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The purpose of the present paper is to give a derivation
of the resonance formula for nuclear reactions which is
free from artificial assumptions. Mathematically, the
method used amounts to a Taylor series development of the
wave function with respect to the energy. It is assumed
that the first (energy independent) term in this develop-
ment is, within a region of configuration space where all
particles are close together, the same, no matter in which
way the compound state is formed and that this is, in
that region of configuration space, already a good approxi-
mation. The second term in the development of the wave
function with respect to the energy difference from the
resonance energy can then be calculated very easily and
this calculation is carried out in Section II for resonance
scattering, in Sections III and IV for resonance reactions.
It is assumed in both calculations that the colliding parti-
cles have zero orbital angular momentum around their
center of mass. The third term in the same expansion is
estimated for resonance scattering in Section VI and it is
stiown that, if there were no other resonances in the neigh-
borhood, the effect of the third term would be negligible
over a very wide energy range (several hundred kilovolt).
The formulae for the cross sections, as obtained, are of
greater generality than the customary ones inasmuch as

L. INTRODUCTION

ALTHOUGH there is no experimental evi-
dence available to corroborate the reson-
ance formula® with any great accuracy, a number

! The first four sections of the present article are based
on a report, dated April 23, 1945, which the writer prepared
for the Uranium Project. He is indebted to the Army
Engineers for clearing that réport for publication.

they contain extra terms which could be interpreted as
potential scattering and potential reaction. The existence
of such terms has been noticed already by Bethe. However,
as discussed in Section V, the extra terms are, particularly
in the neighborhood of the resonance, much smaller than
the resonance terms so that one is led back, in practice, to
the ordinary resonance formulae, as given, e.g., by Bethe.
In particular, the disintegration probability is, as function
of energy, proportional to the velocity with which the re-
action products separate if the orbital angular momentum
of the separating particles vanishes. It may be worth while
to remark that the resonance part of the collision matrix
has a particularly simple form and is, e.g., of rank 1. The
case of orbital angular momentum 1% is discussed in Section
VII. In this case, the disintegration probability of the
compound state is proportional to the third power of the
velocity of the separating particles so that the scattering
is, at very low energies, proportional to the square of the
energy. The same holds, in this case, of the ‘‘potential
scattering’’ also. Section VII also contains an investiga-
tion of the region of validity of the formulae in case of
angular momentum 1% between the colliding particles and
shows that this region will extend to the neighboring
resonances.

of reformulations of the underlying picture* have
appeared in the literature.3 All these formula-

2 G. Breit and E. P. Wigner, Phys. Rev. 49, 519, 642
(1936); N. Bohr, Nature 137, 344 (1936).

3 H. A. Bethe and G. Placzek, Phys. Rev. 51, 450 (1937);
F. Kalckar, J. R. Oppenheimer, and R. Serber, Phys. Rev.
52,273 (1937); H. A. Bethe, Rev. Mod. Phys. 9, 71 (1937);
P. L. Kapurand R. Peierls, Proc. Roy. Soc. 166, 277 (1938);
z(mdjgi)n particular, A. J. F. Siegert, Phys. Rev. 56, 750

1939).
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tions endeavor to give a quantum-mechanical
equivalent to the picture of the formation of a
compound nucleus which disintegrates subse-
quently and differ from each other in the (more
or less openly made) assumptions as to what
constitutes a compound state. They have been
discussed and critically evaluated by G. Breit.t
The present attempt borrows more from his
results and those of Siegert than from the pre-
ceding treatments although some of the under-
lying ideas are the same as given by Kapur
and Peierls.

Because of its greater mathematical simplicity
the case of the resonance scattering will be
treated separately. However, the basic assump-
tion will be the same for resonance reaction and
resonance scattering: that if all the particles of
the system are close to each other, thus forming
a compound nucleus, it is a good approximation
to assume that the wave function is (apart from
a constant factor) independent of the energy
within the range for which the results are ex-
pected to hold and also independent of the origin
of the compound state. Thus, the wave function
of the compound nucleus is the same no matter
whether, for instance, it was obtained from
sLi’+,He?* or from 4Be®+D or from sB°+neu-
tron or from ;B!'+4+.

Evidently, the above assumption is very rigid
and does not permit one, e.g., to treat the energy
region just between two resonances. It seems to
me, however, that it corresponds more accurately
than any other formulation that one can easily
think of to the picture of a reaction through one
definite compound state. It is also evident how
one has to generalize the above picture in order
to treat the region between two or even more
resonances but this subject will not be taken up
at the present time.

In addition to the above assumption, it will
be assumed that the amplitude of the compound
wave function is very large compared with the
amplitude of the wave function at places where
the particles which form the system are not all
close together. The large amplitude of the wave
function corresponds to a high probability, i.e.,
long lifetime of the compound state. It is be-
lieved that no other special assumptions are
made in the following considerations.

4 G. Breit, Phys. Rev, 58, 506, 1068 (1940),
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To anticipate the result: the formulae which
will be obtained are of a greater ‘‘generality”
than the customary ones, i.e., they are less
definite inasmuch as they involve more param-
eters. It can be shown, however, by a very simple
example, that this is not the result of the in-
sufficiency of the assumptions but that the
customary formulae fail to hold even in very
simple cases.

The system will always be described with a
wave function in ordinary configuration space.
Thus complications which may arise from the
inclusion of spin variables are not solved although
they are touched upon in the last section. More
important, the case of light emission cannot be
described by a wave function. It is difficult to
believe, however, that the formulae to be ob-
tained should not hold also for light (y-ray)
emission and absorption also. This is explicitly
demonstrated in the case of resonance scattering
where the corresponding process has been treated
by means of Dirac’s light theory.5 On the con-
trary, it is to be expected that the formulae to be
obtained can be further specialized in case of
light quanta (i.e., some of the parameters set
equal to zero) because of the special properties
of these ‘‘particles’’: they do not interact with
each other and their interaction with nuclear
particles can be considered to be ‘“‘weak.” The
expectation that the formulae to be obtained can
be specialized in the case of light quanta can be
confirmed in the case of resonance scattering
where a detailed treatment is available. For real
reactions, an extension of the present treatment
on the basis of Dirac’s light theory is desirable.

Mathematically, the present treatment will be
the customary one: it will deal only with sta-
tionary states, with a constant flux of the in-
cident particles coming in and a constant flux of
the reaction products leaving.

II. RESONANCE SCATTERING

In this, as well as in the following sections, the
plane wave which describes a collision will be
considered to be decomposed into spherical
waves. This decomposition, the value of which
has been demonstrated by Faxen and Holtsmark,
will not be carried out explicitly as it is described

5 Cf. e.g., V. Weisskopf and E. Wigner, Zeits. f. Physik
63, 54 (1930); F. Hoyt, Phys. Rev. 36, 860 (1930).
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in standard textbooks. It will be further assumed
in this section that the first spherical wave of this
decomposition, i.e., the one with zero angular
momentum, is responsible for the scattering so
that the scattering cross section can be found by
investigating the properties of the spherical wave.
When the two particles are far from each other,
the wave function has the form
(€= — Ure* )y (3). 1)

or (4m)bru
Herein 7 is the distance between the colliding
particles, % is the square root of their velocity
toward each other so that their relative energy
is E=1Mu*, where M is their relative mass.
The first term of (1) corresponds to the incident
wave, the second to the scattered wave, k is the
wave number k= Mu?/h. The ¢(i) is the nor-
malized, real wave function of the internal co-
ordinates of the two colliding particles. Both
waves of (1) are normalized to unit flux so that
the conservation law for the number of particles
demands | Ug| =1. The factor in the bracket of
(1) can be written as — 24e® sin(kr+8) so that
Ug is, in terms of the “phase shift,” equal to
Ug=¢€*®. While Uz depends on the energy E
with which the particles collide, ¥(z) is inde-
pendent of E.

If the two particles form a compound nucleus
(i.e., in that part of the configuration space which
corresponds to all particles being close together),
the wave function is in first approximation

(2)
¥ is a normalized wave function involving all
the coordinates of the system and is, according
to out first assumption, within the energy range
considered, independent of E. On the other hand,
ag is independent of the variables of the wave
function but a function of the energy: |ag|? is
of the dimension of a time and can be interpreted
as the lifetime of the compound state.

We now lay a sphere around the origin of the
coordinate system which corresponds to the co-
incidence of all particles. The radius of this
sphere is as small as possible consistent with the
requirement that ¢ shall have already the form
(1) on its surface. We then write down the condi-
tion that ¢z, is a state with the energy E,

ve=ag¥;

Hyp,=E, ¢z, 3
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and a similar equation for another energy
(3a)

In order to simplify the formulae, ¢; and ¢, will
be written for ¢g, and ¢g, and a similar con-
vention will be adopted with respect to U, and
u, kB so that the index 1, 2, . . . will stand to
indicate the value of the variable E;, E,, . . . As
customary, we multiply (3) with ¢.* and the
conjugate complex of (3a) with ¢;, and integrate
the difference of the resulting equations over the
above sphere. All terms corresponding to the
interaction of the particles drop out on the left
side; those corresponding to the kinetic energy
can be transformed by Green's theorem so that

Hopp,=E;¢g,.

h?
—E—JIZ f(‘f’z* grad ¢1—¢1 grad ¢2*),dS
= (E\—Ey) f pro*dV; (4)

dS denotes integrations over the surface, dV over
the volume of “‘the sphere.” The index 7 denotes
the normal component of the vector in paren-
theses to the surface of integration.

This result appears to contradict our original
assumption that ¢ is, in the region where all
particles are close together, independent of the
energy. If ¢, and ¢, were, apart from a constant,
identical within the sphere considered, they
would be identical also on the surface of the
sphere and the left side of (4) would vanish
identically. Actually, (4) corresponds to a one-
order higher approximation than an energy in-
dependent wave function and can be derived in
a more natural way as follows. Let us assume
that we know the wave function ¢ for a certain
energy E so that Hpo=E¢. We then can try to
find the solution of

Hep,=(E+6E) ¢ (%)
by a perturbation method. We write ¢;= ¢+ ¢’
and assume that ¢’ satisfies the equation

(H—E)¢' =6EX (5a)

which is obtained from (5) by neglecting the
second-order quantity 8E¢’. Multiplying (5a)
with ¢* and integrating over the above sphere,
one has

f:,o*(H-—E)<p'dV=6Ef|<deV. (6)
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Since H—E is a Hermitean operator, the first
integral would be equal, if it could be extended
over the whole space, to S [(H—E)el*¢dV
which is zero and one would obtain the para-
doxical result that the integral of |¢|? vanishes.
It would then follow that (5) has no solution for
3E#0. In our case, the integral over |¢|? di-
verges if extended over the whole space and the
neglect of the 6E¢’ term is only justified if the
sphere over which the integration is extended is
relatively small. For a finite sphere, additional
terms will appear if one takes H—E over to the
other factor, resulting from the partial integra-
tion of the operator of the kinetic energy. One
has, as a result,
h?

_ f(\a* grad ¢’ — ¢’ grad ¢*)dS
2M

=6Ef| ol?dV. (6a)

This equation will remain valid if one replaces in
it ¢’ by ¢1=¢+ ¢’ and is then identical with (4).
One sees that the algebra leading to (4) is only a
simplified method for deriving the variation of
grad ¢/¢ with energy. If one were to apply
literally the condition of the independence of ¢
from energy, grad ¢/¢ would be independent of
energy also. This would not prove to be suffi-
ciently accurate.

Introducing (1) for the left side of (4) and
neglecting, in the sense of the second assumption
of the Introduction, the region where (2) does
not hold on the right side, one obtains

h2
_.2M (eikza_ U2*e—ik2a),ikl(__e—ik1a__ Uleiklu)
UiU
hZ
2M (e—-ikxa — Uleikm)ik2(eik2a+ Uz*e—-ikga)
UI1U>

=(Ei—Ey)anas*; (7)

a is the distance of the colliding particles corre-
sponding to the surface of the sphere in con-
figuration space over which we carried out the
integration. Derivations similar to that leading
to (7) have been described so often that it was
not considered worth while to go into more detail
in the present case.

There is an alternative way of deriving (7)
which involves, perhaps, more algebra but which
shows more clearly the fundamental nature of

this equation. This is based on the consideration
of the wave function

o1 exp(—1Eit/h)+ o2 exp(—1Eqt/h),

which is a non-stationary solution of Schroed-
inger’s time dependent equation. If one calculates
the current which flows into a sphere of radius a,
one finds (assuming | U;| = | U;| =1) that this is
a periodic function of time and contains terms
proportional to exp[#(E.— Ey)t/k] and exp[i(E;
—E»)t/h]. The average value of this current
vanishes, as it must. However, there is a peri-
odically changing flow into the sphere and out
of it so that the probability of » having a value
below @ also shows periodic fluctuations with
time and contains terms proportional to the
above exponentials. The probability in question
is, however,

| a1 exp[ —2E:¢/h]+as exp[ —1Eqsf /] |2
= ]a1[2+ ]a2|2+a1a2* exp[z(Ez—El)t/h]
+a1*a2 exp[i(E1 —Ez)t/h]

Hence oja,* must be equal to the time integral
of the term in the current which is proportional
to exp[2(E:—~E)t/h], and this gives Eq. (7).
Comparison of the coefficients of the terms pro-
portional to exp[4(Ei— E.)t/k] in the last ex-
pression and in the integrated current gives the
conjugate imaginary to (7). Equation (22) can
be derived in a similar way.

If the ka in (7) can be assumed to be small, (7)
becomes (k= Mu*/h),

U U
—(14+U)1=-U+—(1-U)(1+ U
Uy

U
2
=_—(E1—-E2)a1a2*. (8)
ih

If ka is not small, (8) will still be valid if one
substitutes

U,=U, exp (—2ikia);

*=Uy* exp (2tksa);
2 p( ) (82)

ay=a; exp (—ikia);

a2*=&2 exp (’lkza)

Equation (8) holds for the barred quantities if
(7) applies for the unbarred ones. However, the
bar will be left off in the following. Evidently,
the unbarred quantities, being defined by (1),
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are independent of a while the barred quantities
are not. On the other hand, Eq. (7) which holds
for the unbarred quantities contains a, Eq. (8)
which holds for the barred quantities, does not
contain a. This somewhat paradoxical situation is
partly caused by the approximate nature of these
equations. For most of the present paper, the
difference between the two kinds of quantities is
negligible.

Incidentally, setting E,=E, gives, because of
u1=1us, Uy= U,, the equation

U U= | Uy|2=1, (8b)

i.e., the conservation law of particles.

The reality condition can be obtained by ob-
serving that the conjugate complex of ¢r must
be, apart from a constant, equal to ¢g. Since
Y(7) is real, this constant is — Ug*. Hence
ag*¥*= — Ug*ag¥. This shows that ¥ can be
chosen to be real and that, if this is done

ag*= — Ug*ag; ag= — Ugag™®.

9)

This equation remains unchanged if one re-
places the unbarred quantities, for which it is
derived, by the barred ones.

Equations (8) are «? equation for the 2
quantities U and a. In order to solve them, one
can make the substitution

1-U
vS=1 ;

14U

14+2S
U= ,
1—14S

(10)

S will be, of course, just as U is, a function of the
energy and velocity. Since the absolute value of
U is 1, the S becomes real. Its physical inter-
pretation is that, if multiplied with », it should
give the tangent of the phase shift. The dimen-
sion of #S/M is that of a length which will be
closely related by (16) to the scattering radius
of the colliding particles.

Since the U of (10) is a barred quantity, the
S defined by it is also a barred quantity. Hence
the above relation for the tangent of the phase
shift is only approximate. It should be replaced
by the following relation for the square of the
sine of the phase shift (which is a more important
quantity),

sin? §=1(2—¢20—¢-28) =1(2— Ue—2ika — U*eh’ka)‘

Substituting for U the expression (10) with
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barred S, one has
1[ 1448 1—48
Sin2 &=— 2 — _e—Zika —_ -e2ika]
4 1—1728 141408
(v8 cos ka —sin ka)?
= - (10a)
142282
For small ka, one can write for this
) vS)?
sin? § = , (10b)
142252
where
S=8 cos ka—v~'sin ka~8—Ma/h.  (10c)

One can easily convince oneself that the error
made by replacing the denominator of (10a) by
the denominator of (10b) is small both if vS is
small compared to 1 and also if it is large.
One now divides (8) by —su(14+U)(1
+ Us*)u, to obtain with 2 =v,; u.2=v,
2 ay 062*
—52+Sl=—(E1'—E2) . (11)
h u1(1+U1) u2(1+U2*)
The left side of this is evidently real. It follows
that the phase factor w of

a;
u (14 Uy) -

is independent of energy, b: being real. This.
combined with (9), shows that w= 41%. One can
assume w=1, since the sign of b is still at our
disposal. Introducing now (11a) into (11)

S1—Se=(2/h)(E1— E3)b1b,. (12)
If one writes down this equation for the pairs of
energy values E;, E; and E,, E;, instead of E,,

E, and adds the three equations thus obtained,
the left side will vanish and one obtains

(Es— E1)biba+ (Es— Es)babs
+(Ei—Eg)bibs=0 (13)

- (Ba=Egbibs
E1(bs—bs)+Esbs— Esbs

The same equation, with the same coefficients,
will be obtained if one substitutes b4, bs, etc. for
by and E,, E;, etc. for E;. This shows that

3hbd
E,—E,

b (11a)

(13a)

b1= (13b)
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in which the real & and E, are independent of
energy. Re-introducing this into (12)
E,—E,
(E1—Eo)(E2—Eo)

1 1
= %hb2( - + : ) (14)
E]'—Eo E‘.‘_EO
$hb?

Sl='— +Soc
E\—E,

S1— S, =}hb?

Hence

(14a)

where again S, is independent of E,. This gives,
finally, with (10)

(1 +iv15w) (El—Eo> - %ihb‘lvl

1= ’ 15)
(1—=1018%) (E1— Eo) + 3ihb?,
and with (11)
hibu,
a]= (1521)

(1—191.S.) (E1— Eo) +ihb%,

The S: of (14a) is, strictly speaking, a barred
quantity. However, if ka is small, (10c) shows
that the unbarred S differs from it only by the
constant amount Ma/k which can be absorbed
into the S,. If ka is large, its energy dependence,
as well as that of v, becomes negligible. The U
of (15) then becomes the ratio of two linear
functions of E which retains its form even if
multiplied by e~?%2, One can therefore write for
the scattering cross section

4r x 4n(hS/M)*
o(E)=—sin? b=—Q2~ U~ U¥) =———
k2 B 225241
drh? (Sw(E—Eo) — 31b?)?

" M? (So(E—Eo) — Mib?) %+ (E—E,)?

(16)

This goes over into the formula that one would
expect

9

o(E)y=— ——, (16a)
k2 i+ (E—E,)?

if Se=0, I'=hb%. The I is proportional to v

which is an important feature of the resonance

formula. Since T is® % divided by the mean life-

time = of the compound state, 1/b% can be in-

terpreted as the average distance !=vr which
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the escaping particle could cover during the life-
time of the compound state !=vr=0vk/T'=1/b%
Inserting for T the experimentally observed
neutron widths in the #,vy processes, one finds
that / is usually more than a million times greater
than the nuclear radius.

One may suspect, first, that the occurence of
an additional constant S, in (16) is caused by
the inadequacy of the two assumptions made in
the introduction. It can be shown, however, by
means of a simple example! that (16) is correct
and that its S, does not vanish in general. An-
other evidence is the simple formula for the
proton-neutron scattering. This is obtained from
(16) by setting =0 and 3M/S.? equal to the
binding energy of the deuteron. It corresponds,
therefore, to a special case of (16), which is
different from (16a), showing that the latter
cannot be the generally valid formula. (When
comparing (16) with the simple proton-neutron
scattering formula, one has to remember that M/
in (16) is the relative mass of proton and neutron,
i.e., half the proton mass, and that E is the
energy in the center of mass coordinate system,
i.e., half the neutron energy in the laboratory
coordinate system.)

There is a way of writing (16) which has the
appearance of a resonance formula even if S,
does not vanish :

m( 4S,.%?
o(E)=—{ ———
k214 S, 2°
2 —4TS,v(E—Eo) /(14 Se2?) (7
1124 (E— Eo—3T'S,0)? '
C=hb%/(1+S,%?). (17a)

In (17) the first term can be called potential
scattering ; the second term is then the sum of
the resonance scattering and of the interference
between resonance scattering and potential scat-
tering. Equation (17) may appear quite artificial.
However, the general case of resonance reactions
naturally leads to an Eq. (45a) of this kind.
Clearly, once one admits energy or velocity de-
pendent T and resonance energies, (16) can be
written in numerous ways, the plain fact being
that the ordinary resonance formula (in which
T' and E, are independent of energy) does not
hold in this case.
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III. RESONANCE REACTIONS WITH ZERO
ANGULAR MOMENTUM

The treatment of the resonance reactions dif-
fers from the treatment of the resonance scatter-
ing mainly because it is necessary to take the
different modes of disintegration into account.
Strictly speaking, this is necessary also in the
case of resonance scattering, and it was avoided
in the above treatment only by tacitly assuming
that the colliding particles had no spin and that
their relative angular momentum was zero.
Neither of these assumptions is justified in
general although they may be valid under cer-
tain conditions; the latter assumption par-
ticularly at low velocities and for uncharged
particles. It will be adopted also in the present
section. However, the cases in which one can dis-
regard the possibility of a nuclear reaction are
so rare that the separate consideration of the
resonance scattering which was carried out above
must-be regarded as largely schematic.

According to our assumptions, if the integrals
of motion are given, the wave function is, apart
from a constant factor, uniquely determined in
the region of the configuration space in which
all particles are close together. This, however,
does not hold for the asymptotic behavior of the
wave function, at distant parts of the configura-
tion space. There, the wave function will in
general contain both incoming and outgoing
waves corresponding to the several possible
modes of disintegration or reaction, e.g., both
an incoming and an outgoing wave correspond-
ing to the reactions of or into ;Li’4,Het,
4Be®+D, etc. These different possibilities will be
distinguished by indices, j, I, etc. In order to
specify a stationary state one can stipulate that
it contains an incoming wave only of the variety,
say, I. The corresponding wave function ¢; may
be called the ! wave. Its form outside a sphere
in the configuration space can be written as

er=2_; (4m)~¥(rju;)~?

X (exp (—ikjr;)81;— Usj exp (ikjr))¥;i(i;). (18)

In this ¥;(2;) is the product of the real normalized
wave functions of the two constituents which
correspond to the jth type of disintegration, 7;
is the distance between these two constituents,
u; the square root of their relative velocity, and
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k; the corresponding wave number k;=Mp;/k
=Mmui/h where M; is the relative mass of the
two constituents in the jth type of disintegra-
tion. The first term of the bracket corresponds to
approaching particles, the §;; indicates that, in
the wave ¢;, only the constituents of the type /
do approach each other. The second term in the
bracket corresponds to the products of the re-
action or, for j=I, to scattered particles of the
original kind. The Uj; are elements of the “colli-
sion matrix’’ introduced by J. A. Wheeler.® It is
a set of n? constants if the number of possible
disintegrations is #. The quantity | Ui;|? is the
probability of a reaction, yielding the jth type of
constituents, if originally the Jth type of con-
stituents are present. In (18) u; k;, U,; depend
on the energy, ¥;(¢;) does not.

While (18) is supposed to represent ¢; outside
the sphere of interaction of the particles, if all
the particles are close, it will be assumed that
¢; has in first approximation the form

q9]'=aj‘l’. (19)

As in (2), «; is a function of energy, ¥ is the
normalized wave function of the compound state
and is, in first approximation, independent of
energy. In order to express the energy depend-
ence of the quantities u;, kj, Ui;, o, an additional
index will be given to them, 1, 2, 3, . . . in-
dicating that they are coefficients in the expres-
sions (18) or (19) for a ¢ which corresponds to
the values of the energy E., E., Ej etc. The
matrix || Uy;|| will also be denoted by U; if it
occurs in the expression for ¢; with the energy
E, it will be denoted by U;. The quantities a;,
aj, . . . will be considered to form a vector «
with # components; if they occur in the expan-
sion of ¢; with the energy E,, the vector will be
called e, etc. In addition, a real positive diagonal
matrix 1t will be defined, its diagonal elements
are the u;, u;, etc., which are the square roots of
the relative velocities of the particles in the
different modes of disintegration. The signifi-
cance of the diagonal matrices uy, U, . . . etc.,
will be clear from the preceding.

We now go over to deriving an equation which
is analogous to (6). For this purpose we write

6 J. A. Wheeler, Phys. Rev. 52, 1107 (1937); W. Heisen-
berg, Zeits. f. Physik 120, 513, 673 (1943).
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down the two equations
(20a)
(20b)

H(alm = El‘le’
Hopy=Esp,.

We multiply again (20a) with ¢.*, the conjugate
complex of (20b) with ¢,;, subtract the resulting
equations and integrate over the sphere which
corresponds to all the particles being close to-

gether. This gives, after a partial integration,
an equation analogous to (4), except that ¢, is
replaced by ¢ and ¢1 by ¢1.. On the left side,
in the surface integral, (18) will be substituted
for ¢; in the volume integral (19). Again, no de-
tails of the calculation will be given since it is a
repetition of a transformation which is carried
out several times in any book on quantum me-
chanics. One obtains

25— (h*/2M jujus) (exp (ik2;07)81,— Unif* exp (—itkaja;))ikyi(—exp (—tk1;a;)8u;— Usnjexp (ikija;))
+25 (B2/2M jurjus;) (exp (—ik1ja;)8mi— Usmj exp (tk1,a;))ikaj(exp (ik2ja;) 81+ Unii* exp (—iksza;))

In deriving (21) it is necessary to observe that
terms with ¢;(¢;) and ¢;(¢;/) are orthogonal on
the surface of the sphere if j>j' because some of
the particles, which are close in the term of y;,
are separated into different constituents in the
term with ¥ so that the integral over the product
of ¢, and ¢, vanishes. This reduces the double
sum which should be on the left side of (21) to
a single sum and in fact eliminates any integrals
from it since the integral of |¢;(z;)|? is 1. In
(21), a; is the distance between the jth con-
stituents on the surface of the sphere.

If we again assume, as we did in the case of
resonance scattering, that the ka are small and
introduce k;=Mmuz2/h, (21) can be written in
the form
25 B(8mit Urmj)urstha ™ (81;— Unii*)

F72(0mi— Uimj)tr; %si(81;+ Uai*)

=2(E1—E2)a1ma2[*. (22)

This can be written with the notation explained
above in the matrix form

hi(1 +111)u1u2”‘(1 —U,")
F+he(1—=U)u; (14U
=2(E1—E3)U,,,

and

(23)
(23a)

where

— * — .
12)mi = QimQ21 1= 0mi;

(23) is the generalization of (8) for resonance
reactions. It will serve as a basis for most of the
remainder of this work. It embodies the second
approximation for the change of the wave func-
tion of the compound nucleus with energy. In
the first approximation, this wave function was

=(E1—Es)amas*. (21)

independent of energy. The relation of the second
approximation to the first one was explained
more fully through Egs. (5) to (6a).

Setting E, = E,, it follows that 1t; =u,, 11;=11,;
and we have

a+u)a-uhH+a-u)a +11,h)

=2-2lLUF =0, (24)

i.c.,-that the U are unitary. This can be derived
in the same way even if the assumptions in the
introduction are not made. It corresponds to the
conservation law for the number of systems® and
has the same role which U=1 had in the case of
resonance scattering.

If (18), (19) represent a solution, this also
holds for their conjugate imaginary. In this con-
jugate imaginary, the second term in the bracket
of (18) represents the incoming waves. Hence
the conjugate imaginary is equal to

o= =22 Uij*o;.

Since the incoming waves of the right side of
(25) are the same as on the left side, the two sides
must be equal. It then follows, first, that the out-
going wave corresponding to the mth constituent
is also the same

(25)

(A7) (P mthn) ! €XP (k) O
= =2 i Ui*(4n) 4 (#mthm) " Usm €xp (ikm¥m)

or that
=2 ;Ui1*Ujm; WU =1.
This, together with UUT=UMU=1

(26)
of (24b)
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shows that U*=1 or U=/, i.e., that Ul is sym-
metric. This is again known® to hold independ-
ently of the assumptions made in the intro-
duction.

It follows from (25) also that the wave func-
tions of both sides of (25) are the same in the
region of the configuration space where all par-
ticles are close together. This gives, with (19)

a*V*= -3 . U, fa;V. 27

It follows from (27), first, that ¥* is, apart from a
constant factor, equal to ¥ so that it can be made
real by multiplication with a constant of unit
absolute value. Since such a constant was left
free when ¥ was defined, we can assume that ¥
is real and write instead of (27)

a1*=—2j Uz,-*a,'; a1=—§:j Uzjaj*. (273.)

In the matrix-vector notation explained above
this reads

(27b)

(27b) is the generalization of (9) for resonance
reactions and will play a role similar to that of (9).

The above derivations were abbreviated but it
is believed that further details would make

a*= -l *a;, a= "'ulal*;

-, +6,= (Zh)_l(El —Ez)ul“l(l —iu1@1111)2[12(1 +’I:uz@2112)112_1 = Zh"l(El _"E'Z)SBI?.-

The last part of (29) is the definition of B;;. One
obtains for the matrix elements of By, in a
straightforward way with the help of (23a)

(%12)ml=ﬁlmﬁ2l*, (273)
where
Bin =35>t (1 =S 1) mrct1r
so that the vector § is defined by
Br=3"1(1 — Sty ey (29b)

It follows from (29) that B2 must be real and
symmetric. It is a consequence of the former
property (i.e., that all Bi.B2:* are real) that the
phase factor of all the Bi. is the same, inde-
pendent of m and the energy E; to which they
refer. It follows from the symmetry of B that
BimBar* =B1Bam* Or Bim/Bu=Pm*/Ba*. This is
equivalent with the statement that all vectors §
are multiples of a common vector

@1 =b1w§ (b1 real), (30)

where b, is a real number, depending on energy,
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them more cumbersome without elucidating the
situation very much more.

IV. SOLUTION OF EQUATIONS (23), (27b)

We introduce a quantity similar to the S of
(10) by the equations
1+'iu1@1u1 1-U,

- ;S =7 . (28)
1—-,Su, 1+U,

1

The & are now matrices just as the U are and
have the same number of rows and columns as
the latter. Each row and column corresponds to
a particular mode of disintegration of the com-
pound nucleus. The u are diagonal matrices, the
diagonal elements, which are functions of energy,
are the square roots of the velocities with which
the particles collide. The & are symmetric be-
cause the U are, and they are hermitian because
the U are unitary. They are, therefore, real,
symmetric matrices

©,=6*=6,/=6,". (28a)
Introducing (28) into (23) and multiplying the
resulting equation with u,7'(1—u,Su;) from
the left, (14+uSqu,)u,~! from the right, one
obtains

(29)

while the number w and the vector 8 are inde-
pendent of energy. w has the absolute value 1,
the B is real and we can assume it to be
normalized

(8, 8)=28=1 (B real).

Equation (27b) also can be written in terms

of &

(30a)

(1 +1§u1@1u1)a1*= —(1 ""I:uI@lul)“l; (31)

comparing this with (29b) one obtains u,3:*
= —1,B; or with (30) that w= 7. One can as-
sume w=1 since the sign of the vector 3 remained
undetermined so far. Uniting these equations,
we can write

a1=21:b1(l —'I:lh@flll)—lulg (32)

and’

%12=b1b2%;%ml=ﬂmﬂl;%=%2=%3= tee (323)

7 The mathematicians call matrices which are equal to
their powers idempotents. ¥ and, later, B are idempotents
of rank 1. ¥ (and B) transform every vector into a vector
of a definite direction which is, in the case of ¥, the direc-
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This last result enables one to determine the
&. One sees from (29) that &; must have the
form

@l‘_‘@w_cl%y

where ¢, is a so far unknown real function of E;
while the real symmetric matrix &, is inde-
pendent from E;.

Introducing now (32b) into (29), one obtains

—61+62=2h_1(E1—E2)b1b2. (33)

(32b)

If one writes down this equation for the pairs
E,, E; and E;, E, instead of E;, E; and adds the
three resulting equations, the ¢'s drop out and
one obtains

I:(El —Eg)b2+ (E3 —El)bajbl = (Ea —Ez)bzba.

This shows in the same way as was explained
after (13) that 1/b, is a linear function of the
energy E, so that one can write

1hb
by=———— (b, Eqreal). (34)
(E1—Ey)
This gives with (33)
(E1—Ey)

—c1+ca=1hb?

(Ex—Eo)(E2—Eo)

1
(-
E,—E,

from this we have

+

1
); (35)
E,—E,

1hb?
L=

= —+Cp.
E,—E,

(35a)
One can redefine S, of (32b) by decreasing it by
¢B. As a result, the last term in (32b) will also
have to be decreased by c.B or ¢; by c.. One
sees that ¢, =0 can be written without loss of
generality. As a result, we have
Lhb?
@1 = @w -

B (36)

1— L0
so that the matrix &, which was introduced in

tion of the vector a. Hence, for every vector v, the %v is
a constant times @. The length of Av (and of Bv) depends
only on the component of v in a definite direction which
is the direction of @ in case of the matrix 4. It is evident
from this that ARA is, for any matrix R, a multiple of A
since it has both the above properties of 9. These remarks
are designed to give a better understanding to some of
the calculations carried out in the text and the appendix.
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(32b) merely as an energy independent matrix,
becomes equal to &, for E;= «. Equation (32)
and (34) now give

thb
E\—E,

(1 —i111@1u1)—1u16. (37)

o=

In these, E, and b are arbitrary real numbers,
8 an arbitrary real vector of length 1, &, an
arbitrary real symmetric matrix and

Bi=88; B=B=B?=-- -.

All these quantities are independent of energy.
For U one has

U= (141:Selt; — 2282 (E1— Eo)~u,B,y)
X (1=, Suty+ 24k (E1 — Eo)~u, By !
=[(14u,Suy) (E1— Eo) — $thb21,Bu, ]
X[ =, Selth) (E1— Eo)
+ 3ihbau,Bu, ]

(36a)

(38)

One can easily verify that the U given by (38),
together with the e« given by (37) and (36),
actually satisfy (24) and (27b). The reader will
recognize that the derivation of this section, and
indeed the result (38), is very closely patterned
on the derivation of the similar formula (15) for
resonance scattering. The only difference, as far
as the result is concerned, is first that &, of
(38) is an arbitrary real symmetric matrix rather
than an arbitrary real number and, second, that
the & of (15) is replaced by 5*8B where B is the
matrix defined in (36a). In spite of these ap-
parently minor differences, the calculation of
the scattering and reaction cross sections from
(38) (or (36)) in their general form is less im-
mediate than the calculation of the former was
from (15). Indeed, even the transformation of
(38) into a form more suggestive of the resonance
formula

. 14-uSu 1hb?
1—uSu E—Eo+1i\

(1 —uSeu)!

XuBu(l—uSu)-L, (39)

N=hb% 35 Bui(1— uSu) " mb, (39a)
ihb

« (1—uSu)~ug, (39b)

E—Eo+1in
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is quite cumbersome and will be given only in
the appendix.

V. PARTICULAR CASES OF THE COLLISION
MATRIX (38) FOR ZERO ANGULAR
MOMENTUM

Although (38) is the most general 1l compatible
with (23) and (27b), it can be argued that it
does not satisfy all conditions set forth in the
introduction. It is seen that it goes over, for
very large E—E,, into (1 —u&.u)(1+uS.u)—
while, according to (37), « goes to zero at the
same time. This last fact shows that any reaction
or scattering, if present, does not go through the
intermediate state if E— E, is large since in this
case the coefficient of ¥ in (19) tends to zero.
One can add, therefore, to (23), (27b) the further
condition that either =1 for E—E, large, or
that 11 become a diagonal matrix in this case.
In the former case, which will be taken up
first, one stipulates that both reaction and scat-
tering go through the intermediate state ¥; in
the latter case one assumes only that any actual
reaction has to go through the intermediate
state. It follows from the first, more stringent
assumption that (14+uS.u)(1—uSu)"1=1,
i.e., ©,=0. The matrix 1—1 then becomes

1hb®
U-1=—-———udBu (40)
E—Ey+%in
N="hb? Z]' Ujﬁjg. (408.)

The cross section for the transition from the
state j to the state I is

g ™ h2b4(ujﬁ,‘61uz)2
‘Tfl::“'”{ (u— ]_)ﬂ’b’:— N
by ki (E—Et+iN
™ I‘jI‘I R
Ojl=—""" """ (41)
ki T4 (E—Ey)?

where

F,'=hb2ﬁj2vjy T'=\= Zj I‘j- (41&)

One sees that the more rigorous restriction leads
to the ordinary resonance formula just as the
similar restriction specialized (16) to (16a). It is
worth while to note that T'; is again proportional
to the velocity with which the constituents of
the jth type of particle collide before or separate
after the reaction.
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It may be remembered that the 1/v law of the
slow neutron capture is a consequence of this:
the 1/k% factor gives proportionality with 72
which multiplied with the T'jeutron gives v~1. Un-
der the more stringent assumption which we
consider now, (41) is valid also for scattering
and one sees that the scattering cross section
should go to zero for large E—E,, i.e., (41) gives
only what is usually considered to be the
anomalous scattering cross section, but does not
give the normal scattering.

The second restriction, the consequences of
which one may be interested in, is that the first
term of (39) be a diagonal matrix. In this case,
&, also must be diagonal, its diagonal elements—
which must be real—will be denoted by s;. One
obtains from (39)

21:Sj7)j 1hb?
U= j=———7—0u— -
1—is; E—E¢+3i\
X (1 —isp) uBBu(1—isw)™, (42)
‘3.21).
A=A Y —— (42a)
1—1:5,'!1]'

It appears natural to separate real and imaginary

parts of A

A=T+42:A,

20,
bty Bi*v; y
1 +Sj2ﬂj2

Let us first consider the case of nuclear reaction,
i.e., j#l. The first term of (42) then vanishes
and we have for the effective cross section of the
reaction yielding the particles ! from a collision
of particles j with the relative velocity »; and
total energy E:

(43)

2 2
A pppr 3 2

+s5%02

(43a)

™
oi=—M—=1);|*
k2

J

m I‘jFl
om0 @
where now
hb%B%;
‘i=m; r=3;T; (44a)

Equations (44) differ in two ways from Egs.
(41): first, there is an energy shift A present in
the former, the shift being velocity dependent.
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It will appear, however, in the last paragraph
of this section that, at least for reactions involv-
ing only uncharged particles, A is very small
even if compared with T if v; corresponds to less
than about a million volts. If, on the other hand,
v; corresponds to a high energy, the correspond-
ing term in A becomes energy independent so
that the occurrence of A in the denominator of
(44) is without much practical significance. The
second difference between (44) and (41) is the
definition of T the dependence of which on
energy became more complicated. However, vir-

tually the same remarks apply as before: if v;
corresponds to a low energy, v;5;<1, at least for
uncharged particles. If the energy corresponding
to the jth type of reaction is large, »; changes so
little within the resonance region that 145}
becomes practically independent of energy. As a
result, the second, more general, assumption
leads in practice to the same energy dependence
of the cross section of resonance reactions as the
first assumption.

For the scattering cross section, on the other
hand, one has after a brief calculation

YCEEE N PRYO TP L — (45)
0i=— -1 =25l -5, ) —— ¥ /4 | .
pp T kp(4sppr| 7 E—Eo—A+4T
Expanding the square, this becomes with (43) and (44a)
41!'8,'22),'2 ™ Pj2 41!'5ij7}]' E—EQ—A-I-%S,'FYJJ' (46)

9 jj

The terms in the first two lines are the squares
of the two terms in (45) between the absolute
sign.® They correspond to ordinary and reson-
ance scattering, respectively. The last term of
(46) is the cross product of the two terms be-
tween the absolute sign. It corresponds to the
interference between ordinary and resonance
scattering. One sees from (45) or (46) that the
scattering cross section remains finite for v=0.

It may be worth while to give a more visualiz-
able interpretation of the quantities occurring
in the equations of this section than is provided
by the equations themselves and also to give ex-
pressions for them in more conventional units.

If one expresses the energy E in electron volts,
w/k* becomes (0.65X10~18/E) cm? for a particle
of the mass of the neutron.

The quantities 8; are dimensionless, as evi-
dent from (30a), since the sum of their squares is
1. They serve in our formalism only to subdivide
the total level width T into partial widths (cf.
(41a) and (44a)). In the usual #,vy processes, the
Breutron 18 practically 1 while Bragiation IS very
small, in spite of the Iiagiation being much greater
than Theutron, because the ratio of the neutron
velocity to light velocity is much greater than
" SH. A, Bethe, Rev. Mod. Phys. 9, §55, 71 (1937)
already derived this formula (p. 152) except that the

ambiguity of the sign in (45), caused by the ambiguity of
the sign of s, has been overlooked.

CRA(U4s?) kAT (E—Eo—A) k(1450 T (E—Ey—A)?

the ratio of the corresponding I'. The interpreta-
tion of & has been given before: 1/5%3 is the
average distance which a particle of velocity v;
could cover during the partial lifetime of the
compound nucleus for the j type of disintegra-
tion. This partial lifetime is defined as the re-
ciprocal disintegration constant of the compound
nucleus for the j type of disintegration. It is
usual to express I'; in electron volts and write
for it T;=aEp}, where E; is again expressed in
electron volts. The 1/6%8;* then becomes 1/5%8;2
=3.2X10® (Mpeutron/ M ;)}a'(e2/mc?). Since a is
usually less than 1072 for slow neutron processes,
one sees that 1/b% is, at least in the case of the
n,y process, more than a million times greater
than the electronic radius or the nuclear radius.
The Tragiation is usually of the order of 0.1 ev.
As a result, Bradiation 18, in the slow neutron proc-
esses, of the order of one tenth.

The s are the diagonal elements of the matrix
&, which determines the normal scattering. The
dimension of the s is a reciprocal velocity, which
is also the dimension of the matrix elements of
all S. If we express the normal cross section o;
for a collision in cm? s;=2413.4X102(M;
/ Mueutron)at/c. Since o; is usually a few times
107% cm?, |s;| for particles is of the order of
25/c. The Sradiation =0 because the normal nuclear
scattering of vy rays is negligible. It follows that,
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unless the energy E; is very high, s#;<1, and
then from (43a) that A<T.

VI. REGION OF VALIDITY OF RESONANCE
EQUATIONS

The basis for the equations for resonance
scattering was (7) and it will be remembered
that this appeared as a second approximation,
obtained by replacing ¢: and ¢.* in the right
side of (4) by an¥ and a,*7¥, respectively. Since,
as pointed out after (4), ¢1 and ¢2* cannot be
accurately equal to these expressions, one may
wonder whether their use for the right side of
(4) is justifiable.

Let us assume that, as the energy increases,
the phase of U goes through —1 at E,. Then U,
= —1 holds accurately and we can denote by ¥
the exact expression for ¢ for E=E, inside the
sphere of radius ¢ defined in Section II. For all
other values of the energy, ¢ will not be exactly
a multiple of ¥ but will be, inside the sphere of
radius a,

p1=a1¥+71¥,

where ¥, is orthogonal to ¥ and is assumed to
be normalized

(¥1, ¥1) =1, (¥, ¥)=0.

(47)

(47a)

For E=E,, the second term of (47) vanishes,
i.e., v0=0; oy is real because of (9).

Equation (8) now reads for the barred quanti-
ties defined in (8a)

Uy U
—(14+U)(1=U*4+—1-Un(1+Us*)
Ui

Uy

2
=__h(E1—E2) (ala2*+712), (48)
2

where

Yiz=y172*(V2, W1). (48a)
If we express the U again by the S by means of
(10) this becomes

E\—E;

Sl"'Sz=

(1 —10151)
2hu 11y

X (are2*+712) (1490253).  (48b)

Since v¢=0, also v;0=0 and one sees from (10)
that So= «. Setting E,=E, in (48b) and equat-
ing the coefficients of S, on both sides of (48b)

gives
2thu 1

h aouo(l ""1:7)131) (El —Eo) '

Re-introducing this and a similar expression for
a; into (48b) yields

2k 1 1
(“oatoz)
0% E\—Ey E;—E,

E\—E,

(23

(49)

Sl—Sz=

-+

(1—i2)151)712(1+1:02$2). (SO)

2hu1u2

We can introduce b*=4/a%, in this and obtain

1hb? 3hb?
Si+ =S+
El_EO E2_EO
E,—E, . Y12 .
+ (1—19,51) (14192S2). (50a)
Uitz

It is seen from this equation that the left side
would be independent of energy if the last term
could be neglected. No approximations were used
in Egs. (47)—(50a). As could have been antici-
pated, the accuracy of (14) depends on the
possibility to neglect v12 or yry2*.

The fact that ¢ cannot be accurately a mul-
tiple of ¥, i.e., that 4,50, can be best seen from
the fact that the logarithmic derivative of thc
asymptotic expression (1) for ¢ is not inde-
pendent of energy. Since the result obtained in
Section II gives at least an approximate ex-
pression for ¢ outside the sphere, one can see
what the deviation of the value and gradient of
this approximate expression is from the value and
gradient of a¥ which are also given in that sec-
tion. If the difference between the values of ¢
and aV¥, as calculated in Section II, has the
value 8;, and if the difference between their
derivatives is 8/, one can assume that v,? is of
the order of magnitude

[v1]2~ (4ma?®/3)(8,2+a%,"?). (51)

This assumes that the discrepancy between the
outside and inside solutions obtained in Section
IT does not get magnified toward the inside of
the sphere. It is very likely that such a magnifica-
tion would occur only in the neighborhood of
another resonance.

When calculating §;, it is well to remember
that the quantities obtained in Section II are
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barred quantities from which the unbarred quan-
tities must be first obtained by the Eqgs. (8a).
One has, therefore,

S1=aiexp (—1ika)¥(a)
exp (—ikia) — Uy exp (—2ika) exp (tkia)

(4m)tu,a

=exp (—-ikla)(iil\lf(a)— (52)

1-U,
(47r)’3u1a).
This is, because of (15), (15a) equal to
ihbu V(a) + (26u1S. (E1— Eo) —thb%u,) (47)da?
(1—0,S.) (E1— Eq) +3ihb%; '

Since, however, ¥(a) is accurate for E;=E,, it
must be true that ¥(a) =b(4r)*e¢~! and we have

exp (—ikia)
T ) by
2i0,S. (E1— Ey)
x(1 —91S.) (E1— Eo) +3ihb2,

It is worth noticing that the solution obtained
in Section Il gives no discontinuity in ¢ if
Se=0.

One can calculate 8, in a similar way and
obtain

(52a)

exp (—1kia)
(151’ =
(47)%au,
(2ik1a — 2601S,) (E1— Ey)
(1—501Sx) (E1— Eo) + Yihb%,

These equations enable us to estimate the last
term of (50a). It appears to be an overestimate
to write for this term
El - E2 . . ~
~(1 —wle)‘Yl‘Yz*(l +19,S;)
2h1tq1,
IEI—'EZI 4r .
< —a“i (1 —12}181)(51+d61’)

(52b)

2hu1u,

X (82+ads") (1+102S2) |
| E1—E,| illraq[ZiklaI | 24kea|
2huyus 3

4rauu,
2(E\—Es)a

klko(lg. (53)
3%1’1112
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Strictly speaking |[8;]+a|é)| and |8:] +a|dy|
should stand in the second line of (53) which
gives the result obtained in (53) only if k1@ >v:S..
Otherwise, the last term of (50a) can be esti-
mated to be
2(E\—E2a
——S, (53a)
3h

In general, the correction term of (50a) will be
of the order of the larger of (53) and (53a). One
sees at any rate that S;+34b*(E.— E¢)~' must
converge to a finite value as E, converges to E,
and this value can be denoted by S, if we keep
in mind that this may not be the value of S for
infinite energy. One then sees that (14a) holds
with an error the order of magnitude of which
is given by the greater of two expressions

2(E,—Ey)a f M?a?
( or sz) :
3k h?

(54)

hk= Mv has been used in the first expression.
Actually, if one assumes a to be of the order of
a nuclear radius, the two expressions of (54)
become about equal, except if S, is exceptionally
small. The order of magnitude of S, is taken to
be 25/¢, following the estimates given at the
end of the last section.

The expression of (54) has to be small com-
pared with (14a) if our approximations are to be
valid. This will be the case unless E—E, is very
large. However, in order that (54) be larger than
S., the E—E, must be either larger than #3S,
/M?a® which is, for a=e*/mc?, equal to 137°
X 1840~2S,cmc?. This is several million electron
volts and larger than %/S,a~137 mc?/Ssc. This
latter expression is also of the order of a couple
of million electron volts unless .S,, and the normal
scattering cross section is unreasonably large.
This shows that one must be far indeed from the
resonance before the approximations break down.

The other region in which (54) is larger than
(14a) lies around E=E,+31kb%/S., where (14a)
vanishes. The range within which (54) is larger
than (14a) has the extension of AE=hb'a/S,, if
the first expression of (54) is the larger one. AE
is in this case ab*~10% times smaller than its
distance from E,. This case can be disregarded.
On the other hand, if the second of the expres-
sions of (54) holds, the width of the region in



RESONANCE

which (14a) is invalid is &'a®M2/hS.® and the
ratio of this width to the distance of the region
from E, becomes M?a%b?/h*S.2~180ab*/(S.c).
Ordinarily, this is of the same order as ab? but
can be much larger if S,, is very small, i.e., if the
ordinary scattering cross section is anomalously
low. However, even in this case, there is little
danger that the region of invalidity of (14a)
assumes any importance as long as ab® remains of
the order of 10-°.

The above discussion appears to show that
the validity of the resonance formula extends
over a region of the order of a million electron
volts—that is a much wider region than expected.
One must remember, however, that the discus-
sion was based on the assumption that the dis-
continuity of the solution used in Section II
gives a fair measure for the deviation of the ac-
tual wave function from the wave function used
there, even inside the sphere of radius a on the
surface of which the discontinuity occurs. This
is certainly not true in the neighborhood of
another resonance and, in fact, the validity of
the formulae of the preceding sections will be
limited in most cases by the occurrence of other
resonances. The above calculated limitation
would apply only if there were no resonances
other than the one considered within the limits
calculated. It is true also that the above con-
sideration applies only to the developments of
Section II, i.e., when one has to deal only with
resonance scattering. However, a similar con-
sideration can be carried out also on the basis of
the calculations of Section IV and the result is
substantially the same inasmuch as the cal-
culated limits of the validity of the equations are
only inconsequentially narrower. The real limit
of validity will be, also in this case, the occur-
rence of other resonances unless there is a sub-
stantial probability for non-resonance reactions
all over the resonance regions.

VII. HIGHER SPIN AND ANGULAR MOMENTA

This subject will not be taken up here in full
generality but only two special cases considered.
In the first of these, the relative angular mo-
mentum of the two colliding particles still re-
mains zero but the particles themselves have
spins J; and J,, respectively. If the compound
state has a spin J,, the reaction will be possible
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only if the spins J; and J; are combined in such
a way that their resultant be Jy. From the
(2J14+1)(2J2+1) states of the separated par-
ticles one can make 2J,+1 linear combinations
with a total angular momentum J,. Since the
original (2J,+1)(2J.+41) states are all equally
probable, this holds also for their linear combina-
tions which can be obtained, as in the present
case, by an orthogonal transformation. Hence
the a priori probability that the system be in a
state which can lead to a reaction is

; 2Jy+1
(21 +1)(2J2+1)

(58)

and the reaction cross sections of Section V
must be multiplied by this factor. J; and J, are
the spins of the colliding particles in the original
system which is denoted by j throughout Sec-
tion VI. In order to calculate the scattering cross
section, one must average over the scattering
cross sections for the different total angular mo-
menta of the whole system. This gives

Ji+J2
o= QT+ 2413

J=|J1—-J:|

(2J41)0,. (56)

In this, all the ¢, will be normal scattering cross
sections, only for the term corresponding to
J=J, will (45) or (46) have to be applied.

In the second case to be considered, the spins
of the colliding particles vanish but they have
an orbital momentum in the collision. This mo-
mentum is equal to the spin of the compound
state. The equation for the resonance scattering
can be derived in this case very much in the same
way as it was derived in Section II for angular
momentum zero. The only difference is that the
asymptotic form of the wave function is, in-
stead of (1), in case of angular momentum 1%
(this is the only case which will be taken up)

3\txry/: 1
Qe
4w/ rul \r kr?

) 1
+ U(i——)eikf]w). (57)
r kr?

The U=e¢**® again determines the scattering by
means of the phase shift. The equation analogous

e~ ikr
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to (8) or (48) now is

U - - Ug - -
—(1=U)(1+4+U*)+—1+U)(1—U>)
2 U
th fur Uy - -
+o ————) 1=U)(1—T¥)

Ma u23 u13
2
=;(E1—E2) (@:@*+712).  (58)
i

The U,=U;exp(2ikia); @ =a;exp(ikia); ¥ie
v12 exp[i(k1—ks)a] but the bar will be left off
these quantities henceforth. The important dif-
ference between (58) and (8) or (48) is the last
term on the left side which becomes infinite if a,
that is the radius of the sphere in configuration
space over which we integrate, goes to zero. The
reason for this apparently anomalous behavior
is that the irregular solution of the equation
Ay = —Fk% is not square integrable for angular
momentum 1% while both solutions are integrable
for angular momentum 0. Similar terms appear
in the solutions for all higher angular momenta.
The 712 is introduced for (58) in the same way
as for (48): it vanishes if either E, or E, are

Elsl'—E282— (h/Ma)(El—Eg)Sng

_ Z(El—Ez)h [Eo+(h/Ma)(E1—
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equal to a definite energy E, for which Up= —1.
It will be assumed here that there is such an
energy. Equation (9), which remains valid in
this case, then shows that «, is real.

One can introduce again by (10) the real
quantity vS=¢(1—U)/(1+U) instead of the U.
In terms of these, (58) reads
01251—02232—(h/Md)(Y)12—1'22)SlSz

= (Zh)_l(El—Ez)(l —1:1)151)141
X (azoa* +v12)ua(1+1252).  (59)

If one substitutes E, for E,, the vy, will vanish
and ao becomes real. Since .S, is infinite, its co-
efficients on both sides of (59) must be equal.
This gives for

2thuy Eo+ (h/Ma)(E\—E¢)S:
(EL—EO)(l—’i%SI) .

o=
an0u1

The velocities v were expressed by the corre-
sponding energies in (60). One can now substi-
tute this a;, and a similar expression for as, into
(59). Again expressing the velocities in terms of
the energies

Eo)S1][Eo+ (h/Ma)(E2—E0)S:]

Eo‘L’oOlo"’

(E1—Eo)(E:—E)

+(M/4h)(E1— E2) (1 —101S)ury1att2(1+102Ss).  (60a)

Neglecting v12, for the time being, this equation
can be written after division by the square
brackets and multiplication by E, as

E131 E2S2
Eo+(h/Ma)(E1—Ey)S: Eo+(h/Ma)(E:—Eo)S:
2h ( 1
—an02 Eo—El Eo—Ez

This shows that the difference of the first terms
of both sides is a constant B independent of the
energy E;. Hence one can express S; in terms of
Bygag® and E,. In order to simplify the formulae
one can introduce F=Ey+2h/Bvoag® and E,
=F(1— Ma/hB)~! and obtain

Afa E()E()/ F_El

1= )

]l F (EO_EI)(EOI_EX)

). (60b)

and
21/E1 [(EO—F)(F—E()’)E()EQ’G]%
o= H
ulF (Eo—.El)(Eol"El)(l_ivlsl)

(61a)

(61) appears to correspond to two resonances:
one at Ey and another at E,. The S becomes
infinite for both these values of energy and the
cross section therefore appears to assume its
maximum possible value of 12x/k2. The E,, E//,
F are arbitrary constants, except that the quan-
tity under the square root sign of (61a) must be
positive.

The S given by (61) is in most cases smaller
than the S calculated in Section II. It is more
important, therefore, to make the correction
indicated in that section (10c), i.e., to subtract
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Ma/h from it. This then gives
S8 Ma Ma E(FEy+FEy —FE,—E\E/)
1=01——— =
F(Eo—E)(EJ —E1)

/2 /2
ﬂ{a(F—Eo)Eo’ E1 A[a E1

= +— . (61b)
hF(Eo’—'El) Eo—El h E()/—E1

If the domain in which (61) is valid is much
smaller than E,'— Ey—and the discussion of the
validity of (61) will necessitate restriction of E;
to such a domain—Ey'—E; can be considered
to be a constant. Hence S; can be written in"a
form very similar to (14a)
—1hc’E,
Si;=—+4CE,.

l_EO

(61c)

The only difference is the factor E; which occurs
in both terms of S;. The first of these has the
effect that, if one writes the cross section in the
form of a resonance formula, the width T' be-
comes proportional to the third rather than the
first power of the velocity. The effect of the fac-
tor E; in the second term is to render the total
scattering zero for E;=0. One has, in fact, for
E~OQ

9

1 1 1\
U(E)~127ra2E2(—+‘———) (62)
E, E,/ F

so that the cross section due to the wave with
angular momentum 1% is proportional to E? at
E~0. Of course, there is always a cross section
present from the spherical wave with zero angu-
lar momentum.

Above E=0, the cross section increases and
reaches the theoretical maximum at E, The
half-width of the absorption line can be obtained
by calculating the distance at which S becomes
1. The full half-width T is twice this distance
and is equal to

Ey
Ey—E,

E,, (63)
if all the differences occurring in (63) are large
compared with TI'y. This will be true in general
if ak is small, i.e., the energy E, not excessively
large. In the neighborhood of E, the cross section
will follow the usual resonance form. As the
energy increases further, the cross section drops

REACTIONS 31

and becomes zero at F. It then increases again
and (61) would indicate that it reaches the theo-
retical limit again at Ey’. It will be shown, how-
ever, that (61) ceases to be valid somewhere
midway between E, and Ey'.

The above discussion applies if 0 < Ey < F < Ey/'.
In addition to this, the following arrangements
are possible, 0 < Ey < F<Ey, in which case (61)
ceases to be valid at low energies. The same
holds true in general if EY <0<E(<F and if
F<Ey<0<E, This last case appears some-
what unlikely. It is possible, finally, that E,<0
which is usually called a virtual resonance. The
discussion of all these cases is very similar to the
one above.

Before going into the discussion of the validity
of (61), it appears worth while to calculate the
ratio of the square integral |a|? of the wave
function inside the sphere with radius @, to the
value which this square integral would assume if
the wave function were as large inside this
sphere as it is on its surface. Evidently, this
ratio is very large if we have a real resonance.
The first quantity is |«|? and is given by (61a).
The second one is the volume of the sphere
multiplied by the square of the coefficient of
¥(2) in (57) for r=a. In this last expression x2/r?
can be replaced by %. One has, therefore, for
this ratio

3| a1] 2,
ad|i(14+Uy)/a+(1—U,)/ka?|?
3(Eo— F)(F—Ey)EoEy'
" 4(FE1— FEo— FE{ 4 EoEd)?

(64)
For a real resonance, this should be large at
least for E;=E,. This means that
Ey E/—F
- >1
Ey F—E,

(64a)

is certainly a necessary condition for a real
resonance. Hence either E,’ must be very small
or F must be very close to E,.

It will be seen below that (61) may be valid
over a considerable region even if neither of
these conditions is fulfilled. The reason for this is
that the centrifugal potential outside a acts as a
barrier and assures a long lifetime for the com-
pound nucleus even if there is no proper reson-
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ance inside a. In this case, the lifetime of the
compound nucleus is essentially given by this
barrier and the width of the level will be of the
order 2akE,. If either of the above conditions for
a real resonance 1is satisfied, the lifetime of the
compound nucleus will be considerably increased
and the width of the level a good deal smaller
than 2akE,—as is seen from (63).

As a last point, we discuss the validity of (61)
and (61a), i.e., try to take the v;; of (58) into
account. The definition of v;; is the same as in
the preceding section (48a) and the calculation
will be similar also. It hinges on the calculation
of v1 and v, which are defined by (47) and esti-
mated in (51). In the latter formula, we shall
take into account only the first term of the
bracket, involving the discontinuity &, of the
value of the wave function at a. This is

. 3\!cosd
818“‘." = al‘I/(a., 1) - (—')
47 U,

1 1
x[3<1 U+ —(1— U;)]wm. (65)
a ka?

In this, cos ¢ has been written for x/r and the
a; and U, are the barred quantities, given by

(61), (61a). It follows that the exponentials oc-

curring in (57) give a common factor just as in
(52). This factor was brought to the left side of
(65). The variables of ¥ were replaced by %, the
internal coordinates of the reacting particles,
and by the distance between these which is a
where the discontinuity occurs.

Since we assume that there is no discontinuity
in the wave function at E,= E,, (65) must vanish
at that point. This condition determines ¥(a, 7)
and greatly simplifies the expression for

, 3\}2cosd E,
Srette= (—) - . (65a)
4x ua (Eo’—El)(l—’LvlSl)

We can now estimate (1—1%0;51)y12(1+,S5)
easily to be

[ (1 =29151)712(1 +02S2) |

4r
=?03] (1 —iv,S,)élbg*(l +1:‘UzSz) l

4a E.\E,
wits (Ey' — Eo)(Eo' — Es)

~

(66)
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However, unless we have a real resonance as
discussed above, this estimate is less safe than
the corresponding estimate given in the pre-
ceding section because there is reason to believe
that the error at the surface of the sphere be-
comes greatly magnified inside the sphere. This
is made plausible already by the form of the
asymptotic form of the wave function (57)
which increases as 2 toward the inside of the
sphere.

The above estimate can be substituted into
(60a). At the same time Si+e and S;+e; will
be written for S; and S., respectively, where S;
and S are the values of S given by (61), and
e; and e, indicate the amount by which this ex-
pression is in error. Neglecting then terms in
which the product of €; and e occurs, (60a) gives

E,—Ey E,—Ey
Foe;— Eex
E2_E(}/ El—Eol
Ma (E\—E.)E\E.

~— . (66a)
h (E.—EJ)(E.—Ey)

Since for E=E, the equations are accurately
satisfied, e, will vanish for E,= E,. Hence

Ma (El—Eo)El

g~— ——, (67)
h (E\—Ey)?

A comparison of (67) and (61) shows that (61)
is certainly grossly inaccurate if E, is as close or
even closer to E¢ as it is to E,. It also appears
that (61) is inaccurate if E, is in the neighbor-
hood of F. This is, however, only apparent and
a similar phenomenon to that observed after
(54): it only shows that the position of zero
scattering may be slightly displaced from the
position indicated in (61). However, the first
limitation is real and shows that (61) is not
valid in the neighborhood of the second res-
onance and, in fact, becomes invalid at best
halfway in between E, and E,'.

On the other hand, for E;~0 the e; becomes
so small that the cross section given in (62)
remains valid unless F is very close to E,. This
shows that Egs. (61) have a validity quite com-
parable to that of the similar equations for zero
relative angular momentum of the colliding
particles.
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APPENDIX

In order to prove Eqs. (39) of the text it is necessary
to prove first that every expression BEB, where € is an
arbitrary matrix, is a multiple of 8. This is a consequence
of (36a), or, as the mathematicians express it, that B is
an idempotent of rank 1. We have, in fact

(BEB) k= ZBiB; CimBmB= ( izﬁicimﬁm)Bkl- (A1)
m m

We now can go over to verifying (39). Equation (28)
and (32b) give for U

S
W= = (i@ icuBu) (1 — -+ icuBu)

=[1+uS.u—icuBu][(1 —uS.u)

X (141c(1 — uSu) uBu) ! (A2)
=[14uSuu —icuBu][1+ic(l — uS,u)uBuJ!
X (1—uSeu)t
For the first factor of this we shall try to write
14+ uSu—icuBu=[14+uSu—pu(l —uS,u) uBu]
X[14ic(1 —uSu)"uBul. (A3)

If this proves to be possible, the product of the first two

factors of (A2) will be equal to the first factor on the right
side of (A3). We can substitute, by (A1), for the product
of the last two terms on the right side of (A3)
—icuy (1 — uSLu)uBu with

v = Z8;(u(1l — uSet) "1t) jmBom.
im
The right side of (A3) then gives

1+ St + (— u+2ic —teuy) (1 — 1uSqit) uBu
+ic(— 14+ uSu) (1 —uS,u) uBu.

This is equal to the left side of (A3) if
—u+2ic—icuy=0
or, with (35a) and ¢,=0
2ic 1hb?
B T¥iey E—Eot bbby

With this x4, (A3) becomes an identity. Equation (A2)
therefore gives

U= 14+uSu—u(l —uSou) uBu) (1 —uSeu)—?
u =if+§:§- (1 — uS.u)uBu(1 — uS,ou),

This is indeed equivalent to (39). The X of (39a) is Ab%y.

(A4)

(AS)

(A6)

(AT)

PHYSICAL REVIEW VOLUME 70,

NUMBERS 1

AND 2 JULY 1 AND 15, 1946

The Temperature Dependence of Secondary Electron Emission from
Oxide-Coated Cathodes*

MARTIN A. POMERANTZ
Bartol Research Foundation of the Franklin Institute, Swarthmore, Pennsylvania

(Received January 19, 1946)

The secondary electron emission from alkaline-earth
oxide-coated cathodes has been investigated under both
continuous and pulsed bombardment. Experiments have
been performed with three types of apparatus. Yield vs.
energy data reveal values of § of 4-7 at room temperature,
with a more or less flat maximum at approximately 1000
volts primary energy. The yield increases with temperature
in an exponential manner, and plots of log Aé (i.e., 8&°
—8300°k) vs. 1/T give straight lines. Values of @ between
0.9-1.5 ev are generally indicated, and from extrapolation
of these curves, yields exceeding 100 at 850°C are deduced.
The secondary emission depends upon the degree of ac-
tivation, and increases with enhancement of the ther-
mionic emission characteristics. Short time effects such as
growth or decay of secondary current after the onset of
primary bombardment or persistence after the cessation
of bombardment have not been observed, and values of
yield obtained by pulsed methods are in accord with those

I. INTRODUCTION
EASUREMENTS of the secondary elec-
tron emission from BaSr oxide-coated

* This work was done in whole under Contract No.
OEMsr-358 between The Franklin Institute of the State

obtained under d.c. conditions. Tail phenomena reported
by J. B. Johnson and interpreted as ‘‘enhanced thermionic
emission” from oxide-coated cathodes become manifest
only under experimental conditions characterized by cer-
tain space-charge effects, and have been effectively simu-
lated by bombarding a tantalum target adjacent to an
electron-emitting tungsten filament. Various measure-
ments of the energy distribution of secondary electrons
as a function of primary voltage and temperature have
been obtained. It was observed that the average energy
of the secondary electrons decreases with temperature at
a rate which more than compensates for the increase in
the number of secondaries emitted per incident primary.
The mechanism of the observed dependence of yield upon
temperature is not well understood. Various alternative
explanations are discussed and, in the light of the present
state of our knowledge, regarded as untenable.

cathodes at room temperature have been re-
ported by several investigators.! The first suc-

of Pennsylvania and the Office of Scientific Research and
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accuracy of the statements contained herein.
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