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atomic numbers. The base line for germanium
absorption is the abscissa of Fig. 1.

Since no GeH4 was available, it was not possible
to determine the shape of the absorption edge
for the germanium atom directly, but there is
no reason to expect that it would be much
difI'erent from that for the bromine or krypton
atom. On the assumption that the true absorp-
tion edge width for the germanium atom is
2.10 volts, the average of those for bromine and

krypton, ' the dashed curve in Fig. 1 mas con-
structed. The relative positions of the absorption
edges were fixed arbitrarily. It is obvious that
the large absorption peak introduces uncer-
tainty in the position of the edge. In fact if a
shift of the initial rise for the molecule of about
6 volts toward lower energies were assumed, the
discrepancy between experiment and theory for
the major peak intensity (following paper) dis-

appears without very much affecting the re-
mainder of the structure. Had GeH4 been avail-
able, a measure of the shift would have been
made experimentally.

Because of the high resolving power, structure
appears which has not been detected previously.

This structure, of finer detail than the remainder,
appears within some 15volts of the absorption edge.

The ratio of the absorption coefFicient of the
germanium atom in GeC14 to that of the free
atom is given in Fig. 1 of the following paper to
an ejection energy of 180 volts, together with the
theoretical results of HKP and the theoretical
modification of Corson. Experiment and theory
agree for the position of the fine structure from
80 to 180 volts. In contrast with the results of
Coster and Klamer' the experimental and pre-
dicted positions of the absorption minimum n
fail to coincide by practically 20 volts. A decrease
in resolving power would have the eEect of
shifting the observed absorption minimum n to
larger voltages, which would account for these
authors' better agreement with theory.

The following paper reconsiders the Kronig-
Petersen theory in the light of diR'erent assump-
tions for the distribution of the chlorine atoms in

the molecule.
The author is indebted to the Chemistry

Department of Cornell University for the germa-
nium tetrachloride and to Professor J.A. Bearden
for the use of his equipment.
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The theory of the fine structure of x-ray absorption limits in polyatomic molecules is de-
veloped in a form which takes molecular configuration into account, and it is found that the
Vetersen formula represents a limiting case. The fine structure of the E-absorption limit is
calculated for several molecular models, in particular that of Ge in GeC14, for which comparison
is made with the previous calculation of Hartree, Kronig, and Petersen, and the newer experi-
mental results obtained by Shaw.

INTRODUCTION

—RAY fine structure, which in the case of
polyatomic molecules may extend over a

f This article is part of a dissertation submitted to the
Board of University studies of the Johns Hopkins Uni-
versity in conformity with the requirement for the degree
of Doctor of Philosophy.* Since 1943, Research Physicist, The Electrometal-
lurgical Company. At present on leave of absence at The
Institute for Mvanced &tudy„Princeton, New Jersey,

region of several hundred volts on the high fre-
quency side of the edge, was first explained by
Kronig' on the basis of the interference between
the direct wave representing the ejected photo-
electron, and the components scattered by the
partner atoms. This interference modifies the
amplitude of the wave, and thereby the transition

' R. De L. Kronig, Zeits. f. Physik 75, 468 (1932).
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probability, with the result that the absorption
coefficient increases or decreases as the interfer-
ence is constructive or destructive.

The direct problem involves certain difticulties,
both with respect to the physical picture which
one must consider, and the mathematical formu-
lation. Therefore, instead of calculating the
Einstein absorption coeHFicient 8;;. directly,
Kronig' considered the inverse process, i.e. , the
emission of a photon when an electron is captured
by an atom with an empty E-level, which
amounts to the simpler problem of calculating
A;.;, where

Smk7", ; 64x4~' .

x I I
~*(i'i)

I
'+

I ~.(i'i) I'+
I ~*(fi)I'I (1)

in the usual notation. The problem is further
simplihed by calculating not the absorption
coef6cient itself, but the absorption coeScient
ratio x(W), namely, the ratio of the absorption
coefficient for the atom in question, when bound
in the molecule to the absorption coefficient of
the same atom when free. This device achieves a
twofold simplification, in that it avoids an
explicit representation of the final state, the
X-level in question, permitting a symbolic treat-
ment, and eliminates arbitrary constants in
making comparison with experiment.

In this picture of the inverse process, it is
readily evident that the probability of absorption
of the electron in the X-level, with accompanying
photon emission, is dependent upon the resultant
amplitude at the atom in question, which varies
with the phase difference between the direct and
scattered electron waves. The phase difference
depends upon the following factors: (1) the
interatomic distance p, (2) the energy W of the
electron, (3) the angle 8 between the axis of the
atom-pair considered and the incident wave-
normal, (4) the phase difference b~ between the
asymptotic so1utiolis

krq ~ l~
Ro sin

I
It" I' Ri sin

I
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of the equation

d'R Ss 2m l(l+1)
+ X' — V(r) — R=0 (2)

dr' h' r2

for the field free case, and when V(r) corresponds
to the 6eld of the scattering partner atom.

For the diatomic case Kronig' obtained

A;;(bound) =
I 1+g cos 8

I
'+

I g sin 8
I

'
A;;(free)

(3)
=1+gal*+(q+q*) cos 8

and

x(W) —1 = -', ~' Lqg*+(q+g*) cos 87 sin 8d8, (4)

where g= C(p, 8)s"&' "' ~&/p in which C(p, 8) is
the amplitude of the scattered spherical wave,
and r = 2irp(2mW) &/k or (2W) &p in atomic units.

To obtain x(W) explicitly, g must be evaluated.
Using a technique similar to that developed by
Faxen and Holtsmark' in another connection,
Petersen4 obtained

l~p-
XPi(p, ) exp —sI 2snpp. —8i ——

I (5)

where fi(r) =( /sr2)V +i(ri); a=(2mW)&/Ii;

P8 =COS 88,
and

x,(W) —1 =g I (2l+ 1) sin' 8i[f i i2+fi2]
7 P

+2 sin biI (—1)'f i i sin bi+fi cos hi]

X k(1+1)f&+i lf& iJ I.—(6)

Corresponding to Eqs. (3) and (4) Petersen' found
in the polyatomic case

1++.Lq.g,*+(g.+g,*) cos 8.j
+PP(g,gi'+g. *pi) cos (8.—8()

e+t
=A;;(bound)/A;;(free), (7)

s, t =1, 2, ~ n, where n is the number of
partner atoms (e.g. , I=4 for GeC14) and

x(W) —1 = Q, I x.(W) —1]=nI x,(W) —1) (8)

under the assumption that the terms in the

' R. de L. Kronig, Zeits. f. Physik VS, 468 {1932}.
3 H. Faxen and J. Holtsmark, Zeits. f. Physik 45, 307

{1927}.
4 H. Petersen, Zeits. f. Physik 80, 258 (1933}.
~ H. Petersen, Dissertation. Groningen Arch. Neerl 14,

165 (1933}.



2.0 of structure. This can hardly be the case, and in
the following y(W) —1 is calculated, taking
molecular structure into account.
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FK'. 1. z(W) —1 as a function of the energy separation
from the absorption edge in units of r =2plV&. The maxi-
mum ordinate for the H.K.P. curve is 9.2, while that for
the author's is 12.5.

double sum, and the angular interdependence,
mav be neglected in Eq. (8).

GERMANIUM TETRACHLORIDE

Hartree, Kronig, and Petersen' (referred to as
H. K.P.) calculated the fine structure for the
Z-absorption of Ge in GeCI4, assuming y(W) —1

=4Ly, (W) —1j with the above-mentioned re-
strictions. Their result was considered in fairly
good agreement with the experiments of Coster
and Klamer, ' but more recent and accurate ex-
periments performed by Shaw' indicate that
there is considerable disagreement between theory
and experiment both as to positions of maxima
and minima, and the general character of the
y(W) —1 curve from about 100 volts down to the
edge. (See Fig. 1.)

Among the several factors which might con-
tribute to this discrepancy perhaps the most
obvious is the assumption of angular independ-
ence, which was made in deriving Eq. (8). This
amounts to saying that all molecules with the
same interatomic distances and number of atoms
will give the same result for y(W) —1 regardless

CALCULATIONS FOR GeC14

According to Wierl' the Cl-atoms are located
at the apices of a regular tetrahedron, with the
Ge-atom at the center and pG,~i=2.10A.

The immediate problem is to obtain the cos 8,
where the angles are those between the unit
vectors to the four Cl-atoms and the incident
wave normal, in a form which will automatically
satisfy the constraints imposed by the model, and
facilitate integration.

The most convenient choice of body fixed axes
is the set of symmetry axes, and relative to these
the unit vectors to the four Cl-atoms are

1
rl (i+j———k), —

&3

—1
r 1 —— -(i+j+0),

V3

1
r, =—( —i+j+k),

V3

Relative to wave axes whose Z' direction is
that of the wave normal, and whose origin
coincides with that of the symmetry axes, the
same unit vectors are

rl (sill Hl cos pii'+si 81nsin pl j'+cos Hlk'),
(10)

r~ ——(sin 8& cos y~i'+sin 8~ sin p~j'+cos H~k'),

etc.
The most convenient specification of direction

cosines between the two systems of axes is by
means of Euler's angles. In which case, the usual
relations are:

i = (cos 8 cos f cos p —sin y sin f)i' —(cos 8 cos s sin /+sin y cos P)j'+sin 8 cos pk',

j= (cos 8 cos P sin ql+cos q sin f)i'+(cos f cos q
—cos 8 sin q sin iP) j'+sin 8 sin yk', (11)

k= —cos 8 cos fi'+sin f sin Hj'+cos 8k'.

' D. R. Hartree, R. de L. Kronig, and H. Petersen, Physica 1, 895 (1934).' D. Coster and G. H. Klamer, Physica 1, 890 (1934).' C. H. Shaw, Phys. Rev. 0'0, 643 {I946).' R. Wierl, Ann. d. Physik 8, 521 {1931).
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From these relations it follows ~ith p. =cos 8: where

1
cos 8) =—[(1—p') ~(cos {))+sin {)))—447,

—1
cos 82= [(1—p-") &(cos e+sin e)+44],

&3

cosy=sin 8 sin 8'cos (44
—{))')+cosHcos 8'.

The relations for cos 8, are of this form if the
following values are assigned to 8' and y', with
cos X = 1/v3. For:

O' =X+~,
O'=X+m,
8' =),
O'=X,

p' = —3s/4,
q'=)r/4,
4{

' = 34r/4,

e
' = —4r/4.

COS 8I,
cos 82,

cos 83,
cos 84,

—1
cos 84= [(1—)4') &(cos e —sin e) —)4],

(13)

(l —m)!
P{()4))=P)(14)P{(—)+ Q P) ()4)P}"(—)

m=) (1+m)!P{(cosq) = P)(cos 8)p{(cos 8')

1
cos 84= —[(1—){4')l(cos e) —sin e)+){4].

above is half the angle between any pair

The Legendre polynomials P)(cos 8) (s =1 2

3, 4) will also be required and for this purpose we
consider the addition theorem for spherical
harmonics.

) (l —m)!
+ Q -P) (cos 8)P{ '(cos 8 )~-) (l+m)!

g [eim{y—y') +e—{e~(y—y')]

X [eim{4+a {4)+e {m{4+)~{—4}] (14)

v ith similar relations for p, 2, p, 3, p, 4.

As an illustration qI takes the form

CO O0 (l —m)!
q~= g (2l+1) sin 8)[( )'f { &+i—f)]P{()4)P}(—)e '"+P P (2l+1)

l~O /=I m=1 (l+m)!

)&sin 8)[(—)'f ),+if)]p) ()4)pp( —)[e*)"{~'~)')—&)+e—')"«+' )4)+~l], (15)

From Bauer's formula
y = 2xo, pp, I —8g —24..

e"'.- = P (2l+1)i'f{p{()))
l=-0

(16)

00 m I (l m)!—
g)+{i}*——2 P (2l+1) sin 8)p)(y)p{(—)[(—) 'f ) ) cos y+f}sin y]+2 Q g (2l+1)

l~ l~I m=1 (l+m) !

Xsin 8)p) ()4)p) (—)[(—)'f { }(cosk)+cos k2)+f)(sin kq —sin k&)], (1'/)

k) ——m(e+34r/4) —y, k2 ——m(4))+34r/4)+y.

Evidently, x(W) —1 takes the form

The actual integrations are rather lengthy, and must necessarily be omitted here, except for a brief
illustrative sketch of the method for qI.
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The integral

—14 0

giqi*dAv

is fairly straightforward, and requires no amplification.
For the integral involving (g~+q~ )p~ consider just the first summation as given in (18). Then the

explicit integral of this part is

2 II
1

— P (2l+1) sin h~P~( —) " I'~(y) l( —)'f ~ ~ cos y+f~ sin y }
4m&3 &=0 ~-I.~ 0

(1 —~')'
&( [(1+i)e '&+—(1 —i)e"]—p dydee, (19)

2

where the value of p& is given in (12). This integral may be written as

(20)

where
Re

A Ig" ——

1 rto

i(b~+t~/&)—
~l P (+)&"w~apy,

—1 0

(1 —~") *"

[(1+i)e-'~+(1 i)e'—~] pd—@de . (21)

The value of exp (2siupp~) as given in (16) may be inserted, and the integral evaluated using
recursion formulae for the ordinary and associated Legendre polynomials. Proceeding in this manner,
one finally obtains:

oo t (&
—I~l)' (» '-. -8 - ~ (1—l~l)'

x(~) —1=42 2 (21+1) [f & &'+f&'] Pl~" ~

I

—
I

sin' b~

(1+ l~l) ' - (v3)— ~3 i=o m t(g+ =I=~
I ) 1

&&Pq~"~(+) sin b~[( )'f g
—
~ sin bq+f~ cos Bg]

x [(1+ I
~ l)f~-~~~-~ "~(+)—(~ —

I
~

I
+1)f~+~~~+~'"'(+)] (22).

The corresponding expression used by H.K.P. is:

x(W) —1=4 P (21+1) sin' 8~[f ~ &'+f~ ']—8P si-n 8~[(—)'f ~ &sin 8~+f~cos8~][If~ ~ (1+1)f~—q].
0 3=0 (23)

These expressions are plotted with the experimental curve in I'ig. 1.
l t is evident that, although the new curve maintains much the same trend as the experimental, there

is still considerable disagreement at the principal maximum (r = 1.2) as regards amplitude, and a
section of the experimental curve between 5 and 7 on the 7 scale appears to have been shifted laterally
away from the edge by about one unit. In addition, the first minimum of the experimental curve is

entirely absent.
A clearer picture of configuration dependence, and the additional factors which contribute to these

diAerences, is obtained if we consider first, several intermediate structures leading to Petersen's
11m1ting case.

Case I
According to Coster and Klamer" the molecule AsC13 is a regular pyramid, with the As-atom at the

top, and the three Cl-atoms at equal distances from it. It is estimated that p~.~I is about 2.20A.

I D. Coster and G. H. Klamer, Physica 1, 890 t,'1934).
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Proceeding as f'or GeC14, but with the changes appropriate to this model, there results

00 2
x(W) —1=3 Z (2L+1)»n' ~r[f r r-'+-fr'][Pr( )]—'+»»rPr( —)

|,'~Q 3'
X[(—)'f- -rr»» +rf«os&r][fl+rP r+1( )+fr rPrr r( )]
+2(3)'»»rPr( —)[(—)'f r r sin br+fr cos br][Lfr rPr r( ) —(—l+1)fr+rPr+r( )]—

oo (l —m)! 1 (l m—)!+6 P P (2l+1) sin br[f r r'+fr ][Pr (—)] + sin brPr"'( —)l=l m~1 (l+m)! 3v3 (L+m)!

X [( )'f—
r rs—in-br+fr cos br][fr~rPr+r +'( —)+fr rPr —r+'—(—)

—(l+m)(l+m —1)fr rPr r" '( —) —(l —m+1)(l —m+2)fr+rPr+r" '( —)]
(l —m)!

+2(sa)& sin brPr (—)[(—)'f r r sin br+fr cos br]
(l+m)!

X[(l+ )f —P —"(—) —(l — +1)f+P+ "(—)] (24)

where Pr"(—) =Pr"[—(2/3) &].
The curve for AsC13 is not drawn since the only experimental curve available appears to be that of

Coster and Klarnerro which gives the absorption coefficient for AsC!3 rather than the ratio x(W), and
is therefore unsuitable for comparison with the theoretical result.

The interesting feature of the result for AsClrr is the relation one finds between y(W) —1 of GeC!4
and AsC13, which will be denoted by y(G) —1 and x(A) —1, respectively.

y(A) —1 3 ~ sin br[f r r sin br+fr cos br][(L+1)fr+r lfr r]—=-+8 Z
g(G) —1 4 3[x(G) —1]

(25)

where p AsCl has been takeo as 2.10A to simplify the relation.
Petersen's equation would predict just the constant term.

Case II
Imagine a Hat model YC14, with the Cl atoms located by the unit vectors, i, j, —i, —j.This case

approaches the physical conditions corresponding to Petersen's average over independent angles.
Then

y(W) —1=4 p I(2l+1) sin' br[f r r'+fr2](Pr)'+2 sin brPr[( )'f r r sin —br+fr cos br]

00 (l —m)!
X [fr~rP'r+r+fr rP'r r] I+-8+ Q (2L+1)»n' br[f r r'+fr'][-P-r"]'

j. m 1 (l+m)!

(l —m)!
+ sin brPr"[( )'f r, sin br+fr co—s br][fr+rPr+r™+r+fr rPr r+'-

(l+m)!
—(L+m)(L+m —1)fr rPr r™1 —(l m+1)(l —m+2) fr+—rPr+r '], (26)

where the argument of I'& is 0. The resultant curve is practically identical with the curve obtained
by H.K.P.
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Case III
The limiting case is obtained when one con-

siders all the scattering atoms placed at one
point, and the atom in question at the origin.
From Eqs. (9)—(11), it is evident that with the
assumed choice of axes this corresponds to
locating all the atoms by the unit vector k, in

which case one simply obtains a linear super-
position amounting to four diatomic molecules.

In each of the cases considered, the inclusion of
the constraints imposed by the molecular model
has introduced a characteristic parameter of the
molecule as argument of the Legendre poly-
nomials in the expression for x(W). Thus for the
tetrahedral model of GeC14 the argument is 1/v3,
which is the cosine of half the angle between unit
vectors, whereas the ffat model (Case II) intro-
duces the cosine of the angle between unit vectors
as argument. Comparison of the results for the
diferent models indicates that the configuration
dependence has considerable influence on the
magnitude of the x(W') curve, but does not affect
the position of the maxima and minima ap-
preciably.

%e note in passing that the configuration de-
pendence of the fine structure may, in certain
cases, decide between possible molecular struc-
tures, although this application will depend to
some extent on how well the remaining dis-
crepancies can be explained.

O'R I(I+1)
+ 2(E—V) — R=O.

Or' r'
(27)

For E = V=0, the solution of (27) goes to zero
at the origin as r'+' (no nodes), and the value of
8i/n. (E=O) is therefore given by the number of
nodes present when V= V(r), i.e. , the number of
half-waves which pass a fixed radius as V is
increased from zero to its final value.

Inasmuch as a bound (3p) wave function in the

SOURCES OF ERROR

It need hardly be mentioned that an accurate
determination of the phases 0& with a truly
representative field is vital to all such calcula-
tions. In the present case, the phases were de-
termined by H.K.P. for the Hartree field of Cl by
direct numerical integration of Eq. (2), which in
atomic units becomes

Cl atom tends asymptotically to the r-axis and
has only one node, one might expect 8&(E =0) to
be 2x. This would certainly be the case if the field

used for calculating the wave function for the
limiting case of an incident electron of energy
8;=0, l = 1 were the same as that for the bound

(3p) electron (Eq&0). If Eq. (27) is written in the
form

R" I(I+1)
=2(E—V)—

R r'

it is evident that in passing from the bound to the
free case (Eq&0&E;) the curvature increases
with 8, and R cuts the axis to form a second
node. However, this picture is incomplete be-
cause the free electron interacts with one more
electron than does a member of the Cl (3p)'
group.

If the potential energies of a bound and free
electron be denoted by Vb, V;, respectively, then
V;—Ub is positiv- so that in going from Ub to
V;, the effect on the curvature of the wave
function is opposite in direction to that caused by
the corresponding increase in E. In the present
case, the change in V is greater than that in E,
and the radial function for the incident electron
has only one node for 8;=0.

The huge peak at low energies appears to be
caused by this rather unexpected shift of 5i(E =0)
from 2x to m. On the other hand, we can readily
see that the polarization effect will tend to reduce
the difference between U;and V'so that 8i(E=0)
may return to 2m.

In the absence of a corrected Hartree field for
Cl, we may use the following device to estimate
the polarization efkct, although it must be
emphasized that the result can only be indicative
of the trend.

Henneberg" showed on the basis of the
W.J.B.K. method and the Fermi-Thomas field

that, with some restrictions, the phases 8& for any
atom could be obtained from the known values
for some one atom. Taking Holtsmark's" values
of the 8~ for the polarization corrected Hartree
field of Kr, it is found that the correction to bi(Cl)
is of the order of ~.

The absence of the first minimum which ap-
pears in the experimental curve perhaps is caused

"W. Henneberg, Zeits. f. Physik 83, 555 (I933}."J.HOItsmark, Zeits. f. Physik 66, 49 (&93O}.
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by this same effect, but more generally the above
result emphasizes the fact that the uncorrected
Hartree 6eld is not auSciently accurate for such
calculations, particularly at small energies.

The almost uniform vertical displacement of
the theoretical curve is probably due to the
neglect of the double summation terms in Eq. (7)
which take into account the secondary interfer-
ence between the electron waves scattered by the
diA'erent partner atoms. It is important to dis-

tinguish this efkct from the primary interference
between the direct wave and the wave scattered
by each partner atom taken separately, as de-
scribed -by the single summation in (7), and
multiple scattering which is entirely neglected in

this treatment.
An exact evaluation of these terms is extremely

difhcult, but approximate calculation indicates
that their contribution will be small, and mainly
negative. It mould be of interest to obtain a
complete expression for these terms since mixed
factors such as fifv sin 5~ 8111 8p cos (8i—bt&) will

appear, and might afkct the positions of maxima
and minima to some degree. Physically it is quite
clear that the secondary terms g.*g~ must be
much less important than the terms q~,~ because

g,q, ~ is always positive while g,*q~ will change
sign, and the factors q, *g~ do not attain their
maxima simultaneously. It is only necessary to
visualize the tetrahedral model of GeC14 to see
that at least one atom of a given pair s, t will be
scattering through a large angle, which results in

a correspondingly small amplitude.
In the discussion of Case III it was shown that

the H. K.P. calculation of y( is formally
equivalent to a superposition of four diatomic
molecules, and it is clear that the secondary
interference terms cannot be neglected in this
limiting case. In fact, all q's become identical, and
every term q,*g& is positive and equal to q,*q,. If

these cross terms are included the first maximum
of the H. K.P. curve (r=1.2, y(W) —1=9.26)
increases to approximately 50, and the curve is
distorted and shifted vertically ofF the scale of
Fig. 1. Starting from this oversimplified model,
the scattering atoms may be rearranged in vari-
ous more complex models, and 3.s the actual
physical configuration is approached, the contri-
bution from the secondary terms decreases until
the closest approximation to the experimental
curve is obtained.

Thus, when the atoms are separated as in
Case I I, the secondary terms contribute an
amount of the order of that due to the primary
terms, and the first maximum drops to about half
the value found above.

Electron exchange has not been considered
because of the additional complication intro-
duced, and the fact that the various approxi-
mations, including the several implicit in Kronig's
original formulation, mould make such con-
siderations of doubtful significance.

CONCLUSION

Figure 1 indicates that the relative amplitudes
of Corson's curve agree better with experiment
than do those of the H.K.P. curve, which vary
too sharply. This is also true of the absolute
amplitudes if one takes into account the second-
ary terms, as indicated in the discussion. How-
ever, the most significant result of the present
investigation is that the molecular configuration
plays an important role in determining the ab-
sorption fine structure.
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