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The total polycrystalline elastic and inelastic scattering cross sections are computed by
means of the Born approximation with use of the Fermi (& function) interaction between
slow neutrons and bound nuclei. Isotopic disorder and magnetic interaction are neglected.
Numerical calculation for iron scattering ‘“300-degree’’ neutrons yields an inelastic cross
section which rises from 0.006 at 7=0°K to 0.192 for a scatterer temperature of 1000°K, in
units of the “free” nuclear elastic scattering cross section. The total (elastic plus inelastic)
cross section remains constant for scatterer temperature up to 250°K, but falls off from 0.97
at T=0°K to 0.90 at T=1000°K. High and low temperature approximate results are also
computed. Comparison of the results for inelastic scattering with the theory of the diffuse
scattering of x-rays as developed by Zachariasen is successful in the limiting cases in which

the two theories overlap.

I. INTRODUCTION

IF a neutron scattered by polycrystalline
matter possesses the same amount of kinetic
energy that it had upon incidence, then it is said
to have been scattered elastically. If the scatter-
ing results in a decrease or an increase in the
neutron’s kinetic energy, then the process is said
to have been inelastic. In any given experiment,
elastic and inelastic processes occur simultane-
ously, so that by mere measurement upon the
intensity of the transmitted beam one is not
able to separate the contributions of the two
types of scattering. Comparison with theory
thus requires theoretical knowledge of both the
elastic and inelastic scattering cross sections.
The present work includes, in addition to a
presentation of the theory of elastic scattering,
a theoretical treatment of inelastic processes in
which energy is given to or absorbed from the
elastic vibrations of the scatterer by the neutron.
Loss of energy by the neutron is accompanied by

the excitation of one or more elastic vibrations—
the emission of one or more sound quanta, or
“phonons;” gain of energy by the neutron is
accompanied by the quenching of one or more
elastic vibrations—the absorption of one or more
phonons.

Although Halpern, Hamermesh, and Johnson!
have treated the elastic scattering of slow
neutrons by polycrystals, the subject is retained
here since the present derivation is more com-
plete and somewhat more general. Also, elastic
scattering is here treated as a special case of
inelastic scattering—zero-order process.?

In all the expressions derived herein, there is a
constant factor left undetermined, which in
general can be determined only by experiment;

10. Halpern, M. Hamermesh, and M. H. Johnson,
Phys. Rev. 59, 981 (1941), henceforth referred to as HH]J.

2 HHJ gives no explicit derivation of the crystal temper-
ature dependence of elastic scattering; instead it borrows
the exponential factor from the earlier x-ray theory as

developed by Debye, Waller, et al. This procedure is justi-
fied explicitly in the present work.
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this is the total nuclear elastic scattering cross
section for the free nucleus. That this quantity
should differ from the average cross section per
nucleus for nuclei bound in a crystal lattice
arises from the fact that nuclei so bound do not
scatter independently; but interference influ-
ences completely analogous to the familiar x-ray
interference effects occur in the scattering of
neutrons as well. In the present state of the
understanding of nuclear forces, theoretical
calculation of the free nuclear cross section is in
general not at all possible; only the knowledge
that nuclear forces are of short range (~10-'2 cm)
is certain in the realm of features relevant to
the present problem. This fact is expressed in
the particular analytical form of the neutron-
nucleus interaction employed. What is here
sought is a comparison of the average elastic and
inelastic nuclear cross sections, and the variation
with scatterer temperature of these quantities
as well as of their sum.

For the calculation of all scattering cross
sections, the present work employs the Born
approximation with use of the Fermi (6 function)
interaction between slow neutrons and bound
nuclei. Attention is apparently limited to spin-
free nuclei, but a slightly more detailed analysis
reveals that the results are spin independent;
for all scattering cross sections (including the
free nucleus cross section) are multiplied by the
same spin -dependent factor in the case of
scattering by nuclei of spin different from zero.

Initially, consideration is restricted to a single
crystal as scattering body. Since, however, we
are concerned with the scattering from poly-
crystalline substances, it is necessary to average
the single crystal results over all possible crystal
orientations. The single crystal is assumed suffi-
ciently large to be approximated, for our pur-
poses, by an infinite crystal. On the other hand,
it is assumed that the crystal is sufficiently
small to neglect the influence of the so-called
“secondary extinction’ in the polycrystal. This
refers 'to the fact that the incident beam, in
traversing the scattering specimen, is being
depleted because of scattering by individual
crystals, so that crystals farther back in the
polycrystal are shielded from the full intensity
of the beam, In HH]J, it is shown that for
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reasonably small crystals this secondary extinc-
tion is negligible.

Throughout, it is assumed that the neutron
beam is monochromatic: Every incident neutron
possesses a definite energy, the same for all in
the beam. By the use of velocity selectors, such
beams are approximately attainable.

From the outset, it will be assumed that every
nucleus of the crystal scatters neutrons in
precisely the same way. Thus we shall be limited
to scattering by elements, and only those ele-
ments in which the abundance of the possible
rarer isotopes is negligible. In addition, the
interaction between the magnetic moment of the
neutron and the inhomogeneous atomic magnetic
fields in the case of magnetic substances is
neglected. Actually, its contribution to the
scattering is always quite small compared with
the purely nuclear part, if not completely
negligible.

The most significant result of the present work
from the point of view of comparison with
experiment is embodied in the variation of the
total (elastic plus inelastic) scattering cross
section with the temperature of the scattering
polycrystal. So far as the author is aware, there
have been no experiments performed which could
provide the necessary check, so that the test of
the theory must await more favorable times.

On the theoretical side, however, there is an
interesting check provided by a close similarity
between the inelastic scattering of slow neutrons
and the diffuse scattering of monochromatic
x-rays. Except that the scattering of x-rays from
the single atom is by no means isotropic, the
only significant point of departure of the two
problems is that for x-rays the energy of the
scattered photon may always be set equal to the
incident energy. That is, the photon energy is
always large compared with its energy change in
an inelastic process. For slow neutrons, the
incident energy and probable energy changes are
in general of the same order of magnitude. If,
however, the energy change were negligible for
neutrons as well, then the results should be
precisely the same as one would obtain for
x-rays of equal wave-length assumed to undergo
isotropic scattering by the individual atom. For
constant neutron wave-length—hence constant
momentum—the energy is inversely proportional
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to the mass, so that in the limit of neutron mass
equal to zero the equivalence with the case of
the supposedly isotropic x-rays is complete.
(Actually the mass needs to be only so small as
to render the neutron energy large compared
with energy changes probable.) Modification and
further development of the work of Zachariasen?
on diffuse x-ray scattering provide a result
suitable for the required comparison, as we
shall see in full detail in III.

Owing to the great complexity of the resulting
mathematical expression for the inelastic cross
section, it is difficult to obtain much useful
information from mere inspection of the formula.
In the special cases of high and low temperatures
—compared with both the Debye temperature
of the scatterer and the neutron ‘‘temperature”
—simplifications occur, however, to render obvi-
ous a number of interesting qualitative results.
The work is then completed with a numerical
computation of the nuclear elastic and inelastic
cross sections for polycrystalline iron as a
function of the temperature, for 300-degree
neutrons. The strict calculations are supple-
‘mented by the low and high temperature ap-
proximate calculations. The results are discussed
in the final section.

II. ANALYTICAL TREATMENT

The fundamental question is, then: Given a
crystal in a definite state described by the wave
function ®, and a neutron incident with a
definite momentum p, what is the probability
that, as a result of the interaction between
crystal and neutron, the neutron will later be
found to possess a momentum p’, and the crystal
will be found in the state ®,.? To this end, we
employ the Born approximation, justified by
Fermi* for the case of slow neutrons scattered
elastically by bound nuclei. The justification of
its use for inelastic scattering lies in the circum-
stance, as will be shown, that the inelastic
amplitude is in general small compared with the
elastic.

It is necessary to know the solutions of the
Schrédinger equation corresponding to all states
of the neutron and crystal in which the inter-
action between them is neglected—that is, the

3 W. H. Zachariasen, Phys. Rev. 57, 597 (1940).
¢ E. Fermi, Ricerca Scient. 7, Part 2, 13 (1936).

product of neutron wave functions by crystal
wave functions. The neutron functions are
merely exp (7k-r) for all k, where k= (p/%) is the
propagation vector of the neutron; r is the
neutron coordinate vector.

The treatment of the crystalline potential
energy by the introduction of normal coordinates
is carried out in the standard fashion of ex-
panding the individual nuclear displacements
from equilibrium in terms of a series of plane
polarized standing elastic waves, each of which
is characterized by a propagation vector q and
one of three mutually orthogonal polarization
directions (j=1, 2, 3) corresponding to the given
q. Most of the details are omitted, since they are
abundantly covered in the literature.®

If the position of each nucleus in the crystal
at any instant is given by the vectors R,, we
may write:

R,=0+u,, (1)

where ¢ is the equilibrium position of the eoth
nucleus and u, the instantaneous deviation from
equilibrium. For not too high temperatures, the
potential energy of the crystal is expressible as
a quadratic form involving the components of
all the displacements u,. To obtain the most
simple expression for this energy, we introduce
the variables v, and u,, where

u,=(2/mN)* >, a;(y; cos ¢-q,—us-sin o-q;). (2)

The index s stands for the double index (q, 7),
and the range of values assumed by s is such
that for each q the three mutually orthogonal
directions of e, (unit polarization vector) are
summed over, and then one-half (determined by
any plane intersecting the origin) of the q space
to be defined presently. IV is the number of
scattering centers in the crystal, m the mass at
each scattering center.

In terms of the vy, and u, the crystalline

potential energy may be written

U=20s (1/2)0 (s +1b). 3)

Because of the fact that U may be so written,
the v, and u,, the ‘‘normal coordinates,” may be
regarded as the coordinates of harmonic oscil-
lators of unit mass and circular frequencies ws.

5 M. Born and K. Sarginson, Proc. Roy. Soc. A179, 69
(1941),
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To each s, then, there are both a “‘y-oscillator”
and a “‘up-oscillator’’~—therefore one of each to
every (q, j) combination.

The definition of the q space over which
summation is taken is fixed by the usual require-
ment of periodicity of u, in a ‘fundamental
parallelopiped” of the crystal. Since all results
must be independent of the size of this parallelo-
piped, we take it to be that containing the N
lattice points of our crystal, for sake of definite-
ness. We write:

¢ =021} 02821 03as, (4)

where a;, a., a3 are the basic vectors of the lattice
(of dimensions length), and ¢, 02, o3 are integers
peculiar to the oth lattice point. If by, by, b are
the basic vectors of the reciprocal lattice—
t)l = (212 )‘:113)//[:211 . (512 )‘:Els) ] , etc.—we have:

q=91b1+§l2b2+gsb3- (5)
0-q=01q1102q2+03g3. (6)

Then

Thus ¢; must have only such values that if o;
runs through its ‘“‘fundamental interval,” then
oq; changes by some integral multiple of 2r;
for only then will u,, given by (2), remain
unaltered. If the fundamental parallelopiped is
such that it is traversed exactly once when all
three of the ¢; are augmented by the integers gi,
then we have

qi=2mQ:/gi ()

where Q; is a positive or negative integer.

Also, q space is limited by the fact that each
oscillator actually represents a plane polarized
standing wave of half-interval of periodicity in
any of the three basic directions a; equal to
(w/q;). Since it is physically meaningless for the
half wave-length of a sound wave to be less than
the distance between successive lattice points in
the crystal, we must have (v/|q:|)21, or
—7<q: < By (7), then, the integers Q; are
limited by the inequalities — (g:/2) < 0:< (g:/2),
whence q space is limited to gigsgs=N points.
(Unity is neglected compared with g;.) We
employ this fact later to determine the upper
limit of the absolute value of q.

Now, the potential energy U, given by (3), is
that of a system of 3N uncoupled harmonic

oscillators of circular frequencies w, and each of -

mass unity. (There are N/2 points of half q

space, to each q the three values j=1, 2, 3; to
each (q, ) combination are both a v and a u—
that is, 3V terms in (3) altogether.) The wave
functions are well known to be® Hermite func-
tions of argument y(w/%)} and w(w/%)? for the
respective cases. The normalized solution for a
y-oscillator in the nth energy state is

on(v(w/m)¥) =[(w/km)}/ (2" n))}] .
Xexp (—wy?/28) Hu(y(0/B)Y), (8)

where H, is the nth Hermite polynomial defined
by the generating function

exp (—2242zx) =3, (z*/n)H.(x).

The energy of the oscillator in the nth state is
(n+1/2)hw.

Thus we may write the total wave function
describing the thermal agitation of the crystal
as the product

&, = H Py Png
1 2

8182

where ¢n, =¢n, (vs(ws/B)?), bn, = bn,(us(ws/B)?).

Each of the indices si, s; clearly takes on the
3N/2 values assumed by s.
Finally, the total wave function of the system
neutron plus crystal without interaction is
¥=exp (tk-r)®,=exp (¢k-r) I b, D -
8182
Because of the interaction between crystal and
neutron, the state of either or both may be
changed, so that we denote the wave function
after interaction by
V' =exp (1K' 1) II én; b -
s152 1 2
In the Born approximation, the probability of
transition from a state ¥ to a state ¥’ because
of the interaction energy V between neutron and
crystal is proportional to | M |?, where

= [ [ [ vuieanin

the integrations are carried out over the com-
plete ranges of the variables; dr=volume ele-
ment in neutron coordinate space,

dy=I1dvs, du=TIdp..

¢ Any elementary text on quantum mechanics—e.g.,
V. Rojansky, Introductory Quantum Mechanics (Prentice-
Hall, Inc., New York, 1938), first edition.
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Fermi has shown! that for bound nuclei
scattering neutrons of wave-length long com-
pared with nuclear dimensions, the interaction
energy between the neutron and individual
nucleus, position R, is given by

Ve=A4,6(r—R,),

where, for spin-free nuclei (cf. introductory
remarks that the results also apply to a spin
dependent interaction) 4, is a scalar depending
upon the type of scattering nucleus. We are
restricted to scattering by identical nuclei by
setting A,=4, a constant for all ¢. (r—R,) is a
three-dimensional Dirac § function. For ‘“room
temperature’ neutrons, the wave-lengths are of
the order of atomic dimensions, so that we may
employ the above form of V,. The total inter-
action between neutron and crystal is given by:

HV:ZJ Ada(r_Ra) =AZU 5(T—R,),

where the summation is taken over all the nuclei
of the crystal.
We write, therefore, since &, is a real function,

M=Afffexp [ir- (k—k')]
XY 8(r—R,) P, P, drdydu
=473, ffexp (iR, (k—Kk')]
><II bn, Oy AY51 II B, Dng Dpss:

=4 3, exp [to-(k—k')]

X [ [ exp Ciu: (e—8)TTL o0, gy v
$1
XH ¢n8 ¢n§ dl“?’
so 2 2

with the use of (1). The expansion of u, according
to (2) gives, finally,
M=A4Y,exp ['m k-X)I11 In s I 2n N %)

$182
where

I:"t’s"s= fexp (iF:'YB)(ﬁnéansd'Ysy

Fa=(2/mN)Y(k—k') -as cos a-qs
and :

Fao=—(2/mN)}(k—K') -as; sin ¢+ qse.  (10)

It is necessary, then, to evaluate integrals of
the form

Loonn()) = f exp (12/0)dmin (/@) u(x/0)dx

(t=iaFys, a=(h/wy)b). (11)

For »n’ has been written n-+X\; i.e., the result
corresponds to a change from state # to state
n-+\ of the given oscillator. N\ may be positive
or negative, but necessarily an integer (as is #).
The evaluation follows:

According to (8),

Lo o () =222t g (n+N) !r]—’}fwexp (tx/a) exp (—x%/a®) Hp\(x/a) Ha(x/a)d(x/a)

=22 l(n+N) !w]‘%fwexp (tx) exp (—x2) Hopr () Hp(x)dx

¢/ —a0

=[ 22+ g l(m4N) !r]—*fwexp [—(x—1t/2)2] exp (t3/4)Hpir (%) Ha(x)dx

=22t l(m4N) Ir -t exp (t2/4)fwexp (—22)Hpian(z+1t/2)Ho(24t/2)dz

exp (1/4) i
[22”+‘n'(n—|—)\) Ir ]} § §
exp (1/4)

mM

T2l )t

C
_exp (/4) ( )

[nl(n 42012

n! (tz) vN/2

(u) (n—;—)\) twj; :eXp (—2%) Hpyr—p(2) Hov(2)dz

) ( )t"+55n+)\ 82" (n— v) Ird

(12)
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The second-from-last step is obtained through
the use of the expansion

Hu(x+y)= Z (’i) (29)"H (),

y=0

as one may show from the familiar recursion
formula (d/dx)H .(x) =2nH,_1(x) and use of the
Taylor expansion of H,(x-+v) about the point x
in powers of y. Otherwise, the expansion of
H,(x+v) may be obtained directly through use
of the generating function for Hermite poly-
nomials. The next-to-last step in the sequence
above is given by the orthogonality relation

f exp (—2z%)H,(z)Hg(2)dz= 5,2y !}

The summation limits for » (and 8 above) are
provided naturally by the presence of denomi-
nator factorials; the result is unchanged if one
sums from zero to infinity.

The quantity |M|? (proportional to the
scattering cross section), for scattering processes
in which the quantum number of the sth oscil-
lator changes by the (positive or negative)
integer \A,, is given according to (9) by

[M|*=|A4]*% exp [i(e—d')- (k—K')]
XH J:‘:,+)‘a RN J::/+)‘a ,ng 9 (13)
8182 1 1 1 2 2 2
where

ao’ '3 o’*
]""9""3 = I"’fs"‘sI"fv"’s'

If for all s, \;=0, the scattering is elastic; this
is the case which has been considered by HH]J.
Positive A\, means loss of energy, of an amount
AJw,, by the neutron to the sth oscillator;
negative A\, means the absorption of this amount
of energy by the neutron from the sth oscillator.

According to (11) and (10), ¢ is proportional
to N—¥; since N>>1, then (for w,#0) {<1. Thus
it is necessary to keep only the lowest powers of
¢ in the expression (12) for I, (). For A=0,
it is necessary to expand to the quadratic term
in £; to this approximation,

Lo n(®) =14 (1+2n) (£2/4).

The term in £, proportional to N7!, must be
kept since the quantity M involves the product
of approximately 3V such factors; higher order

(14)

terms involve higher powers of N—' and are
therefore negligible for N>>1.
For A= =+1, only the linear term must be kept:

In+1,n(t) = E(ﬂ+1)/2]%t, In—l,'n(t) = ("’/2) &t' (15)

In the transition probability, proportional to
| M2, the lowest appearing power of ¢ due to
A==+1 for just one oscillator (and A=0 for all
the others) is the second, which is proportional
to N-1, Since, however, there are 3V oscillators
which may so participate, the probability that
any oscillator so participate is the sum of the
single probability over all the oscillators. The
probability is thus rendered finite, no matter how
large N; the terms in higher powers of ¢ still
contribute negligibly for large N. If more than
one oscillator, say 8(<<XV) in all, undergo changes
in # by A=1, then the factor N—# appears in

3N
the quantity | M |2 Summation over the ( g )

combinations of 3V oscillators taken 8 at a time
renders the total probability finite, but the con-
tribution of higher powers of ¢ remains negligible.

It is next shown that processes for which
|N| 22 are completely negligible so long as N>>1.
By (12), to the lowest power of ¢:

Lninn(®) = [0 (n4+N) T (nH2) /N ]2,
I on(t) =[n!(n—a) ]} (n!/al)te2-/
(a=—X\>0).

For |A| 22, the squares of these quantities are
proportional to N—2%, or higher powers of N72,
Thus even summation over the 3N oscillators
still renders the probability negligible for N>>1.

From the expansions (14), (15), it is seen that
for N>>1 the ratio |Inx1,|%/|Zan|? is propor-
tional to |£|%, or to (%/w,)(F)? by (11). Since
[Ina1, |2 must be summed over all 3N oscil-
lators, the ratio of the probability of a first-order
process to that of a zero-order process is roughly
proportional to

L=N/ws)(F2)22(hk?/2mw,)
(12k2/ 2m) (mo)
B fiws m
to order of magnitude, according to (10). Here

m, is the neutron mass, so that (%2k%/2m,) is the
incident neutron energy; %w, is of the order of
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the energy of the sth oscillator. For room
temperature neutrons the ratio of these energies
is, on the average, of the order of unity for
many substances. Hence for such cases, what
counts in the ratio L is the factor (m./m), the
- ratio of the neutron mass to the mass of the
scattering nucleus. Thus, in general, for elements
of large nuclear mass L is small compared with
unity; i.e., inelastic processes are much less
probable than elastic ones. Also, since this same
ratio L is involved in the comparison of the
probability of processes involving two oscillators
with the probability of those involving only one,
the former are much less likely than the latter

for (mo/m)<1l. It is for this reason that the

present work shall confine itself to single oscil-
lator first-order processes only, in addition to
zero-order processes. For Fe as scatterer,
(mo/m)=1/56, so that the limited consideration
is well justified in this case. The role of the
factor, ratio of incident neutron energy to %ws,,
in L is not so clearly defined as a function of
neutron energy. This is because of crystal
interference effects, which depend, for processes
of all orders, quite strongly upon the incident
energy and, therefore, may play a far greater
part in determining the relative magnitudes of
types of scattering than do these simple ratio
considerations.

To find the actual probability (eventually the
cross section) of each of the oscillators performing
the transition from #, to #.+X, (\e==68 or 0
for all s, for our purposes), it is necessary to
multiply | M |2, (13), by the probability that the
oscillators originally be in the states #,. Since
before interaction with the incoming neutron the
crystal is in thermal equilibrium, the Boltzmann
probability that the sth oscillator be in the state
#, (energy = (n,+3)fiw,) is given by (1—x.)x,"s,
where

Xs=exp (—hws/koT),

ko=Boltzmann's constant, and T =crystal tem-
perature, Kelvin. Hence the probability that all
the oscillators initially be in the states #, is

XM= exp ( - nghws/kOT)i

ngy ns g . .
II (01—« )x, (1—x,)x, —the indices si, s2 re-
oyt ! 27"

ferring, respectively, to the v and p oscillators,

as previously. We form, then, the product

e=II (1 —xsl)x::l(l —xaz)x:: | M2,

8182
whence from (13),

Q=14]* X exp [i(e—0") - (k—k)]II (1 —2.)

oo’ 8182

781 _gg’ M2 oo’

Xxsl Jnsl+)\sl, n“l(l - xsz)xsz Jns2+)\82. g,

Owing to the circumstance that the energy
levels of the harmonic oscillator are equidistantly
spaced, an important quantity is the quantity Q
summed over all #, (zero to infinity) for all s.
This gives (when properly normalized) the prob-
ability of oscillator transitions by energies Akw,,
regardless of the initial states #,. Applied to Q,
this operation gives:

P=|A42Y exp [#(oc—0o')- (k—Kk')]
XTI (1=x,) (1 —x%,) You, Vi, (16)

8182
where

oo’ ns oo’
Ys)\a“—" Z Xs J
ns

NgtNg ng*

Dropping for the moment excess indices, we

write
Y)\ = Zn xn]n+7\. ny

with  Jao, n=ILu, o) Lo o(w), and t=1aFs°,
w=—1aF, a=(h/ws)}. The calculations of
Yo, Y.—.tl fOl]OWZ

According to (14)

Jn, n= 1 +(1 +211/) (t2+'w2)/4y
so that

Yo=2 a4+ (824w /4] 20 x"+2 20 na™]
= (1 =) [ (2 +w?) /4]
X[(A—x)~"+2x(1—x)"2],
Zaxr=(1—x)"1 (x<1),
2anxt=x(d/dx) L. x"=x(1—x)"2
Finally,

YVo=(1—x)"texp [(4+w?)(1+x)/4(1 —x)],
since 14-z=exp () for 2K1. Or, if we restore
the missing indices,

Vo= (=)~ exp [— (1)
X (P (P} (1) /40 =)

since

and

(17)
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¢t and w having been replaced by their respective
values given directly above.

In what follows, it is convenient to obtain the
quantities Y., as multiples of Y,. To this end,
it is necessary to expand I,.1,» to powers higher
than the first of ¢ (or w), as in (15). From (12),
we get

Lnpin(t) =texp (#/4)[(n+1)/2 [ 1+n(/4)],

whence

Jarrn=(w/2) exp [(+w?) /4] (n+1)
X[14+n(24+w?) /4],
Vi=Y 2 Tur1a=(tw/2)(1—x)~2
Xexp [(+w?) (14x)/4(1—x)]
= (tw/2)(1 —x)~'Y,,
as one finds by applying >_. %" =x(d/dx) 2. nx"
=x(14x)(1 —x)~3 (the sums >, x* and >_, nx"

having been evaluated to obtain Y,), and
14z=-exp (2) for 2K1. Finally,

Vi =[hEoF /201 —x) Ve (18)
Similarly, it is found that
Yy = [hFoFe 20,1 —x) Voo =2 Vo,

Since x,=exp (—hw,/koT) is less than unity
for finite 7, the relation Y_;=xY; expresses the
physically obvious fact that processes in which
the neutron loses energy are more likely to
occur than those in which it gains the same
amount; at T=0, it is impossible for a neutron
to absorb energy from a crystal lattice. Only
for temperatures such that ky7T>>%w, are energy
gain and loss equally probable.

For elastic scattering, the quantity P given
by (16) is denoted by Py; for first-order processes
in which the fth oscillator undergoes a change
ny; by +1, P is denoted by P’/.;. According to
(16), (17), and (18),

Po=[A[*exp (—2W)

X | o exp [io- (k—Kk')][? (19)
P =|4]%exp (=2W)[h/20;(1 —x/)]
X |2 exp [to-(k—K)JF/7 |2 (20)
and
PLi=x,Pi; (21)

W= Ta [(/ws1) (Fs1)*(1 42051 /A(1 =251) ]
+ X0, [ ws2) (Fi2) *(1H052) /4(1 —0s2) ].

The removal of exp (—2W) to the left of 3, is
justified directly ; W is actually independent of o.

Since there is a one-to-one correspondence
between the terms of the two sums of W, this
quantity may be simplified by dint of the fact
that ws; =wss=w, (and therefore xs; =xs2=x,) for
corresponding terms. From (10), we obtain, for
corresponding si, Sa,

(F5) "+ (Fr)’ = 2/mN)[(k—K) - .
Consequently,
W=(#/2mN) 2 [(k—k') &, 2(14%,) /w,(1 —x,)

has clearly no dependence on .

In the usual fashion, the sum over s is replaced
by an integral over the half of q space. For
N>>1, this is valid. Also, we employ the Debye
approximation for the frequency spectrum—
namely, w=cq, where ¢ is the constant average
sound velocity. (We adopt the average sound
velocity—to be characterized in terms of the
average Debye temperature—instead of keeping
the individual transverse and longitudinal veloci-
ties for the sake of great simplification of the
work involved.) The assumption of a sound
velocity independent of wave-length actually
holds in a continuum, therefore for wave-lengths
long compared with the lattice constant. That
it breaks down for short wave-lengths (large w)
is not a serious difficulty so long as we use only
integral properties of the frequency spectrum.

With an average sound velocity assumed, the
values of w; (and hence x,) are the same for the
three mutually orthogonal directions of the unit
vectors a; for a given . Thus we may write

W=(/2mN)(k—k')* 22" (1+x)/ws(1—x,),

where the prime of Y, indicates that only the
N/2 points of half q space need be summed over
—the summation over j (indicating the three
directions of polarization) having been carried
out for all q. Now 2, actually means summation
over the three sets of discrete variables ¢1, g2, ¢s,
given by (7). To convert this sum into an
integral, we must first multiply the summand by
[N/(27)%]dqidqsdgs since (7) shows that there
are N/(2x)? points per unit ‘‘volume” of gigsqs
space. It is yet more convenient to convert »_,’
into an integral over the variables gez1, g2, ¢os3,
where these are the Cartesian components of q
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(and of dimensions inverse length). This necessi-
tates further multiplication by B, where

(22)

For regular lattices, the transformation from
reciprocal lattice to Cartesian components is
linear, the Jacobian B constant. It will be shown
in Section VI that B is the volume per nucleus
in the crystal. Finally, we employ the usual
artifice of replacing the region of ¢ space by a
sphere containing the same number—N/2—of
points. The volume element is thus a hemi-
spherical shell, or dgz1dgzedges = 2mg?dq ; the radius
of the sphere, to be determined directly, is go.
To insure that the number of points in the
hemisphere is N/2, we must have

dq 1dQ2dga = Bszldq:cdez3.

0
(N/2) =[N/ @218 [ 2wgrdg;
° (23)
qo° = (67%/B).
At length, with application of cg=w, ¢go=wo
(the maximum circular frequency), we find (the
now unnecessary index s having been dropped) :

W= (3/dmewd) (k—K')? f ro(14)/(1—) Jdo

= (3h%/2mk,0) (k—k’)?
X{(1/9)+(T/08)2Qu(0/T)}, (24)

where use has been made of the fact that
x=exp (—hw/keT), and O = (hwo/ks) is the
Debye temperature of the scattering substance.
Here,

0i(2) = f “(8/Texp §)—11)d8.  (25)

A. Elastic Scattering

In order to convert P, (19), to an actual
cross section (per unit solid angle and per scatter-
ing nucleus), we must multiply by (m?/4n2htN),
where m, is the neutron mass. Thus

Go(k—Xk')=(X/4nN) exp (—2W)
X |>sexp [io- (k—Kk')][2, (26)

is the elastic scattering cross section per nucleus
per unit solid angle for the single crystal; here
X =(me/nwh*)|A|? is the total elastic cross
section of the free scattering nucleus.

Our system of basic lattice vectors is neces-
sarily such that for each integer triple 10503

(0€0;< g:) there is one and only one crystal
lattice point. [The definition of gi—>>1—pre-
cedes relation (7) directly; we shall often neglect
unity in comparison with g;.] Thus, since

3 3
0= o, (k-k)=} (ki—k)b;,
i=1 i=1

and .
o-(k—K)=3 oi(ki—k{),
t=1
following (4), (5), (6) (where k; and k/ are
clearly the reciprocal lattice components of k
and K/, respectively),
| Z1|? =2 exp [io- (k—k')]|?
3 '
=]I| X
i=1l0;=0
_ osin? [gu(ki—ki) /2]
i1 sin® [(ki—ki)/2]
3

2
exp [ioi(ki—k)]

=(2m)*N ]I o(ki—k{ —2rr)).

i=1

27)

Here 8(k;—k/—2wr;) is a Dirac & function de-
fined by the integral property J'f(x)s(x—b)dx
=f(b) for b within the range of integration, =0
for b without the range of integration; r; is a
positive or negative integer. The vector

3

= Z Tib,‘
=1

therefore connects two points of the reciprocal
lattice, and is loosely referred to as a “reciprocal
lattice vector.” The validity of replacing the
sine-squared ratios by & functions rests upon the
facts that g=>1 and that functions by which
| >°1]? is multiplied undergo no violent variation
in the region in which |37,|2 differs appreciably
from zero; also, only the integral properties of
| 2°1|? are required in the present work.

If instead of using 6 functions whose argu-
ments are reciprocal lattice components of
vectors, we introduce 6 functions in which the
arguments are the Cartesian components of
these same vectors, we find from the definition
of é(x—b) above that

3
H 5(k1—kil —27I‘T¢) =B—15(kz1~k’11— 21TT11)

=1
X 5(kx2_ k,zz - 27TTz2)5(kz3 —k’z3— 211'7'13)
=B 15(k—k'—2rx),
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where B~! is the reciprocal of the Jacobian,
defined by (22), for the transformation from
reciprocal lattice to Cartesian components. The
three-dimensional, or vector, & function is
merely an abbreviated way of writing the triple
product for which it stands. It has the additional
advantage of independence upon the orientation
of the Cartesian coordinate system. Thus (26)
finally becomes

Go(k—K'), =2mB-1X exp (—2W)s(k—k — 2ux).

This result expresses for neutrons the familiar
x-ray Laue conditions for elastic scattering by a
single crystal—namely, that only for well-defined
(the better the larger V) angles of incidence is
there elastic scattering at all for an incident
monochromatic beam, and then only at certain
angles defined with the same degree of sharpness
as is required of the angles of incidence.

We now pass to the case of the polycrystal by
averaging over all crystal orientations. We do
this by averaging over all directions of =, which
for any given value has a fixed orientation
relative to the crystal axes. We choose a polar
axis along the direction of (k—k’) and denote
the polar coordinates of = by 7, 6., ¢., so that

27 T
Eo(k—k’),=(1/41r)f do, | Go(k—k’),sin 0,d0,
0 0

=(r/2)BX exp (—2W)S, (28)

is the polycrystalline elastic cross section corre-

sponding to the reciprocal lattice vector =.
Here, clearly,

2T T
S;=f d(p,[ §(k—k’—2m=) sin 0,d6,
0 <0

= (1/4#272)ff5(Ta:1)5(1'z2)
X 5( | k—kl [ - 27rTx3) | COS 9.,- | _ldeldeg,

since the x; and x. components of (k—k’)
vanish owing to the choice of polar axis, and the
Jacobian

D(—2wrs1, —2w722/0:, @) =4n27*sin 6, cos 0,.

For a non-vanishing integrand, rz3=7, so that
cos §,=1. Hence the polycrystal cross section
per unit solid angle per scattering nucleus for
given = is, on substitution of the result for S;

into (28),
Eo(k—Kk'),=(X/87B7%) exp (—2W)
X8(|k—k'| —277)
= (X/8wB7?) exp (—2W,")

X 8(2k sin (6/2) —2x7), (29)

since for k=F (elastic scattering), |k—k'|
=2k sin (6/2); 6 is the angle of scattering. This
result expresses for neutrons scattered elastically
the familiar polycrystalline (or powder) scatter-
ing of x-rays along certain right circular cones
about the line of incidence—so called ‘‘Debye-
Scherer rings.”” The particular cone depends, of
course, on the magnitude only of =, but we must
keep in mind that in general there are several
examples of ¢ in the reciprocal lattice to a single
absolute value 7. Since sin (§/2) <1, only those
vectors « for which 7< (k/7) provide Debye-
Scherer rings of scattering.

To obtain the total polycrystal cross section
per nucleus, we integrate over all §, g—the polar
angles of neutron scattering. For simplification,
in the exponent W of (29) we have replaced
(k—k’) by 2m=, its equivalent for permissible
angles of scattering, and have so replaced W by
Wo™. Then the only 6, ¢ dependence is in the
5-function factor. By (24),

Wor = (61r2h21-2/mk0®)
X {(1/4)+(T/0)*Q:(8/T)}.

It is here for the first time that we use the
independence of X on 68, ¢g—i.e., the fact that
purely nuclear scattering of slow neutrons is
isotropic from the single isolated scatterer.

Since Eo(k—k’). is independent of ¢, the total
cross section for given = is

(30)

Ea=2r| Eo(k—Kk),sin 6d§
’ = (X/4Br?) exp (—2Wy7)Se,
where

Sy= f 5(2k sin (6/2) — 2x7) sin 640
0

=(1/k2)f”6(2k sin (6/2) —277)

—2nr/R2, ' X {2k sin (8/2) }d {2k sin (6/2)}

whence, finally,

Eu=(nX/2B1k?) exp (—2Wy). (31)
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For simple cubic structure (B=a?, volume of
unit cell), this reduces to the result of HHJ for
elastic scattering.

The total elastic polycrystal cross section per
nucleus is obtained by summing over all recipro-
cal lattice vectors = for which 7< (k/7) is satis-
fied, together with other conditions on = de-
pending upon the type of lattice:

Eu=Y,Ea.

= (rX/2Bk) . (1/7) exp (—2Wy7). (32)

B. Inelastic Scattering

We pass now to inelastic scattering processes
of first order; initially, consideration is confined
to phonon emission—loss of energy by the
neutron in exciting a sound quantum. From the
definition (10) of F,7, we write (20):

P/ =|A[h/4me;(1—x)N][(k—k') o, ]
Xexp (—2W)| X, {exp [io- (k—k'+q,)]
+exp [io-(k—K —q)]} [ (33)

The = sign arises from the fact that F may
contain either a cosine or sine factor (according
to whether f refers to a y- or w-oscillator). The
ambiguity may be removed by recollection of the
limitation to consideration of just one-half of q
space (determined by any plane through the
origin). For q;#0 and N>>1, only one term of
the summand in (33) will give a contribution
appreciably different from zero for suitable k, k’;
each sum is essentially a § function of argument
different from that of the other. Hence, if we
now open consideration to all of q space, thereby
departing from the earlier restriction, it is
permissible to omit one of the terms of the
summand. That is, the one term provides for the
“non-zeros” of the other by the mere introduc-
tion of the previously eschewed values of q; of
opposite sign.

To convert Py/ to the cross section per unit
solid angle per scattering nucleus, one multiplies
by (m¢*k’/4An*kh*N). Thus

G/ (k—K') = [K'AX /16mkmew (1 —x,) N*]
X[(k—k')-a;2exp (—2W)
X | Zoexp [o-(k—Kk'+q,)][% (34)

[where again X=(m¢/7h*)|4|? is the total
elastic cross section for the free nucleus] is the

inelastic scattering cross section per unit solid
angle per nucleus for single phonon emission,
corresponding to the fth oscillator.

From (21), one finds directly that

GLik—K) =2,G/ (k—K). (35)

Comparison with the treatment given the
quantity |>"1|2% (27), yields the result:
G (k—K'), =[mk'hX ) 2kmew (1 —x,) BN ]

X[(27—q,) o,
Xexp (—2W,)o(k—k'+q;—27x), (36)

where = is a reciprocal lattice vector of the type
introduced in (27). Since Gy (k—k’), vanishes
unless k—k’ =27z — q;, this substitution has been
made in (36); thus W has been replaced by
W= (3#2/2mk,®) (2me—q,)?
X{(1/4)+(T/0)*Qi(8/T)}.

Now the only dependence upon the angle of
scattering rests in the ¢ function.

We next compute the total single crystal
scattering cross section for given &/, but inte-

grated over all orientations of k’. The quantity
required is

2 T
Glf.r=f dso'f G/ (k—X'), sin 6'd¢’
0 0

= [PR X/ 2kme (1 —x,)BN]
X[(2re—qy)-as ] exp (—2W,7)S;,

where &/, 6, ¢’ are the polar coordinates of k’, and

(37)

21 T
53=f dgo'f d(k—k'4q;—27=) sin 0'd0’. (38)
0 0

We choose as polar axis the direction of
(2r®r—qy), so that the x; and x»; components of
this vector difference vanish. Also, we use the
variables

Eri=Fk sin 0 cos ¢’ and kza=Fk'sin ¢ sin ¢’
for the integration, the Jacobian of the trans-
formation being

D(k&, k;2/01, ¢')=k'?sin ¢ cos §'.
Hence
Ss=(1/k')? f f 3(kzy— k1) 8(kzy— krs)

Xa(kza—'k'zs— [27['1“‘(1/! ) ICOS 9 l _ldkézldk;z.



12 ROBERT WEINSTOCK

The first two & functions vield Kz =Fkz and
E'za=Fkas for a non-vanishing integrand. The con-

sequent value of k% is obtained through the
condition of energy conservation:

(h%k"2/2mq) = (h2k%/ 2mq) — Fiwo . (39)

Because of the equality of the first two compo-
nents of k and k’, this becomes

d k;3=:t(k2a53—2m0wf/h)%= +Z,
an

[cos 0| = (|k=s| /B)=Z/F' .
Hence, finally,

Sy=0(kesFZ— |2me—qs|)/F'Z.  (40)

Next, G is averaged over all directions of k
—a procedure physically equivalent to averaging
over all crystal orientations, so that the result is
the total polycrystal cross section for given k’:

2T T
El'r"'=(1/47r)f dgokf Gy’ 7 sin 0,46,
0 0

where &, 6, ¢ are the polar coordinates of k.
From (37) and (40), we have

E r=[n%hX /4kmw;(1—x7)BN]
X[(27e—q,) ;T exp (—2W,)S,,

where, after integration over ¢y,
S4=f 5(k23:FZ‘— I 27|"t"“qf|)Z_l sin 0,d6;.
0

It can be shown that the argument of the
§ function has the single root

kcos Oy =(|2me—qy|2+2mows/B) /2| 27m — q| ;

but since this solution is obtained through
squaring the term preceded by F, it may pertain
to either sign. It turns out that for one of the
signs this solution always holds, for the other it
is extraneous—which condition depends on
whether |27e—q,!? is less than or greater than
2mowys/h. (In the case of phonon absorption—
i.e., where w; may be replaced by —w; in the
conservation of energy and resulting formulae—
it is for the plus sign alone that the above
solution—with w,; replaced by —w;/—holds.)
That this solution gives no new condition is
ascertained by the fact that it is derivable from

the already imposed relation, (k—k’) = 27z —q;),
if one uses the fact that

k- (2rr—q;)=k|27x—q;| cos 04,

since the polar axis has been taken along the
direction of (27— qy).

The ambiguity can be obviated by the change
of variable:

2=k cos 0;,7F (k? cos? 6, —2mows/h)},
dz . k2 cos 0, sin 6
—=—ksin Oy
dby (k% cos? 0, —2mow;/h)}

=4k sin Gk
B (k2 cos? 0y, —2mowys/h)t
X [k cos 0x7F (k2 cos? O, — 2mow;/B)}]

zk sin 0y

zk sin 6y
B (k2 cos? 0, — 2mow;/h)? oz

Thus we have, finally,

Se=(1/k) f 5(s— | 2w —q,|) (dz/2)

=[k|2mz—q, ] (41)

so that
Ey 7 =[nhX /4kme;(1—x,)BN | 20v—q,| ]
X[(2re—q,)-a; ] exp (—2W,").

Carrying through the same procedure in the
case of phonon absorption by the neutron, we
obtain the result expected directly from (35):

Ef17=xfE1f' T. (43)

(42)

Now (42) represents the total polycrystalline
scattering cross section for excitation of the fth
oscillator, (43) for absorption of energy from the
fth oscillator. To obtain a physically measurable
quantity, it is necessary to sum (42) and (43)
over all f—for each qy, over the three directions
of polarization and the two (y and u) oscillators,
and then over all of q space (the, restriction to
half of q space having been removed at (34))—
and then to add the results. Also, summation
over suitable £ must be carried out. The suitable
values of = and the corresponding ranges of q
(the index f is no longer required) are ascertained

by the conditions
k—k'=27rx—q (44)

and conservation of energy, (39). For phonon
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absorption, the latter is replaced by setting —w
for w, so that the general condition for energy
conservation is

B2 =R 2mow /. (45)

From (44) we find, upon squaring, the condi-
tion for the cosine of the angle between k and
(27=—q) to be less than unity:

k2—k"?4 |21 —q|?
<1,
2k|2me—q|
(|2n=—q] —k)2—E"2L0.

or

This inequality is satisfied if and only if
-k |2me—q| <k+F,

a result significant for phonon absorption, where
k' 2 k. The condition that the cosine of the angle
between k' and (q—2n<) be less than unity
yields the corresponding result applicable to
phonon absorption: The sign of the left-hand
member of the above inequality is reversed.
Thus the general restriction for all first-order
inelastic processes is

|k—F'| < |21 —q| <E+F. (46)

The previous introduction of an average sound
velocity renders summation of E 7 over the
three directions of polarization quite a simple
matter. Since for a given q the three a; are unit

orthogonal vectors, the sum over them gives,
from (42),

E/7=[mhX/2k*mw(1 —x)BN]

X |2re—q| exp (—2W), (47)

where the prime of E,'7 indicates that summa-
tions over the three directions of polarization
and the two oscillators (y and ) have been
carried out for the particular q.

In summing (47) over all points of q space,
we again integrate after multiplying the sum-
mand by the factor

[N/ (27)*Jdg:dqadys

=[N/ (2m)*1B¢* sin 0,dqd0,d¢, (48)

whereby the relation (22) has been written in
polar coordinates. Instead, however, of inte-
grating over the angle 6, we introduce the

variable A, where

[2me—q| =2774+Ag (—1<AK1). (49)

For 750 (the case +=0 is handled separately
later), it can be shown that for simple, body-
centered and face-centered cubic lattices 277 > gq,
so that the substitution (49) is valid for these
structures at least. If the direction of « is taken
to be that of 6,=0, then (49) becomes on
squaring
4n?r24-g* —4wrq cos 0, =4nr2+4mwrgh+g°\?,
whence
sin 0,d0,= (2wr+N\q)dN/277.

Therefore, finally, the total inelastic cross
section (for phonon emission) is given by

E=(Xh/327%*mr)
Xff (2wr+Ng)% exp (—2WT)

w(l—x)
As variable of integration, \ takes on all values
between —1 and -1 consistent with (46),
which through (49) now reads:

|k—F'| < 20r+ag<k+E.

¢dgdrd o,

(50)

Also, for given 7, ¢ is limited to those values
consistent with conservation of energy, the above
inequalities, and ¢ < go. Integration over g merely
yields a factor of 2.

We employ an approximation to the first mean
value theorem of the integral calculus by re-
placing the factor, exp (—2W), by its value for
A=0, and thereby remove it to the left of the
signs of integration; W7 is therefore the same as
Wy, given by (30). Upon integration over ¢,
and A, then,

Ey = (Xh/167k*mr) exp (—2Wy")
¢*dg
w(1—x)

X f [4m2rA+2mrgh+(1/3) N Tt . (51)
where \j, \q are the limits of integration over A.
They are functions of = and g, consistent with
both (50) and —1 <A <A S 1L

In order to evaluate the integral over g, we
appeal once more to the Debye approximation—
namely, w=cq, where ¢ is the constant sound
velocity. By letting B=hw/k T, whence x
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=exp (—hw/koT)=exp (—B), we at length ob-
tain

Ew1=(hXk2T?/167thk*mc®) exp (—2Wo7)

+1 +1
X {4n22K, 4+ 2wrkoT /hc) K.

+(1/3) (ReT/cyK; ), (52)
whe;e

K= f (e —A2)8 {[exp (8) —11-1-+1)dg

honon emission
(p ) (53)

K= f (' —A)BTexp (8) — 1]-1d8

(phonon absorption),
for v=1,2,3.

In order to interpret (50) to obtain the limits
of integration in (53) as well as the choices of A,
and A, we must rewrite the energy conservation
condition (45) in terms of the Debye approxi-
mation:

k2 =Fk:42mocq/h. (54)

The lower limit is in general zero; all limits
which differ from zero are inversely proportional
to T. (For, B=hcq/koT, and the limits are
determined through restrictions upon ¢ alone.)
If the upper limit for ¢ is just go, then the upper

limit for B8 is ®/T, since hcqo/ko=0, the Debye

temperature of the scatterer. For phonon emis-
sion, the highest possible value for ¢ is clearly
(hk2/2mqc), by (54); the corresponding limit for
B is (BE2/2mokoT) = (To/T), where T, is the
neutron temperature. A convenient aid to ob-
taining the limits and values of A\; and A, will be
indicated in the final section of the paper.

C. The Case ==0

We now investigate the possibility of inelastic
scattering for 7=0. For phonon emission, by
(46) and (54),

k2 —2qk+@ < k2 =k2—2mocq/h,
whence
hq+2mo(c—v) L0,

where v=(hk/m,) is the incident neutron ve-
locity. Hence, for neutrons of velocity less than
the sound velocity in the scattering substance,
single phonon emission cannot occur at all for

WEINSTOCK

7=0. For faster neutrons, (v>¢), only oscillators
for which ¢< 2mo(v—c)/h may participate.
For phonon absorption, (46) and (54) give

R24-2kq+q2 2> k"2 =k24-2mcq/H,

whence
hq 2> 2mo(c—v).

These results, obtained in similar fashion by
Wick,” are only approximate in that they rest
upon the Debye approximation for the frequency
spectrum.

For r=0, the transformation (49) is neither
valid nor necessary. We employ (48) directly to
obtain

Ee1= (hX /4k2m)
Xf[x(l:m)mexp (—2W%) /(1 —x)]gdg, (55)

where
W° = (3#%¢*/2mkq®) { (1/4)+(T/0)*Q:(0/T) },

and the limits are given through |k—%'|<gq
Sk+k'. The evaluation of this integral may be
carried out numerically for those specific prob-
lems in which consideration of r=0 is required.

(It turns out that for Fe scattering 300-
degree neutrons, the conditions necessary are
not satisfied, so that r=0 does not enter into
the computation carried out for this work.)

D. Recapitulation
The total inelastic cross section is obtained,
finally, by summing the expression Em=E+E.,,
(52) and (55), over all suitable values of =:

Ein=Y,FEu. (56)

The suitability of a particular = depends upon
the consistency of its absolute value 7 with the
inequalities (50) for any simultaneously per-
missible A and ¢. Also, there are possible re-
strictions upon the values of = imposed by the
crystal structure of the scattering substance.
For example, as we shall see later, a body-
centered cubic lattice requires that (ar)?, where
(a) is the lattice constant, be an even integer.
For a simple cubic structure there is no such
restriction.

7G. C. Wick. Physik. Zeits. 38, 403 (1937).
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III. COMPARISON WITH X-RAY PROBLEM

From (54) we see that in the limit m,<L(hk?/
2¢qo) = (h?k?/2ke®)—which is equivalent to ©
«T,, the neutron temperature—we have
k=F'. In this limit, therefore, we should expect
that our results should apply to the scattering
of x-rays as well, provided that isotropy of
scattering is assumed. Insofar as the mathe-
matical treatment is concerned, setting k=Fk’
through m0=0 merely means lifting the restric-
tions on the limits of integration in K,—wviz., the
limits are always 0 and (®/7), while A\;= —\.
= —1. This comes about through the weakening
of the condition (50) to read 2wr+\g< 2k. (It is
clear, then, that for values of 7 so large that
2wr4qo> 2k, there are still restrictions on the
values of the upper limits and of A.. But it is
not necessary to consider such special cases here;
they would of course apply to x-rays as well.)
For the sake of simplicity, only the term in (52)
involving K,*! is considered; but the following
comparison is valid even if the smaller term in
K;*1is taken into account. (Since A; = —Ay= —1,
K,2#1=0.)

From (52), (53), and (25), under the conditions
of the preceding paragraph,

Ew=E; +E 1= (Xko?T2r/hck>m)

Xexp (—=2Wo) {Q(0/T)+(1/4)(0/T)*}.

Since there is no comparable formula for x-rays

readily available, it is necessary to develop

further the work of Zachariasen,® beginning with

his Eq. (15), which we rewrite in the notation of
the present work:

Ja=(X/4r) exp (—2Wy7) (2w2)2(B/m)

quo 0 3 sin? [gi(ki—k/4-¢)/2] 4rg? d
w? il1 sin? [(Bi—k/+q:)/2] (27)3

Here we have written the angular independent
(X /4x) for the non-isotropic Sf2. Also, (k—k’)?
has been replaced by the equivalent (27t —q)?;
the subsequent negligence of q compared with
2w~ is equivalent in one case to ignoring of the
K3 term, while in exp (—2W,") it corresponds
with the use of the mean value theorem in the
present work to reach the result (51). The
frequency » is replaced by (w/27), while the

volume element dv is substituted for by
[4ng*dq/(27)* ]—integration over a sphere of
radius go thus replacing the integral over rec-
tangular variables. An average sound velocity
has been adopted, so that the sum Y ;v2=1is
carried out. In terms of w,

Q="twlexp (hw/keT) —1T'+3bw.

Reducing Zachariasen’s formula to the single
atom by dividing by N, we obtain

(J2/N)=(4r*X/m) exp (—2W,")
quo(Q/w2)5(k—k’+q—21r’c)q2dq,
0

where use has been made of (27) to replace the
sine-squared ratios. Instead of integrating over
g immediately, we perform the angle integrations
over all directions of k and k' to obtain the total
polycrystal cross section. These integrations of
the function 6(k—k’+q—27<) have already been
carried out above—(38) to (41). The result for
the x-ray inelastic polycrystal cross section per
atom (again with negligence of q compared
with 27<) is then

(J3/N) = (X7r/mk?)

Xexp (—2W7) f *(0/u?)dtda.

Using w=c¢gq, and introducing B=hcq/kcT, we
finally arrive at the expected result:

(J3/N) = (X ki1 /lic*k*m) exp (—2Wy")
X{0:(0/T)+(1/4)(6/T)}.

This is precisely the result directly above for
E;., and thus provides the desired check with
the x-ray theory as developed by Zachariasen.

(Even though, on the one hand, the term in
K3 has been dropped and, on the other, q has
been neglected in comparison with 27z, the
check is still perfect. Detailed comparison with
the steps leading to (52) readily verifies the
equivalence of these negligences, and conse-
quently the exactness of the agreement.)

IV. RESULTS FOR LOW TEMPERATURES

For T«® and T<KT,= (h*k?/2mk,), both, the
upper limit of integration in K,, (53), is large
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compared with unity. Since the term of the
integrand involving [exp (8)—1] is close to
zero for 2>1, the upper limit may be replaced
by infinity for such small values of T. For the
term not involving the exponential, which ap-
pears in K,! only, the limit must remain finite.
[Actually, the criterion for the smallness of T
varies with 7 since the limits of integration
depend strongly on this parameter through (50).]
Also, for T small, it is only the range of small ¢—
g¢<koT/hc—which contributes appreciably to the
result from the exponential part of the integrand.
For sufficiently small ¢, the restrictions upon A
through (50) drop out, so that A;= —X\;= —1.
Comparison of (53) with (25) shows that for
this case K '=20:(w) and K;!=20:(x)
+ S"(A\2—X1)BdB. For the term in K,! not in-
volving the exponential, this simplification can-
not be made. For 7«0, W, is simplified by
setting Q1(»)(==%/6) for Q:(0®/T), (25).

Because the term of K,' does not involve the
exponential, it is not possible to perform a
complete -simplification for T small. One can,
however, glean some general qualitative points
of interest from the preceding results. Of course,
for T'=0 phonon absorption must vanish, as the
factor T2 in (52) shows, since the integrals K,™!
converge for T'=0. In the case of phonon
emission, however, since the integral K,! contains
a term which diverges as 7!, inspection of
(52) reveals a non-vanishing cross section at
absolute zero. For, although at T"=0 the lattice
has no energy to give to the neutron, it is still
possible for an elastic vibration to be excited by
the impact of the incident neutron.

For T«K®, TKT,, both, the most significant
term, aside from that which is non-vanishing at
I'=0, is proportional to 72 This quadratic
term turns out to be directly evaluable, so long
as the condition

(3m%h%r?/mk.0) K1 (57)
is met. From the remarks of the preceding
paragraphs, it is seen that for low temperatures
Ein=E\ +E_1=Cy(x Xker/Ahctkm)

X {4Q1(0) T4 C1— C1(127%212 /mkoO)

X(T/0)Q:(=)}, (58)

WEINSTOCK

where
Ci=T f (ha—A1)BdB
- (koT/2mrhc) f (AP —\22) %8
(T/3) o/ 207k [ O =\,

Co=exp (— 3122 /mk,®);

exp (—2W,") has been replaced by the first two
terms of its expansion. Now, the highest possible
value of C; is attained for A\;j=—X;=—1 and
when the limits of integration are zero and
(®/T). This maximum is then

Ci=0%{1+3(ke®/277hc)?}.

It can be shown that the second term in brackets
is at most of the order of magnitude unity; so
that C1=0? is a satisfactory order of magnitude
approximation. The value of the last term in
brackets in (58) is therefore, to order of magni-
tude, (127%4272/mko@)Q1(0)T2 If (57) is ful-
filled, then this term is negligible compared with
the first in brackets, and (58) becomes:

Eim=Ca(rXkorQ1()/hck2m) T2+ Cs,  (59)
where
Ca = C1 Cz(erozr/4ﬁc3k2m) .

It is interesting to compare this result with the
corresponding quantity for elastic scattering.
Expansion of the exponential in (31) to two
terms and use of the fact that ©= (ficgo/ko)
= (hc/ko) (672/B)}, by (23), gives

Eny=Cs— Co(r X borQi( ) /hckm) T?

(Cy=constant).

With (59), this gives the noteworthy result that
for low T [and (57)7], the total (elastic plus ine-
lastic) cross section is temperature independent.

Now the values of w contributing appreciably
to the integral Q:1( =) are small—the smaller, the
smaller T. Since it is this integral which provides
the term in 72, we need to consider processes
involving only low frequency oscillators in the
consideration of this term. For finite tempera-
tures these are on the average excited to high
quantum states to render their energies to the
order of %,T. For high quantum numbers—
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whereby the separation of energy levels is small
compared with ko7—it should be possible to
give the problem a classical treatment. We
should expect, therefore, to find a classical de-
scription of the constancy of total scattering
with temperature, under the assumption (57),
for low temperatures.

Since for low frequency oscillators k—k’=2r+
approximately, 4#%%r? is essentially the square
of the neutron’s momentum change in being
scattered. If we consider now a classical collision
between a neutron and a free scattering nucleus,
4721272 is therefore the square of the scatterer’s
momentum change. Also, mky0 is of the order of
the square of the momentum of the scattering
nucleus. Condition (57) holds, therefore, so long
as the motion of the scatterer is hardly disturbed
by the impact of the neutron. This condition
obtains if and only if the scatterer mass is large
compared with that of the neutron. Since we
have required that 7T, or that the probable
neutron energy change be small compared with
the incident neutron energy, it is necessary also
that the scatterer velocity be small compared
with the incident particle velocity. Otherwise,
the neutron would experience a considerable
“Doppler shift” in velocity and therefore undergo
an appreciable energy change.

Thus the classical picture is the following:
Light, rapid particles are scattered by heavy,
slowly moving centers. All processes, in general,
involve an interchange, however small, of energy ;
but owing to the relative mass and velocity
magnitudes, the scattering (total for all energy
changes) is just what it would be for neutrons
scattered by immovable centers at rest. The
more strongly are (57) and T'KT, fulfilled, the
more closely does the total scattering approach
the “rigid scattering.” This is equivalent to our
quantum-mechanical limiting result.

V. RESULTS FOR HIGH TEMPERATURES

For T>>T,, T> 0, both, then the integrals
are simplified somewhat by dint of the fact that
B<K1 over the range of integration, and exp (B)
may be replaced by (14+8-+82/2). Thus we have,
by (53),

K= f (=) (B-167/2)dB

to this approximation and with use of (1+42)!
=1—2z for 3<K1. As for the factor exp (—2Wy7),
for large T, Qu(®/T)=(0/T)+(1/4)(0/T)?, so
that, according to (30),

Wor2(6mh272/mk®) (T/0).
It is thus clear that for large T the cross section

E'1 varies as (aT=+xb) exp (—aTl), where a, b, @
are constants. (This fact is hardly evidence that
the inelastic scattering cross section vanishes at
very high temperatures; for temperatures too
high, the entire mathematical treatment breaks
down, since the assumption of harmonically
bound nuclei in a crystal is no longer valid.)

The particular asymptotic expressions for both
high and low T" are employed in the computation
carried out at the end of this work.

VI. NUMERICAL EVALUATION

The remainder of the work is devoted to the
computation of the inelastic cross section per
nucleus for 300-degree neutrons scattered by
polycrystalline iron at temperatures up to
1000°K. The slight change in lattice constant
with temperature is neglected in the computation.

A description of the positions of the cubic
body-centered lattice points—the structure ex-
hibited by iron through 1000°K—in terms of the
basic vectors aj, a4z, as must be such that the
position vector e¢=gci1a1+0sas+03a; of the oth
lattice point bear only integer components
o1, g2, o3. Also, every integer triple o1, o2, 03
(0€6:< g:) .should denote the position of one
and only one lattice point. These requirements
follow from the work of Section II. If iz, izg, i3
are three mutually orthogonal dimensionless unit
vectors, then the following triple ai, a;, as
satisfies the required conditions for the body-
centered cubic lattice:

a5=(0/2) (iz1+irs+isg),

where (a) is the lattice constant.
The reciprocal lattice is defined generally by
the system of basic vectors by, bs, b3, where

bi=asXas/D, b.=azXa,/D, b3=al><a2/?6;0)
D=(a;Xa,)-a;.
For the present choice of a;, a., a;, we find
b= (1/a)(iz1—is3), be=(1/a)(isy—1is3),
bs=(2/a)iz;.

a;= G/izl, as= aixg,
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A vector = having components 71, 72, 73 in the
reciprocal lattice system is written:

v =711b147bs+73b3=(71/a) (iz1 —iz3)
4 (r2/a) (izs —iz3) + (273/a)izs.

This gives the relation between the Cartesian
and reciprocal lattice (covariant) components of
a vector:

Tx1=71/a, 7'9:2=7'2/a, Tz3=(1/a)(27'3-—1'1—‘r2).

From here, the Jacobian of the transformation
from the Cartesian to the reciprocal lattice
system is found to be (2/a?). Consequently, its
reciprocal, defined by (22), is B=(a?/2) ; whence,
according to (23), go= (127%)%/a.

Also, the magnitude of a vector = in terms of
its reciprocal lattice components is clearly given
through

(61)

alri= T12+T22+<2T3"‘T1‘°‘Tz)2.

Clearly, for integer triples 71, 73, 73 we must have
a*? an even number. Hence in summation over
=, as in (56), (32), only those = for which a?7? is
even are summed over. (Physically, this means
a destructive interference between the two simple
cubic lattices making up the body-centered
lattice, for ‘‘Bragg reflections’ at “‘Miller planes”
for which a?r>—the sum of the squares of the
Miller indices—is odd.)

It is noticed for the special case of a body-
centered lattice, the Jacobian B is equal to the
volume per nucleus, here a3/2. It is possible to
show that this result is perfectly general provided

that the basic lattice vector system is chosen
with the “one-to-one’ restriction imposed here.
In this event, (a;Xa.)-a; is the volume per
nucleus. By direct substitution through (60), we
find that (bl sz) 'b3=[(31X3.2) '3.3]—1, the num-
ber of nuclei per unit volume. Now if we write
the expansion of b; in terms of the unit Car-
tesian vectors as b;=3; B:iz;, then v=3; 7:b;
=Zii Tiﬂijizj. Hence T2;= Ei T«;B,‘j; the Jacobian
of this transformation is the determinant whose
elements are the coefficients B;;. This is clearly
equal to (byXby) bs, from the definition of the
Bij. Since this determinant is the reciprocal of
the earlier defined B, we have B=(a;Xa,) as,
whence the theorem is proved.

The numerical work can be greatly simplified
through consideration of the expression (51) for
E,". Even for ¢=g¢o, the term (1/3)¢?\3 can be
shown to be small compared with 47272\, First,
since —1 <AL, [A3<|A|. For r5#0, the smallest
employed value of 72 [by the considerations just
following (61) above] is (2/a?). Therefore,
472722 (87%/a?) =79/a®. On the other hand,
go?=(127?)3%/a*=24/a?, so that (1/3)¢?<8/a’.
Hence it is quite reasonable to neglect the term
involving K;*! in (52) compared with that con-
taining K;*!. The larger 7—and the lower T—
the better the approximation; in the present
work the error thus involved is much less than
10 percent, since an appreciable contribution to
the results comes from values of 7% a number of
times as large as (2/a?). Similarly, the term in-
volving K.*! is neglected, since for the most
part (A2>—X\;?) =0. Thus simplified, the expression

for E+1 becomes
Ewr=X[ra(ar)kT?/4hm(ak)?c*]
+1
Xexp (—2WHK:

where, for sake of cenvenience, the reciprocal
lengths k and 7 have been introduced as multiples
of (1/a).

The author has, with great benefit, plotted the
curves |k=£k’| as functions of g—all, by (54),
parabolic arcs. There is one plot for each of
phonon emission and phonon absorption, each
done in units of (1/a). On the same plots were
drawn the lines 2wr=+q for all permissible values
of 7! This leads to a simple graphical interpreta-
tion of the inequalities (50): The double (A, q)
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integration is performed over that portion of a
“AN—gq plane’ consisting of the area common to
the region between the two parabolic arcs
|k+%’| and that between the two straight lines
27w724g—and to the left of ¢=gs—for each value
of 7. The lines 27r4¢q, when ‘integration
boundaries,” are the curves A= 4=1. If the para-
bolic arc |k=4Fk’| is an integration boundary,
then it corresponds to the curve A= (|k=k’|
—2w7)/q. Intersections between the straight lines
and the parabolic arcs provide ready information
as to the limits of the ¢ integrations (and there-
fore of those over §8), and as to when one changes
from one to another of the values of A\; and X..
The g values of these intersections are obtained
exactly by the solution of four quadratic equa-
tions—2wr4¢=|k=4=k'| —but their meanings are
most readily interpreted through the graphs.
Whenever an integration boundary is sup-
plied by a parabolic arc, the latter has been
replaced by a suitably chosen tangent straight
line. Since the integrations are carried out
numerically, replacing of the parabolic arcs by
straight line segments serves the great advantage
of omission of the temiperature T" from explicit
appearance in the integrands. Thus only single
tabulations, good for all 7', need to be carried
out; the temperature appears only in the limits
of integration. The only integrals so required are

0i(s) = f "sCexp (8)—11-1d8,

o) = [ (lexp () -11+11as
=log [exp (3)—17;

in addition are required

j;zﬂ{[eXD (B —17'+11dB=0Q1(2)+2%/2,

[Tew @ -1138=0u5) -

In the high temperature approximation con-
sistent with Section V, we have for 2<K1

Q1(z) =2—(22/4); Qo=log z+(2/2) —(2/8).
The constants from which the computations
spring follow: 2=1.056 X10-% erg sec., ky=1.38

X107 erg deg.™!, my=1.66X10"2* g, m=9.22
X107 g, a=2.90X10"% cm, ©=453K, wo

=(ko®/h)=5.93X101 sec.”, go=[(127%)%/a]
=1.69X10% cm™, c¢=(wo/qo)=3.50X10° cm
sec.”t, Ty=300°K, v=(2koTo/mo)}=2.23 X108 cm
sec.”!, k=(mw/h)=3.51X10% cm™, ag,=4.91,
(hk2a/2moc) = 3.24, ak=10.18.

The results of the computation may be grasped
most readily from the accompanying graphs
(Fig. 1). From 0.6 percent of the free elastic
cross section, at absolute zero, the inelastic
cross section rises steadily to 19.2 percent, at
1000°K. Between 150°K and 400°K, the increase
of the inelastic cross section is essentially linear,
but at higher temperatures the slope exhibits a
steady decrease.

Use of the low temperature approximation
given earlier produces the stated parabolic rise
from T'=0; extension of the approximate curve
to 250°K shows good agreement with the rigor-
ously computed curve at 150°K, but at higher
temperatures the deviation becomes appreciable.
Since the low temperature expression is valid for
T K Ty,—here 300°K—the beginning of deviation
at 150°K is to be expected.

The asymptotic expression valid for high
temperatures gives agreement at 1000°K to
about the computational accuracy of the work—
about 1 percent of the result. Although the
approximation made is valid only for 7>>0,—
453°K for Fe—the asymptotic expression gives
an accurate result even below 400°K; the devia-
tion at 250°K is only about 8 percent of the
result. This low temperature agreement is merely
fortuitous, however; it arises from the compen-
sating effects of the errors committed in the
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Fi1G. 2. Comparison of total and elastic scattering
cross sections.
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approximation. Although there is no a priori
assurance of the over-all reliability of the high
temperature expression in general, one is led to
expect a suitable computational result for any
given case by means of a plausible interpolation
between the low and high temperature curves.

The elastic and total (elastic plus inelastic)
scattering cross sections are plotted in Fig. 2.
Since (3m*h%72/mk,®)<K1 here (22.007a%r%), the
predicted constancy of the total cross section at
low temperatures is clearly exhibited. The con-
stancy is strict up to 150°K; but even up to
400°K, the entire variation (a monotonic de-
crease) is no more than a percent. At 1000°K,
the value has decreased to 90 percent of the
free elastic cross section, from the maximum
of 97 percent at absolute zero. Such a variation
should be readily detected by a reasonably
sensitive experiment.
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By use of the method of successive homology transfor-
mations in conjunction with Bialobjeski-Eddington’s
formula, it is possible to predict the changes of radii and
luminosities of massive stars in different stages of their
hydrogen and contractive evolution. It is shown that at a
certain stage of contraction the star must reach the
maximum of its luminosity, and it is calculated that for
the star masses of 5, 10, 20, and 40 suns the maximum
luminosities are 1X105, 4X 105, 1X10% and 4X10® suns,
respectively. In the later contractive stages total luminosity
of the star remains constant whereas its visual luminosity
rapidly decreases because of the shift of energy into the
ultraviolet part of the spectrum. It is to be expected that
for such high values of the (luminosity)/(mass) ratio,
radiation pressure becomes strong enough to eject stellar
atmospheres into the surrounding space, and it is shown
that the ejection will actually take place if the force of
gravity on the stellar surface will be somewhat reduced by

the centrifugal force due to axial rotation. It is also shown-

that under the conditions existing in the ejective atmos-
pheres of Wolf-Rayet stars, radiation pressure is pri-
marily due to the light scattering by free electrons. In

1. INTRODUCTION

T is generally accepted at present that during
the largest part of their evolutionary life stars

discussing the motion of the ejected gases, it may be
necessary to assume that their original velocity of about
2000 km/sec. can be considerably reduced by the gravi-
tational action of the star. If this is the case, gaseous
envelopes which will form around Wolf-Rayet stars in the
course of several centuries will possess properties very
similar to those of the planetary nebulae. This would
indicate a close evolutionary relationship between these
two classes of celestial objects. An alternate evolutionary
road of a massive star consists in the formation of an
energy-producing shell, which will take place in all cases
where the convective currents due to axial rotation are not
fast enough to secure homogeneity of stellar matter. It is
indicated that the growth of such shells will probably lead
to the formation of an extensive atmosphere which offers
certain possibilities for the interpretation of the so-called
red giant stars as intermediate evolutionary stages between
the stars of the main sequence and the Wolf-Rayet stars.
In conclusion the problem of stellar collapse, which is
expected to take place towards the end of contractive
evolution, is discussed in some detail.

receive their energy supply from thermonuclear
reactions in which hydrogen is being transformed
into helium through the “catalytic” action of



