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Theoretical Calculations on Extensive Atmospheric Cosmic-Ray Showers

LINcoLN Nol FENsTEIN
Ryerson Physical Laboratory, University of Chicago, Chicago, Illinois

(Received January 12, 1945}

Large cosmic-ray showers in air, investigated with ionization chambers and coincidence
counters, have been explained hitherto as originating from primary electrons of very high
energy. In recent experiments at an altitude of 3100 meters Lewis measured the frequency of
coincident bursts in two unshielded ionization chambers. The theoretical cumulative fre-
quency H(P, D) of such coincidences is calculated as a function of the electron density P and
the separation D of the chambers for this altitude and for sea level. The cumulative size-
frequency distribution H{P) for bursts in a single chamber is also computed. All calculations
are based on the cascade theory of showers and the theory of the multiple scattering of elec-
trons. The theoretical frequencies compared with those of experiments show (1}a much smaller
absolute value, (2) a much slower drop as the chambers are separated, (3) a different form for
the cumulative size-frequency distributions, and (4} a smaller increase with altitude. It is
pointed out that the large number of narrow showers of high energy observed must originate
much nearer to the chamber than the top of the atmosphere if they are to be explained by the
cascade theory. It is concluded that the assumption of primary electrons is of little help in
explaining the exp'erimental results.

INTRODUCTION

ARGE cosmic-ray showers in air have been
explained hitherto as originating from pri-

mary electrons of very high energy. The quan-
titative development of this theory has seemed
to be in general agreement with experiments in
the two cases it has been carried out. Euler' has
computed the frequency of sea level bursts in a
single unshieMed ionization chamber as a func-
tion of the size of the burst, and his results are
in rough agreement with the experiments of
Carmichaep and the more recent ones of Lapp. '
Hilberry' has indicated that the results of his
experiments on counter coincidences at various
altitudes are in agreement with the theory at
least for the higher altitudes (2000—4000 meters).
None of these experiments, however, gives a
complete picture of the shower since experiments
with a single chamber do not reveal the extent
of the shower and those with counters do not
reveal the density in the shower. In recent ex-

~ H. Euler, Zeits. f. Physik 116, 73 (1940).' H. Carmichael and D. Chang-Ning Chou, Nature 144,
325 (i939).

3 R. Lapp, Phys. Rev. 64, 129 (1943).
4 N. Hilberry, Phys. Rev. 60, 1 (1941).
~L. G. Lewis and E. W. Lewis, Phys. Rev. 65, 63A

(1944).The complete work of Lewis is published elsewhere
in this issue. The writer wishes to thank Mr. Lewis for
giving him the experimental data cited in this paper in
advance of publication.

periments at Echo Lake, Colorado, Lewis' used
two unshielded ionization chambers and meas-
ured the frequency of coincident bursts as a
function of the size of the bursts and the separa-
tion of the chambers. These data of Lewis' pro-
vide a more critical test for the theory,

To compute theoretically the results of these
experiments, a form of the primary electron
spectrum at the top of the atmosphere is assumed
and the cascade theory of the multiplication in
a shower is applied together with the theory of
the multiple scattering of electrons. The fre-
quency H(P) of bursts of electron density
greater than I' in a single unshielded chamber
and the frequency H(P, D) of coincident bursts
of electron density greater than P in each of two
chambers separated by a distance D. are cal-
culated for showers detected at Echo Lake
(altitude above sea level: 3100 m. ; pressure:
52 cm Hg; depth from the top of the atmosphere:
709 g/cm' or 16.5 radiation units. ) Electron
densities from 500/m' to 2000/m' and chamber
separations up to 10 meters are considered. The
calculated results, are compared with the experi-
mental results of Lewis. ' The functions H(P)
and H(P, D) are also calculated for showers
detected at sea level, and the altitude e8ect is

1

' In comparing theory and experiment, it is assumed that
the observed bursts are solely due to electrons.
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discussed. The function H(P, D) has not as yet
been determined experimentally for sea level.

CALCULATIONS FOR SHOWERS DETECTED
AT ECHO LAKE

1. Basic Assumptions

The theoretical computation follows the
general method used by Euler, ' but different
forms of the functions representing the spatial
distribution and energy distribution of the
shower electrons are employed. In addition, the
zenith -angle effect neglected by Euler is con-
sidered. Since the calculations are made for large
electron densities and small separations of the
chambers, the results depend chieAy on the high
density region of the showers and on shower
electrons above the critical energy in air (about
10' ev). This means that the approximations
necessary in treating low energy ((10' ev)
shower electrons do not have a great effect on
the results.

From the cascade theory the average number
of electrons of energy between B and B+dB at
a depth of t radiation units from the top of the
atmosphere in a shower initiated by a primary
electron of energy Eo can be given by

x(EO, E, t)dE=k(t)K(Ep/E, t)p(E)EO/E'dE. (1)

For t=16.5, the value" of k(t) is 0.034. The
function K(EO/E, t) is equal to unity for that
depth t at which x(EO, E, t) is a maximum, but
is considerably less for significant departures
from the maximum. For $= j.6.5, the function
K(EO/E) was calculated for E)10' ev and is
plotted against log~o(EO/E) in Fig. 1. For
B& $0' ev the cascade theory has not been
worked out sufficiently to give K(EO/Z); as an
approximation, therefore, K(EO/E) has been
replaced by a factor K'(Eo) depending only on
the primary energy Bo. This factor has been
determined so that

108 ev

s(Ep, E, t)dE
0

is equal to the total number of electrons with
energy K&10'.ev in a shower due to a primary

~ Calculations were made from the cascade theory as
presented by Rossi and Greisen, Rev. Mod. Phys. 13, 240
(1941).

electron of energy Bo as given by the cascade
theory. The factor K'(Eo) actually turns out to
be very nearly the same as the value of K(EO/E)
in Fig. j. corresponding to .B=$0' ev. The func-
tion tj,(E) accounts for the ionization loss of the
shower electrons and approaches unity for
B)&10'ev. Rossi and Greisen~ give the form of
p, for Z&10 ev, while Richards gives p, down
to 8=4)( j.0' ev. '

In treating the spatial distribution of the
shower electrons it is assumed that the only sig-
ni6cant cause of the lateral spread of the shower
is the multiple scattering of electrons in the
shower. It is also assumed that the distribution
of shower electrons of one particular energy 8
along an axis perpendicular to the axis of the
shower is given by a Gaussian function. ' Then

6
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FIG. 1. The function X(Ep/E) for E= 16.5 andE)10' ev plotted against log1p Ep/E.

J. A. Richards and L. W. Nordheim, Phys. Rev. 51,
735 (1942). The complete thesis of Richards, as well as
that of Roberg (Note 12), was kindly sent to Dr. Schein
at the University of Chicago by Dr. Nordheim in advance
of publication. The writer wishes to thank Dr. Nordheim
for his permission to use the results obtained in these
calculations.

Py is also a function of Ep/E; however, for energies
E)10' ev this dependence can be neglected. For E(10'
ev this dependence is not known.

"In a simple problem of the multiple scattering of a
beam of particles (for example, mesotrons) of a single
energy it is easily shown that the resultant spatial dis-
tribution is given by a Gaussian function. In the case of
the shower electrons, however, the multiple scattering
equation must be combined with the diffusion equations.
The combined equations Lgiven by Landau, J. Phys.
USSR 2, 237 (1940)g have never been solved. It has been
assumed previously (e.g. , by Euler) and is also assumed
here that the spatial distribution for shower electrons of
one particular energy E is not affected critically by the
diffusion part of the combined equations and may be given
to a good approximation by a Gaussian function.
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the probability that an electron of energy Z is
at a distance between 8' and R'+dE. ' from the
axis of the shower in a plane perpendicular to
the axis can be given by

p(R', E)2sR'dR' = (1/2s }E'/(0. 8nE.)'

R"E'
exp (

— —i2sR'dR', (2
2(0.8aE.)'i

where thc distance R ls glvcn ln ladlatlon units.
The value of the exponent in the Gaussian func-
tion is chosen so that the root mean square radial
spread for electrons of energy 8 is equal to
0.8a(E,/E)&2 radiation units. " The value of
0.8n(E, /E) v2 is given by Roberg, " and is
strictly valid only for energies Z corresponding
to 'tll'e Iilaxliiiuiil of s (Eo, E, t) as a fuilctloll of t
(for which X(EO/E) =1).Roberg finds that n is
a function of the electron energy 8, approaching
unity for B&&IO' ev. 8, represents a characteristic
energy for the scattering of electrons, which has
been used in previous calculations of multiple
scattering and has a value of 1.5 g 10 ev,
independent of material. The dependence of the
scattering on Eo/E, which is only important
when s.(EO, E, t) is far from its maximum, is not
known and therefore must be neglected in the
calculations. In the present case, however, in
which 1=16.5 and densities between 500/m' and
2000/m' are being considered, the values of
s.(EO, E, t) used are chieHy those near the maxi-
mum. The function p(R', E) is normalized so that

Echo Lake and is introduced by the equation"

R' =0.8B,r =0.139r.

Introducing this unit into Eq. (2) one obtains

r'E'q
y(r, E)2s rdr = (1/2s) E'/n' exp

~

—
(
27rrdr.

2n') (2')

The primary spectrum assumed here for the
high energy electrons entering the earth' s
atmosphere is the same as that which is used for
primaries of lower energies. The number of
primary electrons of energy greater than Eo (in
critical energy units) incident at the top of the
atmosphere per unit time and per unit area is
glvcn by

N(EO) =H&EO &, y=1.8
H& ——6 X10'/hr. m', (4)

n(Ep) =hiED &, y=1.8,
hi = 2.2)&10"/hr. (60.6 m)'. (4')

This spectrum is the same as that used by Euler'
and is very similar to that arrived at by
Hilberry. '

2. Electron Density Function

The average electron density p(r, ED) recorded
by an ionization chamber the center of which is
at a distance r from the axis of a shower due to
a primary electron of energy Bo can be given by"

p(r, Eo) = y(r, E)s(ED, E)dE

y(R', E)2sR'dR' = 1.

It is convenient to introduce as the unit of
energy the critical energy in air, about Io' ev, and
as the unit of length the root mean square lateral
spread of shower electrons of the critical energy.
This unit of length is equal to 60.6 meters at

~~ The value used for the actual length of the radiation
unit is that of a radiation unit a,t the place of observation
(436 m at Echo Lake). Because of the fact that the actual
length becomes greater with elevation in the atmosphere
above the place of observation, one should use a larger
value in all the calculations. Since, however, the correct
value has not been calculated so far, the value of the
radiation length at the place of observation has been used.

~ Roberg, Phys. Rev. 61, 735 (1942); 62, 304 (1942).
(See note 7).

kBO
&(Eo/E) p(E) /~'(E)

2' p

( r2E2 )
Xexp

/

— - fdE. (5}
2n')

The density per square meter is given by

p(r, Eo)
P(R Eo) =- =10 ""p(r Ep) (5')

. (60.6)'

'8 Quantities expressed in terms of this unit of length
are given in small letters, those expressed in radiation' units are given in primed capital letters, and those ex-
pressed in meters are given in unprimed capital letters.

'4 The depth 5 @ril no longer be given as a variable since
the calculations of this part a11 refer to Echo Lake ($ = 16.5).
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TABLE I.'Log1p P(R, Zp). Electron density as a function of Primary energy 80 and
distance R from the axis of the shower.

Log E0
(in ev)

14.5
15.2
15.7
16.2
16.7

R (in meters)

3 . 420 03 0.6 1.2 1.8 2.4

2.15 2.04
2 94 2.83
3.48 3.37
4.00 3.88

3.09 2.73 2.51 2.29 1.96
4.03 3.60 3.35 3.10 2.73 2.60

4.18 3.92 3.65 3.27 3.13
4.45 4.17 3.62

12 30

2.45 2.14 1.70
2.97 2.64 2.20
3.45 3.12 2.67

3.57 3.10

60 8S 106

1.28 .98
1.77 1.47 1..22
2.24 1.94 1.69
2.67 2.37 2.12

where 8=60.6r. It is assumed that no multi-
plication takes place in the walls of the chamber,
but that there is a lower limit P to the energy 2
of electrons which can penetrate the walls. The
value used for the energy P is 4 Mev; however,
using P=O does not change the values of the
density function significantly except for r&1
(R)60 m).

Equation (5) is based on the assumption that
the density recorded by the chamber is equal to
the density at the center of the chamber. This
assumption is approximately true except in the
relatively rare instances that the axis of the
shower is within the chamber (r less than the
radius of the chamber). For such values of r and
for values of 2()2&(10" ev) for which the root
mean square radial spread is of the same order
of magnitude as the radius of the chamber, the
integrand in the integral of Eq. (5) must be
replaced by the density of these high energy
shower electrons averaged over the chamber.
This consideration enters the calculations only
in the case r =0 and turns out to have very little
e8'ect on the final calculated burst frequencies.
For the calculation of p(0, 80) the radius was
taken to be about 17.5 cm so that the results
would correspond to the experiments of Lewis. 5

The explicit form of the electron density
p(r, Zo) as a function of r may be seen readily
for primary energies Bo of about 10"ev and for
values of r between 0.02 and 0.10 (1.2 to 6 m)
since in this case the energies 8 contributing
mainly to the integral of Eq. (5) have values
between 10' and 10"ev for which the functions
X(BO/8), p(Z), and n(Z) are all close to unity.
Using the approximation X=@=n=1 in Eq. (5),
we have

p(r, Zp) 1.25kZO/2s. r. (6)

For very small values of r, higher values of 2

and correspondingly lower values of the function
X(Zo/2) contribute significantly to the integral,
causing the electron density p(r, Bo) to rise less

rapidly than the function (1/r). For large values
of r, electrons of energy 8 less than 10' ev become
relatively more important; this causes the elec-
tron density p(r, Zo) to fall more rapidly than
(1/r).

The values of the electron density p(r, Bp)
for various distances r from the axis of the
shower and various primary electron energies BD

have been found by numerical integration of Eq.
(5). The values of the log~o P(R, Zo) are given
in Table I for values of R between 0 and 106 m

and values of Bo between 10". and 10' ev.
For two-values of the primary energy Bo repre-
sentative of those important in this problem,
10"' and 10"' ev, the density P(R, Bo) is

plotted as a function of R on a double logarithmic
graph in Fig. 2. The broken curve in the figure
represents the lower curve placed a cycle higher
so that the form of the function may be com-
pared for the two values of the primary energy.
It can be seen that the electron density as a
function of R is almost independent of the
primary energy Bo, although for the larger value
of Eo the density is relatively greater near the
axis of the shower and less far from the axis
than for the smaller value.

To a first approximation, therefore, the density
p(r, Po) may be represented for primary energies
Eo between 10"and 10"' ev and for all values
ofr by

p(r ~o) =&C(r)/' (6')

The electron density function of Eq. (6') with

q(r) set equal to an exponential function of the
form e "is practically the same as that of Euler. '
Euler's unit of length, however, is much smaller,
since his calculation of the root mean square ra-
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primary electron in order that on the average
the shower it produces has an electron density
greater than p at a distance r from the axis.
Then, introducing the primary spectrum (E(f.
(4)), the number of showers per unit time and
per unit area having a density greater than p at
a distance r from their axes is given by

n(Ep) =kiEO &(p, r)

Considering all values of r, the frequency of all
bursts of density greater than p in the chamber
is given by

II'(p) = 2s.ki J~ Eo ~ (p, r) rdr
0

lO

I I

IO
R lN METERS

IOO

Similarly from a simple geometrical construction'
the frequency of simultaneous bursts of densities
greater than p in each of two chambers separated
by a distance d is given by

FIG. 2. Electron density P(R, Eo) at Echo Lake plotted
as a function of the distance R from the axis of the shower
for primary energies Eo of 10"' and 10" ev. The broken
curve shows the lower curve placed a cycle higher.

arc cos (d/2r)
H'(p, d) =2shi ~ Eo &(p, r)— rdr. (9)

(E/2 7r 2

dial spread of shower electrons gives a value only
one-third of that calculated by Roberg. "A less
important difference is that the function g(r) in

the present calculation falls off somewhat less
rapidly than an exponential for r & 1.5 (E &90m).
This difference is most likely due to Euler's
failure to consider the factor n(E).

The approximate percentage contributions of
shower electrons of diferent energy ranges 8 to
the value of P(R, Eo) are shown in Table II for
di6'erent distances R. For R&12 meters this is
given for a shower of primary energy Bo equal
to 1015 7 ev, while for R) j.2 meters it is given
for the particular case in which the function
K(EO/E) is always 1. It was found that to a
good approximation the values in Table II can
be considered as correct for all values of Eo
between 10" 5 and i0" 5 ev.

3. Frequency of Single and
Coincident Bursts

r
" arc cos (d/2r)

=2~hi Eo "(p, r) (10)
d/2 7r 2

Eo(p d)=ED(p r). (10')

Equations (8) and (9) would give the actual
frequencies oddly if all the primary electrons were
directed close to the vertical. However, it seems
probable that the directions of these extremely
high energy electrons are distributed uniformly
over a solid angle of 2~. The electrons entering
at a large angle 0 to the vertical must traverse
a much greater thickness t of the atmosphere and

TABLE II. Approximate percentage contribution of elec-
trons of energy ranges 8 to P(R, E0) for various values
of R.

Notice that IZ'(p, 0) =H'(p). It is also of interest
to consider the median values r(p, d) and Eo(p, d)
de6ned by:

2H'(p, d)

From the values of p(r, E0) which have been
calculated the theoretical frequency of bursts in

a single chamber and of coincident bursts in two
chambers can be obtained. Inverting p(r, Eo) we
find Eo(p, r), which is the minimum energy of a

I~ (in ev)

(10'
108—109
1O9—1O'0)10~0

R (in meters)
0.6 1.2 1.8 2.4 3.0 4.2 6 12 18 30 60 85 106

1 2 3 4 5 7 10 23 35 54 84 95 99
9 17 25 30 37 49 70 74 65 46 16 5 1

62 78 72 66 S8 44 20 3
28 3 02
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Fro. 4. Calculated coincidence frequency per hr H(P, D)
for Echo Lake as a function of P for separations D of 1.2,
4.8, and 9.6 m. The curve labeled D = 0 is the cumulative
size-frequency curve H(P) for bursts in a single chamber,
The two top curves are the corresponding experimental
functions for D =1.2 m and D =4.8 m.

"The functions H(P, D) and H(P) are obtained from
H(p, d) and H(p), respectively, by the relations; P = p/3700
and D =60.6d.

Eq, (13) is contributed by values of Zo(p, r)
between 10" and 10"' ev, for which the ap-
proximations used in obtaining Eq. (6') are
reasonably good. Neglecting the variation of
s(p, 0) with p for this range of densities, we find

H(p) =const p &. (14)

This means that H(p) is a power function of p
with the same exponent y as 6gures in the
primary spectrum X(B,). If the variation of
s(p, 0) with p is introduced, the approximate
form of H(p) can still be given by Eq. (14), but
the absolute value of the exponent must be
decreased slightly (from 1.8 to about 1.7).

Table III and the corresponding Figs. 3 and
4 show the result of the exact evaluation of Eqs.
(8') and (9').'5 Figure 3 shows the frequency
H(P, D) of coincidences between two ionization

chambers as a function of the distance D between
them up to 10 meters f'or densities P greater
than 500/m' 1000/m' and 2000/m' In Fig. 4
the frequency H(P, D) of coincidences is plotted
on a double-logarithmic graph as a function of
the density I' for separations D of 1.2, 4.8, and
9.6 meters; the cumulative size-frequency curve
H(P) for bursts in a single chamber (D=O) is
also shown. It is seen that each of the theoretical
curves of Fig. 4 approximately satisfies Eq. (14)
and thus reHects the primary, energy spectrum
X(EO). Table III gives all the calculated values
of H(P, D).

Table IV shows the percentage contribution
of different ranges of r and of the corresponding
ranges of the minimum energy Eo(p, r) to the
function H'(p) (Eq. 8) for densities p correspond-
ing to 500/m' and 2000/m'. The corresponding
values of 8 and Eo are also given. Because H'(p)
does not take into account the zenith angle effect,
Table IV gives only an approximation to the
contributions to the total burst frequency H(P)
of difII'erent primary energies Bo and of different
distances R of the chamber from the axis of the
shower. Table IVa shows the approximate per-
centage contributions to the function H'(p) from
different energy ranges B for the same densities.
It therefore gives an approximation to the
average energy distribution of electrons in
bursts of densities greater than 500/m' and
2000/m', respectively.

From Table IV it is seen that the frequencies
depend very little on values of R)60 m (r) 1),
which has the consequence that the lower limit

P to admitted energies B has little effect on the
results. Similarly values of R &20 cm con-
tribute very little, so that the results are almost
independent of the size of the chamber for those
chambers generally used. Table IVa indicates a
20 percent contribution to the results from values
of E&10' ev, for which the calculations are
only approximate. It should be noted that the
contribution of these low energies is greater for
the lower densities and also for the greater
separations of the chambers, so that these
results have to be considered less accurate.
Table IV also indicates that for the 2000/m'
density there is at least a 7 percent contribution
to the calculated results from primary energies
greater than 10'7 ev. Experiments in which
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TABLE IV. Percentage contribution of ranges of R and of the corresponding minimum energies
80(P, R) to the integral II'(P) (Eq. (8)).

Density P

500/m2 0—1.8
18

1.8-7.0
29

1Q14.2 1P15 1Q15 1Q15.5 1015.5 1P16

7.0—20
26

20-43
18

43-73
7.5

)73 m
1.5

10"—10"' 10'5'—10" & 10"ev

8=7.5 m
80=1015 55 ev

2000/m' 0.4—1.7
17

1.7-5.4
25

15-36
17

&36 m
7

R=5.4 m
E0=10"ev

larger densities are measured and larger separa-
tions of the chambers are used than in those
experiments carried out hitherto would be
required to determine whether any showers of
such. enormous energies exist.

If the unit of length, that is, the root mean
square radial spread of shower electrons is divided
bya factor 0, it can be shown that theapproximate
eEect is to multiply the burst frequency H(P)
by a factor of 0.~(& '). Thus, the effect of using
Euler's value for the radial spread would be to
multiply H(P) by a factor of 3",or 6.

L~ (in ev)

Density P
500/m'
2000/m2

(108

23
15

108—10'

43
35

)10s

34
50

'The experimental curves shown in Figs. 3 and 4 do
not pass through actual experimental points, but were
obtained by graphical interpolation of the experimental
data. The experimental results shown for densities P less
than 800/m' were obtained by extrapolation.

4. Comparison with Experiment

The experimental observations of Lewis' at
Echo Lake, which are also shown in Figs. 3 and
4,'6 differ from the results of the present calcu-
lations in three striking ways. (a) The experi-
ments show a much sharper decrease in the
frequency of coincident bursts as the separation
of the two chambers is increased up to 3 m. This
is seen from the broken curves of Fig. 3, which
represent the experimental frequencies reduced
in magnitude so that the forms of the experi-
mental and theoretical curves may be compared.
The experimental curves are not shown for
values of D between 5 and 10 m because the dif-
ference between the forms of the experimental
and the theoretical curves for these values cannot
be considered significant. (5) The experimental

TABLE IVa. Approximate contribution of ranges of values
of electron energy 8 to II'(P).

cumulative size-frequency distributions for dif-
ferent separations D of the chambers are repre-
sented by similar curves of an exponential type
in contrast to the theoretical power-law curves.
Figure 4 shows two such curves for a=1,2 m
and D=4.8 m plotted on a double-logarithmic
graph. (c) The absolute values of the observed
single and coincident burst frequencies are much
greater than the corresponding theoretical values.
For example, for densities greater than 1000/m'
the observed values are greater by a factor of
about 550 in the case of the two chambers
separated by a distance of 1 m and by a factor
of about 300 in the case of 5 m separation. As the
density increases above 1000/m', however, the
corresponding theoretical and observed cumu-'

lative frequencies approach each .other in value
(Fig. 4).

CALCULATIONS FOR SHOWERS DETECTED
AT SEA LEVEL

A similar calculation of the frequencies H(P)'
and H(P, D) has been carried out for sea level
(t=24) for electron densities P of 500/m' and
2000/m' and separations D up to 14 meters.
This calculation is less accurate than that for
Echo Lake because of the fact that for these
densities at sea level there is a much larger
contribution from shower electrons of energies
B less than 10' ev. It was pointed out before that
in this case special approximations have to be
made. This also means that the results are more
dependent on the lower limit P to admitted
energies. In addition to this, for the primary
energies which contribute most to the results for
the above-mentioned densities (8,about 10' ev),
s.(BO, Z, t) (Eq. (1)) must be used farther from
its maximum as a function of t, so that Eq. (2)
for the spatial distribution of the shower elec-
trons is less valid. From Eq. (3), for t=24, the
unit of length is 42 meters.
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H(p) =const p»"=const p ". (16)

O. J

Table V gives the calculated values of H(P)
and H(I', D). The results, particularly for the
lower density, must be considered as first ap-
proximations. The general form of the cumulative
size-frequency distribution H(P) can be ob-
tained by the method used before (Eqs. (12—14)).
It is found that for primary energies around
IO" ev the approximation

p(r) = (~o)"a'(r)/r (13)

should be used in place of Eq. (6'). This gives

Introducing s(p, 0) to account for the zenith
angle effect results in a change of the exponent
of Eq. (16) from 1.5 to 1.4. Curve A in Fig. 5
shows the calculated form of the function H(P),
curve 8 represents the corresponding theoretical
results of Euler, ' and curves C and D show the
experimental results of Carmichael' and Lapp, '
respectively. All the curves, are approximated as
straight lines, and only 3. representative portion
of each is shown. The main reasons for the large
discrepancy between the theoretical results ob-
tained here and those obtained by Euler are the
small value used by Euler for the mean square
radial spread and the fact that he neglected
completely the zenith angle effect. It is seen
from Fig. 5 that even at sea level the experi-
mental burst frequencies are about forty times
greater than the theoretical ones. Furthermore
the exponent in Lapp's experimental cumulative
frequency function is greater than 2 in contrast
to the theoretical Eq. (16).

Of particular interest is the. remarkable dif-
ference which exists between the calculated and
experimental altitude effects for bursts in an
unshielded ionization chamber. The observed
increase in frequency from sea level to Echo Lake
(3100 meters) appears to be as much as 400" for
densities greater than 2000/m', which is much.

larger than that observed in counter experiments
on extensive atmospheric showers. According to
the theory, the bursts discussed here are on the
average due to higher primary energies than the
energies responsible for the counter observations
and therefore should show an even smaller
altitude effect. The calculations give an increase
of frequency with altitude of 5.1' for densities
greater than 1000/m' and 4 for densities greater
than 2000/m'
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CONCLUSION

The relative1y large discrepancies which have
been noted between the theoretical results and
those of experiment do not seem to be explainable
in any simple manner. Changing the form of the
lateral distribution of shower electrons from the

Frc. S. Cumulative size-frequency function H(I') for
bursts in a single chamber at sea level. Curve A shows the
results of the present calculations, curve 8 represents the
corresponding theoretical results of Euler, while curves C
and D show the experimental results of Carmichael and
Lapp, respectively.

'~ This may be calculated approximately by using the
experimental results of Lapp and Carmichael at sea level
and those of Lewis at Echo Lake. Unpublished sea-level
data obtained at the University of Chicago with the same
ionization chamber as that used by Lewis also give this
result.
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assumed Gaussian function or changing the form
of the assumed primary electron spectrum (Eq.
(4)) could, at best, it seems, resolve only part of
these discrepancies. The sharp drop in frequency
of coincidences observed by Lewis as the two
chambers were separated indicates the presence
at an altitude of 3100 meters of relatively narrow
showers of high particle density which muSt
originate fairly close to (a few radiation units
above) the chambers if they are to be explained
by the cascade theory. Since, for a given electron
density in the chamber the total energy con-
tained in such showers can be much less than
that contained in showers close to their maximum
development, it is reasonable that the narrow
showers are observed more frequently even
though the probability of any one shower's
hitting the chambers is much less. The presence
of these narrow showers, therefore, might
explain in part the much larger absolute values
of the experimental frequencies in comparison
to the theoretical ones. The method by which
the high energy ()5 X 10" ev) electron or
photon necessary to originate such a shower can
be brought to the level at which such showers
start is not known. Any explanation must also
account for the large altitude effect for the
bursts. It would be of great interest to know
whether this altitude effect for bursts in an
unshielded ionization chamber continues to be
so large as the altitude increases above 3100
meters.

One might think now that the results could
be explained by considering two types of showers,
the narrow showers of an unexplained origin and
the showers from primary electrons of very high
energy. The introduction of such narrow showers,
however, fails to explain the discrepancy that
still seems to exist between the theoretical fre-
quencies calculated above and the frequencies
observed by Lewis for coincident bursts between
two chambers separated by distances of 5 to 10
meters. This discrepancy exists both in the ab-

TABLE V. Calculated coincidence frequency per
hour II(P, D) at sea level.

Separation D
(in meters)

0
.85

3.4
6.8

13.6

500/m2

0.0105
0.0100
0.0090
0.0079
0.0063

Density P
2000/m~

0.00148
0.00141
0.00126
0,00108
0.00087

solute values and in the form of the cumulative
size vs. frequency distribution. These coincident
bursts might be explained by showers originating
higher than the narrow showers but well below
the top ef the atmosphere. The total energy in
such a shower for a given density need not be so
great as in a shower due to primaries, and con-
sequently the frequency of these showers might
be greater. It should be noted that in any case
for such coincident bursts the energy of the
electron initiating the shower must be greater
than 10" ev, if the shower is of the cascade
variety. Only for the largest densities and sepa-
rations of the chambers in the experimental
results does it appear that a significant fraction
of the observations can be explained by showers
due to primary electrons; these, however, could
be just as well explained by showers initiated by
secondary electrons produced near the top of the
atmosphere.

It may therefore be concluded that the as-
sumption of primary electrons is of little help in

explaining the observations on extensive at-
mospheric showers detected at an altitude of
3100 meters. The experiments carried out at sea
level are too incomplete to allow conclusions to
be drawn from them.
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