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The straight wire antenna is approximated by a perfectly conducting prolate spheroid of
eccentricity very close to unity. (1) The first three harmonics of the axially symmetrical free
oscillations are discussed, with calculation of the wave-length X and the logarithmic decrement 5.
(2) The tangential electric field component of a plane wave with E parallel to the axis of the
spheroid is expanded in the prolate spheroidal wave functions of Paper II. (3) The oscillations
forced by such a plane wave are discussed for frequencies in the neighborhood of resonance with
reference to current distribution, radiation resistance, and scattered field.

1. FREE OSCILLATIONS

E shall discuss briefly the axially symmetrical free oscillations of a perfectly conducting prolate
spheroid so thin that the squares and higher powers of the value ¢ of {=(92—1)} at the
surface! can be neglected as compared with unity. Under these circumstances ¢, represents effectively
the ratio of the minor semi-axis b of the spheroid to the major semi-axis a. We are concerned with the
wave functions (I11-15), in which v;; stands for the function 7, representing a diverging wave as given
by (I11-32).
The sole boundary condition is E¢=0 for ¢t =1{,, that is,

%m”(n); 0, i=tr (I1L-1)

a. Fundamental or First Harmonic

For I=1, Eq. (I11-1) becomes
bi1=(4/3%ie a1, (I11-2)
where
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if we neglect squares and higher powers of f,.

For the limiting case £o=0 of an infinitely thin antenna /;;=0 and hence b,;=0. Hence, as shown
in II, e=w/2. Consequently, if A is the wave-length and § the logarithmic decrement of the free
oscillations,

A=4a, §=0. (I111-3)
To discuss antennas of finite thickness we put o= (10)"" and make e=w/2 everywhere except in

the factor of b;; which vanishes for this value of e. This approximation yields results accurate to
within one percent for #>3 and to within two or three percent for n=2. Then we find from (I11-2)

that
w[ 0.16857 ]
e=—1——-——1.
2 n—0.228

1 See Paper II for definitions of the symbols appearing in this paper. References to Paper II will be indicated by II
and to Paper I by I.
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In terms of the wave-length and the logarithmic decrement

T 4a 0
e:~——[1 —i—]. (I11-4)
2\ 2w
Therefore
A=4a, 6=1.059/(n—0.228). (I11-5)

b. Second Harmonic

For I=2 we have the boundary condition

b21='3—3—3;i65l21a21, (III-6)

where
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For a thin antenna this gives approximately

[ 0.1071']
e=7|1— ,
n—0.5

N=2a, 6=0.67/(n—0.5). (111-7)

from which it follows that

¢. Third Harmonic

For =3 the boundary condition becomes

b31=m’567l31031, (IT1-8)
where A+Di+1 11 1 59 -t
l31“=‘[10g ——0 —‘—+—€2——64+ ..o ] .
(14tHi—-1 3 2:3.5 2.345%-11

As the series for b3, converges too slowly for e=37/2, we have used (I1I-37). For a thin antenna we

get, approximately,
31r[1 0.0861 ]
2 n—0.4

€=

from which it follows that
A= (4a/3), §=0.54/(n—0.4). (II1-9)

The series given in II have not been carried far enough to calculate even rough values of the
logarithmic decrement for higher harmonics than the third. However, the wave-length for a thin
antenna is given by A=4a/! for the Ith harmonic, however great the integer / may be.

2. INCIDENT WAVE

Preparatory to the investigation of the electrical oscillations of a perfectly conducting prolate
spheroid forced by a plane electromagnetic wave of angular frequency w with the electric vector
parallel to the long axis of the spheroid, it is necessary to expand the field components of the incident
wave in the prolate spheroidal wave-functions specified by Egs. (II-15) to (II-18). Evidently
Vim (1) = Pim(n) since gu,(n) becomes infinite at the origin.

Designating unit vectors in the directions of increasing £, 5, ¢ by £, ni, ¢é1, respectively, and
putting s=(1—£)}, i=(n2—1)}, e=(kp)}(wf/c) =2mf/\, as before, we find the electric and magnetic
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field intensities in the incident plane wave are

Ef—[z LB ]eim sin ¢ (I11-10)
= —+n, , -
(=gt (-
. &t cos ¢ 7S COS ¢
H1,= [ —_ zl T nj
(=) (=)}
for a wave of unit amplitude. As usual we have omitted the time factor e~ir,

Expanding the exponential as a power series we find for the two components of the electric field
of the incident plane wave:

— g1 sin ¢]€i‘s‘3i" % (I11-11)
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Since the boundary conditions involve E;i only, we need concern ourselves with this component
alone. In order to obtain the coefficients with the desired accuracy, it is necessary to calculate the
first few terms of #;1(£) and p71(n) in addition to the functions given in Table II of II.

We find for the desired expansion

[ d 2, d 3 , d
Eii= (ng_gz);{'Z'E[MIO“H(E)EUPH(??)}+§€2Maou31(5)zi~t{kbsx(n)}+72.92€4M50u51(5)5{51551(?7)} +-- ]
. . r 2 144 E ’
~+7e sin ¢[§M11u11(E)P11(71)+-§; §€2M31u31(£)p31(77) 4+ —;leuzx(&');bu(?))
2 ¢ ’ é /)
———€Muua(E)pa(n)+- - ]——— cos 2¢[—M22u22(E)P22(77) +--
s 22 s :
—;Mézuaz(E)Paz(n) — ]+- . }, (I11-12)
where
, 293 446
B T T T A
,_ %2 . 1M
M=ty o s
, 10
M50=1—3.132e +---,

rn 2
Mi=1-cét- o,

' 2
M2151—7—262+ B

’

My=1+---, Mu=1+---, Mup=1+---, Mp=1+---.
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3. THIN RECEIVING ANTENNA

In this section we shall investigate the current produced in a very eccentric perfectly conducting
prolate spheroid by an incident plane electromagnetic wave of angular frequency w and unit ampli-
tude, the electric field of which is parallel to the long axis of the spheroid. We shall be particularly
interested in the frequency of resonance and frequencies close to resonance. Since the eccentricity
of the spheroidal conductor under consideration is close to unity, the value ¢, of the parameter ¢
at its surface is effectively equal to the ratio of the minor semi-axis b of the conducting spheroid to
the major semi-axis a. We shall confine our discussion to conductors for which #, < (10)~2, with par-
ticular attention to the limiting case attained as ¢ goes to zero. Therefore we can neglect terms of
order #¢® as compared with terms of order unity.

Remembering that the first term in p;i(n) for  odd is ¢, it is clear, then, that we need retain only
this first term in the part of the expression (I11-12) for E¢* which is independent of ¢. As regards the
part of this expression involving sin ¢, terms in the first power of ¢ appear, but this part of the ex-
pression determines only the distribution of the current in azimuth and has no effect on the total
current through any cross section of the conductor. Therefore we shall neglect it. The same is true
of the part of the expression involving cos 2¢, which, however, contains no terms of order less than
£ and is negligible on that account. Similar considerations apply a fortiori to the remaining parts of
the expression.

Hence we write as a sufficiently good approximation

Esi=6‘72_‘,’7)%[M;ouu(£) +%52M;0u31(£) +7239264Mgo7451(£) + - ] (IT1-13)
The corresponding component of the electric field intensity in the scattered wave must be
Br=— [N 1°un<s> L ~{tra(n)} +¢Njoun(9 2L ()
(—8)} t dt

) 1d
+€4N50M51(£); EE{M’m(‘I]) } + . ] (III-14)

in order to satisfy the boundary condition E;+E;"=0 for ¢=14,. Consequently, if terms in # and
higher powers are neglected,

“‘2‘631116111—’ib11
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where Iy, and I3, are defined in Section 1 of this paper, and

144241 137 1 —1
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The magnetic ficld strength in the scattered wave corresponding to (I1I-14) consists of the single
component

H
Hy= —i(f) e[ N1gt11(£)711(n) + €Ny (£)r51(n) + e Nygugi (E)rsu(n)+- -+, (I11-15)
I

and the current is
I= EZWCfStII‘j,r]t:[o.
This gives

. 32 .
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I=2r Cfe sun(§)}+ {sus1(£)}
3'52 asi 32
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{susi(£)}+ - - - [eier (111-16)
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with inclusion of the time factor.

We consider first the limiting case of an antenna of length 2a=2f and zero thickness. Then
lii=131=151=0, and the current is zero except for those wave-lengths which make one of the coef-
ficients by, bsi, bs; vanish. It was shown in II that by; vanishes for e=w/2, b3 vanishes for e=3w/2,
and bs; vanishes for e=5n/2. Hence, as e=27f/\ and a=f when £,=0, it follows that the first three
resonances occur at wave-lengths equal to twice, two-thirds, and two-fifths the length of the antenna.
The resonance is infinitely sharp but not infinitely high.

a. First Resonance

We shall discuss the first resonance in some detail, as it is by far the most important. First consider
an infinitely thin antenna. Making use of Eqgs. (I1-34) and (I1-38), we find for the current at first
resonance

=[27rc(f) ZG]IW;O(G(])(I — )4, (E) coswr
I

k\? T
=[27rc(~) a]1.045 cos (~£) CoS wT,
I 2

in exact agreement with the result of the approximate method employed in 1.
Since the element of length dX; corrcsponding to the increment dE is

the applied electromotive force along d); is

(111-17)

d ’
Eézd)\é— ad [ﬂ/ 10“11(5) +—e2M30u31(£)+ 6 Mso“m(f)'{- . ] COS WT.

(1—8)h

Remembering that the functions #;,(¥) are orthogonal, we find that the mean time rate of absorption
of energy is

T (5) %02[]‘/[1’0(60)]2 _1[”11(5)]%5-
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The radiation resistance R is defined as the ratio of this quantity to one-half the square of the current
amplitude at the center of the antenna. Hence,

1
2d
1 /u %.4[“11(5)] £ 1.2188 /) *
R=—I{- = (—) . (I11-18)
2wc \ k [#1:(0) ]2 2rc \«
If R, is the radiation resistance in ohms
3
Rp=4n2(10)—9R=73.08(5) ohms, (111-19)
K

in exact agreement with the result of the approximate method employed in I.
Finally we obtain, with the aid of (I1-34) and (II-38), the following simple expressions for the
three non-vanishing field components in the wave scattered by an infinitely thin antenna at resonance:

Eoe _r{(n‘:”_"g ;(01(61)22)}}005 Gg) cos {%(n—'no)-—wr}, (IT1-20)
By _W{(nfn_oilf);:f’:(il)}%sin Gg) sin {er—(n—no)—wf}, (111-21)
H"’rﬂ{(1410;12@(:0—)1)}%(5)5 cos (3255) cos { g(n-—'r]o)—w‘r}, (111-22)

where M1o(es) =0.8206 and, for the limiting case of an infinitely thin antenna, no=1. These
expressions are valid at resonance for all n>1.

Next.-we pass to the case of an antenna of small but finite thickness. As in Section 1 we put
to=(10)"". If n>3 we do not incur an error as great as one percent if we retain the expressions for
the wave-length of resonance and for the radiation resistance at resonance which were found for
the infinitely thin antenna, and even for #=2 the error is only about two percent. But now the
resonance peak in the current is no longer infinitely sharp. To determine its form we shall use only
the first term in the general expression (III-16) for the current, ignoring a small but almost neg-
ligible asymmetry due to succeeding terms. We find

™
1.045 cos (EE)

I——-[Zm;(f) za_| cos (wr-+¢) (111-23)
Y AN\ 2
1+35.2(n—0.228)2(3\—)

for the current, where A\, =4a is the wave-length of resonance and &\ the deviation from X,. The lead
¢ of the current ahead of the electromotive-force is given by

2N
tan ¢=S.93(n—0.228)>\—. (I111-24)
r
These expressions are valid, of course, only for values of the ratio 6A/A, small compared with unity.
They represent quite typical resonance curves.
b. Second Resonance

In discussing the second resonance we shall consider only the case of an infinitely thin antenna,
and, as the series inyolved converges more slowly in this region, we can do no more than calculate
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a rough value of the current amplitude at resonance. We find for the current at resonance

K\ * 3r
= —[21rc(—) 0]0.04 cos (—~£) COoSs wT.
u 2

The current is in phase with the impressed electromotive force in the two extreme thirds of the
antenna, but out of phase in the middle third. As the current amplitude at the center of the antenna
is only some 4 percent of that at first resonance, the second and higher order resonances are evidently
of little importance as compared with the first resonance.

(IT1-25)
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The partition function of a two-dimensional ‘‘ferro-
magnetic” with scalar “spins” (Ising model) is computed
rigorously for the case of vanishing field. The eigenwert
problem involved in the corresponding computation for a
long strip crystal of finite width (# atoms), joined straight
to itself around a cylinder, is solved by direct product
decomposition; in the special case #n=  an integral
replaces a sum. The choice of different interaction energies
(£J, £J') in the (01) and (10) directions does not
complicate the problem. The two-way infinite crystal has
an order-disorder transition at a temperature T'="T given
by the condition

sinh(27/kT.) sinh Q' /kTs) =1.

INTRODUCTION

HE statistical theory of phase changes in
solids and liquids involves formidable
mathematical problems.

In dealing with transitions of the first order,
computation of the partition functions of both
phases by successive approximation may be
adequate. In such cases it is to be expected that
both functions will be analytic functions of the
temperature, capable of extension beyond the
transition point, so that good methods of ap-
proximating the functions may be expected to
yield good results for their derivatives as well,
and the heat of transition can be obtained from
the difference of the latter. In this case, allowing
the continuation of at least one phase into its
metastable range, the heat of transition, the
most appropriate measure of the discontinuity,

The energy is a continuous function of T’; but the specific
heat becomes infinite as —log |T—T,|. For strips of
finite width, the maximum of the specific heat increases
linearly with log n. The order-converting dual transfor-
mation invented by Kramers and Wannier effects a simple
automorphism of the basis of the quaternion algebra which
is natural to the problem in hand. In addition to the
thermodynamic properties of the massive crystal, the free
energy of a (0 1) boundary between areas of opposite order
is computed; on this basis the mean ordered length of a
strip crystal is

(exp (2J/kT) tanh(2J'/kT))".

may be considered to exist over a range of
temperatures.

It is quite otherwise with the more subtle
transitions which take place without the release
of latent heat. These transitions are usually
marked by the vanishing of a physical variable,
often an asymmetry, which ceases to exist
beyond the transition point. By definition, the
strongest possible discontinuity involves the
specific heat. Experimentally, several types are
known. In the a—pB quartz transition,! the
specific heat becomes infinite as (T.— T)~*; this
may be the rule for a great many structural
transformations in crystals. On the other hand,
supraconductors exhibit a clear-cut finite discon-
tinuity of the specific heat, and the normal state
can be continued at will below the transition

L H. Moser, Physik. Zeifs. 37, 737 (1936).



