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NUMBER of observations of the thermo-

dynamic properties of unary systems* has
brought about a discussion of the existence of
equilibria of higher order in various papers and
textbooks between 1933 and 1940. In the follow-
ing paper, a formulation of the problem of these
equilibria is derived from Epstein's suggestion
to expand the Taylor series for the thermo-
dynamic potential to terms of higher order. The
thermodynamic relations following from this
formulation are in agreement with experimental
data even in cases where Ehrenfest's equation
yields an error of 100 percent. In connection
with the equilibrium of the fourth order, the
problem of extending the vapor pressure curve
beyond the critical point is analyzed, and it is
shown that the points of inflexion of various
thermodynamic functions in the overcritical
region may be regarded as this extension, as
was suggested by Eucken.

1. DEFINITION OF THE PHASE EQUILIBRIUM
OF HIGHER ORDER

Two phases of the same substance are in

equilibrium with each other, if the thermo-
dynamic potential G=h—T's has the same value
in both phases. The equilibrium condition is then

GI — GH,

where the symbols (/) and (") indicate the two
phases.

The equilibrium curve is the locus of all points
for which the above condition is satisfied. For a
unary system where G depends only on the
variables p and T, this curve is obtained in the
following way : it is

G'(p, T)=G"(p, T). ant

For a point (p+dp, T+dT) on the equi-

librium curve, infinitely close to the former, is

G'(p+dp, T+dT)=G"(p+dp, T+dT). (2)

In the neighborhood of (p, T), either side of (2)
can be expanded in a Taylor series as suggested
by Epstein.? Therefore

G(p-+dp, T+dT)=G(p, T)+—(—dr+—pdp)+1 (%drw "T Pdrdp+—dp )
L1 +?i€d,,3)
3\a7 op?
+‘— 34G Ti4-4 9'G dT%dp+6 v'a de2+ oG )—i— (3)
ar s aTap? Top’

This expansion can be discontinued after the
first term containing derivatives of G which have
a different value in each phase. All subsequent
terms can be neglected as infinitely small of
higher order.

It follows from the definition of a total differ-
ential that the terms in the series (3) represent

*The term ‘‘unires System” was introduced by W.
Schottky in his book Thermodynamik (1929) to describe
a system which consists of a single substance.

the total differentials of G. Therefore, (3) can
be written

G@p+dp, T+dT)=G(p, T)+dG
s L L
+'2'*! G+§ G+‘§ G+---.

! Roman figures refer to the order of the equilibrium in
which the respective equation occurs.

2 P. S. Epstein, Textbook of Thermodynamics (1937), pp.
131-132.
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This expansion, substituted in (2) yields

@G &G 4G
G/(p, T)+dG/ +— ottt
. r o a:G" d3G//ALd4GH

In view of the equilibrium condition (11) this
reduces to

i G d¥G diG’
ot T

o G B G .
BT TR T

In an ordinary phase equilibrium, the first order
derivatives of G have different values in both
phases. In this case, (4) reduces to

dG'=dG". (5D

This equilibrium is called an equilibrium of the
first order. If, however, the nth order derivatives
of the thermodynamic potential are the lowest
which have different values in both phases, and
all derivatives of an order lower than # are equal
in both phases, then (4) becomes

a"G'=dG". (5n)

Such an equilibrium is called an equilibrium of
the nth order.

2. THE EQUILIBRIUM CONDITIONS FOR
EQUILIBRIA OF HIGHER ORDER

In order to know where the series (4) can be
discontinued, an evaluation of the partial de-
rivatives in (3) is necessary. The differential of G
is, according to the second law of thermo-
dynamics,

=vdp—sdT

from which the partial derivatives of the first
order are obtained as

oG

G- )= @
dc, dc,” W' o'
oT oT ' oT® oT?
6'.‘_1(;' an—lG”
aT™1 9T

0%/
ap?
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On account of the relations

G, -7 ().,
). ),

the higher order derivatives of G are obtained by
continued differentiation as follows:

)

G ¢ 9*G  d  9G v 611
aT> T oTap oT ap* op
3G G 1 9¢, %G 6'22)
oT® T* T aT aT%p 3T’
(6111)
3G drks 3G W
aTap>  ap? opd ap?
‘G 2c, 2 dc, 1 9%, ]
9T T T29T T oT?
3G o ‘G 1 9%,
7 = - R =L T - (61\])
aT3ap 9T oT2ap> T ap
G ds 3G 9%
aTap  9p¥ apt ap®

and so forth.

For an equilibrium of the first order, Eq. (1I)
must be satisfied, while (6I) yields the simul-
taneous conditions

s'Es”, vF0". (81)
This means, that there must be a finite change of
entropy and volume in the transition from one
phase to the other. Consequently, all phase
changes of the first order are accompanied by
latent heat, and two phases in equilibrium can
exist simultaneously.

In the same way, Egs. (6) yield for the equi-
librium of the nth order the following set of

conditions which must be satisfied in addition
to (1I):

S,=S”, vl=v1/; (III)
, , 0 8 & (11D
Cp =Cp = y T =T
PP T oT' ap  ap
' 9%’ 9%’
, ——= , 11Vv)
ap? ap? ap?
an—lG’ an—-lG/’
= (1n)

) apn—-l apn—l !
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while, simultaneously, two or more of the follow-
ing conditions must be satisfied :

anGl anGII a"Gl anGII
aT» 8T apr  apr
3. THE EQUILIBRIUM CURVE FOR EQUILIBRIA
OF HIGHER ORDER
For an equilibrium of the first order, the
equation of the equilibrium curve is obtained by
evaluating (5I) according to (3) as
aG’dT . aG’d aG,ldT—i— BG”d
oT ap P ap 4
dp 0G" /0T —9aG' JoT

4T~ 3G Jap—adG' Jop

(8n)

or

Substituting the partial derivatives from (61)
yields
dp sl/_s/

dT

(9D)

,ull _vl

which is the Clausius-Clapeyron equation. All
quantities in (9I) refer to the state on the equi-
librium curve. When s and v are known as
functions of p and 7T, integration of (9I) gives
the equation of the first-order equilibrium curve.

For equilibrium of the second order, taking
n=2 in Eq. (5n) gives

&*G" =d*G’ (SII)

or
@(G"-G")=0.
This can be written
a " GI 6 GII —_ Gl
d( ¢ )dT+ ( )dp) =0.
oT ap
Since, according to the rules of differentiation,

for independent variables T and p
d~(dT)=0, d*(dp)=0,

dT+d(a(G”_Gl))d =0
ap p=

’ ;z; (a(G" G’)) / (a(G" G’))

and, from (61)

(10)
it follows

/a(GII _GI)

dp d(s"—s')
AT 4@’ —v')

E. F. LYPE

If, on the equilibrium curve, T is considered as
the independent variable, this can be written
dp ds"/dT—ds'/dT

T — o T )
dT dv'/dT—dv' /dT

The total differential quotients in the numerator
can be further transformed. The heat to be
supplied during a reversible change of state
along the equilibrium curve is

dQ=Tds=cdT. (111)

By means of this equation, ¢ is defined as the
specific heat for a change of state along the
equilibrium curve. If the reversible change of
state were carried out first at constant pressure
from the initial temperature T" to the tempera-
ture T+dT, and afterwards at constant tem-
perature from the initial pressure p to the
pressure p+dp, then the first law of thermo-
dynamics gives for the heat to be supplied

dQ=dh—udp,

EPNCIY
ST o b

oh/op=v—T(8v/dT),.

But
oh/dT =c,, (12)
Therefore

dQ=c,dT — T(dv/9T) ydp. (1111)

The heat dQ must be the same for any reversible
change of state between the same points, in-
dependent of the path. Therefore (11I) and
(11I1) can be equated, whence

v dap
c=c,—T ———) —_—
aT/ , dT

Also, from (111)

(121)

(13)

Substitution of (13) into (9’) gives finally the
equation of the second-order equilibrium curve:

ds/dT=c/T.

dp =
91D)
dT T(dv”/dT dv'/d])
where
202 w
rdT

The properties ¢ and dv/dT in (91I) refer to a
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change of state in the direction of the equilibrium
curve. It follows from (12I) and (14I) that they
have different values in both phases. This is
caused by the fact that the contact between the
surfaces f/(G, p, T) =0 and (G, p, T) =0 which
represent the two phases has been treated as
occurring in one point only, as suggested by
Iopstein.?

For equilibrium of the nth order, Eq. (5n) re-
quires that

(G —

EY(el el FY(e e
d"—l( (GaT dar 42 )dp)=0

G')=0
or

In view of (10), this can be written

AG" -G AG"' -G
dﬂ*l(—————— )dT+d (~————)dp =0,
oT ap

dp

n—2 1 T (C
(@)= @1+ -2t T ()
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which yields
a1 [9(G"—-G")
dp dT"—l( aT )
AT~ d1 (3(G"—G)

and, from (61) and (13),
dp ar—2 c d"_l‘l)” dn—lv
a59)/ (G o
dT aT 2 AT 4T
The numerator can be evaluated by means of the
mathematical relation

r y(n—-r)

=) () =

where y(*" is the differential quotient of y of the
order (n—r), and where y©® =y. When the term
r=0 is taken out from under the summation
sign, Eq. (15) can be written

/’) (n—2—r) _ (C') (n—2—r)

(n—2—r)!

dT dn—lvll
(o
a7

(16)

dn—lv’
- d Tn—l)

The sum in the numerator is 0 as can be immediately seen from the calculation of the total differential

quotients of ¢. From (12I), using (7), we obtain

dc  dc, 0% ap s /dp \? dv d*p

_=___( _+_ _+T_.(__) -, (1211)

dT oT aT? dT ' op2\dT oT dT?

% 92 a2 %\ d 3% 92 d 3% /d

e (e e () ) )

AT oT? T2 aT? apr  p? ap?
% @ 3% dp \ d? oy dd

(T~—+2 3 p)J’-— P CP a1y

aT* aT  op*dT/dT* ~oT dT®

and so forth. It is seen that the differential
quotient of ¢ of the order # comprises the partial
derivatives of ¢, up to the order » and the partial
derivatives of s and » up to the order (n+41). For
equilibrium of the order #, the sum }_ comprises
all differential quotients of ¢ up to the order
(n—3), i.e., all partial derivatives of ¢, up to the
order (n—3) and all partial derivatives of s and v
up to the order (n—2). Furthermore, Egs. (11) to
(1n) must be satisfied. This means that all partial
derivatives occuring in Y_ have the same value

for both phases. Therefore,

n—2

2 =0

r=1

and the equilibrium curve for equilibrium of the
nth order is given by the equation

dn—?c” dn—-?cl

dp 4T 4T

dT T(d"“‘v” d"‘lv')
dT»1 71

(9n)
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All quantities in (9n) refer to a change of state in
the direction of the equilibrium curve.

The differential quotients in the denominator
are, with use of (7), obtained from (14I) as

d®» 3% 9% dp
dT* aT* “aptdT
6221 dv d*p
( )+- —,  (141])
6[)2 op dT?
d% 9% 3 3%, dp
dT® oT* T ap* dT
a3s 3%
apﬁ( ) 693( )
9% d?p dv d3p
oprdTr ap AT
a_%ﬁdzp’ (14111)
ap? dT dT*

and so forth. When the differences of the differ-
ential quotients in (9n) are calculated, then it
follows from the equilibrium conditions (111I) to
(1n) that all those terms in (12II), (12I11), etc.
and (1411), (14111), etc. which contain differential
quotients of p of a higher order than the first
cancel out.

4. DISCUSSION OF AVAILABLE
EXPERIMENTAL RESULTS

a. Equilibrium of the Second Order

Observations of certain substances have shown
a sudden change of at least two of the second
derivatives of G, while both first derivatives
remained constant. This would then indicate the
existence of two phases which are with each other
in equilibrium of the second order. For such an
equilibrium state, Eq. (9II) must hold. If all
quantities occurring in (91I) are known from
experiments, this equation can be verified. This
is possible for the transition between the two
modifications of liquid helium and solid methane
which have frequently been interpreted as equi-
libria of the second order.*=% In both cases, the
transition curve and the thermodynamic prop-
erties on this curve are known.

3 P. Ehrenfest, Leiden Commun. Supp. 75 b (1933).

4W. H. Keesom, Leiden Commun. Supp. 80 b (1936).

5 K. Clusius and A. Perlick, Zeits. f. physik. Chemie
B24, 313 (1934).

LYPE

For second-order equilibrium, Eq. (5II) yields?
aG" 3G’ ?G" G
(7 —a7)4+(sap i) 7
aT? T aTap oTap
+(826" a?G')d .o
o o)

Substituting the derivatives from (611) gives

'’ 9
(—~—— aT?*—2{ ——— )dTdp
oT
avll vl

———)dp?=0. (17)

This equation can be written in either one of
the following two forms:

(-9) - (‘?;?-;—

07)// I

(Gr2n) () (3 1’
(____ .

Solving for dT/dp and dp/dT, respectively,
gives

av” av’ '’ '\ ' o
dT T aT a_f_fa_r.] ap op
+ , (18a)
dp [ Cp ¢’ oy &'
T T 7—?J T T
'’ 9’ " N o) 7
@__B_f-;fi (a‘f_ﬁ T T
o W | o o
ap 9p 9p dp ap op (18b)

Equation (18b) is also obtained when (12I) and
(141) are substituted in (91I), and when the
resulting equation is solved for dp/dT.

Because of the double sign of the square root in
Eqgs. (18), there are two possible equilibrium
curves for an equilibrium of the second order.

It is compatible with the existence of a second-
order equilibrium that one of the three second-
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order derivatives of G has identical values in both
phases. Thus, according to (611), any one of the
following relations may exist:

&' [ap=0av'/ap, (19a)
' =c’, (19b)
' /dT=9v"/3T. (19¢)

If Egs. (19) are introduced alternately in (17),
the equilibrium equation becomes, if the trivial
solutions d7=0 or dp=0 are excluded,

for case (19a)

(C” aT— (az'" a”')d 0, (17a)
& & " Nar—o. (17a
oT oT P

for case (19b)
(ﬁvi_?_?i dp+2(@:—izi)dT=0, (17b)
ap dp aT 4T,
for case (19¢)

(M__) (.af’i—i)dpz—o. (17c)

The slope of the equilibrium curves is then, for
these three cases,

dp 1 ¢ —cy

(20a)
dT 2 T(3v" /aT—av JaT)’
d v /T —0dv' /0T
@ _ _GWATZT
aT " Jap—av' /op
d "IT—c.! /T 1
_f’zi(_‘f_/_ﬁi_) L @00
ar '’ Jop—ov' [ap

[t is seen from Eqgs. (20) that, if conditions (19a)
or (19b) hold, only one equilibrium curve will be
observed, while two equilibrium curves are
possible for case (19c).

There is still the possibility that any one of
Egs. (19) may be satisfied only asymptotically,
i.e., that as we proceed on the equilibrium curve
the values in the two phases for one of the
quantities in (19) approach each other. Then,
the slope of the equilibrium curve (18) must
asymptotically approach the value given by (20).
This can only occur if, in case (19a), the plus sign
is used in (18a), and if, in case (19b), the minus
sign is used in (18b). For case (19¢), either one of
the two signs in (18) is valid. Our present knowl-
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edge of the equilibrium of the second order is
still incomplete. So far, of the three conditions
(19), only (19a) has been observed as an
asymptotic condition. In this case, only one
equilibrium curve will be found with wvalues
dT/dp corresponding to those obtained from
(18a) for the plus sign. The discriminant of the
quadratic form (17) is

D (c,,” ¢ (av” o’ (621" v’
N1 1T/\ap op oT 9T

This discriminant will, in general, be different
from zero. Epstein? has pointed out that the
restriction D=0 leads to Ehrenfest’s theory of
the second-order equilibrium.? In this case, the
square roots in (18) vanish, and it is

0" dv
from (18a) (——————— aT — (6—1:—_7—‘) dp=0,
'’ 9

In view of (7), these equations can be written
d(s"”—s")=0 and d(¥’'—v')=0.

These are the conditions which, according to
Ehrenfest, should be satisfied on the second-order
equilibrium curve. They represent Ehrenfest’s
formulation of the equilibrium curve of the second
order and would make indeterminate the Eq.
(911) which was derived from (511). The latter is
Epstein’s formulation of the second-order equi-
librium curve on which the present study is based.

Ehrenfest’s postulate D=0 implies that the
surfaces f'(G, p, T)=0 and f"(G, p, T)=0 have
contact along a finite part of the equilibrium
curve. The slope of this curve is, from (18a) with
D=0,

dp Cp” —_ Cp,

dT T /oT—av /aT)’

(21)

which is twice as large as the value from (20a) for
condition (19a). Therefore, for an equilibrium
where (19a) is valid, the experiment can decide in
favor of one theory or the other.

Equations (18a) and (20a) will now be checked
against experimental results.

A comprehensive description of the thermo-
dynamic properties of liquid helium in the region
of transition from Hel to Hell is given by
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Fic. 1. Specific volume of liquid helium at saturation
pressure, according to Kamerlingh Onnes and Boks.

Keesom.* It can be seen from Keesom's Fig. 8
that the compressibilities of both phases become
equal as the low pressure end of the transition
curve is approached. For the lowest pressure,
where both Hel and Hell are in equilibrium with
saturated vapor, Eq. (19a) is satisfied. The
transition curve is then given by (20a). Figure 1
of this paper shows the specific volume for liquid
Hel and Hell in equilibrium with saturated
vapor, according to experiments by Kamerlingh
Onnes and Boks, as computed by Roberts.® From
this figure, the tangents in the transition point
are

dv" /dT= —0.1215 cm3/g deg.,
dv' /dT=0.1475 cm?®/g deg.

Since these quantities refer to a change of state
along the vapor pressure curve, it is necessary to
calculate the thermal expansion at constant
pressure from the formula

(0v/9T) p=[dv/AT Jaar — (0v/8p) r[dP /AT Jsar. (22)

The compressibility which, as already mentioned,
is equal for both modifications is found from
Keesom’s Fig. 8 by a linear extrapolation of

(8/0p)(1/v") against log p as
(89/9p)r=—0.145X 10" cm?/g?.
The quantity dp/dT is found from empirical

¢ J. K. Roberts, Heat and Thermodynamics (1940), third
edition, p. 328.

LYPE

equations’ for the vapor pressure curve as follows:
for Hell [dp/dT Jear=130.2 g/cm? deg.,
for Hel  [dp/dT Jear=119.5 g/cm? deg.
Substituting these data in (22) gives

(80" /0T") = —0.1404 cm?*/g deg.

(89" /8T),=0.1302 cm*/g deg.
and

3" /0T —0v'/dT = —0.2706 cm3/g deg.

Keesom's Fig. 11 gives, for both modifications in
equilibrium with saturated vapor, values of ¢/R
as function of temperature (not ¢ directly). For
the transition point is

¢"/R=5.84, ¢/R=1.22.
These data would have to be converted to ¢,
according to (12I) and by using the above values
for (dv/08T), and [dp/dT Jsar. However, the effect
of this conversion is negligible, so that the above
values ¢’’ and ¢’ can be taken directly for ¢,” and
¢,’, respectively. This gives
¢, =2.902 cal./g deg., ¢,/=0.606 cal./g deg.

and

¢y —c¢,’ =2.296 cal./g deg.=9.804 X 10* cm/deg.

The temperature of the transition point at
saturation pressure is

T=2.19°K.
From (20a) is now obtained
dp 1 9.804X%10* 827X 10 g fem? d
LS S cm? deg.
4T 22.19%0.2706 g :
= —82.7 at. /deg.
580
578
576
5.74
572
570 y
TCK)
568 L L L 1 L L ! ! L
13 14 15 16 17 18 19 20 21 22

F1G. 2. Specific volume of liquid helium at 25 atmos.
pressure, according to Keesom.

N ? Landolt-Bérnstein, Phys.-Chem. Tab., Supp. II b, p.
1291.



THERMODYNAMIC EQUILIBRIA

where 1 at.=1 kg/cm?=735.6 mm Hg. The
observed value is, according to Keesom,

(dp/dT)ors= —83.5 at./deg.

The discrepancy is only 1 percent. Ehrenfest’s
Eq. (21) would give dp/dT twice as high as the
observed value.

A rough check of the complete formula (18a)
can be made for the He transition at 25 atmos.
The specific gravity and the compressibility are
given by Keesom for this pressure, but the
specific heat is given for a pressure described as
“about 25 atmos.” Therefore, not too good an
agreement between the data and Eq. (18a) may
be expected.

From Keesom's Fig. 11

¢ /R=1.98, ¢,'/R=0.84,

from which

¢, =4.200X10* cm/deg.,
¢, =1.782X 104 cm /deg.

For Hel, the difference between ¢,” and ¢, is
negligible, such that ¢,’ can be taken for ¢,’. For
Hell, the difference is considerable, and correct

evaluation of ¢,” is necessary. From Keesom's
Fig. 8

"' Jop=—0.3794X10~* cm?®/g?,

9v' /ap=—0.2508X10~* cm®/g?,

"' /op—av' /ap= —0.1286 X 10~ cm53/g>.
Figure 2 of this paper shows the specific volume

according to Keesom’s Table I. From this figure,
the tangents in the transition point are

3"’ /0T = —0.6369 cm?/g deg.,
3v' /0T =0.0048 cm3/g deg.,
3" /T —0v' /oT = —0.6417 cm?®/g deg.

3065}

3064

v [CM¥MOL]

3063t

3062

3061 |

200

T (K]

3060

202 304 206 208

F1G. 3. Specific volume of solid methane,
according to Heuse.

659

1o-

T

100]

90

80

T

Y-
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T (K] .
200 204 208 2.2

F1G. 4. Specific heat of solid methane. Solid line, ac-
cording to Clusius and Perlick, 1934. Broken line, according
to Frank and Clusius, 1937.
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The temperature of transition at 25 atmos. is
T=1.835°K.

For the specific heat at constant pressure
follows

¢,' =1.782 % 10* cm/deg.,

oo O OT)
' [ap

& =c
. 2
0.3794
=6.162X10* cm/deg.,
¢/ —c,' =4.380X10* cm /deg.

=4.200X10*41.835 10¢

In view of the asymptotic condition (19a), the
observed equilibrium curve will correspond to the
plus sign in (18a). Using the positive square root
in (18a) yields

dT/dp= —10-*(0.2688 — (0.07227 —0.05388)?)
= —0.1332X10~* cm? deg./g
or

dp/dT = —7.50%X10* g/cm? deg.= —75.0 at./deg.

The observed value is, according to Keesom,
(@p/dT)ops= —63.2 at./deg.

while Ehrenfest’s Eq. (21) would give dp/dT
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F16. 5. Coefficient of linear expansion of nickel,
according to Eucken and Dannd&hl.

= —37.2 at./deg. which is an error of 41
percent. The value from (18a) is 19 percent too
large, probably because of the fact, that the
specific heats are not measured at exactly the
same pressure as the other properties.

Clusius and Perlick® have described the thermo-
dynamic properties of solid methane in the region
of the transition point at atmospheric pressure
where the transition temperature is 20.4°K.
Observations of the compressibility are not
available, but it is reasonable to assume that, in
the solid state, the difference in the compressi-
bilities of both modifications is negligible; then,
condition (19a) is satisfied, and the equilibrium
Eq. (20a) can be applied. Figure 3 shows the
molecular volume of both modifications in the
neighborhood of this transition point based on
the experimental data by Heuse? as interpreted
by Clusius and Perlick. From this figure, the
tangents are

(39" /8T)»=0.376 cm3/mole deg.,
(8" /8T) p= —0.005 cm?®/mole deg.,
and

" /0T — v’ /dT =0.381 cm3/mole deg.
=0.0238 cm?®/g deg.

The molecular heat as given by these authors is
represented by the solid curve in Fig. 4. They
found ¢,’ and ¢,” by linear extrapolation from

the highest value observed to 20.4°K as
¢y’ =81 cal./mole deg., c¢,’=13 cal./mole deg.

8 W. Heuse, Zeits. f. physik. Chemie A147, 270 (1930).

E. F. LYPE

whence
¢y’ —c,’ =68 cal./mole deg. = 18.15X 104 cm /deg.
Substituting these data in (20a) yields

dp 1 18.15X104

- SR 187X 104 g /em? deg.
dT  220.4X0.0238 g/cm? deg

=187 at./deg.

This is identical with the observed value, as
obtained by differentiation from the empirical
equation of the transition curve given by Clusius
and Perlick. Ehrenfest's Eq. (21) would again
give dp/dT twice as large as the observed value.

More recently, Frank and Clusius® reported on
a new set of experimental data of the ¢,’s obtained
by Perlick. He observed ¢,”=42.5 cal./mole deg.
In order to restore the agreement between (20a)
and these new data, the value of ¢, —¢,’ has to
be preserved as 68 cal./mole deg. This would
then require to extrapolate ¢, (which was not
observed) to as high a value as 110.5 cal./mole
deg. This is done by the broken curve in Fig. 4.
It can be seen that this extrapolation is compatible
with the observed data. It may be noted, how-
ever, that these ¢, data give for the entropy
change from 20°K to 21°K a value which exceeds
slightly the value derived theoretically by Frank
and Clusius.

b. Equilibrium of the Third Order

Observations of certain transformations in
metals have shown a discontinuity of two of
the third derivatives of G, namely the quantities
dcp/dT and 0%/9T?, while all first and second
derivatives of G remained unchanged. This would
then indicate the existence of an equilibrium of
the third order for these two modifications. One
of these transformations is the transition from
the ferromagnetic to the paramagnetic state in
the Curie point. Another is the transition be-
tween two different crystal lattices, as observed
for Cobalt at 450°C. That the Curie point
represents a point of equilibrium of the third
order has first been stated by Clusius and
Perlick® and Eucken.’® The equation of the

9 A. Frank and K. Clusius, Zeits. f. physik. Chemie
B36, 291 (1937).

10 A, Eucken and W. Dannéhl, Zeits. f. Elektrochemie
40, 814 (1934).
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transition curve is obtained from (Sn) by taking
n=3 as

%G 9%G PG’ G
(29 26Ny (2959 Yry,
oT® oT® aT?p oT?dp
+3( AR A )de 2
aTop® oTap? b

+(aac" aSG')d -
apt  apd p7=0.

Substituting the derivatives from (611I) gives

1 /dc,”” dc, " 9%
——(————-)dT3+3 ——— )dT2dp
T\oT oT aT? oT?
%’ 9%’
-3 ——— )dTdp?
ap?r  ap?

+(W' ‘W)d 5=0. (23)
ap?  ap? =0

Since this is a cubic equation, there can be
three transition curves of the third order. For
transitions in the solid state, the assumption
may be made that the derivatives with respect
to pressure are equal for both modifications in
equilibrium with each other. Then, the following
conditions are satisfied simultaneously :

9 [apr=0%"/0p?, 9" [apr=0%"/ap% (24)

If (24) is introduced in (23), only one equation
for the third-order transition curve is obtained:

dp 1 ac,"/oT—dc, /oT
dT 3 T(3%'" /aT*— %' /aT?)’

(25)

This equation can be used to calculate the varia-
tion of the transition temperature with pressure
from the tangents of observed functions ¢, and
dv/dT. Reliable data on these properties are
available in the neighborhood of the Curie point
of nickel to which (25) shall now be applied.
Eucken’s and Dannéhl’s! data of the coefficient
of linear expansion of Ni,

8= (1/D)(al/oT)

are shown in Fig. 5, together with a curve repre-
senting the average data and the tangents to
this curve in the Curie point. For a regularly
crystallizing element, such as Ni, the coefficient
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of cubic expansion
a=(1/v)(3v/dT)

is three times as great: a=38. Because of the
extremely small variation of v, the quantity
dv/dT can be obtained by multiplying « by an
average volume vo. The values of dv/87T obtained
in this manner with 9=0.114 cm?®/g are given in
Fig. 6 for a 100-deg. range, together with the
same curve and tangents as in Fig. 5.

The specific heat of Ni has been measured by
Ahrens.!! His data for a 99.4 percent pure Ni are
likewise given in Fig. 6. For the tangents is
now obtained from Fig. 6:

%" /0T?=2.51X10"8 cm®/g deg.?,
9%’ /dT?= —4.76 X108 cm?®/g deg.?,
¢, /T =0.59 X102 cal. /g deg.?,
3¢y’ /T = —5.46 X102 cal. /g deg.?,

which yields

'’ 9% 2
T 2TX107 /g deg.?,
acy’’ acy 2
=7 =6.05X 10 cal. /g deg.?

=258 cm/deg.%

200

380

300 320 340 360

F1G. 6. Specific heat of nickel, according to Ahrens, and

thermal expansion of nickel, calculated from the data in
Fig. 5.

1 E, Ahrens, Ann. d. Physik 21, 169 (1934).
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The Curie temperature of Ni is t=350°C or
T=623°K. Substituting these data in (25) gives
dp 1 258X108

L O 1.0%105g/cm? deg.
AT 3 623%7.27 g/cm? deg
=1900 at./deg.

A pressure of 1900 at. would raise the Curie
temperature of Ni by 1 deg. C.

This result is in good agreement with dp/dT
=2000 at./deg. as obtained by Englert?® from
experiments under two pressures only, but
this effect was already of the same order of
magnitude as the accuracy of his experiments.
It must also be kept in mind that the data of
the thermal expansion in Fig. 5 scatter con-
siderably, such that some margin was available
in plotting the curve and its tangents. There is,
furthermore, extreme disagreement in the experi-
mental data obtained by various authors, ranging
from 80 at./deg. to 20,000 at./deg. This dis-
crepancy arises from differences both in the
experimental methods and in the interpretation
of the data obtained. Others did not observe any
effect of pressure on the Curie temperature, not
even in experiments®® which were supposed to
show any displacement under 100,000 at./deg.
Rutgers’ and Wouthuysen’s'* method of cal-
culating equilibria of higher order by substituting
a fictitious first-order equilibrium yields, when
applied to the Curie point of Ni alloys,'518dp/dT
=~20,000 at./deg. However, this method is not
accurate; for the second-order equilibrium of
liquid He in the saturation state, dp/dT = —136
is obtained,'* instead of —83.5. It must be
expected that the inaccuracy inherent in this
method increases the higher the order of the
equilibrium is.

c. Equilibrium of the Fourth Order

The equilibrium of the fourth order is of
particular interest as a possible extension of the
vapor pressure curve beyond the critical point,
though its existence has not yet been observed.
If the assumption is made that the vapor

2 E. Englert, Zeits. f, Physik 97, 94 (1935).
( ;3 gl) Ebert and A. Kussmann, Physik. Zeits. 39, 598
1 .
4 A, J. Rutgers and S. A. Wouthuysen, Physica 4, 235,
515 (1937).
15 A, Michels, et al., Physica 4, 1007 (1937),
16 J. C. Slater, Phys. Rev. 58, 54 (1940).
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pressure curve is not abruptly terminated at the
critical point but that an extension of this curve
for values p and T greater than the critical
values can be defined, then a fundamental
requirement of such an extension must be that,
at the critical point, the extension and the vapor
pressure curve have a common tangent. The
tangent of the latter is given by (91) which yields
at the critical point, where condition (1II) is
satisfied, the indeterminate form 0/0. The actual
value is obtained from de I'Hépital’s rule as

A
___(SII_S/) I
d aT T T
lim —= lim =
-1 dT  71-T; d dv'’  dv
“‘_‘('UN—'Z)/) e
dT dT dT

in view of (13). If the first lim operation still
yields an indeterminate form, this procedure has
to be repeated until this is no longer the case.
If —1 lim operations are necessary to determine
the tangent at the critical point, it is obtained

ar fc” ¢
dp dTH(?_?
im —=——

-1 dT

dn—l
dTn—l

(‘U” __vl)

The evaluation of this equation is given by (16).
The sum in the numerator comprises the differ-
ences in vapor and liquid phase of the differ-
ential quotients of ¢ from the order 0 to the
order n—3. However, the vanishing of each of
these differences is the reason why the preceding
lim operations yielded indeterminate forms, and
why these operations had to be continued n—1
times. Therefore, the entire sum is zero, and the
tangent at the critical point is

[dp] dr=2c" [dT2—dn=¢’ 4T
dT |, T(@w"/dT*—dr JdT)

(26)

It is now seen, that the (n—1)st lim of the
tangent of the vapor pressure curve is of the
same form as the tangent of the equilibrium
curve of the nth order, Eq. (9n). This leads to
the following conclusion :

If the curve of nth order equilibrium as defined by (9n)
extends from the critical point into a region of values p and
T greater than the critical values, and if the differential
quotients in (9n) can be represented by the same functions
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as the differential quotients in (26), and if these functions
are continuous at the critical point, then the curve of nth
order equilibrium has at the critical point the same slope as
the vapor pressure curve. In this case, the extension of the
vapor pressure curve beyond the critical point is repre-
sented by a curve of equilibrium of higher order.

A study of d?p/dT? shows that the value of
this quantity for the equilibrium curve of higher
order is not the same as for the vapor pressure
curve at the critical point. Therefore, the curva-
ture has a discontinuity at the critical point,
if the liquid-vapor equilibrium is extended be-
yond the critical point by an equilibrium of
higher order.

The thermodynamic properties in the region
above the critical point are well known for
many vapors. Nowhere has a discontinuity of
the second or third derivatives of G been ob-
served. An equilibrium of the second- or third-
order can, therefore not be the extension of the
vapor pressure curve. The lowest order equi-
librium representing such an extension would
then be an equilibrium of the fourth order. The
equilibrium curve is obtained from (9n) for
n=4 as

dp  dx")dT—d’ JAT?
dT  T(d%" /dT5—d%' /dT%)
Substituting (1211I) and (14I1I) with considera-

tion of (1III) and (1IV), and collecting equal
derivatives of G, yields

(826,,” 6%,,’) 4T(63v” %'\ dp
aT? aT? aT* 9T13/)dT
()
ap?  op* aT
T(83s" a3’ (dp )3
ap®  9pd/ \dT
%" 9% dp \*
-T —— ) —) =0. (27])
ap®  ap*/ \dT
Any curve which makes (27I) an identity is an
equilibrium curve of the fourth order and as
such an extension of the vapor pressure curve.
As shown by (61V), the fourth derivatives of G
which would have to be different for the two
phases in equilibrium correspond to the third

derivatives of the directly observed properties
k and v. There is little chance that the third

(27)
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derivatives will ever be known with sufficient
accuracy to discover whether there are states
where two or more of them have discontinuities
in exactly such a manner as would satisfy (271).
For this reason, the question whether the equi-
librium of the fourth order is an extension of the
vapor pressure curve will remain undecided.

There is, however, still another possibility of
making (271) an identity, not along its entire
length, but at least in the immediate neighbor-
hood of the critical point. The curves of those
states or sets of states which accomplish this will
still be extensions of the vapor pressure curve
though they may no longer represent an equi-
librium of the fourth order.

An experimental investigation of the thermo-
dynamic properties in the region above the
critical point shows the following characteristics
very distinctly :

(1) the v (p) isothermals have a point of inflexion;

(2) the s (p) isothermals have a point of inflexion;

(3) the v (T) isobares have a point of inflexion;
(4) the % (T) isobares have a point of inflexion.

All these characteristics are also obtained from
the van der Waals equation of state. Euken!” has
defined the extension of the vapor pressure curve
as the curves by which any or all of the condi-
tions 1 to 4 are satisfied. This can only be so if
conditions 1 to 4 make Eq. (271) an identity, at
least near the critical point. This will now be
examined.

The four conditions can be expressed as
follows:

(0%/3p*)r=0, (281)
(8% /9p*) r=0; (2811)
(6%/0T?),=0, (291)
(8°h/8T2),=0. (2911)

On account of (7) and (12), Eq. (29) can be
written
(0cp/3p) =0, (28111)

(8¢,/0T) =0. (281V)

Applying (7) to (2811), the four conditions (28)
can be interpreted as the minima of dv/dp¢ and
the maxima of ¢,. The latter ones are a particu-
larly prominent characteristic for the region

17 A. Eucken, Physik. Zeits. 35, 711 (1934).



664

under discussion.!® The loci of these extrema, i.e.,
the curves on which conditions (28) are satisfied
can be regarded as transition curves between
two different modifications of higher order and
are obtained in the same way as (5I) was derived
from (1I). On each of these four curves, one of
the conditions (28) must hold at an arbitrary
point (p, T) as well as at the infinitely close
point (p+dp, T+dT). A Taylor expansion dis-
continued after the second term yields the four
equations

d(8%/p*) =0, (30I)
(3% /op?) =0, (3011)
d(9cp/0p) =0, (30I11)
d(8c,/0T) =0, (301V)
where o0 ) o0 )
d( )=—6_T—dT+7dp

When the differentiations in (30) are carried out
it is, with the aid of (7),

0% dp 9%
@&_7 (311)
ap*dT  op®
% d 1 92
S __ 1% g
ap3 aTr T ap?
Yo dp_ 0% 0%
Yo% _p o (U
aprdl  Lors T
9% 02 d 0%
M+_v)_£=_". (311V)
aTs  oT2)dT oT*

Equations (31) represent the curves on which
conditions 1 to 4 are satisfied. Obviously, none of
them alone could reduce (27I) to an identity,
but all four equations combined could do this.
Before substituting them in (27I), it must be
examined whether thedp/dT is the same quantity
in all four equations, i.e., whether the four curves
represented by these equations coincide in the
9, T plane. For this purpose, the Egs. (28) may
be expressed by Planck’s Characteristic Function

®(p, I)=—G/T=s—(h/T).
Differentiation yields
d®=(h/T?AT — (v/T)dp,

18], H. Keenan and F. G. Keyes, Thermodynamic
Properties of Steam, Fig. 7.
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whence

h=T23%/0T), v=—T(0d/dp).

From the Egs. (28) we now obtain, with the aid
of (7),
a3

5;‘.0 (321)
?ff+T % =0, (3211)
ap?  9Top?
e +T o' =0,  (32III)
aTop  oT?dp
26—(§+ 6%4- 22 o, (321V)
aT aT* = aT®

It is apparent, that none of Egs. (32) can be
derived from any of the others. Therefore, all
four conditions (28) are independent, and the
points where they hold will not coincide but will
be located on four different curves. They all
originate in the critical point where all four
conditions (28) are satisfied. Since this point is
simultaneously a point of the equilibrium curve
of the fourth order, the derivatives in (31)will
have discontinuities there. If in the immediate
neighborhood of the critical point these four
curves approach each other, then the (dp/dT)’s
in all four Egs. (31) will be approximately equal.
In this region, these four curves will also be
infinitely close to the actual fourth-order equi-
librium curve (27I) with its discontinuities of
the five derivatives. Then, in this particular
region, Egs. (31) may be substituted for both
phases in (27I). Substitution of (311) in (271)
%’

gives
%, 9%, %"’
(i) G
16 ((')ZC," %, )( )
ap? ap?

+3 (633” 635)( ) —0. (2711
apt  aps) \dT - (271D

Substitution of (311I) in (271I) gives
(azc,"_a%,,') ~4T(aav” 8%’):11)
oT* 9T? aT3

aT3)aT
62 44 82 d 2

+3( e _ c”)(—p—) —0. (27111)
apr  aprJ\dT
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Substitution of (31I1I) in (2711I) gives, in view

of (11V)
(626 !’ 620p ) (asv” %’ ) —0
aT?  oT? oT® 9T3)dT

Substitution of (31IV) in (271V) gives, in view

(271V)
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of (11V)
0=0.

Equations (31) reduce (27I) to an identity and,
for this reason, the four curves where conditions
(28) hold are apparent extensions of the vapor
pressure curve.

This is shown in Fig. 7 for the conditions
(28111) and (281V). The specific heat of steam
in the overcritical region has been measured with
great accuracy by Havlifek and MiSkovsky.!?®
Figure 7 is redrawn from these authors’ Fig. 17
and shows the curves ¢,=const. in a p, T dia-
gram. It is seen from the relation

(?_f:) _ (0¢,/0T),
8T/ <, (8¢,/0P) 7

that (28111) corresponds to those points where
the ¢, curves have vertical tangents, while
(281V) corresponds to the points with hori-
zontal tangents. The two curves dc,/dp =0 and
d¢,/dT =0 approach each other in the neighbor-
hood of the critical point K, and both curves
are extensions of the vapor pressure curve.
There are not sufficient data available to show
the same phenomenon for conditions (281) and
(2811).

19 J, Havli¢ek and L. Miskovsky, Helv. phys. acta 9,
161 (1936).



