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The odd configurations 3d'4s4p, 3d'4p and 3d4s'4p of Ti I are calculated using the results
of the preceding paper. Numerical values for the Fk and G~ integrals are found by comparison
with the observed levels in a method of successive approximation. A correction is applied for
con6guration interaction which improves the general agreement.

Explicit formulae are given, for the multiplet strengths of transition arrays involving
equivalent electrons. They are applied to the transitions d'sp —d's and d'sp —d's' of Ti I.
Tables of multiplet strengths are calculated corresponding to interaction energies diagonal
in first-order and second-order eigenfunctions, respectively.

On the basis of these calculations and known measurements of line intensities and gf values,
a new classi6cation of the odd terms of Ti I is proposed. Of the 83 observed odd terms, 76 were
classi6ed. In 74 cases the calculated terms fit with a mean deviation of +2023 crn ' on a range
of about 30,000 cm r. Although the experimental data on multiplet strengths are rather scarce,
they seem to be in better agreement with theory when based on the new classification.

L INTRODUCTION

'HE spectra of Ti I and Ti II were analyzed
in 1927 by Henry Norris Russell. ' His clas-

sification is based to a large extent on the inten-
sity estimates by A. S. King. ' He was able to
identify 142 terms in Ti I and 50 terms in Ti II,
and thus accounted for 1394 and 529 lines, re-
spectively.

However, whereas the spin, orbital, and total
angular momenta of a level can be identified
experimentally in a rather reliable manner, it is
sometimes very dificult to specify the con-
6guration and the series limit. A number of
terms, therefore, were classi6ed on admittedly
doubtful arguments, especially in the spectrum
of Ti I.

The classihcation of the even terms of Ti I
was shown by Many' to be in satisfactory agree-
ment with theory. The odd terms will be con-
sidered in this paper. Most of the odd terms arise
from the configurations 3d'4s4p, 3d'4p, and
3d4s'4p. In these configurations the p electron is

bound more weakly than the s electron, so that
the excited configurations are of the form
3d'4smp 3d'mp, and 3d4s'mp (m =5, 6, ) and
have as their series limit the even configurations
of Ti /I. These latter conhgurations, 3d'4s, 3d',
and Bd4s', were also found to be in agreement

with theory. ' The only doubtful point in the Ti II
spectrum was the assignment of the two lowest
terms, c4F and b4F, which Many assigned to 3d'
and 3d'4s, respectively, contrary to Russell's

original assignment. This question remained open
until recently when Russell showed conclusively'
that the lowest term of Ti IIhas the conhguration
d s, in agreement with his origina1 assignment.

Since the calculated energy terms are not
always conclusive for the purpose of configura-
tion assignments, we had to make use of the ex-
perimental data on intensities and line strengths. ~

It was necessary, therefore, to calculate the
multiplet strengths of the most important
transition arrays.

The next section will give a brief outline of
the numerical methods adopted to find the
values of the F~ and G~ integrals which are here

simply regarded as parameters. Section III will

deal with the resulting term energies and the
correction for configuration interaction. Inten-
sities and line strengths are discussed in Section
IV, and tables of multiplet strengths are given
which are calculated by means of the general
formulae derived in the appendix. The last
section is devoted to a discussion of the most
important aspects of the proposed new classi-
fication.

I A. Many, Phys. Rev. 70, 521 (1946).
' H. N. Russell, Astrophys. J. 66, 347 and 283 (1927). 4 H. N. Russell, Phys. Rev. 74, 689 (1948). Kindly corn-
'A. S. King, Astrophys. J. 39, 139 (1914) and 59, 255 municated by letter before publication.

(1924). ~ A. S. King and R. B. King, Astrophys. J.87, 24 (1938).
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TsaI.E I. List of parameters for 'Ti I. Columns 1 and 2
give the parameters as calculated on the basis of the
current assignment for d'P and d'sp, respectively. Column
3 gives the results under the assumption that some con-
figuration assignments have to be interchanged. Column 4
gives an estimate; columns 5, 6, and 7 list the parameters
as found in steps by the method of successive approxima-
tion.

3 4 5 6 7

A (dsp)
A (d'sp)
A (ds~p)

B
C
F~
Gt
Ga
Gd
Gp

39,240 36,732
28,291 29,456

578
1,641

239
305
3?

522
4,259

106
96—81

740
5,499

577
2,555

40
256

17
0

4,624

38,000
29,800
45,000

600
2,400

300
280
20

1,300
4,000

38,410 38,290
30,651 30,729

570
2,193

295
332

9
938

5,628

573
2, 108

293
315

2
1,344
5,145

37,972
30,491
45,241

563
2, 122

281
306

0
1,381
4,834

' F. Rohrlich, Phys. Rev. f4, 1372 {1948).
~E. U. Condon and G. H. Shortley, The Theory of

Atom& Spectra {Cambridge 1935},p. 200.

II. CALCULATION OF THE PARAMETERS
F~ AND G~

The matrices for the term energies of the con-
figurations d'sp and d'p were calculated in the
preceding paper. ' The terms of ds'p follow im-
mediately from the well-known' terms of dp,
since these two configurations differ only by a
constant.

In the Ti I spectrum the spin-orbit interaction
is small compared to the electrostatic interaction,
and the decomposition of each term into the
multiplet levels is in general well represented by
Lande's interval rule. We expect, therefore, that
Russell-Saunders coupling is a good approxima-
tion and that the above mentioned theoretical
term energies should fit the experimental values.

We can further assume that the integrals 8,
C, F2, G1 and G3 occurring in the matrices of the
three odd configurations are the same for all
cases where the principal quantum number is
the same. The configurations Bd'4s4p, Bd'4p and
Bd4s'4p are therefore determined by the ten
parameters

A(d'sp), A(d'p), A(ds'p),
B, C, F2, G1, G3, Gd, G„.

Under these conditions one can easily show
that the current assignment of the odd Ti I
terms cannot be completely correct. For this
purpose we equated the traces of the matrices of
d'p to the corresponding sums of observed terms,
leaving out those traces which involve unob-
served terms. The resulting set of ten weighted

linear equations for the six parameters involved
in d'p were then solved by the method of least
squares. ' The same was done for d'sp. The
results are listed respectively in Table I, columns
j. and 2. We see that the parameters do not at all
agree in the two configurations. Also, from con-
siderations of related spectra like Ti II, V II,
etc. , one can estimate the values of the parameters
of Ti I. These estimates are given in the same
table in column 4. A comparison with the
parameters listed in columns 1 and 2 shows
rather poor agreement. A negative value like
that of Gq of d'sp (column 2) is of course already
excluded by virtue of the postiveness of Slater's
integrals.

The odd terms ' 'SPDFGII occur in both con-
figurations, d'p and d'sp. It seems, therefore,
possible that some of these terms have a wrong
configuration assignment and that they should
be interchanged. We recalculated, therefore, the
parameters, this time by equating the sum of the
traces of d'p and d'sp to the observed values for
each of the above terms. The result is given in
column 3 and is seen to be in much better agree-
ment with the estimates (column 4). The per-
sisting disagreement of F2 and of Gd, however,
indicates that further corrections will be neces-
sary in addition to interchanges of configuration
assignments. On solving the secular equations
with the parameters of column 3 we did not
obtain satisfactory agreement with the experi-
ments. However, when these secular equations
were solved with the parameters of column 4 the
agreement was much improved.

We used, therefore, the estimated parameters
as a first approximation and tried to improve
these values by a method of successive approxi-
mation. This method is essentially a repeated
application of Schrodinger's first-order pertur-
bation theory. One finds the transformation
matrix (or eigenvectors) which diagonalizes the
energy matrix when the estimated set of param-
eters is used. This transformation matrix is then
used to diagonalize the energy matrix with
unspecified parameters. The diagonal elements
of the resulting "nearly diagonal" matrix are
then equated to the corresponding observed

For the standard procedures employed see, e.g. , Hcnd-
buch der Physik {Julius Springer, Berlin, 1928), Vol. III,
Chap. 13.
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terms, and the obtained set of n linear equations
for m (ni (n) parameters is sob ed by the method
of least squares. One finds an improved set of
parameters with which the whole procedure may
be repeated. In our case this process yielded the
set of parameters listed in Table I, columns, 5

6 and 7. For column 5 only those terms were
taken into account which involve matrices of
order one or two in d'p and d'sp. In the calcula-
tion of the parameters of column 6 all terms of
d'p and d'sp were used' and finally the con-
figuration ds'p was included and the resulting
parameters (column 7) were regarded as final.
A further improvement of the parameters A,
as a result of the interaction of the parent con-
hgurations, will be discussed in Section III.

From Table I we see that the convergence of
the method of successive approximation seems
satisfactory and that the final set of parameters
is not too far off the estimated values. We think
that the improvement caused by one further
iteration will hardly justify the great amount of
work involved.

The least square method involved the solution
of 25, 32, and 41 simultaneous weighted linear
equations for 9, 9, and 10 unknowns, respec-
tively. This could easily be done on an ordinary
calculating machine. For the diagonalization of
the matrices of order 4, 5, and 6, and for the
evaluation of the eigenvectors, however, we used
the Electric Network for the Solution of Secular
Equations of R. H. Hughes and E. B. Wilson. "
With its aid symmetrical secular equations up to
order six can be solved and the eigenvectors can
be measured. For our purpose the accuracy of the
instrument had to be improved from 1 percent to
about 0.1 percent for the roots. More precisely,
the 6nal accuracy obtained was an average error
of 0.1 for all roots up to about 250, on an
arbitrary scale. Proper scaling enabled us to
have most of our roots lying between 100 and 200
or more. The improvement in accuracy was
achieved by better calibration of coils and con-
densors, and by exact determination of correc-
tions for stray capacities. The latter was done
by solving quite .a number of test problems.

~ Single terms with doubtful assignment were omitted.
For closely spaced terms ~hose assignment may have to
be interchanged, the weighted average was used.

io R. H. Hughes and E. B. Qfilson, Rev. Sci. Inst. 18,
103 (1947).

TABLE II. Odd quintet terms of Ti I. All energy values
are in units of cm '. Columns A and B refer to calculations
without and with configuration interaction, respectively.

Observed
term

Limit
3ds4s 3d3

Calc. A
Term

Calc. B
Term b 4

356o 16202
zsPo 17046
If'D 1S598
s5g 25103
y4D' 25797
y46 26726
I'P 27794
y4po 28767
xfD 29975
msDo 35654
y4Po 36367
y4$ 37359

a4F
a'F
a4F
b4P
b4P

b4F
b'P

b4F
b4P
a'P
a4P
a4P

15918
17242
19085
24738
25199
26186
26967
28534
29027
36049
35699
38846

—284
196
487—365—598—540

-827—233—948
395—668

1487
~682
~1365

16072 -130
17396 350
19239 641
24892 —211
25353 -444
26092 —634
27121 —673
28440 —327
28933 —1042
35955 301
35605 —762
38752 1393

6 = %674
I4 = +1651

Also, the routine calibration of the small coils
which changed their inductance by about 0.1
percent per week was vital to this accuracy. The
eigenvectors were measured with an electronic
voltmeter which limited the accuracy to a
maximum error of 2 percent. Actually, however,
the accuracy of the eigenvectors was about 1 per-
cent in most cases as could easily be checked by
their orthogonality relations.

DI. TERM ENERGIES AND CONFIGURATION
INTERACTION

The term energies calculated with the final

set of parameters are listed in Tables II, III, and
1U (column A) for the quintet, singlet and
triplet system, respectively. The corresponding
terms and their limits are shown in the first two
sections of Table I I for the quintet system, and
in the first and third sections of Tables III and
IU (assignment II) for the singlet and triplet
systems, respectively. Russell's assignment' of
limits is given in the second section of each table
(assignment I). For the quintet system assign-
ment I and assignment II are identical, i.e. ,

Russell's assignment is completely confirmed by
the above calculations. In the other two systems
quite a number of terms show differences in the
two assignments, some in the parent term, some
in the parent configuration, and some in both.

%e define, as usual, the mean deviation and
the mean error in terms of the deviation 6; of
each term

a'= PaP/n, &'= PaP/(n —rn),

where n is the number of terms and m is the
number of parameters which were used to fit
these terms.
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TABLE III. Odd singlet terms of Ti I. The current assignment (due to Russell) is given as I, the proposed assignment
as II.The deviations 5; are calculated with respect to assignment II. Columns A and B refer to calculations without and
with conhguration interaction, respectively. All energy values are in units of cm

Obs. term
Assignment I

3dCs 3di 3d4s~
Assignment I I

3d24s 3d~ 3d4s~ Term
Calc. A

Term
Calc, B

z'D' 22081
z'F' 22405
z'G' 24695
lSO

y'D' 27907
y'F' 32858
z'P' 33661
z'H' 34700
y'P' 34947
x'D' 35035
y'G' 36000
x'F' 37623
z'S' 38201
x'G' 38960
x'P' 39078
ze'P'* 39266
g)'F' 40303
z'I' 40320

m'G' 40883
y'H' 41040
v'F' 41585

42928
v'G' 43674

m'D' 43710
g'D' 43800
x'H' 44163
I'G' 46258

1PO
u'F' 48365

1D~
lG~
lFo
1PQ
1Do
]Fo
lPO

a'F
a'F
a'F

a'D

O'P
O'P

O'G
a'S?

a'P

O2D
a'P
O'D
a'H

?
aH

O' F?

O' F?

a'F
a F
a F
O~P
O~P
a2D
O'P?

a'D?
a'D

O'G

O'G
O'G

a'G
a2G
a'P

b'gD
a~p
b'3D
a'H
a'H

aP

O'3D
a'H

O~F
O~F
bmF

'lD
2 D
~lD

c'D
c'D

21919
21523
23964
26127
31861
35385
33753
36756
35749
37356
37350
37533
36776
38036
40400
37610
42323
40885
40763
39728
42771
42929

42356
44912
4)606

—162—882—731

(3954)
2527

92
2056

802
232)
1350—90—1425—924
1322—1656
2020
565—120—)312

1186
1

—1354
1112—2557

—726
47514
47639
49139
49685
51)43
56392
60043
61181
65146

a= a)358
p, = &)846

21972
21621
24054
25771
31293
35211
33329
36490
35477
36827
368)7
37289
37192
38629
40477
38387
42260
40791
40669
39859
43075
43413

42305
44236
41707

—109—784—641

(3386)
2353—332
)790
530

1792
8)7—334—1009—331

1399—879
1957
471—214—1181

1490
485

—1405
436—2456

—752
47499
47613
49624
49655
51105
56546
60527
61299
65211

6= &))95
p, = %)624

*This term is believed to be 'D'.

If we take assignment II as a basis, we obtain
the diR'erences between observed and calculated
term energies as stated in the above-mentioned
three tables. We then find for the mean devia-
tions ~682, ~1358 and +1033 cm ', and for
the mean errors ~1365, +1846 and &1225 cm —',
corresponding to the quintet, singlet, and triplet
system. All three systems together fit with a
total mean deviation of &1105 cm ' and with
a total mean error of &1189cm '. In these cal-
culations only 74 of the 76 classified terms have
been taken into account. The two terms y'D' and
v'F' show much larger deviations than any of the
other terms and were therefore omitted in the
least-square calculation.

When we consider the interaction between the
parent configurations d', d's and ds' which we

have neglected so far, we may expect improved
agreement. The corresponding matrix elements
were calculated by Ufford. " He found that the
interaction iritegral

H2= (1/35)R'(dd, ds)

is 192 cm ' for Ti II whereas Many' found by
the least square method 172 cm ' for Ti II and
153 cm—' for V II. Since Ti I and V II have the
same electron configurations, but the latter has
a higher nuclear charge, we expect a still smaller
configuration interaction in Ti I. A rough
estimate of H2=100 cm ' turned out to be not
much too small.

With this value for the interaction parameter

"C.W. UKord, Phys. Rev. 44, 732 (1933).
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Calc. A Calc. BAssignment II
3d'4s 3d4 3d4se

Assignment I
3dAs 3' ad4ss TermTermob

zsF'
z'D'
~3G0
z'S'
y3F
z'F'
y'D
x'F'
x'D'
y'G'
vo D
x3G
v D

m'G'
3po

z'H'
x'P'

'N F
e3F'
y3/0
y'H'
u'P'
v'G'
u'F'
u'D'
t'F'
z'I'
t3D0
x'H
s'D'
Ppb
r3D'
x'5'
u'G'
s'F'
Q P
g D
r3F'
03D
m'5'
PP'
3Fo
2P0
3Go
3DO
3D0
3Fo
3po

s. term

19473 10
20368 320
21208 —411
24672 —249
25734 466
26009 499
26452 942
29137 2208
27527 93
27524 —116
30137 323
29470 —S14
30391 —806
29379 —2137
30407 —1359
30052 —1878
34997 1894
30376 (—3307)
33069 —1040
35428 —li
35253 —327
38466 1219
37444 —187

19364 —99
20279 231
21115 —504
24632 —289
25761 493
26039 529
26478 968
29029 2100
27635 201
27370 —270
30067 253
29433 —551
30861 —336
29473 —2043
30638 —1128
30060 —1870
35219 2116
30470 ( —3213)
33099 —1010
35901 462
35202 —378
38849 1600
37421 —210

a'F
a'F
a2F
O'P
a'F
O2P
a4F

a'F
a'F
a2F
O4P
a2D
a2D
a'D
a4F

19463
20048
21619
24921
25268
255101'
2551034
26929
27434
27640
29814
29984
31197
31516
31766
31930
33103
33683
34109
35439
35580
37249
37631
37769
38037
38576
3868S
38721
39161
39695
40429
40729
40844
41268
41500
41936
42244
43625
44130
44858
45134

b'P
b4F
b'F

a'F
a4F
b2G
b2P

a'F
a'D
b2G
a'D
O'G
b4P
a'D
O'G
O4P

O'P
O2G

a4P
b4F

O'G
O2P

b4P

37557 —480
38118 —458
38955 270

37403
38024
39049

b4P —634—552
364

a2G?
a H

a'H
a4P
a'P
a'P
a'P
a H
b'3D
O22D
b'D

a'G
a2H
O2F
a2H
a4P
O2D
a2P
a4P
a2H
O' F
a2P
O2D

38799
38872
39529
40856
40404
42297
40423
43051
41229
44012
44322
43727
46804
47329
47893
48338
50291
58765
60014
61735

s=W 996
p, = &1182

38876
38774
38843
40436
39885
42391
40670
42971
41582
43967
44192
43693
46902
47333
4/669
48371
50303
58662
59933
61634

a= a 1033
p, = &1225

—285—921—1583—293—959
1123—830
1035—662
342

62—1165
1768

—362
823—900
127—440

1029—1077
1115—1015
387
192—1131

1670

c2D
c'D

c'D
c'D

a'P a4P
c'D c'D

O' F
a2S

O' F
b2F

2 D
21D
'1D

the corrections to the previously calculated term
values were found approximately. The correc-
tions are larger for 5 and P terms. The 'P'('P)
term of dsp has the largest correction, viz. , 686
cm '. lt is clear that configuration interaction
causes in general a shift of the centers of the
configurations. These shifts are found by cor-
recting the parameters A so that the sum of the
deviations vanishes for each configuration. In the
previous calculation the vanishing of this sum
was guaranteed by the method of least squares.

The new values for the A's are

A (d'p)
A (d'sp)
A (ds'p)

37,878 cm —'

30,645 cm ',
45, 130 cm '.

Using these values instead of those of Table I,
column 7, and adding the corrections resulting
from configuration interaction to the terms listed
in the Tables II, III and IV, column A, one
obtains the improved term energies listed in
column B of the same three tables. Ke see that

T'ai.E IV. Odd triplet terms of Ti I. For explanation see Table III.
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TwsLE V. Observed intensities and multiplet strengths
of Ti I (quintet system). The columns 3f and XX list
intensities (strongest line of each multiplet) and multiplet
strengths, respectively. Estimated values are in brackets.
The symbols i, ns, n, tr, r, and R indicate infra-red, masked,
fuzzy lines, trace, narrow, and wide self-reversal, respec-
tively . (See Tables VI and VII.)

Limit

Limit
Term

Term g
a4P
asP

KK

3da4s
O' F
asF

3d'4s4p
s'So

b4P S~P
g,Do

25
(1)
40

a4F
300
100
30

a4P
g+0

ySP
zo'D'

xsD'
gFQ
goo

15
30
30

(2)

(440)
(450)

60
80
60

637
802

(910)

the improvement is considerable. The quintet
system is aIIected only indirectly (by the change
of the A' s), since there is no interaction between
the 'F terms of the parent configurations. "The
mean deviations are now reduced to &674,
+1195 and &996 cm ', and the mean errors to
~1651, ~1624 and &1182 cm ' for the quintet,
singlet, and triplet systems, respectively. The
total mean deviation is ~1023 cm ', and the
total mean error is &1109cm '.

IV. INTENSITIES AND LINE STRENGTHS

It is well known that the theoretical formulae
for the multiplet and super-multiplet analysis
are based on relative line strengths whereas the
experimenter measures in general intensities. The
two differ by the fourth power of the frequency
and the Boltzmann factor, which corresponds to
a correction to infinite temperature. For mul-

tiplet analysis these two corrections can be
neglected and one can work with intensities as
well as with line strengths. For super-multiplet
analysis this is generally not the case, since the
separation of the terms which have the same
limit is not necessarily negligible with respect to
the lines of the transition array, and these lines
are not always excited at the same temperature.

However, it seems difficult to find the appro-
priate corrections for A. S. King's original in-
tensity measurements. ' On the other hand, more
recent experiments by A. S. King and R. B.King'
are much more reliable, both as to homogeneity
and to accuracy. Unfortunately, they measured
only the strongest multiplets. Their list of gf
values has to be multiplied by the wave-lengths
to obtain line strengths.

In Russell's intensity tables' the strongest line
(principal line) of each multiplet is given as an
indication of the intensity of the total multiplet.
In many cases this gives a good relative estimate,
but it is not always reliable, and in some cases it
seems to distort the picture considerably. In the
following, we used, therefore, the sum of the
strengths of all the lines of a multiplet to cal-
culate its multiplet strength. If some weak com-
ponents were not known experimentally, they
could easily be estimated from theoretical inten-
sity tables. " Usually, this amounted to a cor-
rection of not more than 10 percent. In a few
cases, however, most of the multiplet strength is
due to estimates. These values are given in
brackets in Tables V—VI I. The columns M of
these tables list the multiplet intensities, as in
Russell's paper, in terms of their principal lines.
They include some intensity measurements which
were not known to Russell at that time, and
some values which are corrected measurements.
All these are taken from the Multiplet Tables
compiled by Moore, " and are due to various
investigators. The multiplet strengths as cal-
culated from the measured gf values' are given
in the columns EE of the same tables. The main
differences between the columns 3f and EE
have to be attributed, therefore —apart from a
scale factor —to frequency and temperature cor-
rections. The tables are arranged according to
the new assignment.

These Tables (V—VII) of observed multiplet
strengths must be compared with Tables VIII—
XI I I which give the calculated multiplet
strengths. The latter are obtained by the fol-
lowing procedure.

The calculation is carried out in two steps.
Firstly, we regard the quantum numbers of the

'~ See reference 7, p. 241."C. E. Moore, A MulHplet 7 able of Astrophysical In-
terest (Princeton University Press, Princeton, 1945).
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TAm, E VI. Observed intensities and multiplet strengths of Ti I (singlet system). In this table the proposed classification
is adopted. The meaning of the various symbols is indicated in Table V.

Limit a2S
Term a~S

Limit Term Q M

3d~4s4P

3d~4s~

a~D
azD

M ZK

b~G
alG

a~P
aiP

M KZ

3d34s
b~D b~P
b~D a&P

M M

a~
biG
M KK

a~H
a~H

M

b'8 20
25

S5
22

yPO

x'D'
y] PO

v' Jl'
x'G'
y'H'

31

10
12

40 10

12
15
40n 90 20

(3)

20
6

127

(1)
(0)

(2)

m
6
8

a'-G

xV"
v'D'

ZO P
x'I'
ygGo
s'H'

m'G'
x'H'
s'I'

(3)

15
15

15
6
2

20 35 5
25
40

15

2
3
5 859

(1)
4

(2)
2

4
7

10

(0)
18 186

7
12

m'D'
n'F'

15
(1) (2) 4

Unclassified
v'G'
I'G'

2n
30

(0)
(1)

2n
8

5n
10

*This term is believed to be a 'D' term,

parent configurations as "good quantum num-

bers, " and neglect, therefore, the interaction
between multiply-occurring terms in each con-
figuration. This amounts to neglecting the oA-

diagonal elements in the energy matrices cal-
culated in the preceding paper. ' The matrices are
then diagonal in "first-order eigenfunctions" as
defined by URord. "The multiplet strengths can
then be calculated with the well-known formulae
of Kronig. " These formulae are not sufficient,
however, in case the jumping electron belongs

'~ Kronig, Zeits. f. Physik 33, 261 (1925).

to a group of equivalent electrons in one of the
configurations. For those cases general formulae
are derived in the appendix. With their aid the
multiplet strengths of transitions involving
equivalent electrons can be calculated from the
Kronig strength for transitions not involving
equivalent electrons and the coefficients of frac-
tional parentage. ""The results for the im-
portant transition arrays of Ti I are listed in the
columns j. of Tables VIII—XIII.

"R. F. Bacher and S. Goudsmit, Phys. Rev. 46, 948
(1934)."G. Racah, Phys. Rev. 63, 367 (1943).
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TABLE VII. Observed intensities and multiplet strengths of Ti I (triplet system). In this table the proposed classihcation
is adopted. The meaning of the various symbols is indicated in Table U.

Limit
Term

Limit Term Q

b~P, b4P
a~P

M KK

3dQs~
a~F, a'F

alF
a4P b4F
c~P b~F

M M KK

3d34s
a~P b~D
PP alD
M M

a'G
a~G

M KK

a~H
aakl

M KK

3d'4s4P
3SQ

O'P m'P'
u'D'

20
12
15

10
46
52

(3)

40

m'D'
a4F x'F'

y'G'

20 24 40r
80r

100r

75
143
229

25
25
50

136 60
28

145
100
(4) 10

yS'
O'P YBP'

v D

s'P'
a'D y'D'

QF
3D0

a'F s'F'
~3Go

20
2

10

10
35

8
36

rr
5

40
80

100R

25
40
30

8
104
163

22
31
14

(1) 12 78

i 5
i 20

4

6
z

15

2
(2) (1)
(2) (1)

1
25

v F
O'G x'G'

~800

70R (125)
80R 168
3

40
6 (19)

4n
z

10 158
(1)
30 180

75
(1)

3d'4p
m'S'

a'P x'P'
s'D'

x'D
O'F m'F'

m'G'

x'S'
a~2' v'P'

r'D'

u'P'
O'D g'D'

s'F'

PF'
a~G e'G'

y'II'

u3G'
a'II x'H'

z'I'

3d4s~4p

t'P'
dD o'D'

r'F'

8
1

12

30
6

105
(36) 20

15
20

100R

(3)

10

25
20

10

12
12

177

(1)
12

8
8

25 315

(5)

(2)
(2)

(1)
3

8
10
10

3 1

(3}

15
30 (1}
20 429 9

10n
25 (156)
20 (334)

Unclassified
PD

u'F'
15 166

1
15
3

4
12

In the second step we do take into account still neglectconfiguratio interaction. The energy
the oR'-diagonal matrix elements of the multiply- matrices are now diagonal in "second-order
occurring terms of each configuration, but we eigenfunctions. " The latter are linear cornbina-
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TABLE VI II. Calculated multiplet strengths d2sp —d's,
(quintets).

TABLE IX. Calculated multiplet strengths d'p —d's,
(quintents).

d5

+dms
d2s dms p+

6go
4P 'P'

6Do

80
60

'P
5p

80
60

8 126 127
4p

ds
idss

6go
6po
6DO

5
15
25

4p
5p

5
15
24

4F
5F

6DO

4p 6p
6QO

126 122

3X90

144 143
315 315
45 45

7 X90

6a0
6~
6Go

3 X15

25
35
45

7 X15

24
35
45

tions of the first-order eigenfunctions; the cor-
responding coeS.cients are the eigenvectors
which were measured on the secular equation
solver described in Section II. Unfortunately, we
do not have these eigenvectors for the even con-
figurations. We have to assume that the first-
order eigenfunctions are good enough for them.
Under these conditions we obtain the results
given in Tables VIII—XIII, column 2. It is
important to note that these values are only
very rough approximations, since the interactions
between the multiply-occurring terms of d's are
certainly not all negligible (especially in the 'I'
and 'I" terms). Also, we had available only the
eigenvectors corresponding to the parameters of
Table I, column 6, rather than to the final set of
parameters.

Configuration interaction was taken into
account only as a correction to the energy terms
(cf. Section 3). Therefore, no third-order eigen-
functions are available which would diagonalize
all electrostatic interactions, including configura-
tion interaction. It is for this reason that no cal-
culations of apparent two-electron jumps could
be made. This aR'ects the transitions dap —d's'
and ds p —d s.

V. THE NEW CLASSIFICATION

TABLE Xa. Calculated multiplet strengths d2sp —d's'
(singlets).

62$

2g

dss

+diss
15sp+

]po

2

6 5.9 0.1

i 2

'S'
2P 1Po

lao
0.0 0.0

0.5

experimental data very closely, the deviations in
most cases are small enough for the identification
of the experimental terms, which alone is the
final aim of this investigation. On the other hand,
there are quite a number of cases where even
better agreement would not help very much,
because the terms are so closely spaced that the
possibility of an interchange of the assignment
is not outside the error of the calculation. In
these cases one has to rely upon the tables of
multiplet strength. For many multiplets, how-
ever, only the intensities are measured (columns
M of Tables V—VII), whereas no data on multi-
plet strengths are available. When we compare
the intensities (principal lines) with the calculated
multiplet strengths we cannot expect more than
a rough qualitative agreement in many cases.
Only within the theoretical approximations dis-

On the basis of energy terms and multiplet
strengths it should be possible to classify all the
observed terms of the three deep odd configura-
tions of Ti I. It is mainly due to the relatively
small number of measurements of gf values that
several assignments remain still uncertain.

The bulk of the classification is based on the
calculated terms (Tables I I—IV, column B).
Although these terms do not always fit the

gpo
2D 1Do

1P

1Do
2P &P

)go

1~
2G yGo

jH'

0.1

1X6

6 5.9
10 9.4
14 13.4

0.1
0.3

0.3

5X6

0.3

0.0
0.2

14 13 7
18 17 8
22 22.0

9X6
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TABLE Xb. Calculated multiplet strengths d'sp —d's (singlets}.

d2s

X d'
~d3$

d2sp+

gpo

'S'
1pO
yDo

gpo
1Do
1++

2P

7.00 7.0
5.25 5.5
0 35 2.5

20.35 20
675 6

21D

24.000 24

10.125 10
3 375 6

2.625 3
4375 4
0.500 1

23.625 24
7.875 8

10.125 10
16.875 16

1.929 2

2F
1F

50.400 43

12.000 14
6.000 6 38.571 38

2H
1H

1Do
2p 1po

/GO

gPO

&GO

'II'

14.40 13

3X1S

21.000 19
10.500 10

13.500 13

5X1S

9.000 9
4.500 5

16.071 16

5 X 18

3.600 9
7 875 8
1.125 1

28.125 28
16.875 17

7x18

50 625 51
30.375 30

10.804 12
27.225 27
4.400 4

9X 18

99.00 99

59.40 60
39.60 39

11X 18

cussed in the last section can we expect quan-
titative agreement, when the measured line
strengths are compared. It should be noted that
the theoretical and experimental multiplet
strengths are in general related by different scale
factors for different transition arrays, as is ex-
plained in the Appendix.

In order to facilitate the comparision between
the observed and the calculated terms, the
energies are plotted in Figs. 1—3, for the quintet,
singlet, and triplet system, respectively. All

terms which have the same 5 and I. value are

d2s
d2$2

d2sp+

(2/3)'P +(1/3 )2P
3P

1 2

(2/3)'F +(1/3)'F
3F

1 2

plotted in the same column, so that one can
easily interchange the configuration assign-
ments. Each column shows the observed terms
together with Russell's limit assignment to the
left, and the calculated terms with their limits to
the right. The limit assignment gives the term
of the parent configuration in brackets, and bears

TABLE XIIa. Calculated multiplet strengths, d'sp —d's'
(triplets}.

'S 3Po 0.4

d3

+d3$
d' d3p+

lgo
2P lPO

1Do

1po
21D 'D

1Fo

2P
1P

1 2

1 1.0
3 25
5 3.0

0.0
0.0

1D

1 2

0.1
0.4

3 2.3
5 3.1
7 5.7

'3D
1D

1 2

0.4
1.4

0.7
1.2
1.2

2F
1F

1 2

0.2

0.8
0.0

2Q
lG

1 2

0.1

2H
'H

1 2

TABLE XI. Calculated multiplet strengths, d3p —d's
(singlets}. 3So

2P 3Po
3Do

'S'
4P 3P'

3Do

3P0
2D 3Do

3'

2
6

10

12
20

2.9
7.2
9.1

3.1
10.3
16.0

O. i
1.8

1.3

0.9
2. 1

1PO
'3D 'D'

lpo

0.5
2.0

0.6
0.5
1.3

3 1.9
5 24
7 4.7

0.1
0.1 1.0

'D'
2P 3~

3QQ

1.7 10
14
18

12.8
18.3
22.0

1Do
2F 1Fo

lao

lpo
2Q

Ho

H 1HO
llo

0.0 1.0
0.0

0.0
0.3

0.0 — 0.8

5 3.9
7 6.6
9 7.4

0.3
0.0

1.6

0.1
0.0

7 5.8
9 88

11 7.4

0.2
3.6
3.6

0.2
3.6

9 7.3
11 7.4
13 13.0

3Do
4P 3P

3GO

3F'
2Q 3Go

3H'

1.4 20
28
36

13.9
21.5
25.2

0.1
6.8

3X3 5X3 5X3 7X3 9X3 11X3 7 X 18
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Tsar.E XIIb, Calculated multiplet strengths, df'sP —d's {triplets).

d8

d's d~sPQ

S gpo

1 2 1 2

1 2 72.000 67

sag
SQ

1 2

2P
3P

2G
3G

,So
2P Bp

o

2.333 10 42.667 26
1.750 6 32.000 23
0 117 4 2 133 9

3 375 13
1.125 6

7.875 22
2.625 15 16.800 42 67.200 4S

,So
'P IP

3~0

18.667
14.000
0.933

11 5 333 22
11 4.000 11 27.000 21
3 0.267 2 9.000 9

63.000 48
21.000 16 134.400 95 8.400 24

gpo
3oo
3Fo

60.750 59
20.250 17

0 7875 9
5 13.125 12

1.500 3

30.375 30
S0.625 43 36,000 39
5.786 6 18.000 17

10
25 115.714 99

3DO
spo
~Go

4.800 18 67.200 35 7.000 27
3.SOO 13

3.000
1.500

14 1.200 14 76.800 43
6 2.625 12 168.000 94

0.375 3 24.000 18
16.875 72
10.125 31 33.000 98

3~0
spo
3GO

38,400 22 8,400 27 56.000 32 24.000 14
28.000 18 12.000 8

9.600
21.000
3.000

8 9.600 40
14 21.000 70 135.000 93
14 3.000 5 81.000 72 264,000 213

3po
sGO
'H'

40.SOO 40 48.214 47 84.375 83
50.625 37

0 32.411 36
4 81.675 70 178.200 164

13.200 13 118.800 119

3 X54 3 XS4 5 X54 5 X54 7 X54 7 XS4 9 X54 11 X54

a subscript 1, 2, or 3, which indicates the con-
figurations of the parent ion, 3d'4s, 3d', and
3d4s', respectively. In all those cases where
Russell's assignment and the proposed assign-
ment are identical, the limit is written in the
middle between the observed and the calculated
term,

As an example, we see from Fig. 3 that the
two 'P' terms based on 'P of d' and d's, respec-
tively, have to be interchanged in their con-
figuration assignment. Although the calculated
terms do not fit very accurately, this identifica-
tion seems fairly certain. Similarly, the two 'S'
terms of d'sp have to be interchanged in their
assignment of the parent terms 'P and 'P, re-

spectively. The same is true for the two 'S'
terms of d'p. Here the calculated terms alone
permit a unique assignment. When we now look
for these terms in the tables of multiplet strength,
we find these assignments completely confirmed

(see especially the super-multiplet d's('P)p 'SPD'
—d's''P, Tables VII and XIIa). In many cases
the assignment is not so obvious as in the exam-

ples given above, but finally only a few doubtful
assignments remain. After long and careful con-
sideration the assignments indicated in Figs. j.—3
were adopted. It should be noted that the oA'-

diagonal matrix elements of the configurations
d'sp and d'p (see reference 6) are sometimes so
large that a unique assignment of limits becomes

rather meaningless. This is the case in most of
the multiply-occurring terms based on 'P and 4P,

or 'Jl and 4P, respectively. If the line strength
tables give no indication for the identification of
these terms with one or the other limit, we assign
them so as to conform with Russell's classification
as closely as possible. In the following we give
some of the important points in which the
proposed assignment differs from the current
one. The details are seen from the Figures and
tables.

The current assignment of the quintet system
is completely confirmed. Both energy terms and

multiplet strengths are in satisfactory agreement
(Fig. 1 and Tables V, VIII, and IX).

In the singlet system the most important

30-

Z
ED

O

25

3d 4p

Fto, 1. The deep odd quintet terms of Ti I.
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TABLE XIII. Calculated multiplet strengths, d'p —d's (triplets).

2P

~d2$
d3p+

3So
3+O
3D0

2P
3P

1 2

3 2.5
9 6.0

15 9.9

4p
3P

1 2

0.5
0.0
4.0

2tQ
3Q

1.0
0.0

23D
3D

1,9
0.1

2F
3F

01

4F
3F

1 2

1.0

2G
3G

2H
3H

3SO
4I' 3I"

3D0

0.5
0.5
4.1

3 2.5
9 7.9

15 89
0.1
00

0.6
1.4 0.1 0.3

3PO
2 D 3Do

3po

0.1
0.0

0.0
0.1

9 7.0
15 12.5
21 15.8

1.9
2.3
4.7

0.0
0.4

0.0
0,0 0.1

3PO
3DO
3PO

2.4
0,6

1.1
0.8

0.9
2 3
303

9 4.6
15 10 7
21 13.5

0.6
0.1

0.0
0.7 3.4

3D0
RP 3Po

3@0

0.1 0.1 0.2
0.4

05
0.0

15 14.2
21 20.3
27 25.6

0.0
0.1

0.0
0.2
0.1

3DO

4P 3PO
3GO

3PO

2Q 360
300

3go
'II 3H'

3I

0.3 0.0
0.2

103

0.0
0.8

2.0

0.0
0.1
0.1

O. i
0.1

1.2

15 13.7
21 199
27 24. 1

0.3
2.7

0.2

0.0
205

21 17.3
27 23.9
33 27.1

0.5
59

0,3

0.2
5.9

27 25.1
33 27.1
39 39 0

3X9 3X9 7x9 7x9 9X9 11X9

change seems to be the reassignment of the m'P'
term as 'O'. The limit assignment, 'P and d',
remains unchanged. There is a very weak line
(intensity (1)) which seems to be due to a
transition to g'S of d g, and which would con-
tradict this assignment; but this line is not listed

in the new tables, "and the u'S term is probably
spurious. '

At this point one should remark on the huge
multiplet strength (859) observed for the transi-
tion a'P —m'P', in the notation of the current
assignment (Table VI). Theoretically, this line

45-

PD)
('F)'~ ('Ol,

(~Fg

(sp (sp) ( D)q
PH~w& )

(D)s
(sD)

—PF)I

40-

35-

0

30-

25-
(Rp)

(~D),

('F,(
(sp)

('D),

(IFh

IA
O

OI IFO

(sp)

(D), — (G)s

(sD), ~(&p)

pH) FH)~
('s),—

HF),

IA
V

I~O

FIG. 2. The deep odd singlet
terms of Ti I. The 'I' term and
the calculated terms above the
ionization limit (55,138 cm ')
are omitted to save space.
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FK'. 3. The deep odd triplet
terms of Ti I. The 'I' term and
the calculated terms above the
ionization limit {55,138 cm ')
are omitted to save space.

50-

('s),—
Po),

t- 55~'
5
Q

45 Ppl

(pg
('o),

—( 0),— —(o)—p(w~ '
(%)I~(%)pg} —PPl ~t&D)~'~)

t p) Fg [aG)

('() r l8~ (so) ( g)s

Pe),
(» )P~

(~s) (0)
I

('o) ('6),
(sf I Fp),50-

( F) PFl, (G),('q (&r),

Fp), ('g ('F),

81 (*oJ
'(~ ~PD)

I

PH)—
2

PG)—

20-
Vi

8 's' po g
3

(sV)—
I'o' I I 'eo 5

should be weak, in agreement with the measured
intensity of 5. Closer inspection shows that this
line overlaps with a very strong line of Cr I and
is no doubt mainly due to the presence of a small
amount of this element. * One cannot exclude
the possibility, therefore, that other abnormally
strong lines which do not compare with theory
might be caused by similar experimental errors.

The assignments of s and y'I" are somewhat
doubtful and may have to be interchanged
restoring the original assignment. The prediction
of the '5' term of 3d'4s4p seems to be of interest.

In both the singlet and the triplet system, the
terms based on 'F of d' are calculated to lie much
higher than was assumed by Russell, and have
not been found experimentally, as far as is known
to the writer. The inclusion of these terms in the
traces for the calculation of the parameters of
Table I, columns 1—3, seems to have been the
main reason for the large discrepancies.

For the triplet system some reassignments
were discussed above. In addition to this, one
should note the interchange of the 'P and 'D
limits of the 'P' and 'D' terms, and especially
the reassignment of all the terms based on 4F
of ds and d's. The latter assignment seems some-
what doubtful in view of the bad fit of some of the
terms and multiplet strengths with 4' limits. A
check from an other source seems, therefore,
desirable. It is found in the lines connecting
related terms in the Fe group. Such lines were
first given by Russell. '7 He showed that one

* I am indebted to Prof. D. H. Menzel for pointing this
out.

'~ H. N. Russell, Astrophys. J. 66, 184 {1927).
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APPENDIX

Multiylet Strengths for Transitions Involving
Equivalent Electrons

Let 4'(/" JM) be the normalized anti-sym-
metric wave function of the configuration given
in the brackets. The complete set of quantum
numbers is indicated by a typical angular mo-
mentum characterized by J and M. We write

P(/" '(J')/JM) Q 4(/" 'J'M')
mM'

Xe(/jm)(Jj M'rn~ J'j JM),

+(/"JM) = g!/(/"-'(J')/JM) (l"-'(J')lJ11/"J).
Jl

Here !/ is anti-symmetric only in the group of
equivalent electrons.

The above equations define 4'(/") in terms of
4(/" ') and the coefficients of fractional parent-
age (/" '/)/"). Tables of these coefficients for p"
and d" were given by Racah. "

Consider now the transition l" 'l' l"—l" l'. In
order to express its multiplet strengths in terms
of the multiplet strengths of the transition
l" 'l' l"—l" 'l' l which can be calculated by
means of Kronig's formulae, "we need the uni-

tary transformation"

(l" '/(J&) /' J
~!

/" 'l'(J2) /J)

=[(2J&+1)(2J2+1)1&W(J)j'jJ2,JJ').

This transformation changes the order in which
the last two electrons are coupled to the rest.
The dot separates the groups of electrons which
are coupled last. The letters j, j', and J' denote
the typical angular momenta of l, l', and l" '.
The function 5" is defined as follows:"

W(abed; ef) =
(a+ b e)!(b+e —a)!(e+—a —b)!(c+d e)!(d+—e —c)!(e+c—d)!(a+c f)!—

-X (c+f a)!(f+—a c)!(b+d —f)!(d+—f b)!(f+b—c)!—
(a+b+e+1)!(c+d+e+1)!(a+c+f+1)!(b+d+f+1)!

(a+b+c+d+ 1 —z)!XZ(-1)'—
(a+b e z)!(c+d——e——z)!(a+c f z)!(b+—d —f z)!z!—(e+—f a d+ z)—!(e—+f b —c+—z)!

Combining this transformation with the coef-
ficient of fractional parentage we obtain

+(/"(Jg) /'JM)

= (n+1) Qp( 1) P(/"(Ji) 'l JM)
= ( +1) ' 2 ( —1)"'2 0(/" 'l '(J ) /JM)

J'2

X(l" 'l'(J, ) /J)/"(Jg) l'J),

(l"l'(J ) / J'j/" (J ) l'J)

=Q(/" '/'(Jg) /Ji/" '/(J&) /'J)

X(l" '(J')/J)II/"Jg).

TABLE XIV. 3(d2s{S2L2}.d2L IId'{S&L1} s2L}'.

The groups l" and l" 'l consist of the electrons
1, 2 P —1, P+1, n+1, and P is the parity
which exchanges P with n+1.

A typical matrix element of the electric dipole
moment,

P=Z p',
z=l

1%*(/"-'/'(J&) /"J")P+(/"(J&) l'J)dr
J

= (n+1) +*(/"-'/'(J, ) l"J")p;
U

X%'(/" (Jg) 1'J)dr
d's

dzs+

4P
4p

8/5
7/5

6F
iF

3/5
12/5

r—n —i P ( 1)P+Q+R+1 P y4(/a —I/ &

P, Q, B J2'

X(J2), l,"J")pf(/" 'l '(Jm') /J)dr

1' G. Racah, Phys. Rev. 62, 438 (1942}. (l" '/'(J2')/J jj/" (Jg)/'J).
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TxsLs XV. 3(d's(SsLs) de Jd'(SjL&) sOI )' TABLE XVI. 3 (4 s(SQ&) d 1I. d'{S&L,&) s12)».

d3s
Qd 3

d 3$+~

'S
2P
2D
2F
2g

~D
3&D

1D
33D

'G
3G

1H Q d3s 3P
3H Qd»P

d&s

3D 3D 3F
1D 33D RF

3F
4F

'G 3H
'G 3H

4/5
7/ 10 9/20 2 1/20 6/53/21 /427/283/75/74/521 /209/203/ 103/23/2

9/2015/2815/ 1411/ 143/2

4/5
3P 7/90 64/45 1/20 7/60'P 28/45 8/45 2/5 14/ 15
3D 3/2 1/4 27/28
3F 4/45 56/45 7/60 1/20'F 32/45 7/45 14/ 15 2/5
'G 9/20 15/28

2/ 15 8/ 15
16/ 15 1/ 15
3/7 5/7
1/30 32/ 15 1/6 1/6
4/ 15 4/ 15 4/3 4/3

15/ 14 11/ 14 3/2

The wave function Pe is anti-symmetrical in the
group l"—'consisting of the electrons', 2, --q —1,
q+ 1, . r —1, r+ in+ i . The paritiesof the
perm u tations which exchange q w ith n, and r
with n+ 1 are denoted by Q and R, respectively.
The matrix element vanishes un less the two
configurations differ by one electron only, and
unless a 11 corresponding electrons have the same
parity. It follows, therefore, that

P = Q+ 1, J,' =J„ i = r = n+ 1

Since there are n ways of realizing this, we obtain

(l" 'l'(I ) ~ l"I"
l
P

l
l"(J ) l' I)

The unitary transformation occurring in the 1ast
equation can again be expressed in term s of the
function lV;oneobtains"

(j,js(J').jsJljt jsjs(J")J)
=

l (2I'+ 1)(2I"+1)]&W(j&jsJj3, I'I")

From these formulae one can readily calculate
the m u 1tip 1 et strengths of the transition arrays
d"—d" 'p and d "sp —d "s'occurring in the Fe
group.

It is convenient to measure the abso 1u te
multiplet strength in units of the square of the
radial integral over the electric dipole moment

n'(l" '1'(Js) l.+t"J"
l p +t l

1" '1'(Js) l-+tJ)
X (l" '1' (Js)lJill" (Jt)l' I). o = —

l
e

l [(2l+ 1) (2l'+ 1) ]-& rR (nl)R(n'l')dr
0

The m u Iti pl et strength now becomes

S(l" 'l'( Js) l"I";l"(Jj) l' I)
nS(l" '1'(Jz) l"J" l" '1' (Js) lJ)

X (I" 'l' (Js) lIill" (Jt) .l' I)
The m u 1tip 1et strength on the right hand side is
for a transition which does not involve an
equivalent electron, and can be calculated,
therefore, from Kronig

's formulae, The transi-
tion l" 'l' l"—l" l'occurs in the Fe group as
d s 1sp d ths

Similarly, one inds easily for the transition
array l"—l" ' l '

S(l"J'(Jt); l" '(Jt)l' J)
nS(l"-'(Jt)lJ' l" '(Jt)l'J)(l" '(Jt)lJ'il"I')

and for l"l' l"—l" l"
S(l"1'(Jt) l"I', 1"(A') 1"(Js)J)

2S(l"l'(Jg) 1"J' L"1'(Jg) l'J)

where R(nl) and R(n'l') are r times the nor-
ma 1ized radial parts qf the one-electron wave
functions of the initial and final state of the
jumping electron. Since these functions differ for
different configurations, the values of 5 are not
comparable between different transition arrays.
Kith this normalization

S(l"—'1'(SsL.) 1"SL";1"(StLt) l'SL)
82 L 2I"

= (n/2) (2S+1)(2I +1)(l+l"+1)(2l"+1).

These sums are indicated in Tables VI I I—XIII.
As a numerical example we may calculate the

array d'sp —d's of Ti I. The parentage coef-

ficients

of mu 1tipiet strength 3(d's (SsL s) dSI. j}
d'(StLt) .sSL)', which result from the above
equations that are listed in Tables XIV—XVI for
the quintet, singlet, and triplet system, respec-
tive 1y. They agree w ith those ca1cu 1ated by
Menze 1 and Goldberg. "However, these authors

(l l (J ) pJ l
l (J ) pi/ (J' )J) s

"D. H. Menzel and L. Goldberg, Astrophys. J. 84, 1



were not able ta separate the parentages of
multiply occurring terms. The formulae derived
above overcome this difhculty.

Kronig strengths for a great number of transi-
tions were calculated by Goldberg. "His tables
have to be multiplied by suitable factors to
comply with the normalization adopted above. "
From the Kronig strengths for d's. p —d's d and

~0 L. Goldberg, Astrophys. J. 82, 1 (1935).
~i L. Goldberg, Astrophys. J. 84, 11 (1936).

the parentages of Tables XIU—XVI we then
obtain the multiplet strengths for d2s p—d3 ~ s as
listed in Tables VIII, X, and XII, column 1.
When these values are summed over the mul-
tiply-occurring terms of both configurations one
obtains the multiplet strengths listed by Gold-
berg. "

In the same fashion other tables of multiplet
strength relevant to Ti I are calculated and are
given in Tables IX—XIII, column 1.
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The Zeeman ESect in Microwave Molecular Spectra*

C. K. JEN
Cruft Laboratory, Harvard Urliversity, Cambridge, Massachusetts

(Received July 26, 1948)

A microwave cavity spectroscope is described, which possesses a high sensitivity and resolu-
tion for the observation of the Zeeman eRect of molecular absorption lines in the microwave
frequency range. The theory of operation for this spectroscope and the criteria for sensitivity
are formulated.

The Zeeman eRect of a number of microwave spectral lines has been measured for the gas
molecules Ni'HI, N"H3, and CH3CP' and observed for CH3C1" and SO2. All the experimental
results obtained so far can be satisfactorily explained by the combined magnetic contribution
due to nuclear and molecular g factors, if there exists a spin-rotation coupling, or solely by the
magnetic contribution due to molecular rotation, if there is no such coupling. Thus, further
knowledge of the nuclear and molecular magnetic properties of molecules can be obtained
through the examination of the Zeeman eRect in microwave absorption spectra.

I. INTRODUCTION

HROUGHOUT the history of atomic spec-
tra, the study of the Zeeman e6'ect has

provided an exceedingly powerful tool in eluci-
dating the mechanism of the emission and ab-
sorption of radiation energy. It gave a great
impetus to the early electron theory by empha-
sizing the important role of the electron in the
radiation process. It laid a physical basis for the
theory of space quantization, which is an im-
portant feature of the quantum theory. Then,
the unassailable evidence of the "anomalous"
Zeeman efkct which had puzzled physicists for
a quarter of a century finally led, together with
the phenomenon of multiplet structure, to the

*The research reported in this document was made
possible through support extended Cruft Laboratory,
Harvard University, jointly by the Navy Department
(OfFice of Naval Research) and the Signal Corps, U. S.
Army, under Contract NSori-76, T. O. 1.

introduction of the electron spin hypothesis.
It soon became clear that an analogous situation
existed in the atomic hyperfine structure, where
the nuclear spin played a role similar to that of
the electron spin in the atomic fine structure.
The Zeeman efI'ect became again instrumental
in clarifying the situation through the effect of
the magnetic moment, associated with the nu-
clear spin, in an external magnetic field.

The advent of microwave techniques in recent
years has given rise to a new branch of spec-
troscopy. It has been found that a microwave
system used as a spectroscopic instrument is
capable of a very high resolving power, essen-
tially because the frequency is directly measur-
able. Such a property can be used to great ad-
vantage for investigating the Zeeman effect,
since measurements are possible with hyperfine
line splittings in a fairly weak magnetic field,


