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LL'oN 8RILI oUIN

Brown University, Providence, Rhode Island

(Received October 22, 1942)

The general theory of the magnetron tubes, as developed in a former paper, showed that
the magnetron should sustain oscillations in an outer circuit, when the frequency was nearly
V2 times the Larmor's frequency ~yI. The present paper contains a more detailed study of
the behavior of a magnetron with one cylindrical anode, when the radius a of the filament
and b of the anode are both taken into account. It is shown that the magnetron is able to
sustain oscillations on the frequency

which lies between 42~1q and 2cvyq, according to the dimensions of the electrodes. The agreement
of this theory with some interesting results obtained by Blewett and Ramo is shown, anrl

the limiting case of the plane magnetron is briefly discussed.

1. INTRODUCTION. PROPER OSCILLATIONS OF AN
ELECTRON CLOUD IN A MAGNETIC FIELD

HE aim of the present paper is to give a
more precise and accurate discussion of

some results obtained in a former paper' and to
show their agreement with a similar theory
developed by Blewett and Ramo' and with the
very interesting experimental proofs brought
forth by these authors.

All the known effects, as the apparent change
in dielectric power, and the possibility of
sustaining oscillations depend on the fact that
the rotating electron cloud has a proper fre-
quency of oscillations (provided the radius of
the filament can be neglected) given by

corrcspond to

C=0, ii=0, po ——(m/27re)(on'. (3)

Let us now assume small oscillations of cylindri-
cal symmetry to be excited in this cloud. An
electron, originally located, at the instant t, at a
distance ro will be displaced to

r=ro, (1+$) in which ( is small. (4)

This means an expansion of the whole cloud,
the density of which becomes

p =po(1 —2()

so that the total electric charge pr' remains
constant. Introducing (4) and (5) in the equation
of motion (2) one obtains

r/r k/(I +f') ~s (1 2k) H
where coH=Larmor frequency, as noticed in the
previous paper. Et can be shown by a very
direct calculation how such oscillations of
cylindrical symmetry will take place in the
electron cloud. Equations have been obtained
[see Eq. (12) of reference 1] for motions of this
type

or
(= —2o)yg (,

which yields very directly the proper frequency
(1) of these cylindrical oscillations. It is now

easy to understand how a medium possessing
such a proper frequency of oscillations will show
an abnormal behavior of its dielectric power,

(2)j= C/r', r%= (e/m) 2sp+rl' (vH', —
e = 1 —(2a&H'/o)') e.s.u. (&)

where j is the angular velocity with respect to
as was proved both theoretically and experi-

an axis rotating with Larmor angular velocity.
Critical conditions, as observed in a magnetron, mentally by Blewett and Ramo.

Turning back to the problem of the magnetron
' L. Hrillouin„"Theory of the magnetron. I,"Phys. Rev, and assuming these elementary calculations to

4 ~ yield a erst approximation we come to the' J. P. Blewett and S. Ramo, J. App. Phys. 12, 856
(1941). following conclusion: A magnetron, with a

f27
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filament of radius a and an anode of radius b

should behave like a cylindrical condenser filled
with a medium of dielectric power e [Eq. (7)].
Its capacity would then amount to

I = —J e'"'

I.dt =~(J./~)e'"[I —e '"] t = to+ r (10)

and change the sign of the currents, writing

C=—
2 log (b/a)

pcr unit of length of thc filamen. This yields
an impedance, at thc frequency co

2 log (b/a) 2~ log (b/a)
Z= — = -i— =—i —. (9)

Co) M6 2(dH Q)

Z would be positive for co(V'2coH and negative
for ~)v2coH, so that the magnetron wou1 d
behave like a self-inductance below its frequency
of resonance V2coH, and like a capacity above
this proper frequency.

Such a treatment is, however, just a crude
first approximation; a more accurate discussion
shows that the internal frequencies of oscillation
are not constant throughout the electron cloud,
but vary from 2'& near the filament to &2co~ at
a distance. This will result in a modification of
formula (9) as shall be shown in the next sec-
tions, where the problem of thc positive or
negative internal resistance will be discussed

simultaneously.

2. INTERNAL IMPEDANCE OF A MAGNETRON

The theory developed in "Magnetron. I" for
a one-anode magnetron is correct so far as
Eq. (57) is concerned, but some approximations
made in the deduction of Fq. (58) proved to be
unreliable, and. the calculations have to start
again from that point.

It should be first noticed that all potentials
V(r) are with reference to the filament, taken as
zero potential point. The current I pcr unit of
length of the filament has been define by a
formula (38) and is thus taken as positive if
running from the filament to the anode. This is
the opposite of the usual assumption in elec-
tricity, where a current running from a point at
potential zero to a point at a positive potential
V(b) should be counted as a negative current. '
We shall now revert to these usual definitions

instead of formula (54) in "1VIagnetron. I." As
already noticed in Section 7 [Eq. (60)] of the
earlier paper it is necessary, for physical and
mathematical reasons, to adcl in Eq. (49) a small

damping term s. 'I his will result in thc following
small change in formula (57):

2zG0BU m
CO fg= Jg8

Br e o)'(r) co'—+is(o

I his formula gives the alternative potential
V„(r) at a distance r; it contains the transit
time r from the filament (r = e) to r. The damping
cocAicicnt s is assumed to be very small, and its
absolute value will play a very small role

The assumption is that the direct current I,
flowing through the magnetron is small enough
not to perturb appreciably the potential distribu-
tion V(r) inside the tube. The average potential
should thus be the one obtained under critical
conditions

m ( a-') '-'

«(&) =
2e E r'i (12)

as shown in "Magnetron. I," Fq. (51), while

the space charge density is

msgr' (' a')
.()= ( 1+—

I

2xe E r4)
(13)

and the proper frequency, Eq. (52),

co'(r) =2(gs'( 1+—
~.r') (14)

The value of a&(r) thus decreases from 2&os near
the filament down to V2~H at a distance. We
furthermore need the relation between transit
time 7 and distance r, which we obtain from

Eq. (43), corrected for the change in the sign of
the current:

' The same correction was also applied in "Magnetron.
II," Phys. Rev. 62, 166 (1942), p. 175, before Eq. (77).

2
&.r = —L—(r) =

r

BU,, 0")

e ( r4)
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It is convenient to use a new variable g and to put

f= r2/a2

p=—
2GOH —G) +LSD)

co 2coH +zsG0=24pH', (19)
(2~ 2 ~2)2+s2~2

which yields

7

o ~&

0

z=—
2coH M +disco

~r="'" 1 —exp I iP—p(f 1/—f)]—fd f'. (20)

FIG. 1. Curve described by P in the imaginary plant,
when co increases.

Hence

mcp& ( al r ( gq
(15)

2I,e ( r'I 2&p„L2 ( r4 I

where L is the characteristic length defined in
"Magnetron. I," Eq. (33).

L' = eI„/m4dI& p.— ,

This enables us to give a more precise statement
of our assumptions: It is assumed that the
direct current I, is small enough to make L
smaller than the radius of the filament:

(p = 4da 2/24psL2»1.

Expressions (14) and (15) for 4p2 and r must be
used in formula (11) from which we obtain the
potential V.(r):

This is the integral to discuss, and it should be
stated that no approximations have been used,
but for (15). These equations diAer from those
of "Magnetron. I," only for the introduction
of the damping term s. The physical necessity
for this damping term was already emphasized
in "Magnetron. I," but one more word of
explanation should be added: There is no
damping term for a magnetron of infinite length,
which does not emit a.ny radiation (no more
than an infinite solenoid or a toroidal one) but
for a magnetron of finite length, damping is
unavoidable, as any motion of the electrons
inside the magnetron will result in electro-
magnetic fields emitted from both ends, and
radiative dissipation of energy. There is also a
possibility for energy dissipation inside the
magnetron itself resulting from the non-linear
terms which have been neglected in the equations.

3. INTEGRATION AND DISCUSSION

U.(r) = 2ipp J.e'"'

1 —e—'&

with

I
"(

x", 4 24dy42 pp2+iSpp+24—pH'(a'/r4)) r
(17)

It is essential to discuss the variation of P
and P' as functions of the frequency co. The last
expression must be of importance in the calcu-
lation of the integral (20), which has two poles

P~= +P' fp'=P (21)

The problem is now to perform the integration,
and to obtain the potential V, (b) on the anode,
from which we deduce the internal impedance
of the magnetron:

(21a)= 4p (y) = 24pH (1+g "/r )

This condition has a clear physical meaning, as
it corresponds to the resonance on one of the
internal frequencies of the electron cloud. If we
neglect, for one moment, the damping term s
(supposed to be very small) then condition (21)
means

which indicates resonance on the layer at dis-
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means approximately

2(err &~a) ~& (err(2+2a4/b')'* (22)

'l

i

In case b is much greater than a the lower limit
is very nearly V2col&.

The integral (20) may conveniently be split
into two parts

~ ~ Odg Ij+I

0 ].

FIG. 2. Curve described by the poles P for increasing col.

gp = p&= xp+ i'.

I=-,' I = k I
log (f' p) Ii—"'",

t' ' «p L
—i&o(t —1/&)3I = —

~l
—(d g.

&'—P

(23)

tance r. Here is the place where the approxima-
tions made in Section 1 prove unreliable: The
radius a of the filament may be extremely small,
but nevertheless, the inner proper frequencies
always range from v2&uH (r large) to 2&oH (r=a)

Figure 1 shows the motion of the point P in
the complex plane, when co varies from zero to
infinity. According to Eq. (19)

Integral Ij is the logarithm of imaginary
expressions

» =log L(l'/a') pj lo—g (1—p) —(24)

Now, as well known, for an imaginary y = p„+iy;

»g %=log
I
~I+i ««g ~~/~ I

~I'= ~.'+~".
Both terms in (24) are of the following type,
with X real (1 or b4/a') and p= p, +ip, as in (21b),

with

p=
My 1 —f(Ry/Q)

ra& =&o/V2culr y/V2, Q =&2&a~/——s. (21b)

p
log (X—P) =log ~X —P ~+i arctg

p„—X

The curve starts from P= —1 for co~=0 with a
vertical tangent, and then runs upwards, with
an almost circular shape. The upper point P =iQ
corresponds to co~

——1 while co~
——~ brings the

representative point near the origin. The dotted
curve corresponds to negative co~ and has no
meaning in our problem. The damping term s
is supposed to be very small, so that the Q
factor will be extremely large. Figure 2 shows
how the position of the poles P' varies with the
frequency +. For very low frequency the poles
are in ~i, then describe large loops, reach a very
large distance Ql in the 45' direction (for co~ = 1),
and come back to 0 along the real axis, for co~

infinite.
The integral (20) is taken along the real axis,

from f'= 1 to b'/a' and this path runs below the
trajectory followed by the pole. The pole may,
however, be very near to it (just above it) when
its abscissa x lies between 1 and b'/a' which

= log
~

X—p
~
+i/.

The P angles are indicated on Fig. 1, hence,

$4/a4 p
2Ig ——log — — +i8, 8=/, —tl g.

1 —P

Q»l'/a' p=p p -o (24a)

Figure 1 shows then that the angle 0 is very
small, except when the point P comes very
near the integration pa.th (conditions 22), in

I

0 p g p„p„+w

Frc. 3.

As noticed before, the damping coefficient s is

very small, which means that Q is a very large

quantity, and we assume
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which case 0 is practically equal to ~. Finally

b4/a4 p, —
2I4 ——log +iC4r];

1 —p„

C4r] for conditions (22) only.

(24b)

Turning now to the I2 integral, in (23), we notice
that the coefficient (0 is large, so that the
exponential oscillates very rapidly, which will

practically result in cancelling the integration
wherever the I /(I2 —P) factor is a slowly varying
function of f. Hence the most important part
of the integral comes from the neighborhood of
the poles f~——&p'. As shown on Fig. 2, the pole
with the plus sign may come near the integration
path, which runs from 1 to b'/a' along the real
axis.

Two cases must be distinguished:

second interval where

I = V'P.(1+~), I/i = (1 4)—/V'P. ,

I' =P,(1+24),

koCP- (I/O) ]= bCv'P. —(I/CP. )]
+b~C VP.+ (1/v P.)]

(27)

~bCv P +(1/v'P )]«1
but the interval II is defined by

and the inequality on e is certainly satisfied if

roCdP, +(1/CP, )]( /2P, )«I,

The exponential is practically constant and
the e term can be dropped if

A—pole near the integration path, but outside which is the second condition stated in (25a).
of it. These conditions (25a) can be satisfied only if

P =P„+iP; and P„~& 1 or P,. & b'/a'.

8—pole near the integration path, and inside of
it, which corresponds to conditions (22).

p; 2

&P, bCI+(I/P')]
(28)

p;((o.((
b(1+1/P.)

(25a)

The first inequality p;«o. enables one to neglect
p, in, both intervals I and III where one has

g' —p= g' —p„—ip; = g2 —p„
(26)

The second inequality results in the fact that
the exponential is practically constant inside the

1 &p„&b'/a4

Case 8 needs a special discussion before it can
be reduced to a similar situation as in case A.
We shall, in case 8, divide the integration into
3 parts:

1 ~& g'&&P„—u P; negligible,

II. p„—n ~& g'~& p„+o. exponential prac-
tically constant, (25)

III. P„+n & I'~& b'/a' P; negligible.

o, is a small quantity, which is chosen such as to
satisfy the two following conditions:

COI My

p;=—
((g, 2 —1)2+(F4'/Q' Q((u4' —1)

in which 1/Q' is neglected.

OP 0 +IS
(0=——= -))1

2II L' v2L'-

Hence condition (28) yields

MI 8
Q»

((o4' —1)"2%2L-'
(29)

When condition 8 (that the pole be inside the
interval of integration) is satisfied, the reduced
frequency or& lies between 1 and v2. On the
other hand, &0 is large, which means L'«a', and
condition (29) proves that Q must be very large
in order to make our approximations reasonable.

and this will result in a condition to be fulfilled

by the damping coefficient s or the Q factor.
According to (21b) and (16)

1
p =

((v 4' —1)'+(a4'/Q' 404' —l.
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This was always our general assumption. At any rate, conditions (24b) and (29) both postulate a
very large Q value and extremely small damping coefficient s, which corresponds to actual condi-
tions irl magnetrons.

As R result of tllls d1scusslon, wc Rl c left wltll tllc followlllg llltcgl Rls to CRlcuIRtc (CRsc 8, coll(ll-
tions 22):

p
t

(I,+a)*
—cxp L ib—(v'P. I!—v'P.)], (~0)

O' —P.—&P'

The first two integrals correspond to cases I and III and the last one to case II. Let us first notice
that we can add to the first two integrals an additional one, taken from (p, —a)l to (p, +n)& (on
the interval lI) and which is practically zero.

J
p(P„+&) '

(P„—0() '

I,((),
+~) l

cxp L i~ (I —~/()], —=exp ( 'I.[V—'P (I/V—'P.)])f' —P. 4 (p ~)k f2 —P„

=!-p(-'So[V'p. -(I/v'p, )]) I g i / I.

According to (27), the exponential is constant in this interval, hence the integral reduces to a loga-
rithm, which is now taken on real quantities and yields log

~
0(/n

~

=log 1 =0. Integral (30) can thus
be written

$2tg2 &(P,+~) '
cxp (—ik,[I —(I/I)])——exp (—ib[V'P. —(1/V'P, )]) I . (3I)

0'—P. I' P. iP—'—
The last integral is again a logarithm, but contains an imaginary part p;; it is similar to Il [Eq.
(23)] but with different limits and yields

(|II,+e) &

J (p„—e) &

=-,' log
O' —P.—&P'

n ip;——+—0
n+iP; 2

The angle 0, as shown on I'ig. 3, is given by

fg(~./2) = /P;»I, -', e.=l,
according to the inequalities (25a), while the first log is zero. Summarizing these results we may write

/de ix
exp ( iso[I (—I/I)]) — cxp ( i4[V'p (I/V'p)])I' P—

where the last term inside the brackets has to be used only when conditions (22) (case 8) are fulfilled.
Ke are left now with the problem of estimating the contribution of the first integral, where all

the difficulties related with the imaginary part in the denominator have been excluded. This first
integral now keeps the same type in both cases A and B.

As already noticed, the exponential oscillates very rapidly, and this practically cancels most of
the integral, but for the neighborhood of the pole gp=P, &. Near this point we may conveniently
use the following expansions:

I.=v'p. (I+ ). I-&/I =v'p, (&+ )-(&- )/4p„
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~r

Io = —-', exp ( i go[—QP, (1/—gP„)]) exp ( i &—oo[QP„+(1/Qti, )])—
(» dg= ——,

' exp (—i)o[QP,.—(1/gP, .) 7)JI e *"— (33)
11

with g = &oo[QP, +(1/QP„)7= &o[1+(1/P„)](f g—P„).

The new integral in g is

{» dq t» ds
e '"—=

~
(cos s i —sin q)—= —Circ+ Ciao+i sirl& i sip—& (34)

according to the usual definitions' of integral sines and cosines for positive x

dt {

" dt
Czx = — cos t—, szx = — sill t—.

x t S t

When x is negative, the same definition may be used for six as the point x=0 is no pole for this
integral, and the relation holds

si( —x) = —7r six— (36)

For Ci( —x), our integration path runs through the pole, which means that we must take (see refer-
ence 4, p. 4)

Ci( —x) = Ci(x)

Here we shall notice that the additional —or term in (36) comes into play only when the lower
limit rlc is negative, which means that conditions (22) (case B) are realized. But then we have also
an additional term in (32), and these two terms exactly cancel each other, hence, we obtain the
following formula, as a good approximation for all cases:

Io o exp (—ipo[QP„—(1/QP„)]) {—Ci j g }+cCi}so{ +isi{qc{Nisi
,'go{ }. (38)

the lower signs, for the si functions, correspond to the case of negative arguments g~ or g2.
As well known, the Ci and si functions become rapidly very small for large values of the argument g

~&)1, Ci~ =
sin g cos g

sz rf (39)

These asymptotic expressions can be used as soon as q is larger than 2m. Now we must keep in
mind that the approximate expression (38) for Io has been obtained only for small values of o. But
a small o may mean a rather large s, according to (33), because go is assumed to be large. Furthermore,
we must notice that both Io and formula (38) become very small for large g and so we may, for
practical purposes, assume formula (38) to hold for any value of g, even large. The limits are

1'c ——1, sc = to[1+ (1/P„)](1—V'P„),
(40)

l o b'/a', s2
——&o[1+(1/p,)7[(b /a ) —gp 7.

As soon as s& and qo are none too small (larger than 10), the asymptotic expansions (39) may be usecl

Ci } g } Nisi { g }
= (1 / q})}( isn{ rl } +i cos { g } ) = (1/g) (sin rj+i cos g) = (i/q) e 'o (4. 1)

Hence, the following result may be used only when g& or g2 are not too small.

i 1 ( 1 ) 1 l 1
i~c ——-p --idol V'~- } iso

2 g, E gil„3 go C. gP, .~

E. Jahnke and F. Emde, Tables of Functions (Teubner, Berlin, 1938), third edition, p, 3.

(42)
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Hence,
(o[v'P. (1-/CP.)7+~ =f-o[1- (1-/r )7=0

exp L
—f4 I (b'/a') —(a'/b') l 7I,=

2(p[1+ (1/P„) 7 1 —QP„(b'/a') —QP„

Returning now to Z from Eq. (20) and using (24b) and (44) we finally obtain

But, according to the approximations used in (33),

kohlP. (—1/v'P. )7+~ = to[i (—1/f )7= 5oL(b'/ ') (—'/b') 7
(43)

(44)

Z=— i log
2coH —co +zh

b4/a' p„— 1

to[1+ (1/p. ) 7

exp I
—~ho[(b'/a') —(a'/b') 7 I —[ir7 . (45)
(b'/") -VP,

The —[ir] term comes in only when conditions (22) are fulfilled. One should be reminded that
formula (45) is valid only for large it&g& which means QP„ is very different from 1 or b'/a' Let u. s
here notice the following:

1. s may now be neglected, as very small, its introduction was only necessary for the calculation
of residues near the pole. Q is practically infinite, hence,

2. p= p„= —2coH'/(2curp o)'), — (46)
3. b[(b'/a') —(a'/b') ] ~r.b=
v ~ represents the transit time for electrons running from the cathode a to the anode b.

4. PRACTICAL RESULTS

Let us first assume the magnetron to be
operated below its critical conditions, with no
current flowing to the anode, which makes (p
infinite and I~ naught. Formula (45) then
reduces to

1 co (b'/a4) —P
Z = — — slog —[ir], (47)

2 2COII —
GO 1 —P

the [m.7 term comes in only when conditions
(22) are fulfilled, namely:

AH [2+ (2a'/b') ]*' &~o) &~2cuH. (22)

This proves that such a magnetron behaves like
a pure inductance for low or high frequencies,
and like an inductance plus a positive resistance
for frequencies defined in (22). The following
cases may be considered:

~«v2~H, —~ &&p & —1. (48a)

For very high frequencies the [ir] term also
drops and

1
Z

2 2M' —M

( bled
log

(

—f.
I a4)

(49b)

Hence,
(b'/a') p-

log
e (b')

2coH Eg )

This later case corresponds to the result pre-
dicted in Eq. (9) and checks the conclusions of
Blewett and Ramo as explained in Section i.

The formula (47) needs also a special discus-
sion of the behavior near V2coyl, when the
denominator is zero, as shown below. Let us
assume aP=2coiP+e, P=2&vH'/e, e small.

(b"/a4) —P 1 —(eb4/2&vii'a4) e t' b4i

1 —p 1 —(e/2' H') 2~0'' ( a4)

and
For such low frequencies the [ir] term does not
come in and (o e ( b4) i (bZ=- —

I
1—i=-

]
—-1

i (50)
2 (—«) 2co&i' 4 a'3 2&2coH Ea'p(b'/a4)+

~ p(qZ= — log ( [. (49a)
2 2&dig 43 4 1+ [p) )

co))2coyl, 0 &P«1.
which remains finite. This shows that these

(48b) conditions do not lead to any difficulty.
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+
pp' —2a&n' 2 2&p[1+ (1/P) ]

cos PpL(b'/a') —(a'/b')]

(b'/") 4p-
Case III. gP &1, pp) 2&on,

(52)

R= (53)
cp' —2ppa' 2/p[1+ (1/P)](1 —QP)

Let us now discuss the sign of the resistance:
In cases II and III the resistance is always
Positive. In case II, Eq. (52), $p is large and gP
lies between 1 and b'/a' so that. the first term
in pr/2, inside the brackets, is by far the most
important. In case III, Eq. (53) the result is
obviously positive. Hence the discussion is now
centered on case I, which shows a certain
number of frequency bands with negative

The resistance term in [~], which comes in
when conditions (22) are fulfilled is positive, as
the minus sign before m is compensated by the
negative denominator 2coH' —~'. It should be
explained by the following physical considera-
tions, based on the remarks made at the end of
Section 2: When the frequency lies between the
limits (22), a certain layer of the electronic
space charge oscillates very strongly on resonance
conditions and radiates energy outside of the
magnetron through both ends of the magnetron.

Let us now assume that the magnetron is
operated just above critical conditions, with a
small current flowing to the anode and a large
but finite &p value. The complete expressions
from (38) must now be taken into consideration
but for practical discussions we may use the
simplified formula (45). The internal impedance
of the magnetron will yield a real part R or
resistance, with the following approximate
values:

b2

Case I. —&QP, 2 o« y 2+i 2—
i

6 b')

p very large,

(d cos fpnb&/a&) —(a&/b&)]
R= (51)

2pptg pp 2$p[1+ (1/p)][(b /ap) gp]
Case II. 1 &gP &b'/a' (conditions 22),

The negative resistance may reach high values
when the frequency is such as to make the
denominator D very small. By use of (46.2)
we have

D = 2 b(2~a' —~') L1+ (1/P) ]((b'«') —v'P]

&o fb l ( 2&so

(apj

This amounts to

D = $p(K /ppyl ) (M 2&r ) '

y [i)2~11—(bp/ap) ((g p —2(gH') -''] (55)

which is zero for

or

I

Q7 =%2CO~

pp =a)H(2+2a4/b4) l.

(56I)

(56II)

fhe first case does not seem of real importance,
first because the corresponding zero would be
avoided by keeping the damping term s as in
Eq. (45) and second because the calculations
and approximations made in Eq. (33) and
following are no more reliable, as for such
frequencies the pole runs far away from the
integration path, on the line at 45' (Fig. 2).
Hence it does not seem that the negative
resistance might reach any high value near the
frequency (56I).

The second root (56I I) is much more important
as it means that the frequency co is just the one
which sets into resonance the space charge
density near the anode. The conclusion of all
this discussion is the following:

One anode magnetrons should yield a number of
very narrow frequency bands with negative re
sistance LEq. (54)] for frequencies lying just
below the limit (56II).

This checks the general conclusion of a former
paper (Magnetron. I). One should notice here
that the negative resistance R does not become
infinite on the limit (56II), as Eq. (51) seems
to indicate. Near this limit, the approximate
formula (45) should not be used any more, as
it rests on the use of asymptotic expansions (39).

resistance, according to the sign of the cosine.
The denominator is positive, and we obtain

R&0 when cos $p(b /a a /b ) &0. (54)
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5. PLANE MAGNETRON

As an example of application of the general
theory, the case of the plane magnetron will be
briefly discussed. This case is obtained as the
limit of a cylindrical magnetron when the radius
a of the filament is increased to infinity, while

the distance d =6 —o, between filament and anode
is kept constant. Hence

a~ ~, b=a+d=a(1+pi). (57)

A point at a distance r from the center will be
defined by a parameter p:

r=a(1+p) (58)

in which p = (r a) /a is small. —The angular
velocity of the electrons is given by Eq. (15) of
"Magnetron. I" which now reads

tl =~HL1 —(a'/r') j=~~(1 —1/(1+ p) ')

=&oH(2p —3p' ) (59)

This means that the tangential velocity becomes

i = rd = 2a p(1+p)(1 —-', p) =2 ap(1 ——,'p).

Denoting y the distance r —o, from the surface of
the cathode, we obtain

~ =2~HyL1 —(y/2a) 3. (60)

For the plane magnetron (a~~) the x velocity
increases proportionately to the distance y from
the cathode.

Under critical conditions (no current on the
anode), the space charge density is given by
Eq. (25) of "Magnetron. I":

m(oii' ( a4) m(oa'

~
1+—

I
= (1 —2p), (61)

24re E r4) ~e

which on the limit of a plane magnetron (p =0),

One should revert to the original formula (38)
with integral sines and cosines, thus avoiding
infinite R values.

is a constant. In a plane magnetron (of infinite
length) operated under critical conditions, there
is a uniform space charge density (61) between
the plane cathode and the plane anode. These
charges have no perpendicular component of
velocity (j=0) and move parallel to the elec-
trodes with a velocity i given by Eq. (60).
The voltage V is obtained from Eq. (23) of
"Magnetron. I ~"

Vo(r) =—tPSG) yy

28

moue f 1 ) 2m&aH
a'( 1+p —

~

= —a'p'(1 —p)
2e ( 1+p) e

Vo(y) =
2mcoa'

t y)
-y'I 1--

I

e 4 a)
(62)

This yields the anode voltage V(b) when y=d is
inserted in the formula. When the total electric
charge Q between the electrodes is computed,
it comes out to be

Q = —VpL/2 ', (63)

L is the length measured along the x axis, and
the calculation refers to a unit length of the
filament. The plane magnetron thus yields a
capacity twice as large as a plane condenser of
same dimensions.

Such a plane magnetron can be used for
sustaining oscillations, and the discussion of the
preceding section shows that it should oscillate
in the neighborhood of the frequency

= 2&r~&
6

(64)

which corresponds to the proper frequency of
vibration for the electronic layers near the
filament, as emphasized in Section 1.
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