F. Ehrenhaft [Phys. Rev. 67, 63, 201 (1945)] has ob-
tained some experimental results which he interprets in
terms of particles with single magnetic poles. This is not a
confirmation of the present theory, since Ehrenhaft does
nat use high energies and the theory does not lead one to

expect single poles to occur under the conditions of Ehren-
s experiments.

tion into the study of elementary particles. The
interest of the theory of magnetic poles is that
it forms a natural generalization of the usual
electrodynamics and 4t leads to the quantization
of electricity. One can set up consistent equations
in quantum mechanics for the interaction of a
pole of strength g with an electric charge e,
only provided

eg=13nhe, (1)

where 7 is an integer. Thus the mere existence
of one pole of strength g would require all elec-
tric charges to be quantized in units of 3kc/g
and, similarly, the existence of one charge would
require all poles to be quantized. The quantiza-
tion of electricity is one of the most fundamental
and striking features of atomic physics, and there
seems to be no explanation for it apart from the
theory of poles. This provides some grounds for
believing in the existence of these poles.

I first put forward the idea of magnetic poles
in 1931.2 The theory I then proposed was very
incomplete, as it provided only the equations of
motion for a magnetic pole in the field of charged
particles whose motion is given, or the equations
of motion for a charged particle in the field of
magnetic poles whose motion is given. The pres-
ent development provides all the equations of

2 P. A. M. Dirac, Proc. Roy. Soc. A133, 60 (1931).
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motion for magnetic poles and charged particles
interacting with each other through the medium
of the electromagnetic field in accordance with
quantum mechanics, and is a complete dy-
namical theory, except for the usual difficulties
of the appearance of divergent integrals in the
solution of the wave equation, arising from the
reaction on a particle of the field it produces
itself, which difficulties are of the same nature
in the present theory as in the usual electro-
dynamics.

II. THE CLASSICAL EQUATIONS OF MOTION

We shall work all the time with relativistic no-
tation, using the four coordinates x,(x=0, 1, 2, 3)
to fix a point in space-time and taking the
velocity of light to be unity. The electromagnetic
field at any point forms a 6-vector F,,= —F,,.
We shall need to use the notation of the dual
(F1)w of a 6-vector F,,, defined by

(FT)OI_—-F?& (FT)23= '-F01,

together with the equations obtained from these
by cyclic permutation of 1, 2, 3. Note that

(Ftt)w= —Fu ()
and, with a second 6-vector G,,,
(F)wG* = Fu(GT)*".
The ordinary Maxwell equations are
0F,,/0x,= —4mj,, (3)

where j, is the vector formed by the charge
density and current, and

(Ft) wv/ 9%, =0. 4)

Equation (4) asserts that the divergence of the
magnetic flux vanishes, and must be modified in
a theory which allows single poles. The density
of poles and the current of poles will form a
vector k, which is the magnetic analog of j,,
and Eq. (4) must be replaced by

(F1) /0%, = — 4wk, 4")

The world-line of a particle may be described
by giving the four coordinates z, of a point on
it as functions of the proper-time s measured
along it,

2, =2,4(5).
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A particle with a point charge e gives rise to a
contribution to j, which is infinite on the world-
line and zero everywhere else. We may express
it with the help of the §-function, and then
have for the charge-current vector at an arbi-
trary point x

)= e f (d/ds)su(x—2)ds, (5

where the function §, is defined by
84(x) = 8(x0) (1) 8(x2) 8(x3),

and Y, denotes the sum over all charged par-
ticles. Similarly, if the poles g are concentrated
at points,

k() =S¢ f (dz,/ds)ss(x—2)ds,  (6)

where ), denotes the sum over all particles
with poles. Equations (3), (4’), (5), and (6) fix
the field when the motion of the particles and
the incident radiation are known.

The motion of a charged particle is given by
Lorentz’s equation

m(d?z,/ds?) =e(dz’/ds) F,.(z).

We may assume the analogous equation for the
motion of a pole

m(d’z,/ds%) = g(dz’/ds) (F1) w(2). (7

The field quantities F,,(2) occuring here are to
be taken at the point z where the particle is
situated and are there infinitely great and singu-
lar, so that these equations do not really have
any meaning. It becomes necessary to make
small changes in them to avoid the infinities.
A method frequently used is to depart from the
point charge model, which involves replacing
the 8, function in (5) by a smoothed-out function
approximating to it; and one could apply a
similar procedure in (6) for the poles. But this
method leads to an additional mass for the
particles which does not transform according to
the requirements of relativity. A possibly better
method consists of introducing a limiting process,
making a small change in the field equations in
such a way that there is no additional mass for
the particles in the limit. The resulting theory is
not Lorentz invariant before the limit, but is
Lorentz invariant in the limit. This method will
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be adopted here. It will require a slightly modi-
fied field function F,* to occur instead of F,,
in Egs. (3) and (7), so that we have the four
equations of motion

OF,*/dx,= —4mw 3. ef (dz,/ds)és(x—2)ds, (8)

3(F)/0%, = —4r Ty g f (d5,/ds)84(x—2)ds, (9)

m(d?z,/ds?) =e(dz’/ds) F,,(2) (10)
for charged particles, and
m(d’s,/ds*) =g(dz’/ds) (F)w*(z)  (11)

for particles with poles. These equations, to-
gether with the equations that connect F and
F* which are linear and will be given later,
form the complete scheme of equations of mo-
tion. They are valid with arbitrary values for
the €’s and g's of the various particles.

III. THE ELECTROMAGNETIC POTENTIALS

To get a theory which can be transferred to
quantum mechanics we need to put the equa-
tions of motion into the form of an action prin-
ciple and for this purpose we require the electro-
magnetic potentials. The usual way of intro-
ducing them consists of putting

F,,=04,/3x+—34,/dx", (12)

but this is no longer possible when there are
magnetic poles, since Eq. (12) leads to Eq. (4)
and thus contradicts (9). Therefore, it is neces-
sary to modify (12).

If we consider one instant of time, Eq. (12)
or (4) requires that the total magnetic flux
crossing any closed surface at this time shall be
zero. This is not true if there is a magnetic pole
inside the closed surface. Equation (12) must
then fail somewhere on the surface, and we may
suppose that it fails at only one point. Equation
(12) will fail at one point on every closed surface
surrounding the pole, so that it will fail on a
line of points, which we shall call a string, ex-
tending outward from the pole. The string may
be any curved line, extending from the pole to
infinity or to another pole of equal and opposite
strength. Every pole must be at the end of such
a string.
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The variables needed to fix the positions of the
strings will be treated as dynamical coordinates
and momenta conjugate to them will be intro-
duced later. These variables are needed for the
dynamical theory, but they do not correspond to
anything observable and their values in a spe-
cific problem are always arbitrary and do not
influence physical phenomena. They may be
called unphysical variables.

Unphysical variables have occurred previ-
ously in dynamical theory. For example, in
ordinary electrodynamics the extra wvariables
needed to describe the potentials when the field
is fixed are unphysical variables. A more ele-
mentary example is provided by the azimuthal
angle of a rotating body which is symmetrical
about its axis of rotation. Unphysical variables
can always be eliminated by a suitable trans-
formation, but this may introduce such a lack of
symmetry into the theory as to make it not worth
while. (The unphysical variables describing the
strings could be eliminated by imposing the
condition that the strings must always extend
in the direction of the x;-axis from each pole to
infinity. With the strings fixed in this way no
variables would be needed to describe them, but
the symmetry of the equations under three-
dimensional rotations would be completely
spoilt. The physical consequences of the theory
would not be affected.)

Each string will trace out a two-dimensional
sheet in space-time. These sheets will be the
regions where Eq. (12) fails. Each sheet may be
described by expressing a general point y, on it
as a function of two parameters 7 and 74,

Yu=Yu(ro, 71).

Let us suppose for definiteness that each string
extends to infinity. Then the parameters 7o and
71 may be arranged so that 7,=0 on the world-
line of the pole and extends to infinity as one
follows a string to infinity, and 7, goes from — «
to « as one goes from infinite past to infinite
future.

Equation (12) must be replaced by an equa-
tion of the form

F,.. = aA,/ax"-— 6A,/6x'+41r ZD(GT)MH (13)

where each (Gt), is a field quantity which
vanishes everywhere except on one of the sheets.
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and the summation is taken over all the sheets,
one of which is associated with each pole. Sub-
stituting (13) into (9) we find, remembering (2),

aG,.,/ax,,=gf (d2,/ds)d4(x—2z)ds. (14)

This is the equation which determines G,,.
It is easily verified that the solution of Eq.
(14) is

ad ayv ay ayv
G“,(x)-_-gff(_fﬁ___“_)
aTo 01’1 61’1 61-0
X54(x—y)dTodT1, (15)

integrated over the whole sheet. In fact (15)
gives directly

0Yu 8Y» 0¥, 0y 084(x—)
f f (_“ e -———f——-)———————d-rodﬁ.
a‘ro dr1 0711070 ax,
ff(ayu Yy 9y ay»)
=—g _———
979971 971979

9d4(x—y)
X__.___—____

drodT,
ff(ayu 984(x—y)
=—£
a‘fo Tl

3y, 084(x—7y)
o _L__)d,odn_
an

ax,
ay,

d7o

From Stokes’ theorem, for any two functions U
and V on the sheet,

ff(aUaV aUaV)d
019071 971070

% %4
=fU(——d‘ro+—dn), (16)
a‘ro 61'1

the left-hand integral being taken over any area
of the sheet and the right-hand integral along
the rim of that area. Putting U=0.(x-y), V=1y,,
and applying the theorem to the whole sheet,
so that the only part of the rim not at infinity
is the world-line of the pole, we get

3G, /0%, = f 542 — ) [9yu(r0,0) /37 Jdra,
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which agrees with (14), since y,(ro, 0) =2,(s)
with 7o some function of s.

With given world-lines for the particles, the
solution of the field equations (8) and (9) for
which there is no ingoing field is called the re-
tarded field. It is connected by (13) with the
retarded potentials. The retarded potentials con-
sist of a contribution from each particle, de-
pending only on the world-line of that particle
and on the sheet attached to it in the case when
the particle has a pole. These contributions may
be conveniently expressed with the help of the
Lorentz invariant function J(x) defined by

J(x) =28(x,x*) for x>0, a7
=0 for x0, <0,
or by

J(x) =r"18(x0—7),

7= (x12+x"+ x5 %

The function A(x) of Jordan and Pauli is con-
nected with J(x) by

Alx)=J(x)—J(—x). (18)
It is easily verified that
OJ(x) =4wrds(x). (19)

(One can check this result in the neighborhood
of the origin by expressing the integral of [01J(x)
over a small four-dimensional volume around the
origin as a three-dimensional surface integral
over the boundary of that volume.)

The contribution of a charged particle to the
retarded potentials is, according to the Lienard-
Wiechert formula,

- J

A.*%(x),.= ef J(x—2)(dz,/ds)ds.

-0

(20)

(A* is put on the left here instead of 4 since the
field F* occurs in (8)). The corresponding for-
mula for the contribution of a pole is

ay* dy* aJ(x—17y)
———dredm1

Ar(x)n=gfr)p¢f (21)

970 971 0%,

integrated over all the sheet, where €,,, is the
antisymmetrical tensor of the fourth rank with
enrzs=1. To verify (21), we note that it leads to

A vre ay* dy» 32T (x—1y)
e#rab =ge“""ﬁe,)‘,,,f — — ——————d7red71.
IxH dT1o 071 ay"ay,
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Using
B0 = 8348,°8,5+ 5,485+ 8,465, — (eB),

where —(af) means that we must subtract all
the preceding terms with « and B interchanged,
we get

ﬂ f f { 2 J (x—y) ay“+621 (x—y) 9y#
ekve —_ —
dxk aToayﬁ a7y

aTlay,, a‘ro
dy* dyf
+22 20— |drodri— ()
aTo aT)_
aJ(x—y)] dz=
=gf[———————] —ds— (af) +47rG=#,
dys y=2 A4S

with the help of Stokes’ theorem (16), and (19)
and (15). According to (13), this gives the re-
tarded field

(FT)NQ# = envaBaA vre/ax“ - 47I'Ga5,
aJ(x—2) dz*
-t [ as—n),

=— aB,ea/axﬂ+ 0B, f/0%a, (22)

with

B.o=g [Ja—o@m/agis.  @3)
This is seen to be the correct value for the re-
tarded field produced by a pole, from the analogy
of (23) to the Lienard-Wiechert potential (20).

In the usual electrodynamics the potentials
are restricted by the condition

94,/9x, = 94,*/dx, = (24)

This condition can be retained in the present
theory, as it is satisfied by the retarded poten-
tials (20), (21). The two forms of (24) are equiva-
lent because of the linear connection between
the starred and unstarred field (see Eq. (29)).

0 or

IV. THE ACTION PRINCIPLE

The action integral of ordinary electrody-
namics may be expressed as a sum of the three
terms, I+ 1.+ I;, where I, is the action integral
for the particles alone,

Il=z,mfds,
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I, is the action integral for the field alone,
I,=(16m)! f F,, Frdix, (d*x =dxdx1dxdxs),

and I; is the contribution of the interaction of
the charges with the field,

Li=F.e f A7(2)(dz/ds)ds. (25)

The F,, in I, are to be regarded as functions of
the potentials.

The same action integral will do in the present
theory, provided the sum in I, is extended to
include the particles with poles as well as those
with charges,

L=Y.pm f ds. (26)
No further term is needed to give the interaction
between the poles and the field, this interaction
being taken into account in I, in which F,, is
now to be regarded as a function of the potentials
and the string variables y,(ro, 71) given by (13)
and (15).

In order to avoid infinities in the equations of
motion arising from the infinite fields produced
by point charges and poles, we shall make a
small modification in the field equations, by
replacing I, by

Iz'=(161r)"‘ffF,.,(x)F"'(x’)'y(x—x’)d‘xd‘x',

where y(x) is a function which approximates
to the function 84(x), and is made to tend to
34(x) in the limit. We shall assume that

‘Y(_x)=7(x)1 (27)

and shall assume other properties for y(x) as
they are needed, but the precise form of v(x)
will be left arbitrary. We may write I, as

I, = (161)"1fF,.,*(x)F‘"(x)d‘x, (28)

using the notation that for any field quantity
U(x),

U*(x) = f Ul y(x—2)d'.  (29)
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It will now be verified that the variation of
I=I 1+ I 2'+ I 3

leads to the correct equations of motion. The
variation of I, is well known and gives
0y=—3 crom f (d?s,/ds?) dz+ds. (30)

The variation of I3 may be carried out the same
as in ordinary electrodynamics and gives

=3, ef {[(04,/3x*) — (0A4,/3x") ] cm 02"

+ (84,) 2=} (dz’/ds)ds. (31)

The variation of I, gives, using (27)

oI = (87)) f f Fonl) 5P )y (3 — ') d'xdis’

= (8")“1fF,.*(x)6F“’(x)d4x.

Substituting for F* its value given by (13),
we get

oIy = — (47)_1f Fu*(904%/9x,)d*x

+32, f Fo*8(Gt)wd*x  (32)
= (4m)™ f (0 Fuw*/dx,) 6 A d*x
15, [((Phutseraw. ()
Using (15), the second term here becomes
ZII FT uv*d4 8
ef (Fhurasss [ f ——
=S [ [ [ A P
o8 “' 810 61’1 ! 4

9y* 8y ddy(x—y)
079 071

-Zoef [{n. (y)(fyoz—y—iiz—y;)

A(F1)w*(y) dy* dy”
|
a‘ro aT1

By’ld'rodn
a 4

y'}drodn
ay*
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s gff[t?((FT)u:*éy“) Zi’l

_ 6((FT),.,*6y“) 9y’

a(FT),",*(ay’ ay’
—_ —_ oyH

611 aTo ay' aTo 07’1
9y’ dy” ay* dy”

oyr—— ——6y') } drodmy
67'1 aTo 67-0 8T1

d »
—T,¢ f (F1w*(2) aznids

-zagfmz;iw:

a(F’r) ay* 3y’
i — —dy*dTodT,
6T0 a‘rl

A(F1)p*
oy*

(34)

by a further application of Stokes' theorem (16).
The total variation 67 is given by the sum of
(30), (31), (34) and the first term in (33).

By equating to zero the coefficient of 84*(x)
in 8I, we get precisely Eq. (8). By equating to
zero the coefficient of 8z* for a charged particle
we get

m(d?z,/ds?)
=e[(04,/0x,) — (04 ,/0x") J.=(dz’/ds).

This agrees with the equation of motion (10)
provided the charged particle does not lie on
any of the strings, so that G,,(z) =0. By equating
to zero the coefficient of §z¢ for a pole, we get
precisely (11). Equation (9) is a consequence of
Egs. (13) and (15), which express F,, in terms
of the potentials and string variables. Thus all
the equations of motion (8), (9), (10), and (11)
follow from the action principle 61 =0, provided
we impose the condition that a string must never
pass through a charged particle.

By equating to zero the coefficient of the
variation §y* in a string variable, we get

O(F1)w*/0y*+0(Ft)sp*/0y*+0(F1),u*/0y" =0
or
0F,*/3y,=0,
holding at all points on the sheet. From (8)
this is automatically satisfied, provided the

string never passes through a charged particle.
Thus the action principle leads to no equations
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of motion for the string variables, in conformity
with the unphysical nature of these variables.

The action integral I is a correct one and may
be used as basis for a theory of electrodynamics,
but it leads to some inconvenience in the Hamil-
tonian formulation of the equations of motion,
since it makes the momentum conjugate to A,
vanish identically. This inconvenience may be
avoided by a method due to Fermi, which con-
sists in adding on a further term to the action
integral

I4=(81r)—1f(aA,*/ax,.)(aA,./ax,)d“x. (35)
This gives

61s=(4r) f (04,*/0x,) (364 ,./0x,)d*x  (36)

= — (4m)? f (9%4,*/9x,0x+)8A+d*, (37)

and leads to a further term —d24,*/dx,0x* on
the left-hand side of Eq. (8). This further term
in (8) does not affect the equations of motion,
because it vanishes when one uses the supple-
mentary condition (24), but in the Hamiltonian
formulation it is necessary to distinguish be-
tween those equations that hold only in virtue
of supplementary conditions and those that are
independent of supplementary conditions. There-
fore, we must leave this term in (8) to have an
equation of the latter kind. Equation (8) may
now be written, with the help of (13) and (15),

OA4,*(x)=4r 3. ef(dz,./ds)&(x—z)ds
+4r Za a(GT)uv*/ax"'

V. THE METHOD OF PASSING TO THE
HAMILTONIAN FORMULATION

(38)

When one has the equations of motion of a
dynamical system in the form of an action
principle, one must put them into the Hamil-
tonian form as the next step in the process of
quantization. The general procedure for doing
this is to take the action integral previous to a
certain time ¢ and to form its variation allowing
t to vary. This variation 6 appears as a linear
function of & and of the variations dq in the
dynamical coordinates at time ¢, the other terms
in 67 cancelling when one uses the equations of
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motion. One introduces the total variation in
the final ¢'s

Ag = dg+gét,

and expresses 8/ in terms of the Ag¢'s and ét.
One puts this equal to

oI =3 pAg.— Wi, (39)

(or the corresponding expression with an in-
tegral instead of a sum) and so defines the mo-
menta p, and the energy W. The p, and W ap-
pear as functions of the coordinates ¢, and
velocities ¢,, and since the number of variables
in the set p,, W is one greater than the number
of velocities ¢,, there must be a relation between
the p,, W and the coordinates, of the form

W—H(pq) =0. (40)

The p’s and — W are the partial derivatives of I
with respect to the ¢’s and ¢, so (40) gives a
differential equation satisfied by I, called the
Hamilton-Jacobi equation. From this equation
one can pass to the wave equation of quantum
mechanics by the application of certain rules.
There may be more than one equation con-
necting the s, ¢'s, and W, in which case there
are more than one Hamilton-Jacobi equation,
leading to more than one wave equation.

To make the above procedure relativistic, one
must take the action integral over space-time
previous to a certain three-dimensional space-
like surface S extending to infinity. One must
form its variation, making a general variation
in S as well as in the dynamical coordinates
previous to .S, and express the result in terms
of the total variation in various dynamical
quantities on S. This will again give an equation
of the type (39) and one can again define the
coefficients in it as momenta and set up the
Hamilton-Jacobi equation.

There are various ways of modifying this
procedure, which may be convenient for par-
ticular problems. Instead of stopping the action
integral sharply at one definite time or at one
definite three-dimensional space-like surface .S,
one may stop different terms in it at different
times. One can picture the stopping of the action
integral by supposing the dynamical system to
go out of existence in some unnatural way and
taking the total action before it goes out of
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existence. To stop different terms in the action
integral at different times one must picture dif-
ferent parts of the dynamical system going out
of existence at different times. After some parts
have gone out of existence, the remaining parts
continue to move in accordance with the equa-
tions of motion which follow from the surviving
terms in the action integral, until they in turn
go out of existence. The various ways of stopping
the action integral lead to different Hamilton-
Jacobi equations (40), which are equally valid
and differ one from another by contact trans-
formations.

A convenient way of stopping the action
integral when one has particles interacting with
a field is first to suppose the particles go out of
existence at points in space-time lying outside
each other’s light cones, and then to stop the
field at a considerably later time. One varies
this stopped action integral, making variations
in the points z, in space-time where the particles
go out of existence and also in the surface Sr
where the field goes out of existence. By equating
to zero that part of the variation of the stopped
action integral which is not connected with bound-
ary variations, one gets the same equations of
motion for the particles before they go out of ex-
istence as one had with the unstopped action in-
tegral, and one gets field equations which continue
to govern the field after the particles have gone out
of existence. Owing to the variations Az, in the
points z, occurring in regions of space-time com-
pletely immersed in the field, one gets equations
which are more convenient to handle than those
of the usual method in which one supposes the
particles and the field to go out of existence
together.

With the new electrodynamics let us suppose
all the particles, and also the strings attached
to the poles, go out of existence at a three-
dimensional space-like surface Sp and the elec-
tromagnetic field goes out of existence at a
much later surface Sp. This means that the
integrals I, I; given by (26), (25) are to be
stopped when the world-lines reach Sp and the
integral over the sheet in (15) is to be stopped
when the sheet reaches Sp, while I,’, I, given
by (28), (35) are to be stopped at the boundary
Sr. The stopping of these integrals will not
affect the equations of motion for particles and
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field previous to Sg, namely (10), (11), (38), and
further (38) will continue to hold through Sp
and afterwards, until Sp.

Let us assume that the connection (29) be-
tween a field quantity U and U* is such that
the value of either of them at a point x is de-
termined by the values of the other at points
in space-time near x. Thus, if either of them
vanishes in a certain region of space-time, the
other will also vanish in that region, except
possibly at points near the boundary.

Since G,, vanishes everywhere except on the
sheets, G,,* must now vanish in the region be-
tween Sp and Sp, with the exception of points
near where the strings go out of existence. In
this region we also have the first sum on the
right-hand side of (38) vanishing, since the
integrals are stopped at Sp, and hence we can
infer from (38),

04 ,*(x) =0. (41)
By a similar argument we can infer
OA4,u(x)=0 (42)

in the region between Sp and Sp, with the ex-
ception of points near where the charged par-
ticles go out of existence.

In the regions where (42) and (41) hold we
can make Fourier resolutions of A4,(x) and
A,*(x) thus:

Au(x)= ZkofA we F ko d3k, (43)

A (x)= ZkofA wreiEDkg1d3k, (44)

where
(kx) = koxo—k1x1 ‘“kgxz—kaxa,
d3k = dkldkzdks,
ko= (k24 k24 k)1,

and ) ko, means the sum over both values of k,
for given kj, ks, k3. The factor k! is introduced
because ko 'd%k is Lorentz invariant. The con-

dition that A4 ,(x), 4,*(x) are real gives
A_py=—Apy, A_p*=—A,,*% (45)

Let the Fourier resolution of the function y(x) be

v(x) = (Zr)—‘f'yze‘(”)d‘l
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with
Y-1=%1.
The condition y(—x) =v(x) gives
(46)

so v: is real. We now find by straightforward
integration that

Aky*=‘)’kAku.

Y-1=7

(47)

We shall need to have the Fourier resolution
(43) holding at each point z where a charged
particle goes out of existence and the Fourier
resolution (44) holding at each point ¥ where a
string goes out of existence. It seems probable
that this can be arranged to be so by a suitable
choice of the function v, provided a point y is
never very close to a point 2. Let us assume that
a field quantity U(x) is determined by U*(x’)
at points x’ lying close to x and outside the light
cone from x. Then A,(z) is determined by
A *(x") at points x’ for which the Fourier
resolution (44) is valid, so the Fourier resolution
of A,(z) will be valid. Similarly, the Fourier
resolution of A4,*(y) will be valid if U*(x) is
determined by U(x’) at points &’ lying close to
x and outside the light cone of «.

The supplementary condition (24) gets modi-
fied in the region between Sp and Sr. With the
integrals in (20) and (21) stopped at Sp, we have,
writing 2’ for z(s’),

94.* 9] (x—2') dz,’
W et

S,
ax, o 0%, ds’

29J(x—2) dz,’
——T.e f Ty,
—» 0z ds’
=—-Y,eJ(x—2z). (48)

This quantity differs from zero when x is on the
future light cone of any point z where a charged
particle goes out of existence. Equations (41)
and (48) show that the potentials 4,* give a
Wentzel type of field® between Sp and Sp.

VI. THE HAMILTONIAN FORMULATION

Let us form the variation of the action in-
tegral bounded as above, allowing Sp to vary

3 The properties of this field are given, for example, in
P. Dirac, Annales de I'Inst. Henri Poincaré 9, 23 (1939).

825

but not Sp, and let us evaluate the terms in 81
connected with the boundaries. The terms arising
from 6I, and §I; are, as in ordinary electro-
dynamics.

Lepgm(dz,/ds)Az+ 3. eAu(2)A2,  (49)

where the Az¢ are the total changes of the
coordinates of the point where a particle goes
out of existence. In forming 6I;’ we can no
longer use (32), but must use instead

SF
81y = — (8)~1 f {F*(95A4/0x,)

-—00

SF
P (0545 /0x,) | dx+15, f (Fu*s(Gh»

-—00

+ F,,8(GT)»*}d*x. (50)

The second term here is equal to
1%, [ FarsGhman,

provided Sr is sufficiently far from Sp, so that
y(x—x")=0 for x earlier than Sp and x’' later
than Sr. We may now use the calculation which
led to (34), with the integrals over the sheets
extending only over the parts of the sheets
previous to Sp, and we then get extra terms,
coming from the application of Stokes’ theorem,
of the form of line integrals along the lines
where the sheets meet Sp. By arranging the
parametrization of the sheets so that the line
where a sheet meets Sp is given by 7o=constant,
and the line where the varied sheet meets the
varied Sp is given by ro=same constant, these
line integrals take the form

208 f (F1)w*sys(dy’/dr)dry.  (51)

The lines of integration are the positions of the
strings when they go out of existence. In forming
8I, we can no longer use (36), but must use
instead

Sp
s1=(8x)— f {(3A4,*/ax¥) (354%/0x,)

©

+(04,/3x+)(06A+*/dx,) }d*x. (52)
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This quantity is of the same form as the first
term of the right-hand side of (50), and the two
together give, on integration by parts, a bound-
ary term of the form of an integral over the
three-dimensional surface Sr, which may be
written

(8m)1 f ((0A,*/0x") 34 »

+ (84 ,/9x")6A+*}dS’, (53)
dS” being an element of this surface. The other
terms in 87 all cancel when one uses the equa-
tions of motion, provided Sr is not very close
to Sp, so we are left with 6/ equal to the sum
of (49), (51) and (53).

With this expression for 61, we cannot directly
introduce the momenta in accordance with for-
mula (39), since the 4*, A** whose variations
occur in (53) are not independent, and since we
have not varied Sr. A convenient way of pro-
ceeding is to pass to the Fourier components of
the potentials, for which we may use the Fourier
resolutions given by (43) and (44), as we are
concerned in expression (53) with the potentials
on the surface Sr. Let us take a varied motion
which satisfies the equation of motion, so that
the Fourier resolutions (43), (44) are valid on
Sr also for the varied motion. Then expression
(53) becomes, with the help of (47),

(87)% Tkoko’ f f f byt yer)

XA 04 prrei*+r DR 1d3kky1d%k' dS.

If we take the surface Sr to be xo=constant for
simplicity (any space-like surface must give the
same final result), this becomes, on integrating
with respect to x1, x; and x3,

) Zkoko’ff(‘)’k‘F’Yk')Ak“aAk"‘
Xexp[i(ko+ko')xo]0s(k+ k) PRk 1d%k’,

where 83(k) means &(k1)8(k2)d(ks). The factor
83(k+%’) here shows that the integrand vanishes
except when k= —k.(r=1, 2, 3), which implies
ko’ = =ko. Thus the expression reduces, with the
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help of (46), to

— 2% Zkof‘YkA A ko id%k

+7% Zkof(7k+‘yko.—kr)Akp5Ako.—kr“

Xexp[2ikoxo ko 1d3k.

The second term here may be written as a per-
fect differential,

%0 Zkoank,,Ako.—k,“exp[Zikoxo]ko“ld%,

and may therefore be discarded. The first term
may be written, if we now restrict 2y to be >0
and use (45) and (46),

27r2if‘yk(Akyﬁx‘Ik“-‘fiku!SAk“)ko“ldak
=21r2i6f‘ykA k“x{k“ko—ldak

—4n% f A b A ki d%k.  (54)

The first term in (54) is a perfect differential
and may be discarded. We thus get the final
result that &7 is equal to, apart from a perfect
differential, the sum of (49), (51), and the second
term of (54).

We take as dynamical coordinates the co-
ordinates z, of the particles when they go out
of existence, the coordinates v,(71) of points on
the strings when they go out of existence (pro-
viding a one-dimensional continuum of co-
ordinates for each pole and each value of u),
and the Fourier components A4;,, with 2,>0, of
the potentials after the particles and strings have
gone out of existence. The coefficients of the
variations of these coordinates in the expression
for &I given by the sum of (49), (51), and the
second term of (54) will be the conjugate mo-
menta. Thus the momenta of a charged particle
are

pu=mdz,/ds+ed .(2), (55)
those of a particle with a pole are
pu=mdz,/ds, (56)

the momenta conjugate to the string variables
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y#(r1)—Ilet us call them B#(r;)—are

Bu(r1) =g(F)w*dy’/dr,, (57)
and the momentum conjugate to Az* is
—4n%y A ko (58)

The string momenta B,(r;) form a one-dimen-
sional continuum of variables, corresponding to
the one-dimensional continuum of coordinates
y#(71), and the field momenta (58) form a three-
dimensional continuum, corresponding to the
three dimensional continuum of field coordinates.

We may introduce Poisson brackets in the
usual way. For the coordinates and momenta of
each particle we have

[P 2 ]=Euw- (59)

For the coordinates and momenta of a string
we have

[8u(r1), ¥o(r1) ]=gwd(r1—71), (60)

and for the field variables we have, according
to (58),

[J‘Ik,., Ak',] =’i(41r2)_1g,,,,'yk_1k053(k - k,)

The other P.B.’s all vanish.

In the limit when v(x)—d4(x), we have vy;—1
and Eq. (61) gives the usual P.B. relation for the
Fourier amplitudes of the elctromagnetic poten-
tials. If we take vi!'=cos(k\), where \ is a
small four-vector satisfying A?>0, and make
A—0, we get a limiting procedure which has
already been used in electrodynamics, classical
and quantum, and which gets over some of the
difficulties connected with the infinite fields
caused by point particles. This value for «;
might be suitable in the present theory, but I
have not investigated whether it would be
compatible with all the requirements of the
function y(x).

From Eqgs. (55) and (56) we can eliminate the
velocities dz,/ds and get

(61)

{pu—edu(2)} (pr—edr(2)} —m:=0 (62)
for each charged particle and
pupt—m2=0 (63)

for each particle with a pole. These equations
should be joined with (57) or

Bu(r1) —&(F) w*(y)dy’/dr1=0. (64)

OF MAGNETIC POLES
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With the 4,(z) in (62) and the (F{),*(y) in (64)
expressed in terms of the Fourier components
Ay, Ar, (the validity of this was discussed near
the end of the preceding section), Egs. (62),
(63), and (64) are equations involving only
dynamical coordinates and momenta. They are
differential equations satisfied by the action
integral I, when the momenta are looked upon
as derivatives of I, and they are the Hamilton-
Jacobi equations of the present theory. Since
they are known to have a solution, namely I
itself, we can infer from the theory of differential
equations that the P.B.’s of their left-hand sides
all vanish, as may also be verified directly from
(59), (60), and (61).

The supplementary conditions (48) should be
brought in at this stage and treated as further
Hamilton-Jacobi equations. The various equa-
tions (48) obtained by taking different field
points x are not independent of the equations of
motion or of one another, and we get a complete
independent set of equations from them by
making a Fourier resolution in the region be-
tween Sp and Sp. In this region we may, from
(18), replace J(x—3z) by A(x—z), whose Fourier
components are given by

A(w—2) = —i(47) ! Tho f eith =k IdtE,  (65)

so the Fourier resolution of (48) in this region
gives, with k>0,
Eyid i — (4r2)1 Y, eei%kd =(,

k"kaiky— (4#2)—1 Ze eeika) =),

(66)
(67)

These equations involve only dynamical co-
ordinates and momenta, so they are of the right
type to form Hamilton-Jacobi equations. One
can easily verify that they and the previous
Hamilton-Jacobi equations (62), (63), and (64)
form a consistent set of differential equations
for I, by verifying that the P.B.’s of their left-
hand sides all vanish.

VII. QUANTIZATION

From the foregoing Hamiltonian formulation
of classical electrodynamics one can pass over to
quantum electrodynamics by applying the usual
rules. One replaces the dynamical coordinates
and momenta of the classical theory by opera-
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tors satisfying commutation relations corre-
sponding to the P.B. relations (59), (60), and
(61), and one replaces the Hamilton-Jacobi
equations by the wave equations which one gets
by equating to zero the left-hand sides of the
Hamilton-Jacobi equations (now involving oper-
ators for the dynamical variables) applied to the
wave function ¢. The wave equations obtained
in this way will be consistent with one another,
since the operators on ¢ in their left-hand sides
commute, as may be inferred from the vanishing
of the P.B.’s of the left-hand sides of the Hamil-
ton-Jacobi equations.

This straightforward quantization leads to
wave equations of the Klein-Gordon type for all
particles, corresponding to their having no spins.
For dealing with electrons one should replace
these wave equations by the wave equations
corresponding to spin 3%4. We have no informa-
tion concerning the spins of the poles, and may
assume provisionally that they also have the
spin 3%, as this gives the simplest relativistic
theory. The change from zero spin to spin 34
does not affect the mutual consistency of the
wave equations.

We now have the following scheme of wave
equations, expressed in terms of a set of the
usual spin matrices a1, @2, @3, an for each par-
ticle:

{po—eAo(z) —a,[pr—eA . (2)]—amm}y=0; (68)
for each charged particle,
{po—aspr—ammly=0; (69)
for each particle with a pole,
{Bu(r1) —g(F) w*(¥)dy’/dri}¥=0;  (70)
for each string, and
{4nkryi A — D . ee ¢} =0, (11)

(Ankryi A — 3 o eei®? } =0,

for the field variables. The wave function ¢ may
be taken to be a function of the particle variables
2,, suitable spin variables for each particle, the
string variables y,(r1) with 0<7; <, and the
field variables A;,. It is defined only when all
the points z,, y.(r1) lie outside each other’s
light cones.

Equation (69) suggests at first sight that the
electromagnetic field does not act on the poles.

P. A. M. DIRAC

However, it acts on the strings, as shown by
(70), and since the poles are constrained to be
at the ends of the strings, the field does affect
the motion of the poles. That it affects them in
the right way can be inferred from analogy with
the classical theory, in which the poles move
according to Eq. (11).

VIII. THE UNIT CHARGE AND POLE

The action integral I of the classical theory
may be considered as a function of the points
in space-time 2, where the particles go out of
existence, of the lines y,(r1) in space-time where
the strings go out of existence, and of suitable
field variables, and is defined only provided the
strings do not pass through any points z, where
charged particles go out of existence. It is, how-
ever, not a single-valued function of these
variables, as may be seen in the following way.

Let us make a continuous change in the vari-
ables in I according to the following procedure.
We keep all the particle points z, fixed, and also
all the strings except one. This one we vary
continuously, keeping it always in the three-
dimensional surface Sp, and loop it around one
of the points z, where a charged particle is
situated just before going out of existence and
bring it back to its original position. At the same
time the potentials A4,.(x) are varied continu-
ously, to keep Eqgs. (13), (15) always satisfied
with fixed values for the field F,,(x), and are
brought back to their original values together
with the string. We have here a continuous de-
formation of the variables in I which brings
them all back to their starting values, and this
deformation cannot be continuously shrunk up
to no deformation at all, because we cannot
make a string pass through a charged particle.
The string will sweep out a closed two-dimen-
sional surface, ¢ say, lying in Sp and enclosing
the point 2z, where the charge is situated, and
this surface o cannot be continuously shrunk up
to zero, since it must not pass through the charge.
We may therefore expect I to vary under this
deformation process, and can easily calculate its
variation DI as follows.

A small variation of a string and of the po-
tentials, with the particle points z, fixed, leads
to a variation of I given by the sum of the
right-hand sides of (50) and (52). Under the
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closed deformation process described above, the
first term on the right-hand side of (50) will
give zero, since the F,,, F,* are kept fixed and
the 4*, A#* are brought back to their original
values. The right-hand side of (52) will also give
zero, since it gives the total variation in I, and
I, is brought back to its original value. We are
left with the second term on the right-hand side
of (50), which is equal to expression (51) and
gives for the closed deformation process

DI=g¢ f (Ff)*do,

where do*” is an element of the two-dimensional
surface swept out by the string. The integral
here is, according to (8), just the total electric
flux passing out through the closed surface o,
and is thus 4r times the charge e enclosed by the
surface. Thus

DI =4rge.

We may loop any string around any charge
any number of times, so the total uncertainty
in I is the sum

4r demgegey (72)

summed for all the charges e and the poles g,
with an arbitrary integral coefficient m,, for
each term.

The phenomenon of an action integral which
is not single-valued occurs frequently in me-
chanics. It occurs most simply with the dy-
namical system consisting of a rigid body rotating
about a fixed axis, for which the action integral
is just the angular momentum multiplied by
the azimuthal angle, so that the uncertainty in
the action integral is 27 times the angular mo-
mentum. The rule of quantization of Bohr’s
theory is given by putting the uncertainty in
the action integral equal to an integral multiple
of k. Applying this rule to the uncertainty (72),
we get
(73)

where 7 is an integer, for each pole g and charge
e. This result is the same as (1), with ¢, the veloc-
ity of light, put equal to unity.

The result (73) may also be obtained from the
quantum electrodynamics of Section VII with-
out Bohr’s rule of quantization, by using the
condition that the wave function must be single-

4mge=nh,
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valued. The commutation relation (60) shows
that B,(r1) is 4k times the operator of func-
tional differentiation with respect to y.(r1), so
that the wave equation (70) is

thdy/dyu(t1) =g(Ft)w*(¥)(dy"/dr1)¥.

This equation shows how ¢ varies when the
position of a string is varied. If a string is dis-
placed and sweeps out a two-dimensional sur-
face ¢, Eq. (74) shows that ¢ gets multiplied by

(74)

exp[ —ig f (FT)“,*dar“'/h], (75)

provided the (Ft),,* occurring at different points
of the integrand here all commute. (One can
easily arrange to satisfy this condition accurately,
in the case when ¢ lies in a flat three-dimensional
space-like surface Sp, by a suitable choice of
the function v, and in the case of a general Sp
the lack of commutation tends to zero as y(x)—
d4(x) and does not invalidate the calculation.)
Let us now apply the procedure we had before
of looping the string around one of the charges
and bringing it back to its original position.
Since ¢ is single-valued it must return to its
original value, and so the factor (75) must be
unity. This requires

¢ f (FD)p*do® /b= 2mn

with # an integer, which gives again the con-
dition (73).

We come to the important conclusion that
the quantization of the equations of motion of
charged particles and particles with poles is possible
only provided the charges and poles are imtegral
multiples of a unit charge e, and a unit pole g,
satisfying
(76)

The theory does not fix the value of e, or go,
but only gives their product.

€ogo= %‘hc

IX. DISCUSSION

The foregoing work provides a general theory
of particles with electric charges and magnetic
poles in interaction with the electromagnetic
field. It is not a perfect theory, because the
interaction of a particle with its own field is
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not dealt with satisfactorily. This is shown up
by the continual use in the theory of a function
v(x) which has not been precisely specified—
only certain desirable properties for it having
been given. Even if a satisfactory function ¥y
can be given, the difficulties will not all be
solved because there will still be infinities ap-
pearing in the wave function when one tries to
solve the wave equation. However, these diffi-
culties occur in the ordinary electrodynamics of
electrons without any poles, and if a solution of
them can be found for ordinary electrodynamics,
it will probably apply also for the more general
electrodynamics with poles. Thus the occurrence
of these difficulties does not provide an argument
against the existence of magnetic poles.

The question arises as to whether an ele-
mentary particle can have both a charge and a
pole. The classical equations of motion given in
Section II can be immediately extended to this
case, but the Hamiltonian theory meets with
some difficulties connected with the precise form
of v. It does not seem possible to answer the
question reliably until a satisfactory treatment
of the interaction of a particle with its own
field is obtained.

The theory developed in the present paper is
essentially symmetrical between electric charges
and magnetic poles. There is a considerable
apparent difference between the treatment of
charges and poles, which shows itself up in the
first place through the introduction of potentials
according to (13). However, one could work
equally well with the réles of the charges and
poles interchanged. One would then have strings
attached to the charges, and would work with
potentials B, defined by

(F1)u=0B,/3x*—0B,/dx*+471 3. (G) wr

with the G, vanishing except on the sheets
traced out by the new strings, instead of (13).
The final result would be an equivalent quantum
electrodynamics, referred to a different repre-
sentation.
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Although there is symmetry between charges
and poles from the point of view of general
theory, there is a difference in practice on ac-
count of the different numerical values for the
quantum of charge and the quantum of pole.
If we take the experimental value for the fine-
structure constant,

e*=(1/137)he,
we can infer the value of g,
g202=(137/4)hc.

Thus go is much larger than e, It corresponds
to a fine-structure constant 137/4. The forces of
radiation damping must be very important for
the motion of poles with an appreciable ac-
celeration.

The great difference between the numerical
values of ¢y and go explains why electric charges
are easily produced and not magnetic poles.
Two one-quantum poles of opposite sign attract
one another with a force (137/2)? times as great
as that between two one-quantum charges at
the same distance. It must therefore be very diffi-
cult to separate poles of opposite sign. To get an
estimate of the energy needed for this purpose,
we might suppose that elementary particles with
poles form an important constituent of protons
and have a mass u of the order, say, half the
proton mass. The binding energy of two of these
particles cannot be calculated accurately without
a more reliable theory of radiation damping
than exists at present, but one might expect
from Sommerfeld’s formula for the energy levels
of hydrogen with relativistic effects that this
binding energy would be of the order of uc?, or
say 5X108% electron volts. One should look for
particles with poles in atomic processes where
energies of this order are available. They would
appear as heavily ionizing particles and would
be distinguishable from ordinary charged par-
ticles by the property that the ionization they
produce would not increase towards the end of
their range, but would remain roughly constant.



