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A theory of nuclear forces is developed, based on the hypothesis that the interaction between
a nuclear particle and the mesotron field is strong. Two types of mesotron fields are considered,
the charged scalar and the neutral pseudoscalar. The latter, for large enough separation, gives
forces betwéen two nuclear particles of the same type as those obtained from perturbation
theory and, hence, with the spin dependence and exchange properties required to fit experi-
ment.. However, at closer approach the forces become ordinary (non-spin-dependent). It is
found impossible to obtain spin dependent forces which, at the same time, extend to small
separations and are of sufficient strength to account for the properties of the deuteron.

I. INTRODUCTION

T is well known that the interaction between
mesotrons and nuclear particles cannot be
treated as small; such perturbation treatments
are not only inconsistent—they lead to inac-
ceptable nuclear forces and to a much too large
scattering cross section for the mesotron.* Oppen-
heimer and Schwinger! have shown that the
strong coupling theory affords an explanation of
the smallness of the scattering cross section; the
question of nuclear forces was left open by these
authors.

It is not difficult to see that in the limit of very
strong coupling, the nuclear forces will not be
right. For this there are two related reasons:

(1) For strong enough coupling, the mesotron
field due to the interaction of two nuclear par-
ticles becomes large compared to the field of a

* See W. Pauli, Abstract No. 25, Bull. Am. Phys. Soc.
18, No. 1 (1943). Professor Pauli considers the possibility
of removing divergent terms associated with a point source
by a subtraction formalism, while reducing the scattering
cross section by means of radiation reaction.

1J, R. Oppenheimer and J. Schwinger, Phys. Rev. 60,
150 (1941).

single mesotron ; field fluctuations become unim-
portant, and the equations of the field may be
treated classically. The classical solutions of the
field equations of course exhibit the same sin-
gularities as arise in the lowest order perturbation
theory. (2) At the same time, the interaction
energy becomes large compared to the excitation
energy of proton and neutron isobars, so that it
is energetically favorable to excite many isobaric
states; the total spin of each particle (intrinsic
spin or isotopic spin, plus spin or isotopic spin
of the associated mesotron field) becomes
effectively very large, and behaves also in an
essentially classical manner. The spins are thus
free to orient themselves in such a way as to
reduce the potential energy to a minimum. It
follows that the interaction energy is an ordinary
potential, non-exchange and spin independent,
with singularities as bad as those of the per-
turbation theory. In the following sections it
will be shown that these expectations are fully
borne out by the detailed quantum-mechanical
calculations.

It is, of course, true that with fixed magnitude
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of the coupling constant, the interaction energy
between two nuclear particles becomes small as
the distance between them increases; for suf-
ficiently large separation, the interaction energy
becomes smaller than the energy of excitation of
isobars, and beyond this point the forces change
over to the type predicted by perturbation
theory. The question that now arises, and which
is the subject of our investigation, is whether a
theory with an intermediate coupling strength
can give a satisfactory account of the forces and
whether the coupling constant can be so chosen
that the region of spin dependent exchange forces
is sufficiently extensive and the forces in this
region sufficiently strong.

As we have just seen, for a theory with spin
dependent coupling the nuclear forces remain
spin dependent only for separations large enough
to make

gl /xr <(xa)/g*

where g is the coupling constant, a the radius of
a nuclear particle, and («)~! the range of the
forces. The observed scattering cross section
demands xa<0.1. It should be remarked that
the condition for the validity of a perturbation
treatment is that the self-energy of a nucleon
due to its interaction with the field be small com-
pared to the mesotron rest energy, g2/(xa)®<1.
Weak coupling would thus require g2<(xa)?
~0.001. Forces derived from these constants are
100 times weaker than actual nuclear forces.
Thus we have only to consider gZ>(xa)?, or
strong coupling.

The second decisive point in our investigation
is this: Although for g?—*/kr<(xa)/g?, the
forces given by the strong coupling theory are of
the same type and radial dependence as those of
perturbation theory, they are reduced by a
numerical factor f : 1 for the charged scalar, §
for neutral pseudoscalar, charged and sym-
metrical pseudoscalar.? These factors arise be-
cause the spin and charge of a nucleon oscillate
with high frequency in their own fields even in
the absence of a second nucleon; their com-
ponents responsible for the nuclear interaction
have smaller expectation values.

2 We are indebted to Professor Pauli for the results in
the charged and symmetrical pseudoscalar cases.
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If now g2< 1, the spin dependent forces are too
small; if g2>1, the forces are spin dependent
only for k> ~2, and their maximum depth will
be less than ~10—2uc? or 1 Mev. Thus we see that
with xa < 0.1, no value of g2 gives spin dependent
forces large enough to agree with experience.?

It may be remarked that values of a of the
order (x)~! not only conflict with the data on
mesotron scattering, but essentially render
nugatory a field theory of forces, since for r~a
these forces are entirely determined by the
nature of the source, and not by that of the field.

II. CLASSICAL THEORY

As has been pointed out in the introduction,
the main features of the strong coupling theory
of nuclear forces can already be seen in a classical
theory. We shall, therefore, begin with an in-
vestigation of the symmetrical scalar theory in
the classical limit.

The heavy particle will be supposedly spread
over a finite region of radius ¢ with a density
U(r), S'drU(r) =1. In accordance with our above
remarks concerning the size of the source we
suppose ka<<1 where k= puc/# and u is the meso-
tron’s rest mass. The Hamiltonian of the sym-
metrical scalar theory when two heavy particles
arc present is

=1 f dr[ {=(1)} 2+ 8(r) - w26 (r) ]

—g(4m) f L Ua@®)5 () + U@ 6@ (1)

Here U, and U, are the source functions of the
two heavy particles, 7. and =, their isotopic spins.
The wave function ¢ is a vector in = space; its
x and y components are the real and imaginary
parts of the charged field, its z component is the
neutral field. The operator w?=(k¥?—A), whereas
the coupling constant g is related to the dimen-
sionless parameter g’ through g=g'(kc)%.* The

3 According to investigations of Nelson and Oppenheimer
(unpublished) strong coupling pair theories give a mesotron
scattering cross section equal to the square of the range of
the forces, and forces which are therefore inacceptable.
In addition, in these theories it is impossible to combine
spin dependence with saturation.

4 We adopt rational units throughout: z=c=1.
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equations of motion are:

d+wg=gdm)i(x, Ustnlh), (2)

Fria= —g(dm)a X f s V), (3)

kéb= —g(41r)%1b><fdr¢(r) Ub(l‘).

These equations will be treated classically ; that
is, we shall ignore all commutators of the quan-
tities which appear.

For strong coupling, g>1, we can find a class
of solutions which are non-radiating (i.e., involve
only frequencies smaller than x, and thus no
wave zone field). We take

w=n=1+re", 2 2=rn2=1+r2=1.
The real and imaginary parts of the complex
vector <! are the components of =, and =
along two axes which form, with =, an orthogonal
axis system. The solution of (2) is then

4(r) = g(47)bo f Ve, 1) Ua(') + Us(r') Jdr’

Fg(An)taeit f Yt ©)[Ua(t) + Uo(r) Jdr'.  (4)

Where YV is the Yukawa potential :

Ve, 1) = 1/t D
lr—r’|

and

exp [— (k2 —v?)}r—r'[]

Y,(r,t)=1/4r
[r—1']

This expression for ¢ substituted in (3) gives

i = Amg(z0 X 21) f f drdr [ ¥(x, r')

= Y.(r, t') JLUu(r') + Us(r) JUa(r)  (5)
or, expanding Y, in powers of v to order v?:

tver=g2(vo X 1) (v2/24) (R+S)
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with

R=ffdrdr’Ua(r),Ua(r’) exp (—«|r—r1'|)~1,
(ka<<1)
$=ffdrdr’Ua(r) U(r)) exp‘(—xlr—r'l)Ne“"d,

d being the separation of the two sources. Hence
we obtain a solution if

v=2x/g?(R+S),. (6)

Solutions with =, not parallel to =5 give high fre-
quencies of order 4w g2 [ f drdr’ U,(r) Up(t’) Y (r, t’)
in contrast to the quasi-static solution just found.

The energy associated with our quasi-static
fields can be calculated from (1) which gives, to
order 1/g%:

Hee 2 g %
TeRES) L

I=4r f f drdr' Uy (1) Ua(t) Yz, ¥') ~1/a,
(ka<1),
T=dr f f drdr' Uo(r) Un(t') Y(x, ¥') ~e—/d,
(@>a).

The dominant g? term contains the self-energy
of the two heavy particles, —g?/, and the inter-
action energy between them, —g2J. The small
term in 1/g? may be rewritten in terms of the
charge vector Q= /(¢ X=)dr, whose z compo-
nent gives the mesotron charge in units e. Using
(4) we find Q= —2x,e"¢, in agreement with the
constancy of the total charge vector Q+xa.+47s.
The first term in (7) is thus

K Q?
2g*(R+S5) 12

and represents the classical analogue of the
heavy particle isobar energy discussed by
Wentzel.® This non-radiating solution can be ob-
tained only for values of the charge Q<1.

The most striking feature of the classical cal-
culation is that, for the solution of minimum
energy, there is a strong coupling between the

5 G. Wentzel, Helv. Phys. Acta 13, 269 (1940).
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directions of the isotopic spins of the heavy
particles causing them to line up parallel to each
other. This has as a consequence that the inter-
action energy —g2J is an ‘“ordinary’ potential,
completely independent of isotopic spin. It will
be observed also that for a—0 the singularity in
the potential is of the same type as yielded by
perturbation theoretic treatment.

This treatment of the classical theory is due
to Professor J. R. Oppenheimer. We are very
grateful to him for permission to quote his
results.

III. CHARGED SCALAR THEORY

We shall begin our consideration of quantum
field theory with a discussion of the charged
scalar field, the mesotron theory originally pro-
posed by Yukawa. Although this simple theory
cannot be expected to yield the observed nuclear
forces, all the cogent results can already be ob-
tained—no essentially new factors appear in the
more complex fields which have been invoked to
explain nuclear forces.

A. One Nuclear Particle

A treatment of a single heavy particle coupled
to the charged scalar field has been given by
Schwinger.® However, we wish to introduce a
somewhat different mathematical treatment
than was used by Schwinger, or by the present
authors in their original work.” The change
consists in expanding the fields in terms of the
Yukawa function w—2U(r), instead of in terms of
the source function U(r) itself. This more con-
venient treatment was suggested by Professor
W. Pauli and it is with deep appreciation that
we acknowledge his permission to use it in this
paper.

The Hamiltonian of the heavy particle plus
mesotron field is

H=jﬁ¢ﬂﬂﬂﬂ+$mw%un
ﬂwﬁhwmdmﬁmm.w

The notation is the same as that used in Section

¢ J. Schwinger, unpublished.
7S. M. Dancoff and R. Serber, Phys. Rev. 61, 394 (1942).
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IT except that ¢(r) is a complex mesotron field
amplitude and =(r) its canonical conjugate.

[7(r), ¢(r')]= —id(r—1’). )

The operators 7_ and 7, change the projection
of the heavy particle’s isotopic spin from proton
to neutron and from neutron to proton, respec-
tively. We introduce also

N=4r f a[ U@ T,

X(r) =4r02U(1),

that is
(k2 —A)X(r) =47 U(r),
10
= f X (r) U(D), (0
£(r)=X(r)/1,
so that

fdrs(r) U(r)=1.

It is convenient to split ¢ and 7 into ‘‘coupled”’
and ‘‘uncoupled’’ components as follows:

b (1) = (4m) “po£(r) + 1 (1),
(1) = (4m)ro U (r) + (1),

(11)

where we require of the functions ¢;(r) and =(r)
that

f dt () U(r) = f drm @) =0.  (12)

¢o and m are canonically conjugate expansion
amplitudes. They can be determined by

mqmjmwwx
(13)
o= (47) f drr(r) £(1).

w1(r) and ¢:1(r), however, are not exact canonical
conjugates, but satisfy the commutation relation

[m1(1), 92(&") = —i[6(r—r) - UMEX) ] (14)
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In terms of these variables

H= N#oro+opo/ I +g(r-do+71¢0)
+ [[arld @) +7:0)mi(0)]
+@n)iso [ UG)
+ (dm)imy f drr (@ U, (15)

Introduce polar coordinates:

do=qoe™ %,

mo=1%e"[ po ./ q0) (Po+ 35— ,

i e[ po+(i/q0) (po+35—22)] (16)
do=qoe*’,

mo=3e""[ po—(i/q0) (ps—35—2)],

d1(r) =qi(r)e~, my(r) =pi(r)e’, 1

¢1(r) =qa(r)e??,  Ti(r) =pi(r)e?,

where

S =i f L (O)r®) — 11O E(D) ]

Here (po, go) and (py, 0) are real canonically con-
jugate variables. The total mesotronic charge is
given by

— f drLr (o) —7OFD 1=ps.  (18)

The complex variables pi(r), gi(r) satisfy the
same commutation relation as do m(r), ¢:(r),
namely, (14). The Hamiltonian becomes

H=(N/4)[po*+(1/90®) (ps>*—1/4)]
+q0*/I+gqo(r—e+7.e7)

+ f AL () w?g(r) + 1@ par) ]
+(4m) (po/2) f aU@pr®)+5:(6)]

+ (4m)5(i/2q0) o f drU(r)
X[Pi(r) —pi(r) ]2 (19)

8 po? is a symbolic expression for (1/go)pegepo. We have
neglected terms of the type Z/go because, as the later work
shows, Z vanishes in the absence of free (unbound) meso-
trons. Such terms are of higher order in 1/g and are
negligible if g/ps>>1.
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We transform to a representation in which the
interaction energy is diagonal. The eigenstates
of the heavy particle for this term are not
proton and neutron, respectively, but are
derived from the latter by a unitary transforma-
tion F'=SF where S is the unitary operator
exp (¢7.6/2). When the states of the heavy par-
ticle are represented as proton and neutron 7_,
7+, and 7, are given by the matrices

o) 6o G2

After the S transformation® the Hamiltonian
becomes H'=.SHS-'. In particular the expression
(7—e®+ 71e~%) is transformed into (r_+74) = 7.
If we choose for the states of the heavy particle
a representation in which 7, is diagonal, the
interaction energy is found to be diagonalized
with eigenvalues #ggo. On the other hand, off
diagonal terms are introduced elsewhere in H,
since poe—ps+7./2 and in this representation 7,
is off diagonal. In the strong coupling limit, we
may choose the lowest value of the interaction
energy and neglect terms linear in 7., as coupling
widely separated states. The condition implied is

g/pe>1. (20)
The Hamiltonian becomes
H'=(N/4)(po*+pe*/q?) +90*/ I —gqo+---. (21)

The term linear in ¢, is eliminated by a shift in
origin:
Qo=qo—gl/2.

Since gI/2 is a constant, p, is conjugate to Q,.
We get

II'=(N/4) (po:+pe/q0?)
—g2I/4+Qo*/I+- - -.

The leading term, —g%[/4, gives the energy, to
order g%, of the static field bound to the heavy
particle.

It is convenient to resolve the complex com-
ponents of the field into real and imaginary parts:

p1(®) = (1/V2)[p=(r) +ip,(r) ],
) =(1/V2)[g:(r) —ig,(r) ]

? For previous use of the S transformation, see W. Pauli,
Helv. Phys. Acta 12, 147 (1930); also reference 12.

(22)

(23)

(24)
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Here again (p., ¢.) and (p,, g,) are real pseudo-
conjugate pairs satisfying the commutation
relations (14). The Hamiltonian separates into
two commuting parts:

H'=—g/4+H,+1,,

11.=1Npit+art/T+} [ drau(e)atentr)

+(m)ipo/2 [ drpa(0) UG)
+4 [alp0T (29
H,=Npe?/dgp+1 f dr
X (0,0, )+ 5,0y (1) ]
o/ 2g0) (4 [ i, ) V).

H, gives the energy of free oscillations about the
equilibrium position go=gI/2. For, if we con-
struct the functions,

¢2(r) = (4m) 3 Qok(r) + (1/V2) g (1),
m(1) =/ 7poU(r) + (1/V2) p:(1).

Then ¢, and =, are canonically conjugate and
f.= [@r(Tr 0+ o0 (26)

H, is diagonalized in plane waves and represents
a field of unscattered mesotrons. ,
Meanwhile H, can be transformed into a
similar form if we first eliminate the term linear
in p,(r) by applying a unitary transformation.

F=¢UF¢~U=F'44[ U, F]

+;[U,[U,FJ]+~-, (27)
where o, ’
g e f X (g, ().

¢ f dr[X ()"

(28)

This produces a canonical transformation from
the variables (p,, g,) to (p,, ¢,/), each pair satis-
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fying (14). To first order in 1/g:

pu(®) =5,/ () <47r>%ﬁ<pe/g>[ U1

_X(r)/fdr[x(r)y]_q_...' (29)

oM =g+ --.

It can be shown that the criterion for neglect of
succeeding terms in (29) is, once again, g/pe>1.
If (29) is substituted into (25), the linear term
is eliminated, and

H,,=41rpo2/g2fdr{x(f)}2

41 f () (0}, Ou'e/ )] (30)

Here we have substituted for ¢y the equilibrium
value gI/2 in accordance with the strong
coupling approximation, a procedure which can
be proved valid for g>>1. The latter two terms
in (30) would, in analogy to H,, respesent the
energy of a set of free mesotrons except that p,’
and ¢,’ are not exact canonical conjugates. We
will not here calculate the eigenstates of I, ; we
will only remark that they can be represented at
large distances as plane+-scattered wave, leading
to a scattering of free mesotrons by the heavy
particle.!® Since we are interested only in the
heavy particle in the absence of unbound meso-
trons, we may assume that none of the unscat-
tered “x” waves nor any of the scattered ‘‘y’’
waves are present. The total energy then reduces
to

H= —g2I/4+41rp92/g2fdr{X(r)}2. (31)

The latter term thus appears as a correction to
the static self-energy of order 1/g2. Since for the
states under consideration the expectation value
of 7,=0, it follows that the expectation value of
the charge of the heavy particle core=%. Hence,
if Q is the total charge of the system py=Q—4%.
For small sources, (ka>>1),

(1/4x) f dr(X(@)]2=1/2%.

10 J. Schwinger, unpublished.
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Hence the isobar energy takes the form
2uc*(Q—1%)*/g"

We are restricted by our approximation to isobars
for which (Q—1)/g«<1.

(32)

B. Two Nuclear Particles

The Hamiltonian is

II=fdr[ﬁ(r)r(r)-i—q?(r)w%(r)]

+g(dm) f dr{UA@)[r-A3() +r446(0)]

+ U2 () +r o)1} (33)

The procedure parallels closely that for a single
heavy particle. We introduce

XA(r) =4nrw™2UA(r);
XB(r) =470 2UB(r);

N=41rfdr[UA(r)]2:41rfdr[UB(r)]2,

M=41rfdr[UA(r) UB(r)],
and define

I= f drXA(r) UA () = f drXP(0) UB(r),

J=ferA(r) UB(r) :ferB(r) UA4(r).

We now introduce functions orthogonal to the
U's:

f dreA () UB(r) = f dr£®(x) UA(r) =0,

f drEA(r) UA(r) = fdrgB(r) UB(r)=1.

Such functions are

B IX4—JXB
E - I2__J2 ’

IXB—JX4
I2—J2

g8 (34)

We expand ¢, m into coupled and uncoupled
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components:
o (r) = (4m) H{Po £4(r) +¢oPE5 (r) } +¢1(r), (35)
m(r) = (47)H{m A UL () + 7B UB(x) } + (1),
where we require
f drea(r) UA(r) = f drea(r) UR(r) =0,
(36)

f drm (£) £ (r) = f drmi () £5(r) =0,
The amplitudes ¢o and g are determined by

got = (4)b f dre(n) UA(r);

oo8 = (dm)} f drg(r) UB(r),
(37)

Tt = (47r)~%fdr7r (r)£4(x);

7o = ()} f drr(r) E5(1).

(o, mo4) and (¢oB, mB) are conjugate pairs.
However,
[mi(r), :(r") ]= —i[6(r—r')
— UA(r)E4(r") — UB(r) £3(x") ].
In terms of these variables
H= N(ﬁoA'IroA +1T'OB7T()B) +M(7T’0A7I'OB+7T'OB7|'0A)
+[1/(12—T) ILL($o" do +BoBbo®)
—J($oAdoP+ doPo?) ]
FglrApod 4714004 + 7B+ 1.8 ]

(38)

+(mint [ arUA @)
+@niset [arUA©m)
+(mine® [ar Um0
+@nyie [ drUP @)

+ f a7 ()™ + @)D (39)
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We introduce polar coordinates for ¢o4, ¢ :
dot=qo' exp (—1i64); HoeP=qo® exp (—i6g).

It is more convenient, however, to use instead of
64, 05 the quantities

6=(04+65)/2;
pPo=pet +po;

y=(04—05)/2,
by=po* =D
The canonical transformation takes the form:
bot =qote i)
mot =& /2] [po? + (/0%
X{(potpe)/2+5—32% ]
‘,‘50‘4 = quei(fH-!I/) ;
7ot =[e= W /2][po* — (¢/q0")
X{(potp9)/2—5—321 ],
$oB=qoBei0¥);
mo? =[e ¢ /2[ps®+(i/q®)
X{(po—pu)/24+5—321],
FoB = qoBeit—¥),
708 =[e 09 /2][po® — (i/40%)
X{(o—p)/2—3—32} ]
mi(1) =p1(r)et?,

#1(r) = Ppa(r)e ¥,

(40)

$1(r) =qi(r)e=?;
é1(r) = a(r)e?;

S=—i f AL (0)1(0) — (D)D) ].

The independent conjugate pairs are (po4, got),

(pOB! QOB)r (Por 0)! and <P\lﬂ kl/) Pl(r) and gl(r)

commute with the other quantities, but

[p1(x), 1(x)]
=—i[8(r—1') = UA(x)E4(x") — UB(r) £5(x") .

The total charge is

-, f de[n(r)p(r) —7(r)e(r)]

= —i[motpot — FohAdot ] —i[mBpo® — T BB ]+
=5(potpy—2)+3(ps—py—22)+ 2 =15

Before writing down H, we shall consider just
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the leading, or interaction term. This becomes
g[qo (r_Aei@+¥ 7 Ag—ito+9))
+goB(r_Bei®¥) 1 Be—i—0)) 7],
Again apply an S transformation, where
S=exp [ir:4(0+y)/2] exp [ir.P(0—¢)/2].
The interaction energy becomes
glgotrt +qoPr." ]

This is diagonal in a representation in which 7,4
and 7,F are diagonal. The lowest eigenvalue is
—g[lget+qo®]. Off diagonal .terms coupling
widely separated states are introduced elsewhere
in H, since under the S transformation

po—pot+(rA+7.5) and  py—opy+i(rt—1.F).

As before, we neglect terms linear in 7,4 and 7.2
since these quantities have no diagonal matrix
elements for the lowest eigenstate of the inter-
action energy. The Hamiltonian becomes (neg-
lecting Y~ as before) :

' = (N/4)[(pe*)*+ (po+1e)?/4(g0)*]
+(V/HL(Po®) 2+ (Po—pu)?/4(qe®)*]
+3M cos Y[ po? po®+ (b — py?) /4q0% 9" ]
+(M/4) sin 29[ po* (Po—Py)/q0®
—poB(pet+py) /g0 1+[1/(1*—T?)]
X[I{(go*)2+(q0®)?} —2Jq0%qo® cos 2¢/]

~glart+a)+ @mipit/2) [ d U4
X[ p1(D)e471(X)e# T+ (4m)h(pe?/2)
X [arUr @ Lps0et+i@e]
Fi(Am) (potbo) /40t
X [T @@t~ pi0e ]
()% (po— 1) /44%)
X [[asUn @)L @e = pi©et]
+ [atpop®+o@aa©l @)

11 The argument for the neglect of terms involving Z is
the same as in note (6). Where products of the ferm
pyf(¥) appear, they will always be considered symmetrized.
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1. Freezing of the Isotopic Spin

We first concern ourselves with the elimination
of the linear term. This requires shifts in the
_origins of go4 and g¢B:

g0t =Qo*+(g/2)(I*—J») /(I—J cos 2¢),
00%=QuP+(¢/2) (1= J?) / (I~ J cos 24),
The part of H quadratic in go4 and o8 becomes
—(g%/2)(I*=J?*/(I—J cos 2¢)
+L1/(P =T LI Qo)+ (Q0P)?)
—2JQ¢2Q0® cos 2¢/].

The first term is the static self-energy of the two-
particle system and the dominant part of H in
the limit of strong coupling. It is a function of
the separation of the two sources through its
dependence on J. ¢ is the angle variable whose
canonical conjugate is py=pos—pop, the dif-
ference of charges. In the limit of large g, ¢ will
adjust itself so as to make the energy a minimum,
i.e.,cos 2¢ =1, =0or m. In this limit, the leading
term becomes simply

—(/2)I+J),

a result analogous to that obtained in II for the
classical symmetrical scalar theory. For «xa<1,
the part of (44) depending on the separation,
—g2J/2, reduces to —g?(uc?)e*¢/2«kd, where d
is the separation. Because of its non-exchange
character, this is an inadmissable potential for
nuclear problems.

The condition ¢ =0 or ¢ = describes a ‘‘freez-
ing” of the two isotopic spins with respect to each
other. It does not follow that this freezing will
occur for all values of d because the leading
potential term—that of order g*—falls off
rapidly with increasing d and may eventually be
dominated by other terms in the Hamiltonian
whose minimizing does not require the freezing
of the isotopic spin. That this is indeed the case
may be seen by considering the approach of two
heavy particles. At infinite separation they may
be thought of simply as two independent systems
such as described in Section IIIA. They have,
together, an energy given by (31):

42)

(43)

(44)

H=—g"I/244n(por+pos) / ¢ f dr{X(r))’,
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which can also be written
H=—g*I/2+4uc*(pe®+py?) /g% (45)

At this stage the value of ¢ is completely arbi-
trary. As the particles approach each other,
corrections appear to both terms in (45). By
comparison with (43) one sees that the g2 term
gets a correction —g%J cos 2¢/2. The isobar
energy levels are also perturbed, but the cor-
rection is small down to separations of the order
of 7. For the purposes of this argument we will
not be concerned with smaller separations and
hence will use the second term in (45) unchanged.
We can predict that freezing will set in when the
separation becomes less than a certain critical
value determined by

k/gt=—gJ/2,
2/gt=e"%4/kd.

or
(46)
When the particles have approached to a separa-
tion equal to the range, kd=1, the isotopic spins
will still be “liquid” if g is not larger than 1.2.
For larger values of g, freezing will take place
at larger separations, according to (46). An
essentially identical, but somewhat more trust-
worthy estimate of the freezing radius will be
given later by (55).

2. Exchange Forces at Large Separation

For separations larger than the critical one
defined above, this theory does indeed lead to
exchange forces. For here we may treat the
expression —gJ cos 2¢/2 as a perturbation to
the zero-order energy, uc®py?/g?. The unperturbed
sin ny
. cos ny
number of charge units by which the two systems
differ. If the charge difference is zero, the per-
turbation vanishes in first order (proton-proton
or neutron-neutron). For one unit charge dif-
ference, there are two independent states, sym-
metric and anti-symmetric in the isotopic spin
coordinate, namely cosy¢ and siny. The cor-
responding perturbation energies are

Viantis = +g2j/4!
Veym= —g2J /4.

This differs only by the factor % from the result
obtained in perturbation theory. The occurrence

stationary states are , where # gives the

(47)
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of this factor is connected with the fact, which
will be demonstrated presently, that half of the
field [see, for comparison, H, of (25)] consists of
unbound mesotrons which contribute nothing in
order g2 to the self-field of the systems. The inter-
action (47) has numerous defects. If the anti-
symmetry of the total wave function of the
deuteron is invoked, then the state sin ¥ can be
identified with the ‘‘triplet’’ state of the deuteron,
and cosy¢ with the ‘“singlet.” Equation (47)
would then predict the singlet to lie lower, in
contradiction to experience. Furthermore, it
could not explain the quadrupole moment of the
deuteron. The strong coupling theory has the
additional weakness that the exchange character
of the force may disappear inside a critical freez-
ing radius. It will be useful, for comparison with
the pseudoscalar theory which will be treated
later, to investigate the freezing condition more
thoroughly and without using the approximation
introduced above.

3. The ““Almost Frozen'' System

We consider values of g and of the separation
which are of such a magnitude that the minimum
of H is determined, to first order, by minimizing
the g2 term in (43). In other words, we will
consider ¢ to be in the neighborhood of 0 or =,
so that cos 2¢~1—2y2. In the remainder of the
Hamiltonian, we keep only the leading terms in
the expansion of cos 2y, sin 2¢, etc. We obtain

H=(N/8)[(ps*)*+ (po+1p4)?/4(q0")*]
+ I/ HL(pP)*+ (0o — 1y)*/4(¢0")*]
+ M/ 2)[po*po®+ (P — pu*) /490* 90" ]
=g (I+7)/2+g W I+J)/(T—J)
+L1/ (P =T ILL{(Q")*+(Q0%)?)

— 2700400 1+ (4m)H(pot/2) f drUA(r)
X[p1(r)+p1(x) ]+ (4m)2(pe®/2)
X [asUm @) i) +1(6)]

+ (4T (o) /o] f drUA(r)
X[(t) — p2(6) I+ () (s — py) /s ]
% f U0 [51(x) — pr(1)]

+ f AL p () + 0O’ (48)
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Eigenstates for oscillations of the system about
the position of minimum energy may once again
be obtained by resolving p; and ¢, into real and
imaginary parts:

P1(t) = (1/V2) [po(r) +ip, (1) ],
q1(r) = (1/V2)[qu(r) —ig,(x)],
H=—-g(I+J)/2+H,+11,

where

H.=(N/$)[(po")*+ (po")* 1+ (M/2)po" po®
+LZ{(Qo*)*+(Qo®)*} —2JQu4QuB]/ (12— J?)

(4 (pot/VE) f e UA®) pa(r)
+ (4 (po?/V2) f drUB(x) pa ()

+1 f a5} 4+ @] (49)

Introduce the canonically conjugate variables

$2(r) = (4m)H{ QoA £4(r) + QuBEB (1) } + (1/V2)ga(1),
(1) = (4m) {5pod UA(r)
+302UB(x)} +(1/V2) pa(x),

.= f dr[ {ma(r) } 4 ¢u(D)ea(r) ],

representing a system of unscattered mesotrons.
Meanwhile '

Hy=(N/16)[(po+1y)*/ (q6*)*+ (bo— 1y)*/ (¢0”)*]
+(M/8)(be* = 14%) /90" qe® + &2 T (I+T) /(I =)

- (dm) (VE(potpy) /Ao f drp, () UA()
- (4m) (VI (po— py) /Ao f dx,(6) UB(r)

+1 [ el ip @)+t ® 60

The terms linear in p, are to be eliminated by a
unitary transformation of the type (27), (29).
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To first order, g, is unchanged and

by(®) =py/ (1) — ((47)}//840)
XL (po+py) (UA(r) — cX4(r) —dX5(1))
+(Po—py) (UP (1) —dX4(r) —cX2(1)) ].

We have replaced go4 and go® by their cquilibrium
values

(51)

g
90A=QOB=QO=E(I+J)~

The constants ¢ and d [which may be deter-
mined, e.g., by the condition that p,’(r) be ortho-
gonal to £4(r) and £2(r), a condition that is
already fulfilled by p,(r)] are given by

IR—-SJ
e= R2—S2"

JR—SI
- R2—S2’

where
R= [afxo@ )= [alxo@ T,
S= f drXA(n)XE(r).

The condition for the convergence of the expan-
sion (51) is pe/g<K1 and py/g<K1. H, becomes

Hﬁ%fﬂUMKﬂV+W@M@ﬂﬂ]

Arpe (I+T)2 Anpy? (I—T)?

8q2 R+S  8g2 R—S
+2J\l/"l+] (52)
ST T

The first two terms give the energy of a set of
scattered waves, p," and ¢,’ being quasi-conjugate
quantities satisfying (38). The isobar energy is

47 py?

dnpy  T—T\?
)
2¢2(R+S) 2g2(R—S)\I+J

I+J
+g2 Ty
I—-J

(53)

Since 7,4 and 7,8 are diagonal, the average heavy
particle charge is the expectation value of
(147.4/24+1+7.8)/2=1. Consequently, if M
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is the total charge, the first term can be written
4r(M—1)2
2(R+S)g*’

giving a parabolic dependence on the total charge
of the two particle system, the minimum lying
at M=1.

The rest of H; describes harmonic oscillations
of ¥ about the ““frozen’” position. The zcro-point
amplitude of these oscillations is

A I-T\*  Ar
=10 s
d\r+7/ 87(rR-S5)

For sources separated by d and of radius ¢<d
with ¢ defined by

(54)

1
at=4r f drUA(r)—UA(x)
w

UB(r' —k|r—1’
={fdrdr’U4(r) (t') exp [—«|r—r'|]

’
lr—r|

the various constants are given (approximately)
by :

I=1/a,
J=e/d,
R/4w=1/2x,

S/4r=e%1/2x.

Since J/IK1, (54) simplifies to
1 47 i

——[ —] . (55)
gL8J(R—S)

We may take ¢ =1 as the maximum amplitude
for which the isotopic spins can be regarded as
even approximately frozen. This determines a
value for g corresponding to any given value
for d. For kd =1, this gives g=1.0 as a minimum
value below which the system will start to thaw
and exchange forces will make an appearance.
But since g>1 is a condition for the validity of
the above calculations, it is clear that with the
strong coupling hypothesis, it is not possible to
obtain exchange forces in the charged scalar
theory for separations as small as (x)~.
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IV. THE NEUTRAL PSEUDOSCALAR THEORY

This theory, in the perturbation approxima-
tion, gives charge independent, but spin de-
pendent forces through a coupling of the heavy
particle spin with the gradient of the mesotron
wave function. We shall treat first the one-source,
then the two-source problem.

A. One Nuclear Particle

The Hamiltonian is:
1=} @l (x(0)} -+ o009(0)]
— {g(4m)/x) f drU(r)s-grad 6(r). (56)

¢ is the heavy particle's spin vector. All quan-
tities are defined as before with the exception of
the following :

a 2
N=41rfdr[-—U(r)] , 1=1,2,3
é)x,-
X(r) =4rw2U(r),
aX(r) aU(r)
I=fdr -, 1=1,2,3
axi (')xi
At(r) oU(r
¢=X/I so that fdr ( —(2=61:j.
6xi 8xj

We split ¢, 7 as follows:

o(r) = (4m)"*¢o-grad £(r) +-¢:(r),

(57)
w(r) = (47)tmo-grad U(r)+mi(r)

with auxiliary conditions

fdrdal(r) grad U(r) =0,

fdrm(r) grad £(r)=0.
It follows that

¢o=(47r)%fdr¢(r) grad U(r);

mo=(4m)} f drr(r) grad &(r). (58)
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(i, d0;) are canonical pairs, whereas

[m1(0), ¢a(r')]= —i[6(r—1’)

—grad U(r)-grad £(r') ].
We obtain

g
7]2 l]V(7I'())2‘|‘(d)())Z/ZI-i"-‘lj' ¢0
K
+ (47)imp- f drm(r) grad U(r)

+1 f dr (D) P FoiDate()] (59)

The cross term in mom1(r) may be eliminated by
a unitary transformation of the type (27), with

U= +(47r)%m'fdr¢1(r) grad £(r)/R, (60)

with

R= fdr[ag(r)/axi]{ i=1,2,3

m(r) =7 (t) — (4=)tmo- [grad U(r) —grad £(r)/R]
é1(r) =¢1'(r).

Substitution gives

47 1 g
H=——(m0)*+—(¢0)*+-6- do
2R 27 K

41 f de[ {1/ (©) )2+ o1 (Do ()] (61)

It is to be observed that (60) also generates a
change in ¢ which is not taken account of here.
A more detailed analysis, parallel to that carried
out for the scalar field, shows that this correction
is negligible in the limit of strong coupling. The
effect of the additional terms which would appear
in H would be to spoil the exact separation of
(61) into a set (w1, ¢1") of unbound waves and a
set (o, ¢o) of bound states. The condition govern-
ing the walidity of this approximation is
(xa/g)LK1, where L is the total angular mo-
mentum of the bound mesotron field defined
below.!?

2 A more complete discussion of the strong coupling
condition in this case is to be found in W. Pauli and S. M.
Dancoff, Phys. Rev. 62, 85 (1942).



MESOTRON THEORY OF NUCLEAR FORCES

We assume that none of the (w//, ¢1’) states
are excited, and proceed to treat the system
defined by

4w 1 g
H=—(%0)*+—(¢0)>+-6" do. (62)
2R 21 K

It is convenient to introduce an orthogonal
system of unit vectors, ni, n, ns defined as
follows: nj is parallel to ¢, and n; has the direc-
tion of the intersection with the xy plane of the
plane perpendicular to n;. The co-latitude and
azimuth of n; are « and B, respectively. The com-
ponents of the unit vectors are

n;: (—sin B; cos §3; 0),
n,: (—cos a cos B; —cos a sin B; sin a),
ns: (sin « cos B; sin « sin B; cos a).

It follows that

¢o=qons,

(63)
7‘0=P0n3—n2Pa/QO+n1P,s/qo sin a.

Canonical pairs are (po, o), (P, @), and (s, B).
The angular momentum of the mesotron field is

L :'fdrm-(r) Lo(r),

where € is the angular momentum operator. For
our case, this becomes

L=[goX=o]
= pni+pgna/sin a.
We can also write
woépon3+(LXn3)/go.
The energy becomes
H=(4x/2R)[ps*+(L*—1)/q*]
+q0%/21+(g/k)go6 - 13,

where L2= p,2+ ps*/sin? a.

We transform to a representation in which the
interaction energy is diagonal. The corresponding
unitary operatoris S=exp [to,a/2]exp [i0.8/2].
The transformation F'=SF is applied to the
wave function and H'=SHS™! to the Hamil-

(64)
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tonian. In particular, é-n; is transformed into o..
By choosing for the states of the heavy particle
a representation in which ¢, is diagonal, the
interaction energy is diagonalized with eigen-
values =(g/x)qo. The angular momentum be-
comes

L—L—1%[nio,+ (ny/sin a)

X (0, cos a—oa,sin &) ], (65)
and its square is transformed into
L*—p2+pg?/sin? a3

+1/4 sin? a— pgo, cos a/sin? a.  (66)

Terms linear in o, and ¢, have been neglected
as they couple widely separated states. Aside
from the additive constant, %, (66) is simply the
square of the total angular momentum of a
completely symmetric rigid rotator, the angular
momentum corresponding to the third Euler
angle being ¢./2. The eigenvalues of (66) are
therefore 7(j+1)—$%, where j is the quantum
number for the total angular momentum of the
heavy particle plus mesotron field.

We choose the lowest eigenvalue of the inter-
action energy, and get

47 23
I{=—[Po2+ ]+g02/21—gg0/x (67)
2R g02
The linear term is eliminated by the shift
Qo=qo—gl/x,
with the result:
H=—g2I/2x*+4wpo?/2R
+00/2T+(J*~2)/2Rgs".  (68)

The leading term in (68) is the static self-energy.
The two succeeding terms may be described as
the energy of oscillation of the variable g, about
its position of equilibrium, g//x. We treat the
case where this degree of freedom is unexcited,
i.e., when there are no positive energy mesotrons
in the field. Hence, in the last term of (68) we
substitute for g its equilibrium value, and obtain
for the isobar energy

Hy = (4n2/282°R)[5(G+1) — 2].
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For ka1, We find
IX(r4) — J X(rB)
X (r)7? (14) = IR
I*R= f dr[ ” ] ~41/3a, £i(r4) e
(69)

3uc? IX(rB) — J X(r4)
Hr=—(ka/g)[j(j+1) -], ) ma——

2

in conventional units. The lowest state of this
system is identified as the proton-neutron (j=1).

B. Two Nuclear Particles

The Hamiltonian is the following :

=1 f [ {n(r) )2+ p(r)?e(r) ]

— (g(dm)/x) f dr[ U(r4)¢4 - grad ¢(r)

+ U(r®)¢8-grad ¢(r)]. (70)
Introduce
X(r4) =4nw~2U(r4),

X(rB) =472 U(r?),

AU’ dU(r?) 72
N=41rfdr[ P ] =47rfdrl:‘a—xl—] ,

dU(rt) aU(r®)
M,-:41rfdr — i=1,2,3

0x; 0x;
-y

A U A
rax(r)a (r)=fd

X (rB) oU(rB)
r

’

0x; dx; 0x; 0x;
aX(r4) aU(rB) dX(rB) aU(r4)
J,-=fdr =fdr .
9x; x; ax; ax,

Note that all integrals vanish which involve
derivatives with respect to two different x;'s.
States orthogonal to the U’s are defined as
follows:

’

(r4) QU(rB (rB) U (rA
fdrai‘(l')a (r):fdrf’é(r)a (T):O

0x; dx;

dt:(r4) aU(r4)
f dr = f d

axi axl
9¢i(r®?) oU(r?)
r =1.

0x; 0x;

p—Jp2
The fields are split as follows:

]

9x;

B(1) = (4m)H T go; —£i(r4)

a
+ 3 gui k) i) (T)
w(r) = (4m)}{mot -grad U(rt)
+=oB-grad U(rB)} 4+ (r),
with the auxiliary conditions:
a a
fdrdn(r) U(r4)=fdr¢1(r) U(r®) =0,
axi 6361'
1=1,2,3

d a
fdrm(r)———&(r“) = fdrﬂ'l(r)—'—fi(rB) =0.
(93(?,' ax,-
The amplitudes ¢ and =y are determined by

A a AY .
du= (4m)} f dro(e)—U(e");

B . a9 5
doi= (4m) fdr:p(r)gczU(r ),

o}
(9.%‘,'

moe= (4 [[drr@)-—60);

5 d
Tos = (47r)“'%fdr7"(r) £:(r7),
ax,'

A 4 B B_ .
[mos d05]=[moi, poj 1= —18:j

1e]
[m(r), $a(r')]= —i[é(r—r’) - Z a—fU(rA)

K

i E(rt) =2 —a—U(l‘B)—a—Ei(rB')]o
dx; ' . 0x; 0x;

1

X
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In terms of these variables
N A B
H=?{ (wo2)2 4 (moB2} + 22 Mimoimo:

1
-7

I A4 B
+Z [5{ (¢:)1i)2+(¢f);i)2} _Ji(b()id’()i]

+(41r)'¥a:04-fdr7rl(r) grad U(r4)
+ (47) o B - f drmi(r) grad U(rB)

+3 f dxl {m(0) P+ 1 (@)wa(r) ]
g/ (04 gut+ 3B goB).  (72)

The cross terms involving m are eliminated by a
unitary transformation like (27), (60), but with

U= (4r)} Z [r:ifdrqﬁx(r) {R:£:(r4)

Ie)
ax,-
Si(rB)} 4l f drgs() X

)

{Riti(r?) _Sifi<rA)}:|/(Ri2_Si2)v (73)

7

where

3 2 9 *
Ri=fdr[5;fi(r )] :fdr[é)xi&(r )] ’

si= [[ar 0 e
T 0x; ¢ ax{ ’ '

It follows that

() =) — )} £ wix

L (rd) — S.&.(rB
aJ [U(rA)_stz(r ) Slgl(r )}
6x¢ R{"—~Si2
B 0 Ri£i(xB) — Siki(r4)
g i[U(rB)_ RZ—S; H

$1(r) =1/ (1).
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We have, as a result

T

4 s R;
H=4r Y [{(701)24‘(#01)2}7

A B

"TOiWOiSi]/(Ri2—'Si2)+Z [{(di)?

I B
+(¢fi)2}‘2‘—¢gi¢0iji]/ (I2—J32)
+(g/x) (64 got 8- ¢o®)
+1 [l ie/ @) o/ Deter @1 (78

As in the one source case, changes generated by
(73) in ¢o% and ¢o® are neglected here. Again, the
(m1’, ¢1") system of states is taken empty so that
its contribution to (74) vanishes. We introduce
two systems of unit vectors mi4, ns4, n;4 and
n;?, n.B, n;8 defined as above through two sets
of angles a4, 84 and af, B8

$o = go4ngd, 1

mod = poingt *—naAPaA/QOA-I-nlAP,sA/QoA sin a4,
$o® =qoBns?,

=8 = poPnsg® —nzBPaB/QOB+nlBPgB/qoB sin oB.

Using
LA=n,4p.A+ny4pgt/sin a4,
LB =n,8p.B+n,8psB/sin o,

we find for the total angular momentum of the
mesotron field :

L=LA4+L5.

We now obtain the minimum eigenvalue of the
interaction energy by applying an S trans-
formation, with

S=exp [to,404/2] exp [10,484/2]
Xexp [t0,8aB/2] exp [10.BB%/2].
The interaction energy becomes

(g/)(goto A +qoPa.B). (75)

138 Symmetrization with respect to pq and functions of «
is to be understood throughout.
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We choose a representation in which both o4
and ¢,% are diagonal, and consider the state in
which each has the eigenvalue —1. The effect of
the S transformation on L4, LB and their squares
is indicated by (65), (66). For example, (L4)2
becomes (J4)?4-1 where J4 is the total angular
momentum of source 4 plus its associated field.
So far the orientation of the space axes is quite
arbitrary and we may assume the z axis to lie in
the direction of the line separating the two
sources. Then we may write R,=R.=R,,
S;=S8,=S,, Jo=J,=J,; in general J,J,, etc.
The separation of the static self-energy is
accomplished by the elimination of the terms
linear in the ¢’s. The part of the Hamiltonian
involved is
by [{<¢3‘,~)2+<¢§i->2}§

—¢32¢€2Ji] [ (=2~ (/0@ +an). (76)

Itis not hard to show that the absolute minimum
of (76) is attained when the vectors ¢¢% and ¢,?
coincide in magnitude and in the magnitude

of their components. If J;>0, then ¢§i=¢f,-,
while if J;<0, then ¢§,~= ——¢fi. In any case,
go*=q¢® =¢o. Equation (76) may be written
4

5 (¢0:)?

. I+ T
The direction of ¢4 which minimizes (77) is
determined by the relative magnitudes of J, and
Jy. In our case (kxa<1), J, is negative and has
a greater magnitude than J,. Consequently, both
dot and — g% (i.e., n34 and —n;B) point in the
positive z direction for a minimum of (77). The
minimizing value of g is

qo=—(g/e)(I+[J.]),
and (77) becomes

— (/) I+ |J:]).

—ZgQO/K. (77)

(78)

1. Forces at Small Separation

If the sources are sufficiently close together,
the minimum of the Hamiltonian is essentially
given by the minimum of (76), namely (78).
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Both ¢¢4 and ¢.® are “frozen” and are equal to

‘B =—(g/0)(I+|T.|)n.;
dot=(g/k)(I4|J.|)n..

Equation (78) contains, in addition to the sum
of the self-energies of two separated sources, the
space dependent part —g?|J,|/«? which in this
theory is quite singular, varying as 1/d3 for small
separations. Equation (78) is moreover an
“ordinary” force, showing neither spin de-
pendence nor exchange properties. We must,
therefore, investigate the possibility of thawing
of the spins due to the first term of (74). We
expand the Hamiltonian about the frozen posi-
tion ; (74) becomes

4r[{(p0*)*+(po®)2} R./2
—bo"po®S. 1/ (R2— S +4x[ {(J4)?

+ (B R, /2~ J4-J2S, ] / (Ri2—S,9)gs?

+L{(Qo")*+(Q0?)?}1/2
—Qu*Qo®| .| 1/ (12— T2
I|J.[+J.2

+[{<aA>2+<aB>2}2 T

—afa® cos (B4 ""ABB)].L]QOZ/ (I*—=J.)

= (/) I+[J.]). (719)

Here we have used
JA=n4p,A4n,4(pet~+1)/sin a4,
(J4) 2= (pat)2+ (pgt+1)2/sin? a4,

B

sin ad~a4; sin o ~aB,

cos at~1—(a%)?/2; cos aB~—1+4(a®)?/2,

QOA = go‘l-QoA

with analogous definitions for source B. Qy4, the
displacement from the equilibrium amplitude,
is canonically conjugate to po4. We may separate
off the first and third lines of (79) which we call
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H, and bring to principal axes by means of the
canonical transformation:

pr=1/V2)(po*+ po"),
g =(1/v2)(Qe*+Qo®),

(80)
== (1/V2)(po* — po®),
g =(1/V2)(Q¢*—Q®),
417. 2 2
= D+ n g+
2(R.+S.) 2(I+1J.])
41r _-2 _2
y2 q (1)

T2R.—S)) 21— 7))

As in the one-source case, all the states of these
two oscillator systems are taken empty.

Lines 2 and 4 of (79) give the energy of excita-
tion of the bound system above its minimum
position, which we shall call H,. First we sub-
stitute.

pst+i=p6, B=8

for both sources. Then introduce Cartesian coor-
dinates

x=sin & cos f~a cos B,
y=sin a sin ~a sin B,
Hy=4x[{(p*)*+ (ps*)*
+ (.52 + (pP) I Ru/2

— {pADE+ D D) SL]/(RJ.2—5L2)902

+[{<xA>2+<yA)2
I|]2| +J,2

+ (xB)2+ (yB)2
(x®) (y)}Z(I—HJzI)

—{xAxB+yAyB}L]gf/(ﬁ—m (82)

aside from a constant. This consists of two iden-
tical systems of which it will suffice to consider
either: we shall treat that involving x4, xZ.
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Normal coordinates are

or=(xt+x5)/V2,  pr=(p*+p")/V2,

(83)
vr=(x4—xB) /N2, pu=(p1—p5)/V2,
dmps® N Amprr?
e 2qo*(Ry+Sy) I 2g0*(R.—S1)
N vr2qo(| J 2| —Ju) N vrr?qo(| J .| +J 1) (84)

DA(I4 | T)THTY 2T+ | )T -T2

The integrals of interest are tabulated below for
the limit xe<<1 and also a<<d where d is the
separation

I~1/a3,

e xd

Jo~——(1/d*+«/d),

d
e—-xd

Ja~ —-(—i—(2/d2+2x/d+x2),

Ry=R,=4ma%/3.

S, and S, are of order «af. In this limit J/I
and S/R may be neglected. Consider the (prr, v1r)
oscillator. The amplitude of zero-point oscil-
lations is ‘

1

) RI? -1
¢=<~/g>[s4—<1fz| +m] .

Thawing takes place only when ¢>1,

3 3 8 gt
Kde+“d/(1+——+——) <- g—,
kd kd? 3 ka

or, with g~1, xa~0.1, when «#> 3.

2. Forces at Large Separation

This problem is handled by a perturbation
method. In zero order, one takes the sum of the
energies of two infinitely separated sources [see

(68)].
Ho=—g2I/x?

+4x[(J4)2+(JP)*—31/2Rqs*,  (85)

where
(J4)?=(pa*)*+ (ps*)?/sin? a4

+1/4 sin? a4+ pg cos a4 /sin? a4.
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In this order, the angles a4, 84, o, B% are com-
pletely unrestricted. As the sources approach, the
leading modification of H, is the addition of the
space dependent part of the interaction energy,
which is obtainable from (74), and is

H,={—J, cos a? cos a®

— J, sin a4 sin B cos (84— B8)}g2/k2.  (86)
Other modifications of (85) contained in (74) are
less important as long as the separation is appre-
ciably greater than a.

We require first the eigenfunctions of (85) or,
more simply, the eigenfunctions of (J4)? and
(JB)2 (J)* may be rewritten:

(J)?=pa>+ps*+(1/sin? @) (ps cos a+3)*  (87)

We assume a solution of the form A4(a)es.
Single-valuedness of the wave function in g
requires that # be a half integer, since the
original wave function is related to the eigen-
function here obtained through the S trans-
formation: F=S"1F’, with

S=exp [1oya/2] exp [10.8/2].

Since ¢, has the eigenvalue —1, the above
requirement on 7 follows. The equation for A is

d?A cosadd 1

Ti_o; sin @ da sin? «
X(n cos a+1i)24A+(E—n2)A =0, (88)

where E is the eigenvalue of (87). This can be
transformed into the hypergeometric equation by
the introduction of a new variable

z=(14cos a)/2,
and a new dependent variable
A =ZgnH12(z—1)intil/2
az az
5(1—2)—+ [y — (atBot Dz]—
dz? dz

_QUBOZZOy (89)

4R, delL. Kronig and I. I. Rabi, Phys. Rev. 29, 262
(1927).

SERBER AND S. M.
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where

av= |l +3+(E+D,
Bo=[n|+3—(E+D}
y=|n—3+1.

Z is the hypergeometric function, F(aq, Bo, v, 2),
and the solution for the eigenfunction of (87) is

einB{gln=H (z— 1)1} 3 F(ao, Bo, v, 2).  (90)
For this function to be regular at =0, , the
hypergeometric series must terminate, i.e., 8,
must be a negative integer or zero. This means
that E is restricted to the values (|n|+k)
X (|n] +Ek+1), where k is a positive integer or
zero. Each value of j=|n]|+k corresponds to an
isobaric level of the system, each level being
multiply degenerate, according to the number of
combinations of # and k which satisfy the above
relation, namely 2;741.

We are concerned with the attraction between
two systems which approach each other in their
lowest isobaric levels, i.e., with k=0, j=1%,
n=+3%. This level is a doublet whose wave
functions may be written

(sin a/2)e#/?,
(91)
(cos a/2)e~ /2,

These two states, corresponding to n=+%, are
to be thought of as representing the two pro-
jections of the ‘“‘empirical” spin of the heavy
particle (to be distinguished from ¢, the spin
vector introduced above for the heavy particle
core).

We now calculate the expectation value of
(86). The term involving J, has a finite matrix
element only if the projections #4 and #® both
remain unchanged. Its expectation value is
+(—g2J./9¢?), corresponding to nA=£nB. It
can be written (—g2J./9«2)s As B where $(sz, Sy, S2)
is the spin projection operator for the doublet
under consideration. On the other hand, the
term in J, contributes only if the projection is
increased by one unit for system and decreased
by one unit for the other. The expectation value
is (—gJ,/9%) (s:45:2+5,45,2). The energy of
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interaction is consequently

2

g
Vi= ——2[stz"‘s23+ Ji(sa5.B45,45,5) 1.
9«

Introduce the unit vector T along the line joining
the two systems (in the z direction). Then

—g2

. i [Jist B4 (T, —J)(s4-1)(sB 1) ].

Vis

The integrals J, and J, are given by (84). Letting
PHYSICAL
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kd=x, we have
g‘zKe—x

9(4mx)

Vi= [(1/3>sA-sB+{(sd-fxss.f)

3 3
-(1/3>sA-sB}{—2+—+1”. (92)
X X

Aside from the factor %, this is precisely the
interaction between two heavy particles derived
from the same Hamiltonian by perturbation
methods.
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A counter controlled cloud chamber and two counter coincidence sets were used to study
the nature of the cosmic rays observable underground. The experiments were performed in
a copper mine at depths of 71, 141, 582, and 657 meters water equivalent. The data are easily
interpreted, if one assumes that underground the primary rays are mesotrons and that the
soft rays and showers are electronic secondaries produced by the penetrating mesotrons.

INTRODUCTION

T the time of the cosmic-ray symposium!
held at Chicago in June, 1939, it was
evident that there was as yet much unknown
about the nature of cosmic rays underground as
well as considerable disagreement concerning the
known material. The shape of the total intensity
vs. depth curve seemed to be quite well estab-
lished. When -plotted on a log log scale, the data
fall on a line composed of two straight portions,
the change in slope occurring at about 250 to
400 meters water equivalent. However, con-
cerning the nature of the rays responsible for
the two parts of the curve, there was a diversity
of opinion. Several observers had found evidence
for the non-ionizing character of the rays which
carry the energy down to great depths; Wataghin

1V. C. Wilson, Rev. Mod. Phys. 11, 230 (1939).

and Santos? at 250 and 400 m,* Barnothy and
Forro* at 1000 m. However, Wilson’s® experi-
ments at 30 m and 300 m indicated that the
penetrating rays responsible for the observed
intensity at both these depths are ionizing.
Clay’s® interpretation was that protons are
predominant below the break in the intensity
curve.

Neither data nor interpretation were clear-cut
on the matter of shower production and the
abundance of soft particles. The ratio of soft to
hard components, as measured by counter
absorption experiments, varied greatly, and it
was quite evident that much of this disagreement

?G. Wataghin and M. Damy de Souza Santos, Ann.
Acad. Brasil. Sci. 11 (March 11, 1939).

¥m means meters water equivalent of rock calculated
on a density basis.

*]. Barnothy and M. Forro, Phys. Rev. 55, 870 (1939).

®V. C. Wilson, Phys. Rev. 55, 6 (1939).
8J. Clay, Rev. Mod. Phys. 11, 128 (1939).



