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A simple semiclassical model is described for the com-
putation of d-p and d-n cross sections. It is found that the
stripping process is responsible for practically the entire
observed d-p cross section at any bombarding energy 8&.
The few available quantitative d-p measurements —for
Nam, Co~, Cue, Br, and Bim 9—agree with curves cal-
culated by assuming that only the stripping process is
effective. As Zq increases above the barrier height of the
target nucleus, the measured d-p cross sections diminish;
this is interpreted as due to eEective d-n competition, in

which the excited nucleus re-emits a neutron after ac-

quiring one in the d-p stripping process. It is expected
that the d-n excitation curves are also predominantly due
to the stripping process for incident energies Eq 10 Mev.

To compare observed magnitudes with the calculated
values, it is necessary to specify as a nuclear parameter the
average "sticking probability" P of an elementary particle.
Comparison of the d-p and d-n stripping processes indicates
that for a given target the ratio o&„/a&„wi11 exceed unity
at all energies Eq comparable with the Coulomb barrier
and may approach the limit O.g„/og„~$ /$„=1 as Bq~ ~.

I. INTRODUCTION quantitative measurements have been made:
Na", Co", Cu.", Br" and Bi'". These cross
sections are obtained experimentally by measur-

ing the specific activity of the re'sidual nucleus,
which has experienced a net gain of one neutron
in the reaction. If the deuteron is absorbed as a
whole with high incident energy, however, the
most probable result is the emission of two or
more particles, and the simple d-P reaction
becomes very unlikely. Available statistical
theories of nuclear level densities' suggest that
the two-particle competition to the direct reac-
tion usually becomes important in the region
around Ed, &10 Mev. But in this energy region
the stripping process still allows an appreciable
probability that the proton, in escaping, will

carry away all of the incident energy or even
more, leaving the neutron in a negative energy
(bound) state in the final nucleus. The energy of
the neutron will be measured from a zero cor-
responding to the potential energy of infinite
separation from the nucleus; therefore, a neutron
bound in the nucleus will be called a "negative
energy" neutron. The preponderance of the d-p

stripping process at these energies is estimated
more quantitatively in the examples below. Of
course, even the stripping reaction yields rela-
tively fewer negative energy neutrons as the
incident deuteron energy increases: the neutrons
tend to be more often absorbed with positive
energy, causing the immediate re-emission of a

HIS study discusses nuclear reactions
induced by deuterons at moderate incident

energies, 2—15 Mev. The models used for calcu-
lation are of the simplest type, so that the
structural details of individual nuclei are ne-

glected, and the computed results shouM be
regarded as of a semiquantitative nature. Never-
theless, fair agreement is obtained with some
absolute excitation curves, and it appears pos-
sible to draw certain general conclusions that
have not previously been emphasized about the
mechanism of these reactions and to give a very
simple formula that accounts, to first order, for
the observed excitation curves. It is found for
all but perhaps the lightest elements (i) that the
observed d-p excitation curve is due almost
entirely to the Oppenheimer-Phillips or stripping
reaction throughout the entire range of deuteron
bombarding energies, and not just at energies
well bel.ow the barrier height of the nucleus, and
(ii) that the major portion of the observed d-n

cross section is due to an analogous stripping
eRect with the roles of neutron and proton inter-
changed. Only a secondary contribution is made

by the direct reaction, in which the deuteron is
absorbed as a whole and a single particle sub-
sequently emitted; the predominance of the
stripping process is greater for d-p than for d-n
reactions, and for both types this predominance
increases with the atomic number of the target.

Excitation curves for the d-p reaction are
computed for those elements of which thorough
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~ V. F. M/eisskopf and D. H. Ewing, Phys. Rev. 57, 472
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neutron (an uncertainty of a few kev in the

energy limit for re-emission is unimportant for
these considerations). Therefore, as the deuteron

energy is increased well above the nuclear
barrier, the d-p cross section will decline because
of effective d-pn competition in the stripping
reaction, which has not been observed.

At low incident energies, the charge asym-

metry of the deuteron greatly favors the d-p

process by stripping, because the proton does not,
on the average, have to penetrate so far into the
Coulomb barrier as in the direct reaction. This is
what is ordinarily known as the Oppenheimer-

Phillips reaction.
The d-n reactions at high incident energies are

also due to stripping in accord with the argument
above: only the stripping process, in which the
statistical distribution of emergent energies is

largely governed by the internal wave function

of the deuteron, permits the appreciable absorp-
tion of protons in energy states low enough to
avoid emission of another particle by the re-

sidual nucleus. At low energies, the proton must

penetrate the same Coulomb barrier to reach the
nuclear surface, regardless of whether the entire

deuteron is absorbed or not. Therefore, the

stripping process is not tremendously favored,
as in the corresponding d-p case, but the low

binding energy and wide average separation of

the deuteron components make it possible even

in this instance to ascribe roughly half the ob-

served cross section to a stripping type reaction

in which the neutron escapes without encounter-

ing the nucleus.
These considerations indicate that for a given

target nucleus, the observed d-p cross section

will generally exceed the d-e cross section. For
when both reactions are predominantly due to
stripping, the Coulomb repulsion of the nucleus

will always favor proton stripping relative to
neutron stripping; and as a first approximation
we may assume other (nuclear) factors to be the

same. At high incident energies, the Coulomb
field is less effective, so the ratio 0~~/o~ de-

creases toward unity as E& decreases. Observa-

tions of this sort have been made on Bi"'."
In this simplified treatment, the nucleus is

introduced merely as a geometrical surface

' H. E. Tatel and J. M. Cork, Phys. Rev. V'j, , 159 (1947}.
' J. M. Cork, Phys. Rev. 'FO, 563 (1946).

characterized by the phenomenological constant
P, the "sticking probability" for an elementary
particle. Curves computed on this basis are com-
pared with quantitative cross section measure-
ments, and it is found possible to achieve a
moderate fit by assigning a reasonable constant
value to $. Unfortunately, quantitative measure-
ments are now' available for only a few elements,
but the values of the parameter P obtained here
lie generally within the range encompassed by
other measurements of this quantity. The values
of P„derived here for heavy elements seem to be
definitely smaller than those for light and medium
elements. It might be of interest to extend these
investigations of the sticking probability to a
more complete list of nuclei than has previously
been studied.

II. METHOD OF TREATMENT

The outstanding peculiarity of the deuteron is
its relatively low binding energy of about
I=2.18 Mev and the concomitant wide average
separation of its constituents, about

1/2n =k/2 (MI) & = 2.2 )& 10 "cm.

This wide separation is the dominant feature in

deuteron reactions and accounts for the pre-
ponderance of the stripping process. For it is
statistically rather unlikely that the two par-
ticles of the deuteron will arrive simultaneously
at the surface of the nucleus; the first particle to
arrive may be immediately absorbed by the
nucleus, abandoning the second particle which

will usually escape without encountering the
nucleus, especially if it is the proton under the
action of the repulsive Coulomb field.

Previous treatments of the Oppenheimer-
Phillips process' ' take as a point of departure
the usual perturbation formula for the cross
section. Unfortunately, the corresponding matrix
element includes nuclear wave functions and a
nuclear potential for which no explicit expres-
sions are known. The unknown factors may be
evaluated approximately in terms of the neutron
sticking probability g, derived from considering
the absorption cross section when the target

' J. R. Oppenheimer and M. Phillips, Phys. Rev. 48, SOO

(1935}.' H. A. Bethe, Phys. Rev. 53, 39 (1938}.
6 G. M. Volkoff, Phys. Rev. 5'I, 866 (1940).
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nucleus is bombarded with a beam of fast
neutrons. Df course, the sticking probability is a
quasiclassical notion depending for its validity
on the statistical behavior of the nucleus.

In the present study, quasiclassical concepts
like g„are used directly in setting up the problem,
instead of entering in the evaluation of formal
expressions which cannot be computed analyti-
cally. The statistical methods for dealing with
nuclear behavior have been discussed by several
authors ' ' we shall follow the outline of
reference i. Because of the short range and great
intensity of nuclear forces, it is possible to
consider the nucleus as having a fairly we11-

defined boundary, i.e. , as a classical sphere of
radius R = roA & if A is the mass number of the
nucleus. The most popular value at present is
about ro=i.5&i0 " cm, although sizable Buc-

tuations from this mean may be apparent in

particular nuclei. With this classical notion of
the nucleus as a solid sphere, the absorption
process for an incident particle naturally decom-

poses into two stages: (i) first, the penetration
of whatever potentials are effective in the region
outside the nuclear surface, and (ii) the prob-
ability that after reaching the surface the par-
ticle will be bound into the nucleus by energy
exchange with the other nuclear components.
These two stages are not independent, as the
probability of absorption at the surface depends
on the slope or phase of the incoming wave func-

tion, giving rise to resonance phenomena. How-

ever, if the reaction involves an average over
many resonance levels —as it certainly will in the
case of deuteron bombardment —we may, as a
first approximation, consider the phase relations
at the surface to be purely random. Then one can
simply compute factor (i) from well-known wave
equations and assign to factor (ii) a parameter $
which represents the average sticking probability
of the particle at the nuclear surface. The
sticking probability and the definite radius R are
the two classical attributes used to characterize
the nucleus.

The same considerations may be applied if the
incident beam consists of deuterons instead of

~ ~ E.J. Konopinski and H. A. Bethe, Phys. Rev. 54, 130
(i938).

8 V. F. Keisskopf, Phys. Rev. 52, 295 (1937).

e1ementary particles. Since we neglect the effect
on $ of the phase of the incident wave function,
the absorption of a neutron or proton depends
simply on its sticking probability and the prob-
ability that, as a member of the incident deu-
teron, it will reach the nuclear surface; if this
latter probability is computed with the restric-
tion that the second particle of the deuteron
remain outside the nucleus, we can obtain the
cross section for a one-particle absorption process
like the Oppenheimer-Phillips reaction. Further-
more, because of the random phase relations
assumed at the nuclear surface, the absorption
process is independent of the condition of the
abandoned particle, and vice versa. In qualitative
terms, the nucleus is simply assumed to "snatch
up" the first particle of the deuteron which it
encounters, while the second particle is aban-
doned in whatever state it happens to find itself
at the time and generally escapes without striking
the nucleus. An advantage of this approach to
deuteron-induced reactions is that it seems to be
free of embarrassment in application to deuteron
energies at or above the Coulomb barrier. If we
can find satisfactory wave functions for the
region external to the nucleus, the validity of the
method proposed should not alter greatly with
increased energy —at least until the point where
the nucleus begins to break up under the impact,
which requires on the order of hundreds of Mev.
The argument is equally applicable to d-p or d-n

reactions, so the stripping process is expected to
be of importance in both.

Suppose a beam of elementary particles like
protons, for example, is incident on the nuc1eus.
At very high energies the effect of the Coulomb
barrier is negligible„and the geometrical cross
section of the nucleus in the beam will be mR'.

The absorption cross section is then P,irR' where

g~ is the sticking probability of the protons. We
assume that at lower energies the cross section
decreases in' a manner proportional to the
average density p~(R) of the protons at the
nuclear surface, so that

(r.b. = g,~R'p„(R).

If the wave function y, (r, 8) represents a plane
wave of unit amplitude of protons in the
Coulomb field, we average over a11 angles to get
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the mean density at the nuclear surface:

p„(R) = I/4zr
I s;(R, 8) I'dec,

where dao is the element of solid angle. As the
incident energy E~ e~,—p, ."-xp[zlr r] and

o,i„—eg„m.R' as mentioned before; and, of course,
for a plane wave of neutrons, s, =exp[ik r] for
all energies and p„(R) is always unity. Notice
that no angular momentum restrictions are im-

posed: at these high energies the nucleus is
assumed able to absorb particles of all angular
momenta with equal ease.

This form for 0,~, at once invites extension to
the case where deuterons are the incident par-
ticles. For instance, we may wish to compute the
absorption cross section for neutrons, while the
proton is allowed to escape unscathed: this is the
d-P stripping cross section. Then we have

erg„g.zrR'p——(R), (2)

where p (R) is the average density of neutrons

at the surface of the nucleus, supplied by
deuterons whose protons are outside the nucleus.
Thus, if the wave function for an incident plane
wave of deuterons, normalized to unit amplitude
at infinity, is s,(r„, r„), we have

p.(R) =
~, &a

As in the case of bombardment with elementary
particles, we do not analyze y; into terms cor-

responding to angular momentum N, because
the nucleus is assumed to assimilate all angular
momenta. For this reason it is also not necessary
to consider the intrinsic spin moments of the
neutron and proton. The tensor forces in the
deuteron have been omitted as a refinement
incommensurate with the approximations used

here.
Although the preceding discussion supposes

that the neutron is captured and the proton
freed, the reverse case is exactly analogous, in
which the proton is absorbed and the neutron
escapes. Then we should have

0'reveree = zrR he pir(R) i

where the density of proton at the nucleus is

p.(R) = !" d V- (d~~/4~) I
s'*(r. R) I' (4)

~~„&a

The density p~(R) is expected to be always less
than the corresponding p„(R), as the proton has
to penetrate less deeply into the Coulomb field

in the latter case.
To evaluate the factor p„(R), we must find an

expression for the wave function s,(r, r„). It is
usual to introduce the relative and center of
gravity coordinates, s = r~ —r„r S = —,'(r~+r„);
then the wave function q;(s, S) satisfies the
equation

[(5'/4M) Vs'+ (I'z'/iV) 7 '+E I Vo(s—)—
—Ze'/I S+-',sI]p;(s, S) =0, (5)

where 1II is the proton or neutron mass, 8 is the
kinetic energy of the deuteron, I=2.18 Mev is
its binding energy, and Ze'/! S+-', sI =Ze'/r~ is
the Coulomb repulsive potential of the nucleus,
acting solely on the proton. The potential V, (s)
represents the specifically nuclear forces between
the neutron and proton and is taken to be a
simple scalar potential dependent on the separa-
tion distance alone. We look for approximate
solutions of this equation, among which the
simplest are the following. The first and most
obvious choice is approximation (a): the deuteron
center of gravity motion is assumed to be given

by the wave function s,(S) for a plane wave in a
Coulomb field, while the internal coordinate is
described by the wave function xe(s), the solution
for the bound state unperturbed by the Coulomb
field,

[Iz'/MV', ' I Ve(s) ]ye(—s) =—0.

This implies that the most important factor
determining the reaction is the "natural spread"
of the deuteron due to its low binding energy,
for it completely neglects the effect of the charge
asymmetry of the deuteron in the Coulomb field,
according to which the proton is less likely to
reach the nuclear surface than the neutron. This
neglect entails a serious objection, since it means
that the d-P and d rz stripping -cross sections
would be the same for a given nucleus at all
energies. Actually, however, the d-p cross section
markedly exceeds the d-n cross section, especially
at low energies.

An attempt to improve the zero-order approxi-
mation (a) leads to the so-called adiabatic
approximation (b). The wave function cor-
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responding to approximation (a) does not satisfy
Eq. (5) but leaves a remainder term proportional
to (Ze'/S) —(Ze'/

I S+2s I), which represents the
Coulomb energy difference between the positions
of the proton and center of gravity. This re-
mainder term is introduced as an additional
potential energy into Eq. (6) for the internal
motion of the deuteron, and the center of gravity
wave function remains s, (S) as before; this
amounts to assuming that all the Coulomb
energy gained by the proton in moving out from
the center of gravity position goes into distorting
the internal motion of the duteron. As this woukl
be true only if the center of gravity remained
fixed in position, the accuracy of the adiabatic
approximation is somewhat problematical. The
adiabatic internal function cannot be found in
closed form, although the W.K.B.approximation
is available for the case in which the neutron and
proton are collinear with the nucleus. This solu-

tion cannot be handled analytically, however.
In both solutions (a) and (b) the appearance

of e.(S) implies that the internal motion of the
deuteron is much more rapid than its passage
through the Coulomb field, so that the average
center of charge coincides with the center of
gravity. This in turn implies a high binding
energy and narrow intrinsic spread of the deu-
teron, which is almost the reverse of the truth.
Approximation (b) is further inconsistent by
distorting the internal motion so that the centers
of charge and of gravity do not coincide, while
continuing to treat the external motion as if they
did.

A third approximation (c) suggests itself as the
antithesis of the previous two: assume that the
internal motion of the deuteron is much slower
than its passage through the Coulomb field, or
at least through that part of the field where the
neutron has an appreciable probability of
striking the nucleus. This is reasonable at high
incident energies, and in the extreme limit it
describes the deuteron behavior as that of a
rigid framework which maintains a fixed mag-
nitude and orientation as it traverses the
Coulomb field. The distribution of this magni-
tude and orientation is specified by yo'. Thus, the
Coulomb wave function applies to the proton
coordinate, and the incident wave function is
s, = s, (r~)xo(s). The wave functio~ q„however,

still refers to a particle of mass 2M as long as the
deuteron is not dissociated by photoelectric
action of the Coulomb field. Such a photoelectric
process is of second order relative to the reaction
considered here, so that it may be neglected.
With this neglect, we have approximation (c)
for the incident wave function: rp, = p, (r„)xo(s)
= y, (r„) xo(r„—r„) Thi.s approximation has the
cardinal advantage of being very tractable
analytically.

We may now write an explicit form for p„(R).
Substituting approximation (c) into Eq. (3), we
have

The second integral, over the nuclear surface, can
be performed at once by assuming the usual
square-well model for the potential V(s). We
obtain

I xo I'd~. = (n/r yR) (e'-/(1+ «))
)& I F[2n(r„R)] EL2n—(r~+—R)]I, (8a)

where the assumed radius of the square-well
potential is a=2.8X10 "cm, and

"dt
F(x) =E(x) = —e '

t
for x&2oa,

Here

= E(2na) +-'e—' Dn (2na/x)

+Ci( 2na~ /)x—Ci(vr) j for x&2na.

Ci(x) = —)I (cost/t)dt,
z

I xo I2d(u„= (n/r„R) (e' /(1+na))
aJ

&( FL2n(r, —R)]. (8b)

Substituting in Eq. (7), with dV~/4s=r„'dr~, we

and the numerical factor e' /(1+na) has the
value 1.59. For nuclei with 20.R&2,

F$2n(r~ —R) j»EL2n(ry+R) j,
so we may take
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FK'. 1b. The reduction factors due to energy distribution
of the stripped particle. The upper curve is f(Eq) for d—p
stripping; the lower curve f0 is justf'(Ez) for d-e stripping,
computed for the case that Eg'=Eq —Ze~/R&0. In case
Eq'&0, a rough approximation if

f'(Ez) =f(E&)—Ze /EzRQ'(Eg) —f0(Eg) j.

FIG. 1c. Comparison of integrand functions for p„(R)
for Cu~, at deuteron energies Eq=3, 7, and 11 Mev; the
nuclear barrier height is 8 =7 Mev. Function u is without
correction for d-pn competition as calculated from energy
distribution of stripped protons; function u' is reduced by
this correction.

obtain finally

where y = 20,r„, Y= 20.R. For the purpose of com-

putation, a curve of F(x) is presented in Fig. 1a.
For the factor

I y, I' representing the deuteron

plane mave in the Coulomb field, the expressions
in Konopinski and Bethe' were used. No angular
momentum restrictions mere imposed, so that
partial waves of all / values were included. In the
notation of reference (7),

representing the intensity at a position r of a
beam of unit intensity at infinity. The variation
of p„with Eg for a particular nucleus is to be

obtained by integrating graphically Eq. (10).
The expressions used tend to overestimate

I s.I'
at high energies, so that our computed p„(R) will

also be somewhat too large for high Eq.
Equation (10) is not complete, for it is neces-

sary to consider the effect of the energy dis-

tribution of the liberated protons. Although we
have assumed no coherence between the neutron
absorption process and the final proton state,
conservation of energy requires that if the
neutron is to be captured in a negative energy
state (and essentially only such neutrons will

contribute to the observed d-p activity, the rest
causing re-emission in a d pn reaction), -the
proton must escape with an energy E~ for which

Eg —I&E„&Eg —I+Ep. Here Ep is the maximum
binding energy of the neutron in the residual
nucleus, taken in these calculations to be Ep =3.5I
= 7.6 Mev. This range represents only a fraction
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of the total proton spectrum, so that the
effective p„(R) must be somewhat reduced from
the expression calculated above.

By virtue of the assumption that the absorp-
tion process is very rapid and of random phase
relative to the deuteron's internal motion, we
can, in 6rst approximation, take the proton
energy to be speci6ed simply by its membership
in the deuteron. For a deuteron in the absence
of a Coulomb 6eld, moving with kinetic energy
E~ and wave vector K, the usual Fourier inver-
sion shows that the proton has a momentum
distribution

where E' =4MEg/h' k'= 2ME /k' a' = MI/k'.
Integrating over the solid angle dQ and ex-
pressing the results in terms of energy,

P(E~)dE„E~&dE~/t I+2E„Eg]'+4I—Eg. (12)

To carry this over to the deuteron in a classically
accessible region of the Coulomb field, we assume
that an equation of the form (12) applies, except
that the zero point of the energy scale is shifted
by an amount Ze'/r~ for E„and Eq, so that the
effective distribution is

P(E„')dE,'
E„'&dE„'/[I+2E~'+Eg' j2+4IEg', (l3)

with
E„' E„=Eg' E—g =Ze'/r, .— (14)

This is based on the classical idea that the energy
Ze'/r„ is stored by the incident deuteron in the
Coulomb 6eld and is regained by the proton as
it escapes to an infinite distance, but is therefore
not available when the deuteron breaks up at r~.
Then for a given proton position r„at breakup,
the fraction of escaping protons corresponding to
neutrons captured in negative energy states is

Eg' —I+Eo

P(E,')dE„'

f(Ed') =
Ba' -I+Eo

P(E„')dE„'
0

For a given incident energy, Ed,
' decreases and

f(Eq') increases as r~ moves in from infinity; and
f(Eq') reaches the value unity at r„=ro, where
Ed —Ze'/ro =I. From this point on we take f= 1, —

r„&ro. This means that the proton is assumed
always to seize enough energy to escape without
having to penetrate through a Coulomb barrier,
and this condition requires that all neutrons be
left bound in the nucleus if the reaction occurs
at r~&ro.

This method of estimating the energy dis-
tribution of the released protons is admittedly
crude but should impart at least the right direc-
tion to our results. The estimate is somewhat
biased toward the high energy end of the proton
spectrum, because no allowance is made for the
possibility that the proton may penetrate out
through the Coulomb barrier. This means that we
overestimate the percentage of low energy neu-
trons and hence the observed cross section. The
reduction factor f(Eq) is plotted in Fig. 1b.

We have also assumed that all the stripping
protons will escape without further encounter,
whereas actually a small fraction of them will

subsequently reach the nucleus and be absorbed.
This effect is equivalent to absorption of the
deuteron as a whole, and its inclusion would
therefore reduce the computed cross section for.
stripping. At incident energies on the order of
the target barrier height 8, however, this is a
second-order e6ect, although for E~&&J3, it
greatly reduces the stripping cross section from
about s/2R' to sR/4a. Furthermore, at low Eq
the reduction in d-p stripping appears to be
roughly compensated by the d-p contribution
from the direct reaction, so that to a 6rst ap-
proximation the entire d-p cross section may be
computed from Eq. (2) above.

Accordingly, we write

(rg, sR'(.p.——(R),

u. (R) =08 ~ dr(y!Y) I v.(y/2~) I'
4 y

X F(x Y)f(E. B(y/Y—))—,

where B=Ze'/R is the Coulomb barrier of the
target nucleus. The effect of the factor f(Eq')
=f(E& BY/y) is illust—rated in Fig. 1c, where
the integrand of p for Cu~ is plotted for several
values of E~. The reduction is negligible for low

E~, and of predominant importance for energies
above the barrier height of 7 Mev, where it

' R. Serber, Phys. Rev. 72, 1114 {1947).
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accounts for the decline of O~„with increasing
energy. Each curve displays a fairly sharp peak,
which persists for Eq well above the barrier
height, because the increase of

I e,(r~) I' with r~
in the neighborhood of R is still strong for these
energies if all values of I are included in

I e, I'.
The variation of these peak values with E~ is
not a good approximation to the variation of p„
because of the variable width of the curves, as
illustrated in Fig. 1c.

The present method of treatment has been
discussed in terms of the d-p reaction, because it
has been more extensively studied than the d-n
reaction, which has generally been tacitly
assumed to proceed entirely by direct absorption
of the deuteron. Application of the same ap-
proach to the d-n case, however, indicates that
an appreciable or even major fraction of the
observed cross section is again due to a stripping
process. In an analogous fashion to that above,
the d-n stripping cross section is

where $~ is the proton-sticking probability. The
proton density at the nuclear surface is

d V (dM, /4s. ) I e;(r„, R) I'

"(d(a,/4s. ) I e,(R) I'

(18)

where Fo(R) is simply the fraction of deuterons
whose neutrons happen to lie outside the nucleus
when the proton arrives at the surface.

Some of these neutrons will subsequently
strike the nucleus and be absorbed, but at low Ed,
such absorption will most probably be followed
by single neutron emission, so that the d-n
stripping cross section will not be much reduced
by this effect which is neglected in Eq. (18). At
very high Ee, however, the d-e and d-p stripping
cross sections are reduced in the same manner. '
Therefore, although our absolute rgJ, and 0&

may not be valid for E&»B, the ratio «„/o&„
should remain correct to first order for all
energies.

This also permits us a crude means of esti-
mating the cross section for the absorption of
the entire deuteron: without allowing for the
detailed, compound nature of the process, these
simple geometrical considerations would indicate
that the cross section for formation of a com-
pound nucleus with the addition of the entire
deuteron is, for Eq comparable with 8,

corresponding to the condition that the neutron
is inside the nucleus when the proton arrives at
the surface and is also absorbed. Since Fo(R))1 —F0(R) for finite R, it is expected that even
for the d-n reaction the stripping process will

roughly equal the direct absorption, although the
ratio of compound nucleus formation by the two
methods is only

Fo(R)/1 —Fo(R) = (1+1/4nR)/(1 —1 /4nR)
= 1+1/2aR = 1.2—1.S,

so that the disparity is of a much lower order
than in the d-P reactions.

For high deuteron energies (above 10 Mev)
the observed d-n activity is almost entirely due
to stripping because the compound nucleus
which has absorbed the whole deuteron is so
highly excited that single particle emission is
much less probable than the stripping process in

which a proton is retained. In the d-n stripping
reaction, we must also apply a reduction factor
f'(Eq) to account for the fact that the observed
cross section is produced only by protons that
are absorbed into the nucleus with energies less
than Eo above the ground state, for otherwise,
a neutron is almost certain to be emitted, and a
d-2n reaction will be observed instead. In this
case, however, the escaping particle is not subject
to the Coulomb field. Therefore, to specify the
neutron energy distribution I"(E„),we replace
E~ by E in Eq. (12) and Ee by Ee'=Ee Ze'/r~-
=Ee Ze'/R (or by—zero if Ee &Ze'/R, the
nuclear Coulomb barrier). The reduction factor
f'(Ee) is then determined from P'(E„) in the
same manner as f(Ee) from P(E„). In Fig. 1b,
the curve designated as fo(Ee) is the factor f'(Ee)
computed for E&'&0, the case most frequently
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encountered for heavy targets. If E~'&0, one
may take as a crude approximation

f'(Ea) =fo(Ea)+(Ea'/Ea) I f(Ea) f—o(Ea) $
=f(Ea) «—'/EaRI:f(Ea) fo—(Ea)j

The total d-n cross section to be observed from
stripping is then

(ra„sR'g——„i«, (R) i'Fo(R)f'(Ea). (20)

For incident deuteron energies well below the
barrier height, the dominant factor in expressions
19 and 20 is

~
y, (R)

~

', and hence the decrease in

the observed O.d„with decreasing Ed is sharper
than for the corresponding 0~„. This also means
that a quantitative fit with experimental cross
sections at E~ ~8 is more sensitive to the choice
of R for d nthan for -d-p reactions, so that Eq.
(20) should be used to fit experimental curves
only over a wide energy range. As in the d-p
reaction, the d-n curve will show a maximum in
the neighborhood of the barrier height. As E~
increases beyond this point, the contribution of
the direct d-n reaction is generally negligible;
while the decreasing factor f'(Ea) and the in-

creasing factor
~
p, (R) ~' of Eq. (20) are more

equally balanced than in the corresponding d-p
formula. Therefore, the observed d-e curves
should decline more slowly than the d-p for
energies above their peaks. It is also clear that
the ratio a a~/a a„should, in general, exceed
unity; for example, compare the expressions (16)
and (20) for o a„and o a from stripping at Ea =8:

«./~a-= 4/4 p-/p' (21)

The terms p„and p~ are computed in the same
way, except that where

~
y, (r)

~

'f(Ea'), r &R
occurs in the integrand for p„, it is replaced by

~ y, (R) ~'f'(Ea) in the integrand for p„. Since

f'(Ea) &f(Ea) &f(E «'/r), —
and ~oo, (r) ~'& ~oo, (R) ~' for r&R, and g and g„
should generally be of the same order of mag-
nitude, we have

=f(Ea Ze—'/r) ~0, so that p~—+p„—+0, and
&an/o'a~~4/g„. This suggests the only case in
which the observed O~„might exceed crd„. if for
some nucleus g~ happens to exceed $„, then for
high energies (Ea several times the barrier
height), we may find oa„/oa„~1. Observations
at these energies have not yet been reported
even qualitatively, although a study of the
oa„/oa. ratio in Bi'oo up to Ea ——18 Mev. (12)
shows that o a„/o a & 1 in this energy range.

Of course many-particle reactions induced by
deuteron bombardment, such as the d-2n, d-3n,
d-(p, n), d-(p, 2n), may also be separated into
two components, one due to the formation of the
original compound nucleus by a stripping process,
the other due to the formation of a diR'erent

compound nucleus by the absorption of the
deuteron as a whole. In these complex reactions,
however, the chief determining factor appears
to be the level density of the compound nucleus
and its behavior in emitting several particles in
cascade. Therefore, the method of formation of
the compound nucleus is of secondary importance,
and an analysis to distinguish between the two
modes of formation is scarcely possible with the
present limited knowledge of level densities.

III. APPLICATION

Quantitative cross section measurements for
deuteron-induced reactions have been made up
to the present time only on a limited number of
elements, and there mostly for the d-p reaction.
We compare the formulas obtained above with
these measurements.

Figure 2 shows the case of 29Cu", using an

«~/«&&4/4=1 (22)

for incident deuteron energies comparable with
the nuclear barrier height. At low deuteron
energies, the direct d-n reaction will also con-
tribute to Og ', but this will no more than double
the ad computed from stripping alone, so that
the inequality (22) still should hold. At very
high energies, ( oo, (r) jo=

( rp, (R) (o=1, and f'(Ea)

0
0

~ISO a lO os

Frr. 2. d-P excitation curves for Cu 3.
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FIG. 4. d-p excitation curves for Br3.

Fig. 3. d-p excitation curves for Co".

unpublished curve measured by Clarke and
Irvine. The computed curve was obtained from
Eq. (16), using r =01.50X10 " cm, so that the
nuclear radius was 8=6.0&(10 " em, and the
effective barrier height (corrected by a factor
2+2/A for the center-of-gravity motion of the
system of deuteron plus nucleus) is (Ze'/E) eR
=7.0 Mev. The general features of this curve
are typical of all d-p excitation functions over
wide enough energy ranges: at energies below
the barrier, it rises toward a fairly well-defined

peak, above which it declines again rather slowly.
The rising portion of the curve is relatively flat
compared with the excitation curve expected in
case the entire deuteron were absorbed by the
nucleus; this is due, of course, to the eA'ect of
the deuteron's wide natural spread. It is to be
noted that the peak of the curve generally occurs
at incident energies a Mev or two above the
Coulomb barrier, and not at the barrier height
itself'. This arises from a combination of two
factors. Since the expression for

~
y, ~' includes

the partial waves for all angular momenta, the
value of

~
qr, ~' will continue to increase fairly

rapidly with increasing deuteron energy, even
above the barrier height. On the other hand, the
reduction factor f(Z&'), determined by the energy
distribution of the escaping protons, begins to
become effective only for energies above the
Coulomb barrier, and tends to reduce the cross
section more and more as the deuteron energy
increases. The opposing tendencies of

~ s.~' and
f(Zq') therefore result in a maximum that occurs
somewhat above the barrier energy; beyond this
point, the factor f(E~') is predominant, and the

excitation curve declines. This decline may be
thought of as due to competition with the unob-
servable d Pn r-eaction that follows when the
stripping neutron is absorbed with positive
energy. An effort has been made to explain this
decline at high energies by assuming limitations
on the angular momentum" so that only the
first few partial waves contribute to

~
s~. ~', but

this seems a rather artificial restriction in con-
trast to the present interpretation.

The computed curve in Fig. 2 is fitted to the
observations by assuming a sticking probability
of („=0.9. It is at once evident that the agree-
ment is close enough to suggest that practically
the entire observed d-p cross section is due to
this stripping process, and that the contribution
of the direct iE-p reaction may be neglected in
first approximation. Indeed, upon examination
this direct contribution proves to be very small
for all energies of the incident deuteron. This is
essentially because at low energies the deuteron
has difhculty penetrating as a whole through the
Coulomb barrier, and, more important, the
proton is inhibited from escaping from the com-
pound nucleus because of the same Coulomb
barrier. This unfavorable ratio for p emission
relative to n emission persists up to incident
deuteron energies above the barrier height,
beyond which appreciable competition begins to
occur from the d-pn reaction. Thus, the direct
d-p reaction hardly appears at all, because of
strong d-n competition at low energies, and
(d-2 particle) processes at higher energies.

The smallness of the d-p reaction may be
estimated in a quantitative fashion by using the
results of Weisskopf and Ewing' on the evapora-
tion model of the nucleus. Equation (19) gives

'0 E. T. Clarke and J. W. Irvine, Jr. , Phys. Rev. 66, 231
(1944).
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the cross section r„ for the formation of a com-
pound nucleus by absorption of the entire
deuteron; the corresponding d-p cross section is
then

(~/~)() (21)

where I', and F are the proton and total emission
widths and e is the maximum kinetic energy
with which the proton may be emitted. If the
energy of the incident deuteron is E& and the
neutron binding energy is Ep=8 Mev, we have

e =Eg+Ep —I=Eg+6 Mev.

For E„=9Mev, ~=15 Mev, and from Fig. 2 of
reference 1 we find I'„/I'(15 Mev) =0.05; and at
this energy Iq&.(R)I'=0.5. Also, for Cu",
1 —Fo(R)=0.4, and we take $„=$„=0.9 as
already determined. Then the direct d-p cross
section for Cu~ at 9 Mev is, according to Eqs.
(19) and (21),

0~„«R'g„I q.(R)=I'(I'„/I') [1 Fo(R)j-
=0.1)(10 "cm'

This is less than five percent of the observed
cross section at this energy, and the percentage
will decrease at lower energies as F~/1' becomes
less favorable and

I y, (R) I'diminishes. At a high
energy like Eq=15 Mev, on the other hand, we
must be concerned with competition from the
d-pn reaction. The relative probability of single
proton emission is, according to the statistical
formula, approximately

f„=(1+(~e'/Ts'))exp[ ~e'/Ts'j —(22)

with

he'=e —V—Zp=(Eg+6) —V—8=Kg —9

with U=7 Mev, the Coulomb barrier of the
nucleus. Ta'=Ts(e V) =2[5(Ea——I)/Ac ]&.For
Cu" at Eq=15 Mev, we have Ae'=6, T~'=2.1,
so f~=0 2 The other . f.actors in aq~ remain the
same, except for

I y.(R)I', which has increased
to 0.8, and F~/I' (21 Mev), which may be esti-
rnated as about 0.1. Then the direct d-p cross
Sectloll 1s

««=«R'41 ~ (R) I'[I Fo(R) j(~~/~)—f~
=0.07X10 ~ cm'

again about five percent of the observed cross
section. This percentage will now decrease with
increasing energy, as the direct reaction cross

section will be dominated by the exp[ —~e'/Ts']
factor for single proton emission.

In Figs. 3 and 4 are shown similar comparisons
of observed and computed curves for 27Co" "and
3,8r".' In each case the computed curves show
only the cross section expected from stripping;
the values of P used to fit the curves were
$„=0.8 for cobalt and $„=1.1 for bromine.
These cases show no distinctive features, except
that for both elements it was necessary to
assume rp ——1.65)&10" cm to fit the experi-
mental curves. The computed curves are not
particularly sensitive to variations in r p because
of the smoothing e6'ect of the integrations in-
volved but, as in these cases, it should be pos-
sible to assign a value for rp to within ten percent
from comparison with experiment.

The d-p reaction has been studied quan-
titatively" for one light element, »Na". Although
the statistical attitude underlying our formula-
tion may not be valid in this case, it is of interest
to see how closely the curve computed on this
basis may resemble the observations. In Fig. 5
are shown the excitation curves: the computed
curve involves only the d-p stripping process
with an assumed rp=1.50X10—"cm, and a
value of )„=1.8. The agreement in shape of the
curves is quite good, except at very low energies,
but agreement in magnitude is achieved only by
taking $„=1.8, whereas from its definition we
should expect g„(1.0f course, some irregularity
in the effective $ values is expected for light
nuclei, where the conditions for definition of the
sticking probability as an independent nuclear

I

b

F1G. 5. d-p excitation curves for Na'4.

I~ E. T. Clarke and J. %. Irvine, Jr., unpublished.
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parameter are least likely to be satisfied. A pos-
sible explanation might be that for such a light
nucleus the d-P reaction by direct absorption
would make a strong contribution. In the par-
ticular case of Na", however, it appears that
the direct reaction is again negligible. It happens
that the binding energy of a proton in the Mg'4

nucleus is about 3.7 Mev greater than the binding
energy of a neutron in the Na'4 nucleus; in
addition, the proton must overcome a 4-Mev
Coulomb barrier in escaping. Thus, in an excited
Mg" nucleus there is effectively some 7.7 Mev
more energy available for the emission of a
neutron than of a proton, so that the direct d-n
reaction is expected to overwhelm the d-p until
incident deuteron energies are reached at which
two-particle emission becomes prominent. For a
very rough estimate of the oq~/oq„ratio we may
use the statistical model as employed in reference
1; this shows that 0 q~ {direct) &0.05 Xad„
{stripping) at 8~=6 Mev, the peak of the ob-
served curve. Thus the stripping mechanism is
expected to account for practically all the
observed d-P cross section on Na". The sticking
probability in this case might be reduced to
approximately unity by taking r0=1.8)&10 "
cm; this would shift the peak of the computed
curve to around 0.5 Mev lower energy.

The only heavy element for which a thorough
quantitative study has been made on deuteron-
induced reactions is Bi"'. Figure 6 shows the
computed curves for both the d-p and d ncross-
sections, as compared with a recent set of ob-
servations reported by E. Segre." For both

S
IPa
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FrG. 6. d-p and d-n excitation curves for Bi"9.
~ E. Segre, unpublished.

TABLE I. Sticking probabilities.

Element

Pt196
Pt&98
Aux97
Hgl96
Hg904

0.2
0.4
0.3
1.7
0.3

Element

T1205
Pb208
Bj809

Th'39
U238

0.5
0.3
0.1
0.2
0.2

' R. S. Krishnan and E. A. Nahum, Proc. Roy. Soc.
A180, 321 (1942).' R. S. Krishnan and E. A. Nahum, Proc. Roy. Soc.
A180, 332 (1942).

computed curves a standard radius of r0=1.80
X10 " cm was assumed, leading to a nuclear
radius of R =10.7 X10 " cm. The values of the
sticking probabilities were taken as $„=0.23 and
$„=0.25 for the ad~ and 0&„curves, respectively.
In computing the o.& curve with Eq. 20, the
additional assumption was made that the
threshold for a Bi'"{P n)Po"' reaction is some
2—3 Mev, in accordance with the presumed great
instability of the Po"' nucleus. Only the com-
ponen't from the stripping process was con-
sidered in computing the o~„as well as the o.d„
curve; the direct d-n reaction is expected to
encounter not only d-2n competition at energies
around Ed = 10 Mev, but strong d-n competition
at all observable energies, as the compound Po"'
is a very likely O,-emitter.

The d-p and d-n reactions on Bi"' have
previously been studied' at energies up to 14 Mev
in an eEort to determine the point at which the
ratio 0&~/o & fell below unity, in accordance with
the view that the Oppenheimer-Phillips su-
premacy of the d-p reaction would vanish as E~
approached the nuclear Coulomb barrier. This
expectation is not fulfilled experimentally, and
the present treatment indicates that since for
Bi"' P~ = $„ the observed ratio oq„/o q„will exceed
or equal unity for all deuteron energies. This
ratio approaches g„/g„as Eq +~, so that the—oq„
and o.d„curves will cross only at high E& and
only in the fortuitous {for this simple theory)
circumstance that $„/$„&1.

This exhausts the list of elements for which
quantitative excitation curves are available over
a wide range of energies. Another set of measure-
ments has been published"" on quantitative
cross sections for a series of heavy elements at
the relatively low energies of E&——6—9 Mev. The
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shapes of the curves over this narrow region are
not particularly informative, but in Fig. 7 are
shown a couple of typical cases, the d-p excitation
functions for Au'97 and Th"', representing
examples from each end of the range of elements
studied. For all calculations on these elements,
a standard radius of ro ——1.50X10 " cm was
assumed, and the stripping reaction only was
considered. The observed and computed curves
for all intervening elements lie between these
respective limiting cases, except for Bi2", where
these authors report an exceptionally steep
curve, markedly steeper than that for any other
element. Just for Bi"', however, there exists an
independent set of measurements over the same
energy range, ' which by contrast show a normal
excitation curve with slope similar to that of the
computed functions.

The quantitative values given in reference 14
may be used to calculate the corresponding
sticking probabilities for the elements con-
cerned; these are shown in Table I.

The corresponding t„values were not com-
puted from the few cross sections given for r~„,
because at 8&=9 Mev the results are extremely
sensitive to the choice of nuclear radius, and it is
not certain that the contribution from the direct
reaction is negligible. A reasonable value of $„
could be obtained only from 6tting a quantitative
curve over an energy range exceeding the barrier
height of the nucleus, as in the case of Bi"'.

The t„values were all fitted to the experi-
mental cross sections reported at 9 Mev, using
Eq. (16) for the cross sections due to the
stripping process alone. The direct d-p reaction
can be neglected as usual. These values for g„
are not so reliable as those obtained from 6tting
the over-all curve, as in the case of the lighter
elements, because the computed cross sections at
9 Mev—below the barrier height in all cases-
are rather sensitive to the value selected for the
nuclear radius. There remains, however, the sug-
gestion that the sticking probabilities for the
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FrG. 7. d-p excitation curves for Au"~ and Th'~.

heavy elements are consistently lower than those
of the light and medium nuclei, where ( =I. In
this connection, it would be of interest to study
the reactions of Table I quantitatively over a
wide energy range in order to fix the values of $„
with more certainty, and to extend the measure-
ments to elements in the range 83 (A &196.

The values of ro used to fit the over-all curves
in Figs. 2—6 tend to be larger than the usually
assumed value of 1.5)&10 " cm. This might be
ameliorated by assuming that for d-p stripping
to occur the proton must be outside the range
of the n pforc-es in the deuteron, as well as
outside the nuclear surface. The actual radius
of the nucleus would then be somewhat smaller
than the effective radius appearing in the cal-
culation.
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