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A Note on Saturation in Microwave Spectroscopy
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The investigation of Van Vleck and Weisskopf, on the shape of collision-broadened absorption
lines, is extended to high power levels of the exciting radiation. Transitions among the molecular
states are then induced at a rate that is not negligible compared with the collision rate, thus
invalidating the assumption of thermal equilibrium. The theory is based on a quantum tran-
scription of the previous semiclassical treatment, the essential tool being the density matrix.
When the resonant frequencies of the molecule are widely spaced, an absorption line is ulti-
mately broadened as the power level increases. Correspondingly, the peak absorption coefFicient
decreases, the power absorbed per unit volume approaching saturation with increasing incident
power. It is shown that the broadening of an absorption line is not to be attributed to any
intrinsic modification of the line shape, but rather to a frequency dependent alteration of the
energy 1evel populations. A molecule for which all resonant frequencies coincide, a one-dimen-
sional harmonic oscillator, is treated in Appendix II. No saturation eEect occurs here, since
the absorption is independent of the molecular distribution among the oscillator energy levels.

HE shape of collision-broadened absorption
lines has been investigated by Van Vleck

and Keisskopf' for weak monochromatic radia-
tion. Their results are of importance for the
interpretation of the extensive data recently
acquired on microwave absorption spectra. How-
ever, the investigation of Van Vleck and Weiss-
kopf does not include a discussion of two aspects
of these experimental studies —saturation and
frequency modulation. At high power levels of
the exciting radiation, transitions among the
molecular states are induced at a rate that is not
negligible compared with the collision rate, thus
invalidating the assumption of thermal equi-
librium. This note contains a theoretical analysis
of the resultant modification of the absorption
neScient. A discussion of frequency modulation
is given in a companion note by R. Karplus.

To facilitate the extension of the theory, we
shall first derive the results of Van Vleck and
Weisskopf, replacing their semiclassical treat-
ment by a suitable quantum transcription. The
linear absorption coeScient for radiation of
angular frequency co, in a gas of molecular
density N, is

/)/ =4s ((u//:) %It/tx, (&)

latter is determined by the dipole moment

p(t) = Re(){Fe '),

induced by the field

F(t) =F cosset =Re(Fe
'

'),

which may be either electric or magnetic. The
assumptions of Van Vleck and Weisskopf are
most compactly expressed in quantum language
with the aid of the density matrix. ' Thus, to
calculate the dipole moment at time t, we suppose
that a strong collision has occurred at a previous
time to ——t —8. This assumption of complete
thermal equilibrium, immediately following the
collision, is described by

p (t ) gs /r{fp)/lT ] /g Sf)s P{80)/IF (4)

where H(t) is the Hamiltonian of the molecule,
including the energy in the external field,

H(t) =H'0 —p F(t) =Ho+ V cosa&t.

In the latter formula, Ho is the Hamiltonian of
the isolated molecule and p is the dipole moment
operator. The subsequent development of the
density matrix in time is determined by

ih(8/Bt) p =Hp —pH. (6)

~ U. S. Rubber Company, Predoctoral Fellow.' J. H. Van Vleck and V. F. Weisskopf, Rev. Mod.
Physics 1{t, 227 (1945).

Cf. R. C. Tolman, Principles of Statistical Mechanics
(Oxford University Press, New York, 1930), Chapter IX.
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where x is the molecular susceptibility. The
The final task of the theory lies in the calculation
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of the average dipole moment at time t, the equation of motion (13) becomes

where the bar indicates that one must eventually
average over to, the time of the last collision, in

accordance with the assumption of random
collisions spaced by an average time interval 7.

This program is greatly simpli6ed by first
performing the average over the time of the last
collision, using the fact that the probability that
the last collision occurs in the time interval t —8,

d8 is s—~l'de/r The.density matrix may be
considered to depend parametrically upon the
initial time Io, say p()m, to), and is subject to the
equation of motion (6) together with the initial
condition (Cf. Eq. (4))

—(i/k) Q), ( V )D),„(t)—D„),()!)Vg„) cos(dt, (14)

where

(o = (8 —Z„)/k

designates the angular frequency associated with
the transition from state m to state e of the
unperturbed molecule. The assumption of a weak
radiation field implies that the density matrix
differs little from that of the isolated molecule
at temperature r:

(0) —Q(o)& Elol):T —1/( (0) —+Ps Eolkr -(16)

Now
p(~0 )0) =po(~0) (8)

The latter operator is represented by the diagonal
matrix

p~. ("=p~"'&~. pm"'=s s "'/2 & s""'- (1&)

(8/Bt) p(t) = t((8/Bt) p(t, to)](p=( se ()('d8/r— —

—,~ [(8/a()) p(t, l ())]e —()'d8/-r, (10)

whence

(~/~~) P((') = —(i/&) L~(~)P(~) —P ()')~()')]
—(1/r) t p()') —po())] (11)

We have thus succeeded in constructing an
equation of motion for the averaged density
matrix p(t), which is the quantity directly con-
cerned in the evaluation of the average dipole
moment. However, it is somewhat more con-
venient to introduce

(12)

which obeys the equation of motion

Thus, we may neglect the terms in Eq. (14) in
which D is multiplied by the magnitude of the
field. In addition, the matrix pp(/) may be
simpli6ed since the energy of the molecule in the
external radiation 6eld will always be small
compared to kT. It is shown in Appendix I
that, to a sufficient approximation,

[po(t)] = p ("8

+(p "'—p„(")(V „/h(d „) cos(ot. (18)

With these simplifications, Eq. (14) becomes

(8/Bt+i(d .+1/7)D„„(t)

=(0(p "'—p„(0))(V„„/ha) .) sinu(. (19)

The steady-state solution of the latter equation
ls

(~/@)D()') = —(i/&) L~()')D(~) —D(~)II()')]
—(1/&)D()') —(()/~~) po(~) (13) D„(t)=

and measures the deviation of the density matrix
p(t) from instantaneous thermal equilibrium.

We shall 6rst solve this equation of motion
under the conditions of Van Vleck and Weiss-

kopf, namely, a weak monochromatic radiation
field. On employing a matrix scheme in which
the unperturbed Hamiltonian, Ho, is diagonal,

(p (0) p (0))
(dNLn+&/&

X ( V„„/2k'„„)e—~'

+ —(p (o) p (0))i/r—
X ( V„„/2h(d„„)e'"', (20)
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whence

X(p„"'—p '&)&(V „/2h&d „)e

Gde&sos 4 T

2~a)' N j. T
— E Ip-I'

3 C kT ' (&d Cd~n) +1/T

g
—@sew'~/k T

(&d+&d )'+1/r' h&d „/kT
(25)

X (p-"' p-"—') (I' -/2h .)e ', ('21)

and, finally,

P(&') =Z P-P-(&)

=Pp„p „Fe-~'

q p (&&) p (0)

xl 1-
&d &d „+—i/r) 2h&d

+Q pmnpnm' Fe

r ) p (0) p (o)

&d &d„. ~/r &— 2h(d„

which is essentially the final result of Van Vleck
and Weisskopf.

An important specialization of this formula
refers to the situation in which the resonant
frequencies of the molecule are widely spaced, in
comparison with the resonance width d,&d=1/r
If the applied frequency lies in the vicinity of a
particular resonance frequency, &do = (8,—E&,)/h,
only terms involving ou —~0 will appreciably
contribute to the summation in Eq. (25). How-
ever, the energy levels E, and E~ will be degen-
erate, in general, and we must further specify the
states contributing to (25) by a degeneracy
index, say ~ and X, respectively. Thus

1 —8—&oeol& & g
—&t l& &

X (26)
h&d&/kT p e-s""r

SATURATION

4+au' N
in which the indices m and n have been inter- &)'=—— [Qlpn. .&» I q

changed in the second term, In virtue of the
spherical symmetry of an isolated molecule, it is
possible to replace p„p „Fwith (1/3)p p F,
or (1/3) lp „I'F. We therefore obtain a formula
for p(t) of the form (2), with

~ &
(0)

&
(0)

x=Z Alp-I'I 1-
sa, n ( &d

—&d~n+$/r~ h&d~n

cd

=Z Alp-I'I 2-
(d &dnn+Z/r

p (0) p
(0&

~
~

&d +&dmn+')/ r ~ h(dwn
(23)

In particular,

+ , (P."'—P "'), (24)
(&d+&d „)'+1/v'

1 (d 1/r
Im&& =g —

I p„„I

'
~n 6h (d. „(&d (d „)'+1/r'—

We shall norv extend our treatment to include
the eR'ects of a strong monochromatic radiation
field. The discussion will, however, be limited to
the situation embodied in Eq. (26), that is,
where &d

—
&do is comparable with 1/~, but all

other such difkrences, eo —co „, are large com-
pared to 1/r. In addition, we shall impose an
inocuous restriction on the field strength that
amounts to requiring that the external radiation
field be small compared to the internal molecular
field; we ignore any time varis, tion of p(t) that
involves harmonics of the fundamental frequency
co. This restriction is expressed by the assumption

D „(&,') =R „+P „&+&e '+P„„& &e ', (27')

which is to be inserted in the equation of motion
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(14). The resultant set of equations are: In computing the average dipole moment,

p (+)—
"N

(p (p)
p (p))

2k(o) „o)—il—r) (p

—Qa(V «R«. —R aV«.),

P(t) =SpPP(t) =SpPpp(t)+SpPD(t), (31)

we may ignore the time-dependent contribution
of p0, for this is neither resonant nor contributes
to the absorption. Hence

1
=R8—Pg~P(sg F8

+Ra(V aRa —R «V«.),

p ( ) V r' (p) (p)) P(t) SppD(t) = 2RepaaPob e
~~~p —p

2k((pmp+(p z/r) -(ossa
(2g)

Q«L V a(P«. '+'+Pa. ' ')
2k((p „—i/r)

—(P «'+'+P a' ') Va.].
VVith the impressed frequency in approximate

resonance with the transition frequency (op = (Zp
—Ea)/k, only the matrix elements P,b&+), Pa & ',
R, and R~q are of signi6cance, if we suppose the
energy levels c and b to be non-degenerate.
This statement is accurate to the extent that
tapp=1/r(«p . The simultaneous equations (28)
then reduce to

Q
p b(+)— —.——(p."'—pa'")

2k((d pop+i/r)—

+(R.,—Raa),

(d GJ COP Zl' TX—
(pp (pp (pp) z—+1/rz+ [ Voa ['/k'

X(p.()-p,&)). (32)

The assumption of non-degeneracy must be
relinquished at this point, for orientation de-
generacy, at least, is necessarily present. How-
ever, our theory is easily extended if the compo-
nent of the dipole moment in the direction of
the 6eld has vanishing matrix elements between
different degenerate states. This is indeed real-
ized in the most important situation of orienta-
tion degeneracy since the magnetic quantum
number relative to the direction of the 6eld is
unaltered in any transition induced by the
radiation. Under these circumstances the appro-
priate generalization of Eq. (32) is

p~ (—)— — —(p (p) —pa(o))
2k((p o)o o/r) (oo—

+(R„—Raa), (29)

R„Raa z(r/k) —[V,«—P——«, (-) P,a&+' Va,], —

R„+Rgg =0.

The solution of these equations is

Ed [ V.a ['/k'
R~g RQ(I(a-

(pp ((o —(op)'+1/r'+ [ V.a ['/k'

~(p (p) pa(p))

p ~(+) —p~ (-)+

Vg co (p —
Goo

—Z/r

2k opo ((o opo) o+1/ro+ [ V.a [—'/k'

X (p."'—pa"')

1
P(t) =Re pe[ p.a" I'Fe——

b

Q M Mp Z/rx-
Mp (o) —(pp) +1/r + [ p~a [

F /k

&& (p (o) pa(o)) (33)

where p,a' designates a non-vanishing matrix
element of the component of the dipole moment
in the 6eld direction; and f~: is a degeneracy index.
This is of the desired form (2), with

X—
~o (~ ~o) '+1lr'+

I p.a' —I'P'/k'

X (pa"' p"') ( )-
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whence, finally

o)' N
n =4or— g. i p.o'i'

c kT

characteristic frequency dependence 1/L( oo—&oo)'

+1/r' j Th. e frequency dependence of the popu-
lation difference is contained in the first of Eq.
(30), which may be written

X
(oo —&oo) 2+ 1/r&+

i p oo
i

&Fo/ho

~
—AeeP(k T ~-Eh(It; 1'

X ~ (35)
hcoo/k T P„e e'"r-

where

Pan Pbb- (p."' po"—')
1/r+w

1
/
V.g, i'/r

h' ((o oop)'—+1/r'

(39)

(40)

In the weak field limit, this result reduces to
Eq. (26), as it must, since

4 2lp-. »l'=XI p.o'I'.

When, however, i p,o'i F becomes comparable
with h/r, the absorption line begins to widen,
and the peak absorption coeScient correspond-
ingly decreases. Indeed, in the limit

i poo'i F&)h/r
and h(~ —&oo), but

i p,o'
i F&(h(&o —oo „),the power

absorbed per unit volume exhibits a saturation
phenomenon, approaching a value independent
of the field strength, namely,

(h~) I + 1 e iooolo T e —Solor-
g — (»)

2r kT hooo/kT Q„e e""r

In this formula, g denotes the total number of
degenerate transitions contributing to the ab-
sorption line.

It is well to note, finally, that our essential
results, Eqs. (29) and (30), permit an elementary
interpretation. In the immediate vicinity of
resonance, io/roo may be replaced by unity, and
the first of Eq. (29) can be written

To interpret this result, we note that 1/r is the
rate at which the population difFerence tends
toward its thermal equilibrium value, as induced

by collisions, whence m may be considered the
rate at which radiative transitions tend to
produce equality in population. That this is a
self-consistent interpretation may be seen on
computing the power absorbed per unit volume
in accordance with the detailed radiative pro-
cesses:

P = ~~whoo(p. .—poo) N

w(1/r)
hc- (p "'—p "&)N (41)

w+1/r

which, with appropriate modifications for de-
generacy, agrees precisely with Eq. (35). In
writing the last equation, the transition proba-
bility for absorption or stimulated emission has
been placed equal to —,'m, since both processes
contribute equally to the rate at which radiative
transitions tend to decrease the population
difFerence.

We have enjoyed several conversations on this
subject with J. H. Van Vleck.

P b(+) Lp- —p»] (3g)
2h(cd ooo+f/r)

It is apparent from this form that the broadening
of the absorption line at high power levels is not
to be attributed to any intrinsic modification of
the line shape, but rather to a frequency de-
pendent alteration of the populations of the two
levels. The net rate of absorption is the difFerence
between the rates of true absorption and stimu-
lated emission, with the common transition
probability for the two processes possessing the

APPENDIX I

F(g) —ei ( A+ 8 )

which satisfies the difFerential equation

d/dXF(X) = (A+8)F(X) (I.2)

To simplify the density matrix po(t), in ac-
cordance with the smallness of p F/kT, we
consider the problem of expanding the operator
exp(A+8) in powers of B. We shall be content
with the first two terms of the expansion. It is
convenient to introduce
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and the initial condition

F(0) =1.
On performing the transformation

F()() =e"AG()(), G(0) = 1,

we encounter the differential equation

d/dl(G(X) = e "AB-e"AG(l() (I.5)

which is equivalent to the integral equation

Pn, n —1 Pn —1, n
2tSCIptp

where m and ~0 are the mass and natural fre-
quency of the particle. According to the third
equation of the set (28), only the diagonal ele-

ments, R, are significant if tpp))1/T The. prop-
erties of the dipole moment matrix then restrict
the othernon-vanishing matrix elements of D(t) to

G()() = 1+ e "'ABe"'-AG(& ')d X'. (I.6)

The latter may be solved by successive substitu-
tion, which generates a series of which the 6rst
two terms are

V„,„1
2k(tpp —td —0/T)

(+) (—)

(I P) Ptt, tt-) —& tt-l, ttG(l() =1+ ~ e "'ABe"'Adh'+. . ..

dimensional harmonic oscillator, and we shall
show that no saturation elect occurs. The elec-
tric dipole moment of a charged particle con6ned
to the x axis, p=ex, has the following non-

(I.4) vanishing matrix elements:

Hence

The matrix elements of exp(2+8), in a
scheme with A diagonal, are

~a' ~a"
Le(A+8& j. .. ett'g 8 "+ (I 9)

6 —SI II

Thus, with A = —Hp/kT, 8= —(V//kT) costpt,

H(t ) //t Tj —e—ett, //t T/)—
g
—S000/Ie T g-En//e T

CO—(p (0) p (0))
Cdp

+Rn, n Rn —l, n—1

V

2h((pp+(0+ 0/T)

0)

(p (0) p (0))
Cop

—R~ +R

(II.2)

and

1/Q —+pe H(t) /kT —+pe H—p//tT—
The average dipole moment may now be com-
puted as

(+) (+)
p(t) = 2Re p (p„),„P„,„)+p„,„)P„1,„)e—

n 1

+ Spe Hp/0Tp F cos(pt (I.11)
kT= 1/C(0&.

The latter statement is valid since the average
dipole moment of the molecule vanishes, in the
absence of an external 6eld. We 6nally obtain

Lpp(t) j „=p tt'

+(p ('& —p„('&)(V „/lpcp „) costpt, (I.12)

which is Eq. (18) of the text.

APPENDIX H

The situation treated in the text is that of a
molecule with widely spaced resonant frequen-
cies. We now treat the opposite extreme, a one-

=Re g 'b(p) t

tt 1 A((t)0 —(t) —0/1)

Co

(p , (o) p (0&)

C00

+Rn-1, n-1 —Rn, n

—Re Q Ee
1 k( 0+ tt)+0/tt))T

(p (0) p (0))
OPO

—R„1,„1+R„,„; (II.3)



R. EAR PLUS AN 0 J. SCHKI NGER

Imp =
2ppp{»p ({»—{»p)'+1/r'

Qpp(R„g. „g—R . ) =SPD=Spp —Sppp=0.
a 1 (II.6)

We thus obtain

00 (g)

(p ~{p) p {0))
%~1 .(gg

eP {» 1/r
Imp =

2%i{»p {»p ({» {»p) +1/T

+~n —1, n—I ~a, ta +, (II.7)
({»+{»p)'+1/r'

+
2rrp{» p ({»+{»p)'+1/r P

N

XQ —(p. i"'—p "')
QPO

which leads, Anally, to

e' ( p» ) ' 1/r

pppc 4{»p) ({»—{»p)'+1/r'

—R„{,„{+R„,„. (II.4)

(ll.5)

in complete agreement with Eq. (17) of reference
(1). It is evident that the absorption coelli{cient
of an oscillator is independent of the distribution
of molecules among the states of the system and
is therefore unaffected by the redistribution
induced by the radiation 6eld.


