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comparison. In addition, the ratio of P to ®p/D?
is plotted against y/D in Fig. 2 for both the case
where a magnetic field is present (solid curve)
and the case where there is no magnetic field
(broken curve). The total charge per unit area on
the anode is twice that which would be present on

a condenser at the same potential as compared
with four-thirds as much in case the magnetic
field is absent.

In the preceding discussion the plane of cut-off
has been supposed to coincide with the anode.
Suppose, now, that the potential or charge
distribution is desired for a case where the dis-
tance d of the anode from the cathode is less than
the distance D of the cut-off plane. The potential
of the anode being known, ®; as well as d is
given. Hence, in the specified magnetic field, the
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quantity
M=o,/0d?

is a known quantity. By use of the cut-off relation
$p =Q2D?,
s D?

T dp d?

Values of this quantity are given in the last
column of Table II. From the value of M can be
determined the ratio d/D and hence the potential
and charge distribution everywhere between the
electrodes. For example, if M is found to be 2.96,
then d/D=0.1486 from the first column in the
table, or the distance between the electrodes is
only 14.86 percent of the distance from the
cathode to the (virtual) plane of cut-off.
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The space charge equation for the cylindrical magnetron is solved, the current is obtained
as a function of the magnetic field, and the effect of the magnetic field on the distribution of

potential and charge is determined.

HE object of this paper is to apply the methods employed in discussing the space charge equation
of the diode! to the cylindrical magnetron consisting of two coaxial cylindrical electrodes of

radii @ and b (@ <b) in a uniform magnetic field H parallel to their common axis. The inner electrode
or cathode emits ions (electrons) with negligible initial velocities. These ions are accelerated toward
the outer electrode or anode by a radial electric field because of a difference of potential between the
electrodes. Saturation emission of ions from the inner electrode is assumed.

While Brillouin? has discussed the particular solution of the space charge equation corresponding
to circular paths of the ions, very little progress seems to have been made in solving the space charge
equation for the more important case of ions originating on the inner electrode.

With polar coordinates 7, 6 in a plane at right angles to the common axis of the electrodes, the
fundamental equations required are, in Heaviside-Lorentz units,

X 2e
P20t = ——V(r), 1)
m
d( 26) = ® Hri (2)
dt r= mc ™

1L. Page and N. I. Adams, Jr., Phys. Rev. 68, 126 (1945).
2 L. Brillouin, Phys. Rev. 60, 385 (1941); Elec. Comm. 20, 112 (1941).
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rip(r) = E (4)

where V(r) is the excess of the potential at distance r from the axis over that of the cathode, p(7) is
the space charge per unit volume, and j, is the constant current per unit length of the electrodes.
Put ®=—2(e/m)V 20, Q=eH/mc. Then, from (1) and (2),

2
f2=d>—%92a2(£—%) =U(), )

and, when p is eliminated from (3) by means of (4), it is found that U must satisfy the differential
equation d[du "\ _(e/m)Gi/m)
r a e/m)(ji/n
R S 92 —_— == 6
r rdr)+ a(a+r3) Ut ©)

subject to the boundary conditions that U and its derivative with respect to » vanish at the cathode
r=a. Evidently U vanishes again at cut-off.
Next put
p=(r/a)}, U=Kpy*(p),

where K is a constant coefficient, getting
Ay dy? 9 Q22 1\ 9 e jut
( )+ P—+¢2+——(P2+p4) =——
We take K¥=(9/4x)(e/m)ja, so as to make the coefficient of 1/¢ on the right-hand side equal to
unity. Then

Ut/a Q%a?
PELNSLL LA S —— )
P 9 e Ji 9 e ]z
47 m a? 4w ma?
and the equation for ¥ becomes
ay? dy? 1
e () +rs s (r45) |- ®)

If we make s =0 to pass to the case of the simple cylindrical diode in the absence of a magnetic field,
it is easily seen that the function y of this paper becomes the cube root of the function g (equivalent
to Langmuir’s §?) of the earlier paper.!

Following the method employed in that paper we shall seek a solution of (8) in the form of a ‘‘near
formula” which converges rapidly in the neighborhood of p=1 and which satisfies the boundary
conditions at the surface of the cathode. Then we shall look for a complete solution in the form of a
“far formula’’ which converges rapidly for large values of p and the two arbitrary constants of which
we can determine so as to make the two formulas fit in the region where both converge satisfactorily.
Of course p is limited to values less than cut-off. We shall aim for an accuracy of one percent or
better in our expansions in series.

NEAR FORMULA

To get the near formula satisfying the boundary conditions at the cathode, we change the in-
dependent variable in (8) to x, where x3=1—1/p. Then x is zero at the cathode, increasing as r
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increases. In the new variable the differential equation takes the form

1—x®)t dy? dy? 1—x3)3 dy2
[( x)l dx( ‘p)_ xl] ( x)x_¢+(1 x3)2¢2+—s?{(1 x3)6+1}] (1—232.  (9)

Ox8 3x3

The solution satisfying the boundary conditions is of the form
U= (9/4)2[ &) — s2x2P; — stx'Py — s5x5P; — - - - ],
where &g, ®;, ®;, $3- - - are series in integral powers of z=x3 Evidently
W= (9/4) ! [xo— s — stutxa — s — - -+ ],
xo=®¢, x1=28®1, xo=28:Ds—®2, x5=2FD;— 2B :Ds,
Substituting in (9) we find for ®,, ®;, ®;, &3,
e e o | et

where

d
@1(1~z)2+¢02[(1—z)2!%(18—— 18z+9z2)x1+%(1—z)(9—6z)z—xf

+a—wk(”)}()mu w+u=m

d
q)12+qaoq>,+q>o[ (40 —563+252%) xa+2 (1 —3) (13— 10z)z————+ (1—z)2z—( ’“) =0,

@13+24’od)1¢2+q)02‘1>3+¢0[ (70 1102+4922)X3+4(1—Z)(17—'14Z)Z—+ (1—2)22—( )W=O '

and continuing in this manner we obtain the near formula

¥=1.3104x2[ {1 —0.066672—0.0413922—0.0271923—0.019162* — 0.014202° — 0.010912°
—0.0086227—0.0069728 — 0.005722° — 0.004762°— 0.0040221 — 0.0034 222 - - }
—0.5897s2x2{1+40.02383+40.74525240.778123+0.922424+1.067525+1.213625+1.36127
+1.50828+1.6562°41.80521°+1.955211+2.108212- - - } —0.1490s%*{1+02+1.62222
+1.79124-2.7942 4 3.894254-5.27225- - - } —0.0749s%x5{1 —0.0762+2.52822+2.83323- - - }
—0.0472s8x3{1-- -} —0.0334s1%%10{1. . -} —0.0263s12¢12{1. -} —-.-]. (10)
The leading coefficients in this expression (i.e., the coefficients of s2x? and its powers) check with the
expression for U in the theory of the plane magnetron,?® as should be the case, since, when z—0, the
formula (10) becomes applicable to the plane magnetron. Of course, accurate computations cannot
be made from (10) for the case where the magnetic field is so strong that cut-off occurs for a value of
z very small compared with unity. That case, however, is provided for, to a sufficient degree of

accuracy, by the theory of the plane magnetron.? Hence we limit the use of the near formula (10)

to cases where cut-off occurs at a distance from the axis some ten or more times the radius a of the
cathode.

FAR FORMULA

Now we must look for a complete solution of (8) valid for large values of p. We shall neglect the
term in 1/p* as compared with the term in $? in the coefficient of s. This introduces an error of only
one-seventh of one percent even when p is as small as three. Physically this approximation amounts

3L. Page and N. I. Adams, Jr., Phys. Rev. 69, 492 (1946).
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to neglect of the magnetic flux through a cross section of the cathode as compared with the magnetic
flux through a circle of radius r.
Following the method used with the cylindrical diode! we find that solutions exist in power series of

1 1
—1i/2b = i =
Cp—1=i/2 ;es:o, 0 T log p+a.

Substituting a power series in these variables in the differential equation, we obtain the solution

¥ 1+2C 6 262{6 20+2(2)*’ 29}+263{1 334—7(2)i
=1+4—cos f ———{— in —1—cos
p COs pZ 1 COs 11 S! p3 200 24

+29(2)%, 0’ 9 21)2[1 26{3 ) @4 0}
33 sin 76S P 4COS 3 Sin

2¢% (17 17(2)% | 81 2¢(1121
+——{—-cos 20 ————— sin 20-—1'»—-- & [———-cosﬂ
p? 22

5
sin 36+— cos 6
44

J—— —_—

12,274 b

175(2) 0}+ ] 60,831 6[1 ] i
— 1 .o e — e ——e e B .
512 o0 82088512 7

This is a complete solution since it contains the two arbitrary constants ¢ and «. The numerical
coefficients were verified by substituting the solution back in the differential equation after it had
been expressed in trigonometrical form.

Now when s=0 (i.e., no magnetic field present), ¥ must reduce to the cube root of the function g
calculated for the cylindrical diode in the earlier paper.! Let Cyo and Cjo be the coefficients of the pair
of variables appearing in ¢ in that case. If, then, C; and C; are the coefficients when s#0, it is evident
from the form of the near formula (10) that

Ci=C10+Cr25*+ Crsst+ -+, Co=Ca+ Cass?+ Cosst+- - .

Consequently the terms in (11) involving all coefficients C;jother than Cie and Cy are of higher order
in 1/p than any we have retained, and therefore will be neglected. Hence we obtain at once from the
theory of the diode,!

¢=—0.3260, 6=93°.288logio p+22°.83, (12)

as the proper values of the constants required to satisfy the assumed boundary conditions at the
cathode, giving for the final form of ¢,

1 1
¥=1—{0.65200 cos 8}—— {0.11594 cos 260+0.05466 sin 20};— {0.03465 cos 364-0.02858 sin 36

1 1

+0.00787 cos 8+0.03229 sin G}E_ e —0.11842s2p2[1+ {0.48900 cos 6—0.11526 sin a};
1

+{0.32850 cos 26 —0.23229 sin 20—0.21256}E+ . -]—0.006,599s4p4[1+ {1.4275 cos 6

1
—0.3152 sin o};+- . -]—0.000,741s°p°[1+- . -]— cee. (13)
As a test we have calculated ¢ from both the near formula (10) and the far formula (13) for
p=3 (z=%, r=5.196a) through terms in s% From the first we get
¥=0.9215—1.0165s2—0.34s4— - - -,

although little confidence can be placed in the coefficient of s* since the coefficients involved in this
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term in (10) have been computed only through 28 as against coefficients computed through 22 in the

first two terms. On the other hand, from (13) we obtain
¥=0.9214—1.02352—0.49s4— - - -.

Evidently the magnetic field must be such as to make s somewhat less than one-half in order to make
the two calculations of ¢ agree to within one percent. This is a rather severe test, however, particularly
of the near formula, which was designed for small values of z and which we have applied to a value
two-thirds of its upper limit unity.

The far formula (13) will give values of ¥ accurate to better than one percent for 2> 4(r/a 2 8)
provided only that the magnetic field is small enough so that sp is not much greater than unity.
This means that the formula cannot be used close to cut-off.

CUT-OFF FORMULA

In order to apply the far formula (11) in the neighborhood of cut-off, where ¢ =0, we need
far more of the leading terms (i.e., those in s?p? and its powers) than have been computed so far.
Therefore we turn back to (8) and calculate to twenty-one terms the particular solution corresponding
to ¢=0 in (11). In this calculation we have included the contribution to the first four terms of the
series of the previously neglected term in 1/p* in (8), mainly for the purpose of showing how utterly
negligible is the contribution of this term for all except the very smallest values of p. The terms in ¢
in (11) can be added to this particular solution if needed, but they are negligible if cut-off occurs at
large p.

In order to avoid many zeros between the decimal point and the first significant figure of the
coefficients, it will be convenient to put

9
=—3s2p?=0.23684s2p2.
q 38 P f4

Then we find for the desired particular solution
1.030

pl2

o], 2241 0891 1.064
_0.05378q’1— o + pn
—0.03324¢*—0.02227¢5—0.01602¢° — 0.01209¢7 — 0.00944¢8 — 0.00757¢° — 0.00620g"°
—0.00516¢" —0.004354 — 0.00371¢" —0.00319¢!* — 0.00277¢' — 0.00242™®
—0.00213¢!7— 0.00189¢' —0.00168¢'* —0.00150g2 — - - -.

1 0
v=1 —O.SOOOOq{ 1+E} —0.11765q2( 1+E+

(14)

It should be noted that, although ¢ is a func-
tion of the two independent parameters p and s
for small or moderate p, it becomes a function of
the single variable (sp)? for sufficiently large p.

From this series can be obtained the value of ¢
at cut-off for large r/a. A few trials show that ¢
vanishes for a value of ¢ a little greater than
unity. In order to secure greater accuracy, a

TABLE I. Values of ¢(g) near cut-off for large p.

1—¢(q) 1—-y¢(g)

q (uncorrected) (corrected)
1.03 0.872 0.907
1.05 0.921 0.988
1.06 0.948 1.047
1.08 1.007 1.257

correction is made to the computed value of ¥(q)
for values of ¢ in this neighborhood by adding to
(14) a geometrical series with ratio equal to that
of the last few terms. The justification for this
procedure lies in the fact that the last few terms
in (14) in such cases have a nearly constant ratio,
and, furthermore, the correction is small. The
results are given in Table I.

The uncorrected values of ¥(g) obtained from
the twenty-one terms of (14) show that ¢ is
certainly less than 1.08 at cut-off, and the cor-
rected values indicate that its value lies between
1.05 and 1.06, and closer to the first than the
second. Therefore we infer that, for large p, cut-
off occurs at ¢=1.05 with an error not greater
than one percent.
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CALCULATIONS AND GRAPHS

We are now in a position to plot curves from
the formulas derived. We can cover all cases
except that in which cut-off occurs close to the
cathode. First we calculate ¢ as a function of s for
various values of p, although, in order to avoid
large numbers of zeros after the decimal point,
we shall use ¢=(9/38)s2p? as variable instead of
s itself. In Table 1I are listed formulas for ¢ for
values of p covering the entire range from 1 up.
To and including p=2 the near formula (10)
is used, for p =3 and greater ¢ is calculated from
the far formula (13). In the region 2<p<4
the accuracy is least, as neither formula converges
very well in this range. This is indicated in the
table by giving fewer terms in the expressions for
¥ in this region. For p 2 9 terms from (14) may be
added as cut-off is approached, the accuracy
becoming greater the larger p. From the last
series we have already found that cut-off comes
at ¢=1.05 for very large p. By the same method
we find that cut-off comes at ¢=1.06 for p=25.

The most important family of curves is that
giving the current plotted against the magnetic
field for a given & and p. From Eq. (7) de-
fining s we have

9 , Q2
=% e, it
47 m a?

and the square of Eq. (7) defining ¢, if we
eliminate U by means of (5), becomes

¢2_<I>—%Q2a2(r/a—a/r)2
(121)(2' .f_. :7_1_ ! .

47 m a?

Eliminating j, from these equations we find
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F16. 1. Variation of relative current density with mag-

netic field, potential and distance. Upper curve r/a very
large, lower curve r/a=125.

and eliminating Q

J 1 )
281 a\ 2 (16)
- — 241.05556¢9( 1 ——

9 72 I:\b + ? r? ]

where we have put j;=2#7j and then substituted
J for (e¢/m)j. Evidently j is the current density
at distance r from the axis.

TaBLE III. Current as function of magnetic field for r/a

very large.

eH [t /2 2

— = J/ =

q ¥ mel v 9 r
0.00 1.000 0.000 1.000
0.10 0.949 0.648 0.992
0.20 0.895 0914 0.983
0.30 0.838 1.115 0.973
0.40 0.776 1.284 0.964
0.50 0.710 1.430 0.953
0.60 0.638 1.560 0.942
0.70 0.557 1.678 0.930
0.80 0.464 1.785 0.917
0.90 0.349 1.883 0.901
1.00 0.177 1.971 0.883
1.05 0.000 2.000 0.857

TaBLE IV. Current as function of magnetic field for

Qr 2.05480(q)? (13) r/a=125.
d [Y241.05556¢(1 —a?/r2)2]¥ eH Job 20
TasLE II. Formulas for ¢ for various values of p=(r/a)?. q v Y 1/9— "
. s . am oo
1.2 1398 0.4413 —0.2547q —0.0624 —0.029g —0.015gs 520 0920 9803 P St
1.333 1540 0.5098 —0.30924 —0.0794 —0.038.5 Z002gi—- - 828 gggi igg; ggéi
1.500 1.837  0.6122 —0.3814¢ —0.100g2 —0.05¢5 — - - - - . . -
32]% g.zlagg g.agﬂ —g.iggq -g.}}qz — . 0.50 0.740 1.401 0.897
1.000 8000 0.0745 _0.479 —0.122— ... 8?8 823(1) igig gggg
9.000  27.000 1.0284 —0.4822¢ —0.107¢2 —0.056¢3 — - - - . . - . -
;g.% gg.m i .g:;gé —g.igg;q —g.}ggga ’—obo(s)g,.g3 — 0.80 0.499 1.758 0.875
%siooo {’25:000 10232 —0.4904¢ —0.11102 —ofosssZ: Z (1)38 83%‘75 132(7) 8222
o . . . .
la};ge ell:?;ge 1.0000 —0.5000¢ —0.1177¢2 —0.0558¢3 — - - + 1.06 0.000 2.000 0.845
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F16. 2. Charge density with magnetic field (solid curve) and without magnetic
field (broken curve) as a function of r/a.

We have plotted two curves of the family
under consideration in Fig. 1. The upper one
is for p very large, and the lower one for
p=25 (r/a=125). In both cases we have neg-
lected (a/r)? as compared with unity in (15) and
(16). The calculated values for the two curves are
given in Tables III and IV. Only for ¢2 1 has it
been necessary to add a small correction to (14)
to account for the effect of additional terms
beyond the one in ¢?° It will be noted that both
curves are very nearly horizontal, the second
even more so than the first. This is quite in
accord with the experimental measurements of
Hull,* who used a ratio of anode to cathode
radius not very different from 125.

Next we consider the distribution of potential
and of space charge for the case where the anode
r=b coincides with the surface r=B of cut-off,

TasLE V. Distribution of potential and of space charge
when anode coincides with cut-off surface.

[P/(®B/BY]o

b4 r/a [®/®B)H (P/(@B/B)]H [2/®Blo
1.000 1.000 0.000 0 0.000 ©
1.250 1.398 0.009 180.3 0.009 192.3
1.333 1.540 0.012 137.2 0.013 146.3
1.500 1.837 0.020 90.4 0.022 96.4
2.000 2.828 0.044 39.7 0.047 42.3
3.000 5.196 0.091 15.09 0.097 16.00
4.000 8.000 0.136 8.07 0.145 8.51
9.000 27.000 0.343 1.596 0.364 1.592
16.000 64.000 0.620 0.613 0.647 0.504
20.000 89.443 0.781 0.505 0.805 0.323
22.000 103.189 0.863 0.533 0.883 0.267
24.000 117.576 0.946 0.804 0.961 0.225
25.000 125.000 1.000 © 1.000 0.207

4A. W. Hull, Phys. Rev. 18, 31 (1921).

limiting ourselves to the case where a/b<1. Then
(5) gives ®5=10Q2B? at cut-off. Since, in general,

2\ 2 2
-2) 2%

b= %9272[ J—
72 19 ¢

it follows that the distribution of potential is
given by

Q r 2 a 2| (12 2 ¢2
—= (—) (—) [(1—-~) +0.94737—]. 17)
dp a B 7 q
Furthermore, if we put P=(e/m)p, it follows that
P=J/U? and the distribution of space charge is
given by
P 4 0.21053
®p/B* 190 g

In Table V are given, in the third and fourth
columns, respectively, the values of ®/®p and
P/(®p/B?) corresponding to the values of p as
given in the first column or of r/a as given in the
second, for b/a=125. The values these two
quantities would assume if no magnetic field
were present, are given in the fifth and sixth
columns. It is to be noted that the potential
distribution is not greatly affected by the mag-
netic field. The charge density, on the other hand,
rises very abruptly in the immediate vicinity of
cut-off when a magnetic field is present, becoming
infinite at the surface of cut-off. In Fig. 2 the
graph of P/(®p/B?) plotted against 7/a is shown
by the solid curve. The broken curve represents
the same quantity when no magnetic field is
present.

(18)




