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Higher Order Field Equations

ALEX E. S. GREEN
Department of Physics, University of Cincinnati, Cincinnati, Ohio
January 16, 1948

CONSIDER the quadratic Lagrangian

L=(1/2a2)(copa+c10%pa, B12+C20pa, 8182
~+c3a8pa, B182832+-Ciad pa, B182B364), (1)

where a is an arbitrary length and the ¢'s are dimensionless
natural constants. Higher derivatives, if admissible, may
be treated by induction. Applying Hamilton's principle!
we obtain the set of linear eighth-order field equations

(co—cra?[ ]+ ca'[J2—c3a5[J3+caad[JY)ea(r, £)=0 (2)
which may be written as
4
[H (@ _Soz)j'Prx(ry t)=0, 3)
o=1

where s,? represents the four roots of the auxiliary algebraic
equation obtained by replacing a?[] by s? in (2).
A solution of (3) expressed in Fourier integrals is

ealt, )= (1/271 2 [ Cooalk) exp(ixghes)

+ @ea* (k) exp(—ixﬁk,ﬁ)]dk’ 4)
where
kos=(k, tk;) and kl2=k-k+s,2/a? (5)

Corresponding to our Lagrangian we can find an energy
momentum density tensor #,, for which energy and mo-
mentum is conserved, i.e., tuy, »=0. Expressing ¢,, in terms
of Fourier amplitudes (we may discard all time-dependent
terms) we get the Hamiltonian

= —J1 ’idud V= 2 2‘)‘0 f kuziﬂva*@mdk
ga
=2 [ heksroa*roadk, (6)
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where
Yo = (—c142¢25,2 — 3caso* +4¢454°), (7
and

1oa(K) = (2voke/ct M psa (k). 8)

Going over to quantum-field theory the commutation
rules are

[‘Pva*(k)x ‘Prﬁ(k’)] == Bdfaaﬂa(k—k')Ch/Zka'Yv- 9)

Suitable supplementary conditions which permit only
transverse states of positive energy to exist in the “empty’’
field are

[(1—isq/ak)k-Aqs(k) — kot (k) ]2 =0.

The use of Dirac’s expansors? is indicated here.

When nucleons are present in the field we find the inter-
action energy by a fourfold application of the formalism of
Fock,® modified for bosons with finite masses (m,=s,%/ac).
From symmetry and superposition considerations we ob-
tain the interaction energy?*

U'—" ? (1/7v)(zuv,gugu/87r)[(1 - %au -a,,)

(10)

X (1/R) exp(—s¢sR/a)— }(a.-R/R)(a,-R/R)

X(ss/a+1/R) exp(—seR/a)]. (11)
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The 1/R singularity at short ranges, which is present in
second-order field theory (i.e., when ca=c3;=¢,=0), vanishes
in fourth-4 (c3=¢,=0), sixth- (c,=0), and eighth-order
theories because Z(1/v,)=0, independent of the magni-
tudes of the natural constants. The self-energy is thus
finite in the higher order theories. It is given by

Ue=—(Zs¢/74s)(1 - }e-a)g?/8ra. (12)

If we admit only field particles with real, positive, or zero
masses then the ¢’s must all have the same sign and the
factor (Zsq/v¢) is positive or negative according to whether
the ¢’s are positive or negative.

Exploratory attempts to apply the results of fourth-order
theory to the deuteron indicate that agreement with
experiment in energy level and scattering questions can be
achieved, with a reasonable choice of constants, if we
introduce the isotopic spin formalism. Following Kemmer®
for the charge-independent hypotheses one treats each
component of ¢.(r,t) as a three vector in isotopic spin
space. The modified formalism leads finally to the appear-
ance of the isotopic spin operator T as a factor in the
interaction function. This approach is a radical one,
however, if the more complicated interaction function of
sixth- or eighth-order theories is used, because of the large
number of field particles implied. In these cases the close
similarity between Kemmer’s Eq. (21) and Eq. (6) above
invites consideration of the possibility of associating the
sigma-quanta with the isotopic spin quanta themselves.
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Spectroscopic Evidence of Methane in the
Earth’s Atmosphere*
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HEN mapping the solar spectrum, under high re-

solving power, in the 3.3-u region, fourteen regu-
larly spaced and intense lines have been found between
3.33u and 3.47u. The wave numbers of these lines agree,
within a maximum difference of =+0.7 cm™, with the
measurements of A. H. Nielsen and H. H. Nielsen! on the
3.3-u fundamental band of CH.. The intense central line
(Q branch) of the CH, band falls in a spectral region ab-
sorbed by water vapor. For shorter wave-lengths than
3.3u, many intense lines of water vapor prevent also the
possibility of finding most of the CHy lines of the R
branch.

The new lines have been found on spectrograms taken
on January 10, 1948, with a new prism-grating recording
spectrometer design by Dr. Robert Noble, under the direc-
tion of Professor H. H. Nielsen. This instrument is of the
Pfund type, has an aperture of f:5, and parabolic mirrors
with a focal length of 100 cm. An echelette grating with
7200 lines per inch was used for the observations.



