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The Radiofreguency Spectra of the Sodium Halides

W. A. NIERENBERG AND N. F. RAMsEY

Columbia University, Xm York, Xnv York

{Received August 11, 1947)

The radiofrequency spectra of Na2'Br, Na"Cl, and
Na~I have been investigated by use of the molecular-beam
resonance method. In external fields of approximately
10,000 gausses, the spectra are about 1 Mc/sec. wide,
continuous, and of a characteristic form with a deep
central minimum and two smaller side minima. The central
minimum agrees in frequency to 0.2 percent with the
Larmor frequency for a decoupled Na" nucleus. At this
field the orientation-dependent interaction of the Na"
nucleus with the molecule is small compared to the inter-
action of the nuclear magnetic moment with the external
magnetic field. Comparison of the observed spectra with
the statistical theory of Feld and Lamb suggests that the
effect is due to the interaction of an electric quadrupole
moment of the sodium nucleus with the inhomogeneous
electric field of the other charges in the molecule. In this
theory, the continuous nature of the spectrum is a result
of the large number, 2J+1, of magnetic states of the
molecule for large rotational quantum numbers, J. The
triple minima are characteristic of nuclear spin —;. The
spectra were further studied in progressively lower fields.
The marked loss of character of the spectra for intermediate
fields is explained by extending the analysis of the cos'(I, J)

coupling. In the limit of zero field (resonance minima of a
type not heretofore observed) a single resonance is ob-
served for each compound at a frequency equal to the
frequency difference between the side minima observed in

strong fields for the same compound. This is in good agree-
ment with the predictions of Feld and Lamb. These fre-
quencies are 1.22, 1.42, and 0.99 Mc/sec. for NaBr, NaC1,
and NaI, respectively. The theory of the behavior of the
central minimum as a function of the external field, and
the effect of the finite resolution of the apparatus are
developed more fully, particularly insofar as they affect
the ultimate precision of measurements of nuclear g-factors
and nuclear quadrupole interactions. The analysis of the
spectra indicates the possibility of still an additional inter-
action of the form cI J, whose average value is 0.05
Mc/sec. This is about 25 times larger than the interaction
which would be caused by the magnetic field of a charge of
one electron rotating at the internuclear distance of the
molecule and with its average angular velocity. This pos-
sibility is supported by the need for introducing a term
of this nature in the Hamiltonian for LiF in order to
explain the observed width of 0.5 Mc/sec. for the F
resonance.

L INTRODUCTION netic moment of the hydrogen molecule. Broad-
ening of the minima of other spectra has been
reported by Millman and Kuschs for cases of
rotational J))1, but further investigation was
limited by the lack of a statistical theory at the
time.

A preliminary report of the investigations of
the spectrum of Na" in NaBr, NaC1, and NaI
has already been published. ' This paper gives a

~HE molecular-beam radiofrequency reso-
nance method' ' has been extensively used

to measure the magnetic moments of a large
number of nuclei with precisions ranging from
0.5 to 0.02 percent. With this method, the ab-
sorption and stimulated emission spectrum of a
molecule in a homogeneous magnetic field is ob-
tained by observing the reduction in beam inten-

sity resulting from the failure of magnetic
refocusing for molecules which have made a
transition accompanied by a change in the
effective component of magnetic moment along
the field direction. Analysis of the discrete
minima observed in the radiofrequency spectrum
of HD and D22' has yielded the quadrupole
moment of the deuteron and the rotational mag-

A magnet B magnet

Pump

FrG. 1. Block diagram of the molecular-beam apparatus.
The A and B magnets supply the inhomogeneous focusing
fields, C indicates the homogeneous field, and R the os-
cillating field. The first chamber on the left, 0, is the oven
or source chamber, the slit marked S is the collimator, and
D indicates the position of the hot-wire detector.

i Rabi, Millman, Kusch, and Zacharias, Phys. Rev. 55,
526 (1939).' Kellogg, Rabi, Ramsey, Jr., and Zacharias, Phys. Rev.
56, 728 (&939).' J. M. B. Kellogg and S. Millman, Rev. Mod. Phys. 1
323 (1946).

4 Kellogg, Rabi, R@rosey, and $@charias, Phys. Rev. 5
677 (1940).

8, ' P. Kusch, S, Millman, and I. I. Rabi, Phys. Rev. 55,
1176 (1939).

7, k:::-" 6W. A. Nierenberg, N. F. Ramsey, and S. B. Brody,
Phys. Rev. 70, 773 (1946).
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Fir. 2. Radiofrequency spectrum of NaBr. The radio-
frequency current is 10 amperes. The arrow indicates the
position at which the resonance of the Na" nucleus would
appear if there were no orientation —dependent interac-
tion. Note that even at this low field the two side minima
and the deeper central minimum are in evidence. At this
field the interaction of the Na" nucleus with the external
field is larger than the orientation-dependent interaction
of the nucleus with the molecule.

spectra arise from broadening of the nuclear
resonance in the external field caused by internal
interactions, then even at the strongest fields
available (corresponding to a Na" nuclear
resonant frequency of 10' sec. ') the internal
interaction is about 10 percent of the magnetic
interaction and hence varying the magnetic
field would change the coupling by several
percent. Therefore, all runs in this research were
made with a fixed magnetic field and variable
oscillator frequency. The observations were
made by switching the oscillator on and off and
observing the resultant change in beam intensity.

H=5507, gauss

more complete account of the work on the
spectra. Particularly, the experimental and
theoretical arguments justifying the assumption
of a suRiciently large electrical quadrupole inter-
action to cause the observed spectrum are
developed.
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II. APPARATUS AND METHOD

The apparatus is basically one built in 1938
by Millman and Kusch. i Figure 1 is a block
diagram of the apparatus. The important dimen-
sions are the lengths of the A. and 8 inhomo-
geneous magnetic fields, 53 cm and 59 cm,
respectively, and the C homogeneous field, 10
cm. The distance from the oven slit to the col-
limator slit is 68 cm and from the collimator to
the detector is 96 cm. The oven slit is 0.025 mm
wide, the collimator 0.035 mm wide, and the
detector is a tungsten wire 0.025 mm in diameter.
The "throwout" power of the apparatus for the
sodium halides is 60 percent. It is measured by
observing the decrease in beam intensity caused
by the deflecting A field when the refocusing 8
field is zero. The oscillating magnetic field is 10
cm long. A typical oven operating temperature
is 1000'K, and for this temperature the average
velocity of a molecule of NaC1 in the beam is
50,000 cm/sec. This corresponds to a resolution
(half-width of a line) of 5000 cycles/sec. The
homogeneous field was calibrated to 0.2 percent,
using the resonance of Li' in Lior.and LiF7.

The regions in which spectra are observed are
approximately 10' sec. ' wide. Assuming these

FIG. 3. Radiofrequency spectrum of NaBr at approxi-
mately double the field of Fig. 2 and 8-amperes radio-
frequency current. The minima are more clearly in evi-
dence. The central minimum in particular is deeper and
narrower. Note the appearance of the plateaus on either
side of the side minima {compare Fig. 14).

Since the throwout factor is appropriately O.S

and the resolution width is 5000 sec. ', a spec-
trum 1 Mc/sec. wide will result in an average
reduction in beam intensity of approximately 0.2
percent. In the course of the experiments changes
as smail as 0.1 percent were measured. Therefore,
the oscillator and the detector were isolated to
the extent that the oscillator impulse on switch-
ing was less than 0.1 percent of the total signal.
However, the fluctuations of individual readings,
caused by unsteadiness of the beam, were suf-
ficiently large to require the average of four
readings for each experimental point.

III. EXPERIMENTAL RESULTS

In an unpublished experiment performed in

February, 1939, Kusch and Millman, while in-
vestigating the g-factors of Br" and Br", found
a broad and unexplained series of resonances in
NaBr. The present experiments result from a
further study of this phenomenon.

Figure 2 is the spectrum of NaBr observed at
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2733.gausses (approximately the field values used
in the previous experiments). The spectrum is
essentially the same in detail as that observed by
Millman and Kusch, with the principal difference
being the use of the variable frequency and fixed
field. The chief features of the spectrum are the
broad central miriimum (of width about 0.35
Mc/sec. ), the large total extent of the spectrum
(about 1.2 Mc/sec. ), and the appearance of other
subsidiary minima. As a reference, the frequency
at which an uncoupled Na" nucleus (g = +1.4765
&0.0015 n.uclear magnetons)' would show a
resonance minimum at the same field, is shown
on the figure. It is observed to be roughly in the
center of the spectrum. The obvious next step is
to observe the same spectrum at approximately
double the field strength. Figure 3 shows the
results for a field of 5507. gausses. A simplification
in the spectrum is discernible. The central
minimum is approximately half the width and
twice as deep and still shows the same structure
which has the appearance of two unresolved
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FxG. 4. Radiofrequency spectrum of NaBr at approxi-
mately double the field of Fig. 3 and 4-amperes radio-
frequency current. There are no features that are different
from those observed in Fig. 3, but again the central
minimum is deeper and narrower. The additional arrows
indicate the resonance positions of the two bromine
isotopes that are not observed in this spectrum.

minima. There are two plateaus which terminate
in lesser minima at approximately 0.6 Mc/sec.
on either side of the central minimum. These
subsidiary minima cut off sharply into residual
plateaus which are 0.002 deep and which extend
for 0.5 Mc/sec. on either side of the spectrum.
Finally, Fig. 4 is the spectrum at approximately
double the field (9492. gausses) for that of Fig.
3, and it is clear that aside from the central
minimum becoming twice as deep and one-half
again as narrow, there is no significant difference

' S. Millrnan and P. Kusch, Phys. Rev. 60, 91 (1941).
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FrG. 5. Radiofrequency spectrum of NaBr at approxi-
mately one-half the field of Fig. 2. At this field the
orientation-dependent interaction of the Na'3 nucleus with
the external field is approximately equal to its orientation-
dependent interaction with the molecule. Note the com-
plete degeneracy of the spectrum (compare Figs. 2, 3,
and 4).

8S. B. Brody, W. A. Nierenberg, and N. F. Ramsey,
Phys. Rev. 72, 258 (1947).

between this spectrum and that of Fig. 3. Ap-
parently, the low frequency minimum of the pair
composing the central minimum in Figs. 2 and 3
has been submerged in Fig. 4. In order to study
the detail of the central minimum (For the sake
of completeness, a run (Fig. 5) was taken at one-
half the field value (1367.gausses) of Fig. 2. The
complete deterioration of the pattern is clear.
There is a mass of structure that shows very
little characteristic feature. ), its spectrum was
repeated at lower radiofrequency current and
correspondingly smaller intervals. Figure 6 is
the curve. The general features are the same. In
particular, the upper frequency side shows a very
sharp cut-off.

These first results offer some immediate con-
clusions. Inasmuch as the average frequency of
the observed spectrum is proportional to the
field, the spectrum must be associated with some
effective magnetic moment. That this moment is
that of Na" is clear from the close agreement of
the resonant frequency of the Na" nucleus and
the position of the sharp central minimum in
Fig. 4. They agree to 0.2 percent, which is
within the experimental error. The resonant fre-
quencies for Br" and Br" are also shown in
Fig. 4. No evidence of these resonances exists in
NaBr. This is undoubtedly due to the low
intensity of the effect for bromine. ' The fre-
quencies of the side minima are not proportional
to the field but remain at a constant frequency
difference from the central minimum. This
implies some orientation-dependent interaction
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FIG. 6. Detail of the central minimum of the radio-
frequency spectrum of NaBr at greater resolution. The
field is approximately the same as for Fig. 4 but the radio-
frequency current is one ampere, corresponding to the
best resolution of the apparatus for this g-factor. Note the
sharp asymmetry. The maximum reduction in intensity is
one-half that for Fig. 4. This is in good agreement with
the theory which predicts a variation of the maximum
reduction in intensity proportional to the square root of
the radiofrequency current in this region.

between the nucleus and the rest of the molecule
in addition to the interaction between the nucleus
and the external field. If this be so, it can
be expected that NaCl and NaI would show
similar spectra under approximately the same
conditions. Figures 7 and 8 are the spectra of
NaC1 and NaI at fields corresponding to NaBr
in Fig. 4. The general features of the spectra are
the same. The frequency difference between the
side minima of NaBr is greater than that for NaI
and less than that for NaCl. The low plateaus
beyond the side minima were not directly inves-
tigated for NaCl and NaBr because the effect is
so close to the noise level. However, in a separate
experiment at greater radiofrequency current the
existence of the plateaus was confirmed for NaC1.

In addition to these spectra which were ob-
served at such values of the field that the inter-
action of the Na" magnetic moment with the
field is comparable with, or larger than, the
internal interaction, a type of spectrum new to
molecular-beam research was undertaken. Ob-
servations were made at fields such that the
nuclear interaction with the field is small com-
pared to the orientation dependent interaction
with the molecule. The most important case
occurs when the fiel is nearly zero. (The demag-

H=9282. gouss

98—

I

9.5

t

No

I I

IOO IO;5

MEGACYCLES/SECOND
FREQUENCY

I

II.O

NoGL

I

Il.5

FIG. 7. Radiofrequency spectrum of NaC1 at the
strongest field available and radiofrequency current at
10 amperes (compare Fig. 4).

netization procedure is such that the field is 4
gausses or less. ) There is some a priori question
of the feasibility of such experiments because the
absence of a homogeneous field allows non-
adiabatic transitions of the molecules undergoing
the abrupt change in field on passing from the
focusing field to the low field region and on to
the refocusing field. The fact that a spectrum is
observed is sufficient proof that all the molecules
do not undergo non-adiabatic transitions, and
the remainder are responsible for the observed
spectra. Figures 9—11 are the spectra of NaBr,
XaI, and NaCI, respectively, at fields that are
less than 4 gausses. One minimum is observed
for each substance, and the center of each
minimum corresponds very closely in frequency
with the difference in frequency between the side
minima of the corresponding strong-field spectra.
The three spectra agree in general detail. They
are broad (0.15—0.20 Mc/sec. in half-width) and
they are asymmetrical. The upper frequency side
rises more sharply than the lower frequency side.

While it is clear that the zero-field spectra
will be of primary importance in the discussion,
it is instructive to examine the behavior of the
pattern in weak fields. Figures 12 and 13 are the
spectra for NaBr at fields of 139 and 282 gausses,
respectively. At these low fields there is con-
siderable uncertainty in values of the field

( 5 percent). Experimentally these spectra are
the connection between the zero-field spectra and
the intermediate- and strong-field spectra of
NaBr. Figures 2—5, 9, 12, and 13 show the radio-
frequency spectrum associated with Na" in
NaBr over a wide range of magnetic fields.
Without a suitable theory of the interaction
responsible for the zero-field minimum, it is
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FIG. 10. "Zero"-field radiofrequency spectrum of NaI at
3-amperes radiofrequency current {compare Figs. 9 and 8).

last two terms represent the interaction of the
quadrupole moments of the nuclei with the
gradient of the electric field. This interaction is of
the order of eIQ/krz'. If the quadrupole moment
be taken as 10 ' cm', then for r J = 2.5 &10 ' cm,
the corresponding frequency is 0.23 Mc/sec.

In the HD and D2 molecular-beam radiofre-
quency experiments, ' ' all the minima observed
were interpreted using the Hamiltonian of Eq.
(1). The relative sizes of the interactions differ
from the above estimates because of the small
internuclear distance (10 ' cm) for Dg and the
small quadrupole moment of the deuteron
(2.7&(10 " cm'). The spectrum consisted of a
series of discrete minima because the source was
at liquid nitrogen temperature and therefore
only the lowest rotational state contributed
appreciably. The spectra reported here were
observed under completely different experi=
mental conditions. The dipole-dipole and the
nuclear-rotation interactions are not observable
because they - are considerably less than the
resolution of the apparatus (5000 sec. '). There-
fore, these terms in the Hamiltonian may be
neglected. For the typical sodium halide, the
beam-source (oven) temperature is such that
there are effectively 100 rotational states excited
with the corresponding 2J+1 values of J, for
each state. It is clear then that the strong-field
spectrum will not, in general, be a series of dis-
crete peaks whose width is the resolution width,
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Fio. 11. "Zero'"-field radiofrequency spectrum of Nacl at
3 amperes (compare Figs. 9 and 7).

' B. T. Feld and W. E. Lamb, Jr., Phys. Rev. 07, 15
(~945).

'

but, instead, will be a continuum whose extent
in frequency will be measured by the largest
internal interaction. Assuming the estimates
made above to be valid, a suSciently large
quadrupole interaction of Na23 in the sodium
halides will be assumed.

A statistical theory of the effect of a nuclear-
electrical quadrupole moment in the molecular-
beam radiofrequency spectrum, including the
contribution to the Hamiltonian of the rotational
magnetic moment has been developed by Feld
and Lamb. ' Figure 14 is a copy of their Fig. 5,
redrawn to show the spectrum as a reduction in
beam intensity. The assumptions and approxi-
mations that were made in arriving at Fig. 14 are
the following: (1) The nuclear spine in 2, (2) The
rotational angular momentum J)&1, (3) H is
large, so that p~g~))e'gQ/4. (4) The central
minimum is drawn in arbitrary fashion to cor-
respond to the resolution width of the apparatus.
(This minimum, corresponding to a nuclear
reorientation mi = -', ~mr ————'„shows no quad-
rupole effect to the first order in the perturbation
calculation. ) (5) The spectrum is calculated as
the product of the density of transitions in energy
and the transition probability. The actual depths
of the minima are determined by the resolution
of the apparatus. This approximation is very
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good. (6) The other nucleus has spin zero. It is
assumed that the results for the strong-field
spectra of the sodium halides will be unaffected
by the spin of the halogens concerned. In the
case of homonuclear molecules such as Na2, there
is a definite effect of the spins of both nuclei
which has been calculated by H. M. Foley."

The spectra of Figs. 4, 7, and 8, were observed
under conditions suitable for comparison with
Fig. 14 (the largest fields available). The value
of e'qQ/4pvgH is approximately 0.05 for each.
The general agreement with the theory is very
good. There are three minima with the central
minimum corresponding to the Larmor fre-
quency of the Na nucleus. The side minima cut
off relatively sharply into the side plateaus which
the theory also predicts. When these experi-
ments were performed the g-values of Br" and
Br" were not known. They have since been
measured, ' and their spectra do fall within the
spectrum of Fig. 4. (A careful search for these
minima confirmed their absence and the cause is
undoubtedly lack of intensity. ) The CI" and
CI" resonances are far removed from the Na
resonance and the I"' g-factor is still unknown.
Figure 14 shows that e'gQ/2k can be estimated
from the actual spectrum as the frequency dif-
ference of the side minima.

In the absence of an external field, and as-
suming a negligible contribution from the halide
nucleus in first approximation, the Hamiltonian
of Eq. (1) will consist of one term, the quad-
rupole interaction of the Na nucleus. The energy
levels have been computed by Feld and Lamb, '
and the only non-vanishing transition is at a
frequency e'gQ/2k. The zero-field spectra were
observed at these frequencies (Figs. 9, 10, 11).

Table I gives the comparison of e'gQ/2k ob-
tained from the strong-field and the zero-6eld
spectra. They agree to better than 5 percent.
However, the diR'erences are systematic, the
weak-field values being the larger, and the dif-
ferences are beyond experimental error. This
diff'erence is not yet explained. An estimate of
e'gQ/2h =0.13 Mc/sec. (corrected for resolution)
has been made from the strong-held spectrum of
Na2"- reported by-Millman and Kusch. In this
case, the theory of Lamb and Feld does not
apply because of spin degeneracy. Foley" has

'o H. M. Foley Phys. Rev. '7l, 747 I,'1947).
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FrG. 12. Radiofrequency spectrum of NaBr in weak
fields. The interaction of the Na" nucleus with the external
field is less than the orientation-dependent interaction of
the nucleus with the molecule. Note that the spectrum is
broadened but still situated about the central frequency
of Fig. 9.
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FK'. 13. Radiofrequency spectrum of NaBr in a field
approximately double that of Fig. 12. The spectrum is
broadened approximately proportionately to the field and
still is approximately centered about the central frequency
of Fig. 9. Three minima are observed in agreement with
theory. 4IJ&glH/h is calculated equal to 1.3 Mc/sec. , and
compared with the separation of the outer minima. Again
there is approximate agreement with experiment.

developed the correct theory for homonuclear
diatomic molecules, which is the basis of the
above estimate.

Feld and Lamb also discuss the Zee man
broadening of the zero-6eld line. The theory
predicts a broadening of the line proportional
to p~g~II. It also predicts a possible resolution
into three minima. Figures 12 and 13 are the
actual spectra for weak 6elds. The broadening
of the zero-held lines is clearly proportional to the
fields, and for the stronger field (Fig. 13) three
minima are actually observed. The frequency
di6'erence between the three extreme peaks is
less than the predicted value of 4p&grH/h by 10
percent. The discrepancy is due in part to poor
6eld calibration at low fields and in part to the
fact that at this value of the field the magnetic
interaction is not small compared to the internal
interaction, and hence the 6rst-order theory
cannot be expected to give very accurate results.

The conclusion to be drawn from this general
discussion is that the radiofrequency spectrum
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FIc'. 14. This is a copy of Fig. 5 from Feld and Lamb' s
paper. ' This is the predicted radiofrequency spectrum of
a nucleus of spin $ in a diatomic molecule, where an elec-
trical-quadrupole interaction with the molecule is assumed
but is very small compared to the interaction of the nucleus
with the external magnetic 6eld. The ordinate is propor-
tional to the beam intensity, the abscissa is a dimension-
less frequency.

of the Na halides is to be explained in gross
detail on the assumption of a sufficiently large
nuclear-electric quadrupole interaction of about
1 Mc/sec. The succeeding sections of this paper
are dev'oted to an analysis of the finer details to
ascertain the limits of application of the theory
and the completeness of the Hamiltonian of Eq.
(1).The width of the central minimum in strong
fields as a function of the field is explained on the
basis of a quadrupole interaction. The effect of
the finite resolution of the apparatus and the
finiteness of J are introduced into the theory and
compared with observation. These are found to
be insufficient to explain all the detail observed,
and a term —ci J is added to the Hamiltonian
to explain this insufficiency.

V. ANALYSIS OF HIGH FIELD RESULTS

The frequency differences of a nucleus in a
strong magnetic field are, from the Hamiltonian
of Eq. (1), including only the first and last terms
for one nucleus of spin —,', to second order in xo,

The matrix elements of the Hamiltonian giving
rise to these frequency differences are explicitly
calculated by Kellogg, Rabi, Ramsey, and
Zacharias. 4 The expressions for the transition
frequencies are expanded to the first term in
1/J. v(mr, mr 1)—is the frequency observed in
the transition vs~ —1—&ml. vl is the . Larmor
frequency p&grH/h; s is the cosine of the
angle between J and H (J large) or s=mr/J;
xo e'q'Q——/4wgrH; g= —2''/2J+3 and 9' is
independent" of J. For J large, g'= —q. These
equations are similar to those derived by Feld
and Lamb. The only difference is the expansion
to the first power in 1/J. The 1/J terms are
included only for the leading term in the per-
turbation series with respect to xo. Figure 14 was
calculated from these equations neglecting
second-order terms in xp and the terms in 1/J.
The quantity actually plotted was the product
of the density of transitions ds/dv and the
transition probability for small perturbations of
the oscillating field. In the experiments reported
here the oscillating field is not a small pertur-
bation, since a large fraction of the molecules
capable of undergoing transitions actually do so,
although all are not observable because of lack
of perfect defocusing, but the transition prob-
abilities are independent of s in strong field and
hence the complete spectrum will retain its sym-
metry although the strengths of the various
minima will differ. This is not true for the weak-
field experiments and therefore the spectrum in

this case is considerably less than ideal.
The central minimum of Figs. 3—5 corresponds

to the transition ml =-,'~ ——,
' because the term

in x~ vanishes for that transition. The widths of
the observed central minimum at different fields
are due to the effect of the term in xP. Figure

TABLE I. Comparison of weak-6eld and strong-6eld inter-
actions.

v(p, p)/vr =1—xo[1—3(1—1/J) s']

+6x, s'(1 —s'). (2a)

v(-,', —;)/vr=1—pxo'I:(—1 —s')(&''-' —1) I

—(3x. /2J)(9. -5.'),
r( —i', —r')/vr =1+xp[1—3(1—1/J)s']

Substance

NaBr
NaBr
NaCl
NaCl
NaI
NaI

External magnetic
field (gausses)

9490

9282

8494

e'qQ/2&
(Mc/sec. )

1.17
1.22
1,35
1.42
0.97
0.99

+6xp's'(1 —s'). (2c) "A. Nordsieck, Phys. Rev. 58, 310 (1940).
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Comparison of the experiments with theory
disclosed one discrepancy. The values for
e'gQ/2k obtained from the zero-field data were

approximately 5 percent greater than those ob-
tained from the strong-field data. A possible
explanation of this difference is the effect of the
resolution of the apparatus. The theory until
now has neglected the effect of the apparatus
resolution, with the result that the minima ob-
served experimentally in strong fields are infinite
in the theory. The finite resolving power of the
apparatus will cut off these minima and shift
their positions. The shape of the resonance curve
for a single level is given by"

&i, -i =
I ~'/(1 —a) P+~'j

Xsin'~ft[(1 —g) '+ho]l. (3)

6=Hi/2', one-half the ratio of the amplitudes
of the oscillating and static fields, g is the ratio
of the applied to the resonant frequency, f is the
applied frequency, and I, is the time interval the
system has been in the magnetic field. The Rabi
formula has the usual resonance denominator,
but, since the resolution widths are different for
different molecular velocities and the narrowest
structure to be interpreted is ten times this
average width, it is sufficiently representative to
choose this function as

E(v, v) =XiXp, v —6v&~v&~ v+Av,

and F(v, v) =0 for all other values of v. hv is half
the resolution width and is to be estimated in a
particular case from Eq. (3). Xi is a factor intro-
duced to compensate for the lack of complete
defocusing of the apparatus. X2 is introduced
to compensate for the different final magnetic
states of the nucleus caused by the spread in
times t that (Eq. (3)) the various molecules of the
Maxwellian beam spend in the oscillating field.
Both Xi and E2 are less than unity. The method
of calculation of the line shape for the transitions
~1=~~2 and ~1=2,~-'„ including the effect of
the resolution and the term in 1/J, is outlined in

Appendix I (Eqs. (14), (15), and (16)).The result
18

"I.I. Rabi, Phys. Rev. 51, 652 (1937).

E1X2
R(v) = [v+av —(1—xo) vr j'

3 (3xov r) ~

&& (1+akv'x),

(1—xo) vi 5v &~v &~ (1—xp) vr+

trav,

x'x'
R(v) = I [v+av —(1 —xo) vi]='

3(3xovr)'

—[v —av —(1 —xo) vr J'*}(1+akV'~),

v ~~ (1 —xo) vr+tiv

X]X2
R(v) = [(1+xo)v, v+ti—v j~(1+apex),

3(3xovr)'

(1+xp) vr —Av ~& v ~& (1+xo)vi+tiv,
(5b)

XgX2
R(v) = I [(1+xp)vr —v+t1v]'

3 (3xovr) '
—[(1+xo)vr —v —hv jl }(1+a-',~'or),

(1+xo)vr —Zv& v.

Equation (5a) is the spectrum of the transition
—,'~-', . Equation (Sb) is the spectrum of the transi-
tion —-', e-+ ——',. R(v) is the fractional reduction in
beam intensity or depth of resonance minima
with respect to the total beam and

a' = k'/8rroIk T= rr/4 J'
where I is the moment of inertia of the molecule.
The value of a is about 0.02. Examination of Eq.
(5) shows that J finite but large (J affects Eq.
(5) through a which is of the order of 1/J) does
not affect the position of the minima but in-

creases the over-. all reduction in beam intensity
by 2 percent. The maximum depth of resonance
minima becomes —'pXiEp[2hv/3xpvr]& for both
minima and occurs at frequencies (1+xp) vr Av-
and (1—xp) vr+hv. This is a difference between
the minima of 2xpul —26P. In the experiments at
the strongest fields 2hv =0.02 Mc/sec. This is in
the right direction and accounts for approxi-
mately one-third of the discrepancy. The re-
mainder is still beyond the experimental error
(0.015 Mc/sec. ). The experimental arrangement
is such that X~——0.6 and E2 ——0.5. When applied
to the experiment in the strongest field, this
yields 0.011 for the fractional reduction in inten-
sity at the side minima of NaBr, which compares
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well within the approximations to the observed
value 0.012 if the value of 2AP is taken as 0.02
Mc/sec. The corresponding calculation for the
central minimum is more tedious principally
because of the averaging over J. However, it is
not necessary to complete it for the points of
major importance. Examination of Eq. (2b)
shows that in the neighborhood of s =0 the term
in 1/J vanishes s', and therefore this term will

have a negligible effect in broadening and
lowering the higher frequency component of the
central minimum. This minimum will be equal
to o EiKo[46v/15xo'vr$& after averaging over the
resolution (Appendix I). This gives a value of
0.03 which compares favorably with that of 0.04
observed (Fig. 4).

The reason for the experimental disappearance
of the lower frequency component of the central
minimum at the field of 9000 gausses is obscure.
In principle the term in 1/J in Eq. (2b) could
cause the necessary broadening of this minimum.

However, the contribution of this term to the
Hamiltonian vanishes at s= (5/9)', the value
corresponding to this minimum. At this point in
the discussion it is convenient to introduce the
possibility of adding an additional term to the
Hamiltonian to explain this broadening. Stronger
arguments in favor of this additional interaction
will be discussed later. For the present, it will

only be noted that this interaction must satisfy
the requirement that it submerge the lower fre-

quency component of the central minimum at
sufficiently strong fields. The simple operator
—cI J satisfies this condition. If this term be
added to the Hamiltonian, then in strong fields
the equation equivalent to (2b) becomes (Ap-
pendix II, Eq. (20))

v(o, o)/vr =1——4xo'[(1 —s')(9s' —1)]

+ys+ ly'(1 —"), (6)

where, for convenience, the dimensionless param-
eter y =cJ/ii~grH is introduced. The calculation
is to the second order in xo and y. To fix ideas,
at a field H = 10,000 gausses, xo—0.05, and y will

be assumed —0.005, which is equivalent to an
average (J =40) cJ/h=0 05 Mc/s.ec. If y=0,
Eq. (6) reduces to Eq. (2) (neglecting terms of
order 1/J). Just as before, values of v are
sought for which dr/ds vanishes. The result, to

sufficient approximation, is

v/vr = 1+3xo'/4+y'/30xo'. (7a)

v/vr = 1—4xo /3 —y'/30xo + (5/9) *y.
(7b)

v/vr = 1 —4xo'/3 —y'/30xo' —(5/9)'y.

If y =0, there are but two distinct values,
corresponding to the two minima in Fig. 15.
The effect of the additional interaction is to
shift the position of the minima in frequency by
(y'/30xo')vr and to split the lower frequency
minimum into two minima whose separation is
2(5/9)~yvr. (y'/30xo') vr=3000 sec. ' which is less
than the resolution width of the apparatus and
therefore not observable. Hence the higher fre-

quency minimum will remain sharp. The lower

frequency minimum will be broadened by an
amount equal to the separation of its two com-
ponents for an average value of J.For the values
of the interaction cited, the corresponding width
is 0.07 Mc/sec. or of the same magnitude as the
xo' broadening. The splitting, as such, is not
observable, because the position of the lines are
still to be averaged over J, The net result of the
I J interaction is to submerge the lower fre-

quency minimum at a field &=10,000 gausses.
At appreciably smaller val'ues of the field (5000
gausses), the relative effect of this term on the
lower component disappears. The addition of
this term will have a negligible effect on the
spectrum corresponding to the transitions &~
~&—,', because it is small compared to the first
order terms in xo.

VI. ANALYSIS OF WEAK-FIELD RESULTS

In a weak field the chief unexplained feature
is the anomalous width of the lines ( 0.15
Mc/sec. ). The Hamiltonian for the quadrupole
interaction in zero fields is (from Eq. (1))

e'g
K= }3(I J)'

2J(2J—1)I(2I—1)

+-,'(I J) —I(l+1)J(J+1)}, (Sa)

and the energy levels are given by"

e'gQ
8'p —— —(-,oX'+ —,oZ

2J(2J—1)I(2I—1)
—I(I+I)J(J+1)} (8b&

"H. B. G. Casimir, On the Interaction Bet7//Jeen Atomic
Nuclei and Electrons {Teyler's Tweede Genootshap. , 1936).
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I.O

FIG. 16. Comparison of theory
and experiment for the radio-
frequency spectrum of LiF. The
experimental points are plotted
as reduction in beam intensity
(normalized to unity for the
maximum) versus the difference
in frequency from the Larmor
frequency for fluorine normalized
by the factor ka/c = 1.91 && 10' sec.
The solid line is the calculated
line shape for a total orientation-
dependent Hamiltonian, equal to—p~gyI. H —cI.J.

-15 -1.0 -0.5 0.0
ha

(~ ~)

0.5 I.O 1.5

where
X=F(F+1) J(I+I) J—(J+1)—

and Ii= J+i and i =I, I—1, . , —I. For J
in6nite and I=—,

' the energy differences are
given by

W3(2 —W) = e'qQ/2,

8')—S' )=0,

W ~
—W ~~, = —e'qQ/2.

For J finite, the level difFerences are

Wg(2 —W) = —e'q'Q/2,

3e'q'Q 2J+1
W) —t/I/' ) =

2 (2J—1)(2J+3)
—3e'q'Q/4 J, (10)

W )—W p2 ——e'q'Q/2.

(Note the introduction of q', as in Eq. (2) which
is independent of J.) The result is that the line at
~=e'q'Q/2h is completely unaffected by the dis-
tribution of rotational states when I=-,'. The
spectrum due to H/'q —t/I/"

q is not observable
because of the presence of non-adiabatic transi-
tions near zero frequency.

In the preceding section the possibility of an
interaction of the type —cI I, whose order of
magnitude is (cJ/h)A, =0.05 Mc/sec. was intro-
duced. This term is diagonal in the same
F= I+J, M~ representation. (In fact any power

series in (I J) is diagonal in this representation,
and its set of eigenvalues is the series with the
eigenvalues of I J replacing I J in the series. )
In Appendix III (Eq. (23)) it is shown that the
addition of this term to the Hamiltonian will
cause a splitting and broadening of the zero-6eld
peak with an over-all half-width equal to
2s. '2.64(cJ/h)A, or 0.15 Mc/sec. This value is
in good agreement with experiment, but there
was no resolution into twin lines. This is not a
fundamental difficulty because the effect of the
6rst few excited vibrational states and of the
centrifugal expansion of the rotating molecule
on g' can easily be such as to smear out the
structure and produce the observed asym-
metries.

The splitting of the zero-6eld lines, Figs. 12
and 13, are not in as clear agreement with
theory. It will be recalled that the frequency
difference between the extreme minima was 10
percent too low, and there was lack of syrn-

metry about the center of the spectrum. The
reasons are probably several. The 6rst is the
uncertainty in the calibration of the field at low

fields, the second the fact that the approxima-
tions used in the theory are not completely ap-
plicable. The perturbation introduced. by the
oscillating 6eld is not small, and the only cir-
cumstance under which the Zeeman splitting is
resolved (Fig. 13) is at a field where the pertur-
bation of the 6xed C-6eld is too. large compared
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to the quadrupole term and a more exact calcu-
lation would need to be made.

VII. GENERAL INTERACTIONS

Results similar to those found with the alkali
halides and interpretable as quadrupole inter-
actions are found in the spectra of other mole-
cules. In fact, data of this nature were published
by Millman and Kusch' prior to the development
of the theory by Feld and Lamb. Examination
of this data shows that the quadrupole inter-
pretation is possible for Lim' and K2" as well. The
high spin and relatively narrow width of the
Cs2"' spectrum agree with the lack of structure
observed. However, in no case do the halogens
show structure that is easily interpretable as a
quadrupole interaction. Cl'5 and Cl", for ex-
ample, show shallow, broad ( 0.4 Mc/sec. ),
featureless resonances in NaCl. The radiofre-
quency spectrum of P"has not yet been observed
despite a number of searches, and this is presum-
ably because of the extreme width of its spectrum.

A possible reason for this phenomenon can be
inferred from the spectrum of F". F", having
spin —,

' has no quadrupole moment, and therefore
a quadrupole interaction is impossible. The
sharpest F resonance observed, however, was
reported by Millman and Kusch' for NaF where
the half-width is 0.08 Mc/sec. The F resonance
in CsF and LiF, however, reveal half-widths of
about 0.5 Mc/sec. Fig. 16 is the plot of the
relative change of beam intensity versus the
relative di8'erence in frequency from the Larmor
frequency of a fluorine nucleus in LiF. An
attempt to explain this width can be made by
assuming an additional term in the Hamiltonian
of the form —cI J, so that the Hamiltonian for
F is therefore

strength is largely independent of the rotation,
yields a result that is clearly not in agreement
with experiment. The spectrum is rectangular
with width 2c/h. ) In strong fields (Appendix III)
the line-shape function derived from Eq. (11) is

dN/dv = (hag~/2c) }1—erfL(ha/c)
~

v —vr
~ ]I.

(12)

The effect of resolution of the apparatus is not
included in Eq. (12) because the large structure
and absence of infinities make it relatively small.
The solid curve of Fig. (16) is the theoretical
curve computed from Eq. (12). The half-width
of the line of Fig. 16 is 0.954 c/ha, and c/ha was
evaluated by comparison with the observed
value of 0.50 Mc/sec. Assuming an internuclear
distance of 2.5A, the moment of inertia of the
LiF molecule equals 52.6X10 " g cm' and
a = 2.57 X10 ' at the oven temperature of
1150'K. Therefore, c=8.93X10 " erg and
c/grp~, the equivalent field at the nucleus per
unit rotation, is 3.4 gausses in contrast to a
value of 0.3 gauss per unit rotation to be, expected
from a one-electron charge rotating at a distance
of 2.5A from the F nucleus with the angular
velocity of the molecule (Section IV).

The spectrum associated with Eq. (11) can be
observed in weak fields. In Appendix III (Eq.
24) it is shown that the corresponding zero-field
spectrum is

dN/d v = 2 (ha/c) 'v expL —(ha/c) 2 v']. (13)

The maximum R occurs at v=0.707c/ha, and
the 'spectrum has a half-width equal to 1.05

X= y~giH I——cI J.
-96 H ~ 4 gauss

The additional term assumes a cosine coupling
of the spin to the rotation which is proportional
to the rotation. (The first power of the cosine
operator is the maximum the symmetry of spin

will allow. ) This is similar in form to the
operator for the interaction of the nuclear mo-
ment and the magnetic 6eld because of the
rotation of the molecular-charge distribution,
but the order of magnitude assumed for c is
greater. (The simpler interaction, cI J/J, whose~

iA
K
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-92
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I.O 1.5
I I
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FREQUENGY
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l

FIG. 17. "Zero"-field spectrum of LiF. The circled
points correspond to a radiofrequency current of 3 am-
peres, and the squared points correspond to a radiofre-
uency current of 10 amperes.
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c/ha. It is therefore broad. Figure 17 is the ex-
perimental weak-field spectrum. Qualitatively
there is agreement. Unfortunately, the large
fraction of the adiabatic transitions at near-zero
frequency obscures the results. The expected'
minimum should be observed at 0.37 Mc/sec.
Actually, it is observed at 0.7&0.2 Mc/sec.

J. H. Van Vleck has offered the valuable sug-
gestion that this cosine interaction may arise
from second-order couplings between the nuclear
spin and the electronic angular momenta even
though the molecule is in a 'Z state. It is possible
for such a second-order interaction also to intro-
duce a quadrupole-like term. In this case the
observed quadrupole interaction may be the
sum of two parts: one attributable to a nuclear
quadrupole moment and the other attributable
to the second-order nuclear-electronic coupling.
This e8'ect and its probable magnitude are being
further studied theoretically by J. H. Van Vleck
and H. M. Foley. G. C. Wick is investigating
this interaction using an approach similar to
that adopted for the analogous interaction in

14, 15

This work has been facilitated by the con-
tributions of present and past members of the
molecular-beam laboratories. In particular, Pro-
fessor I. I. Rabi suggested the initial line of
research that led to the problem and also sug-
gested the possibility of a cosine coupling of the
nuclear spin to the rotational moment. Dr. S.
Millman provided valuable advice in re-activat-
ing the apparatus. Drs. S. Brody and J.Trischka
were of considerable help in the laboratory.

APPENDIX I.THE EFFECT OF THE FINITE RESOLU-
TION OF THE APPARATUS

Feld and Lamb have calculated the density of levels
)ds/dv~ for the transitions &—,

' +-+As, using first-order
perturbation terms. If F(P, v) is there solution function for
the apparatus {the specific one used is defined by Eq. (4)),
then for a fixed but large value of J, the reduction in beam
intensity at a frequency v is given by

R(v, I) fR(v, v) =ids/dvidv (14)

if ds/dP nowhere changes sign. (In the problems con-
sidered P=f(s'), and therefore the range of s is restricted
to 0~& s~& 1.) For the special function, P, chosen, (Eq. (4))
the spectral curve for any transition is

R(v, I) = (KiKi/2I)
~
s(v+hv) —s(v —iiv) t. (15)

G. C. 9/ick, Zeits. f. Physik 8S, 25 (1933).
'~ N. F. Ramsey, Phys. Rev. 58, 226 (1940).

This yields Eq. (5) with a=0. The coefficient 1/2I is an
approximate normalization factor arising from the con-
sideration that there are 2I different allowed transitions
for a molecule in a given rotational state. The result of
summing R(v, J) for all J is as follows:

R{v)=2a' R{u, J)J exp( —a'J')d J.
0

(16)

APPENDIX II. ENERGY LEVELS IN STRONG AND
WEAK FIELDS

The Hamiltonian used to analyze the results of the
experiments reported is:

e'qQ= -& g' "+2I(2I-1)J(2J-1)I3('»'
+-,'(I J)—I(I+1)J(J+1)I

—cI J. (18)

Strong Field

The matrix elements of each term of the Hamiltonian
in the mI and mz representation are most conveniently
stated in reference 4. The calculation of the energy levels
to the second order in e'qQ and c, considering —yNgII H
the unperturbed Hamiltonian, yields for J large and I= $:

I/I/'3/2 ————,'p,NgIH+-'b(3s' —1)——,'cJs
E/3bg —c2 g3J12(1—g2) ~4b2(1 —g2)&

(19a)
pNgIH 2PNgIH

8'g = ——,'pNgIH —-'b(3s' —1)——,'cJg
EV'3' —c—',+3J)'(l.—s ) c J (1—s2} 4b (1—s~)2+ (19b)

PNgIH PNgIH 2PNgIH

TV $
=-',pNgIH —-'b(3s' —1)+gcJg

E—+3bs —c-',Q3Jj'(1 —s') c'J'(1 —s') —,'b'(1 —s')'+ (19c)
PNgIH pNgIH 2pNgIH

3/2 =
2 pNgIH+-, 'b(3s' —1)+2cJ,
+ E

—+3bs —c-'+3Jj'(1—s') -'b'(1 —s')'2 +4
pNgIH 2pÃgIH

with b =e2qQ/4.

(19d)

If Eq. (15) is used in Eq. (16) with s determined by Eq.
(2a) and (2c},Eq. (5) follows.

For the transition —,
' c-+—-', the second-order terms (Eq.

(2b)) need be considered. This calculation is different in
that z is a multi-valued function of P. The calculation is of
sufficient complexity to warrant the neglect of the term
in 1/J. For a given value of P there are in general two
allowable values of s(~s~ &~1), s+ and s . Equation (15)
then"„becomes

R(v) = (KiKi/2I) ) Ls (v+ Av) —s (v —Av) 7—E~ (~+aP) —~ (~—aP)~ ~. (17)

(Equations (15} and (17} may be used texplicitly for all
values of v, if the convention be adopted that s, s+, or s is
to be taken as zero whenever it becomes imaginary, or to be
taken as unity whenever it exceeds unity. ) Substitution of
v =vI+ 4xo vI —hP and I=$ in Eq. (17), together with s
determined by Eq. (2b), yields for the intensity at the
upper frequency minimum of the central minimum

R(PI+ dxo u'I —~v) = 3X&E2(4b,v/15xo PI) ~
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APPENDIX III. EFFECT OF THE cI J TERM ON THE
LINE SHAPE

Zero Field

The energy differences are

't/Vgl~ —Wg = —pgglII —cJ,+b(3s' —1)

6b2s2(1 —s~) 1c2J2(1-s2) 6bcJ.(& —s2)+ {20a)
pxglII 2 p~giII p~gIII Assuming e'g'Q &&(cJ}A„, the line shape can be calculated

in a straightforward fashion. dP/d J=cjk and dN/d J .
=2a~J exp{—a'J'), and, therefore,

d N/d P = ;(ah-/c)'
~

P pP
~

e—xp C

—(ha/c)'(P vs—')'g (.23)+- ——,(20b)
3 b~(1 —s2) {9s~—1) 1 c2J2(1—s&)

4 pxgiII 2 p~gIII
The factor —, is inserted to normalize the total transitions
to unity. If there is no quadrupole interaction BIO ——0.
Repeating the calculation for e2gQ=O, the line shape is
given by

TV )—5" 3/2= —p~ggII —cJ,—b{3z2—1)
6b's2(1 —s'} 1 c'J'(1 —s') 6bcJ~(1—s')

pxgIII 2 pxgIII pxglII
(24)

Strong Field

dN/dP =2(ah/c)'P expL —{ha/c)'P'j.
Equation (6) of the text follows by dividing through by This is Eq (13) of the te„t

PNgE~.

Zero Field

The Hamiltonian is diagonal in the F=I+J and mg
representation. The energy differences are, for large J

In the absence of a quadrupole moment, (b=0), the
strong-Geld frequencies are given, from Eq. (20), by

P =PI+ cent g/k.

8' I —W'~ = ——,'e'g'Q —cJ,
Wy —5'

g
= (3e'g'Q/4 J)—cJ,

8'
g
—t/V ~/2 = -,'e'q'Q —cJ.

(21a)

(21b)

(21c)

Aga, in, dP /dms ——c/h, but

dN/dms =a'j exp( —a'J')dJ

for mg&~0 or,

Neglecting the transition —,
' ~—

~ the spectrum mi11 be
situated about the frequency u'lo =em''Q/2&, and the transi-
tion frequency is given by

dN/dP = (ka/c) exp( —v')dv, mg ~& 0,
CtN g

and therefore

P =e'g'Q/2h &cJ/k. (22) dN/dP = {hcgg/2c) I 1—erf Dha/c) j P —vl j jI all egg. (2'g)


