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The interaction between a molecule and a metal surface is discussed from the point of view
of the perturbation theory. The interaction energy is found to be inversely proportional to
the distance, R, between metal and molecule if the electron degeneracy in the metal is not taken
into account and to R~2 log R if this degeneracy is taken into account. The application of the
perturbation theory as given here is limited to values of R of the order of magnitude of the
Bohr radius because of the neglect of the electron-electron interaction.

1. INTRODUCTION

HE energy of interaction of an atom or

molecule with a metal surface has been
calculated by Lennard-Jones! with the help of a
semi-classical picture of the interaction process.
He treated the metal classically ; that is, its effect
on the molecule was assumed to be given by the
classical image potential acting on the electrons
and nuclei in the molecule. On the other hand,
the molecule was treated as a quantum-me-
chanical system with this image potential acting
as a perturbation. The resulting interaction
energy turned out to be proportional to R-3,
where R is the distance between the molecule and
metal surface.

The limitations of this treatment have been
discussed by Bardeen? who estimated that when
the metal as well as the molecule is treated
quantum mechanically the resulting interaction
energy is still proportional to R—3 but it is about
half as great as that given by Lennard-Jones.
The discrepancy arises from the fact that the
Lennard-Jones treatment neglects a term in the
kinetic energy of the system of molecule plus
metal.

The purpose of the present paper is to treat the
problem of the interaction of the molecule and
metal directly by means of the perturbation
theory. In order to calculate the interaction

T A more detailed version of this paper was submitted
by E. J. R. Prosen as a thesis to the George Washington
Ugr;lversnty for the degree of Master of Arts, February,
1941.

* Now at
California.

1J. E. Lennard-Jones, Trans. Faraday Soc. 28, 333
(1932).

2 J. Bardeen, Phys. Rev. 58, 727 (1940).

the University of California, Berkeley,

65

energy in this way it will be necessary to make
specific assumptions about the metal wave
functions. In Section 2 these wave functions will
be assumed to be products of plane electron
waves with the result that the interaction energy
is proportional to R~'. Since the exclusion princi-
ple has not been taken into account, this result
applies only when the density of conduction
electrons in momentum space is low; that is, it
applies to semiconductors and probably to metals
at very high temperatures.

In Section 3 the influence of the exclusion
principle is considered. The resulting interaction
energy is proportional to R~2logR. Thus, in both
cases (Sections 2 and 3) the perturbation theory
leads to a smaller interaction energy than the
Lennard-Jones and Bardeen treatments for small
R. For large R the perturbation method as given
here breaks down because of the neglect of the
interactions between electrons in the metal. It
will be shown in Section 4 that these interactions
become important at that value of R for which
the perturbation and Lennard-Jones energies
become equal. Thus, taking into account the
result of Bardeen, it appears that the Lennard-
Jones treatment gives an upper limit to the
binding energy for all values of R.

It is interesting to note that the R—* depend-
ence of energy on distance is just what would be
expected for the interaction of a molecule with
the surface of an insulator. The van der Waals
interaction between each atom in the insulator
and the external molecule is proportional to the
inverse sixth power of the distance between them.
If this interaction is integrated over all atoms in
the insulator, the resulting total interaction is
proportional to R—2.



66 E. J. R. PROSEN

2. INTERACTION WITH A SEMICONDUCTOR

If the molecule is so far from the metal surface
that the wave functions of the molecule and
metal electrons do not overlap appreciably, the
interaction between the molecule and metal may
be treated as a perturbation. In first approxi-
mation, this interaction is due to the field of the
instantaneous dipole moment of the molecule
which acts on the electrons and positive ions in
the metal. Since the average value of the dipole
moment of the molecule is zero, the first-order
perturbation energy vanishes and the energy of
interaction of the molecule and metal will be
given by the second-order term

POumO
W=y =
%L: EO"Em

where Py, = P:,o are the matrix elements given by
Pom = f\l/o*Pl//de.

Yo and ¢, are the wave functions of the system
of molecule plus metal in the initial state and in
the mth excited state, respectively. P is the
potential energy of the interaction of the elec-
trons and positive ions in the metal with the
instantaneous dipole field of the molecule. E, and
E,, are the energies of the states ¢ and Y.

The potential energy P is the sum of three
terms:

P=Pz4 Pv+4 Pz,
where
Ps= M=H>,

Pv=MvHv, Pz=M:H-=

M=, M¥, and M* are the components of the dipole
moment of the molecule and H*, HY, and H* are
quantities depending only on the position of the
center of gravity of the molecule and the posi-
tions of the electrons and positive ions in the
metal. The explicit expressions for H#, HY, and H*
will be given below.

Since in zeroth approximation the metal and
molecule are independent systems, the wave
functions ¥ and ¢, can be written as the product
of a molecular wave function, ¢, and a metal
wave function, x; thus

Yo=dox0, ¥m=Pixx
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and Py,
Pom= f do* Mp,dr f xo*Hoxdr,
or
Pon=MoHy,, Pow=MoHoy., Pon=My.
Therefore
Mo;MoHoHio

Ww=73"
z Ew—Ej

z, 0k

(1)

>z i rindicates a summation over x=x, vy, 3, over
all states j of the molecule, and over all states k£
of the metal. The prime indicates that the term
j=0 is to be omitted.? By definition

Ew=E+Ey, Ejp=E,+E',

where E, and E; refer to the energies of the
ground and jth states of the molecule and E'y, E',
to the initial and kth states of the metal.

In Eq. (1) cross terms of the type

Mo;MHoHy

do not occur as can be shown by consideration of
the symmetry properties of the dipole moment
with respect to reflection in planes of symmetry.
The expression Eg— E;; which occurs in the
denominator of Eq. (1) is equal to (E¢—E;)
+ (E'y— E’;) where E'(— E';, refers to an electron
transition in the metal. The positive ions in the
metal can also make transitions to new vibra-
tional states but their contribution to the
interaction energy can be shown to be small.
Electronic transitions corresponding to large
energy changes, E'y— E';, will contribute little to
the interaction energy as compared to those
involving small ones because the dipole field
varies slowly in the metal so that in the Fourier
expansion of this field in the metal the short
wave-length terms corresponding to large mo-
mentum changes for the electrons have small
amplitudes. Thus, for all important terms in
Eq. (1), E'y—E’; may be neglected as compared
to E,—E; in the energy denominator. The
interaction energy can then be written

Mo M, . 2
W= Z ’_'—E(Zk HOkaO)'

z,j 70 EO_ 7

3 The terms for which j=0, 2=0 do not occur because the
diagonal elements of the dipole moment vanish.
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This expression can be simplified by obscrving
that

= 2 5, Mo
Eo—FE;

)5 Mo; M3

Ayy = — 1 y
vy i Eo—FE,
ey Ml
E\—E;

are the diagonal elements of the polarizability
tensor of the molecule. Therefore

W= “'% Zx azz(Zk II:IJI;O)

Averaged over all orientations of the molecule,
this becomes

W=—3%aY Hyllr

z, k

(2)
with
a= <°‘tr>kv = <0‘yy>Av = <azz>Av-

The quantities H* are sums of terms corre-
sponding to the interaction of the dipole field of
the molecule with each electron and positive ion
in the metal. Thus H* can be expressed in the
form

He=%,H*(e)+ Y . H*(n)
H*(e)=ex./r*, H*(n)= —ex,/r:*

with

(3)
where r.=(x., Ye, 2¢), Tn=(%n, Yn, 2.) are the dis-
tances between the molecule and the eth electron
and nth positive ion, respectively. e is the
electronic charge. Similar equations hold for the
terms in y and z. The calculation for just the
x term will be carried out until further notice.
The x axis is perpendicular to the surface of the
metal.

We now have

Sk HoHio=Y (T Ho(e)+ T n Hor(n))

X (. Hro(e) + 3 Heo(n)).

Since the positive ions do not undergo transitions,
only those positive ion terms with k=0 are
important. Therefore

>k HoHyo= (2. H:k(e) +3. H:o(n) Sox)

X(Xe Heole)+ X n Hoo(n)8r0).  (4)
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The terms Y., Hoo(n) just cancel the sums of the
clectron diagonal matrix elements if we assume a
smeared out charge distribution for the positive
ions. If the positive ions are properly treated as
discrete particles, these terms do not exactly
cancel since there is a non-vanishing field outside
of the metal. However this field vanishes ex-
ponentially over a distance of the order of a
lattice spacing in the metal. Therefore, as long as
the molecule is at a distance from the metal
surface that is great compared to the lattice
spacing, the difference between the terms can
be neglected and Eq. (4) becomes

T Hullio= % (X Ho(@) (X Hio(@)). (5)
E¥0

It is now necessary to make some specific
assumption about the wave functions of the
clectrons in the metal. For the present it will be
assumed that these functions are products of
plane waves. Thus if u#,* is the plane wave
exp(—1kare) corresponding to the ath electron in
the ath state, the wave function for the initial

state will be taken to be

Xo0= Ha uaa-

The only excited states, x, that will be of interest
are those for which only one electron, say the
Bth, is excited to the state 8. The wave functions
for these states are assumed to be

(6a)

xar =ug? I ua®, (6b)

axp
if
ugh’ = c exp(—1kg7p).

The quantitative discussion of the effect of the
Fermi degeneracy will be taken up in the next
section. However if the density of electrons in
momentum space is much less than two electrons
per h3/V (V is the volume of the metal), the effect
of the Fermi degeneracy is negligible. Therefore
the calculations in this section can be applied to
semi-conductors and probably to metals at very
high temperatures, since in these cases the den-
sity of conduction electrons in momentum space
is small.

The interaction between electrons is neglected
in both this section and next. It will be shown in
Section 4 that the relative error introduced by
this neglect increases with increasing distance
between metal and molecule.
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Making use of the wave functions (6), onc finds Also becausc of this orthogonality, all matrix

. elements Hy.(e) vanish for which more than one
Hﬂﬁ’(3)=f“ﬂﬂ*Hz(B)“ﬂﬁ'd"ﬂ (7)  electron makes a transition since the operator
. H+(e) involves the coordinates of only one

Hog(a)=0, a#B, electron. With these results, Eq. (5) may be
hecause of the orthogonality of the u#g#* and ug#’. expressed in the form

i HuHio=3s ¥ Hog(8)Hpo(B). (8)
’
It can be seen that 7o

> Hog (8)Hao(8) = (H(8)) 0o
-

or

Y Hog(8)Haro(B) = (H*(8)) 00— (Hoo(B))™ (9)

B #0

It is not difficult to show by means of Egs. (3) and (7) that (H;g(ﬁ))‘l is proportional to L=t
where L is a measure of the linear dimensions of the metal. Thus, if the metal is sufficiently large,
this term can be neglected and Eq. (8) becomes

> HuHro= Y5 (H=(8))on. (10)

(H=(8))o0= f ugh H=(B)ugbdrs

Now

or since ugh= L~} exp(—1tksrp),

@ m=1- [ ar@)in=er [ [ [ Zdsas
4

according to Eq. (3). Summing this over all electrons in the metal is equivalent to multiplying by
oL?, where p is the number of electrons per unit volume in the metal, so

x*dxdydz
Zx HuJLo—PG fff Y
(x2+y?+22)3

The integration is to be carried out over the volume of the metal which will be taken to be an infinite
half-space.
If R is the perpendicular distance between the molecule and metal, an elementary integration

vields
j j f ’dxdydz pe?‘7r
P e byt 2R

The corresponding terms involving H* and H? are

5 7 f f J ’dxdydz pe7r
Hudlio=pe (e 4yi+st)? 4R

and
6 ™
zl IIOIIII.O—'ER_v
respectively.

Inserting these results in Eq. (2), one obtains

WP (11)
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It is to be noted that in the above derivation no explicit use has been made of the assumption
that the electron wave functions are plane waves.

3. THE EFFECT OF ELECTRON DEGENERACY

In order to take into account the Fermi degeneracy of the electrons in the metal, it is necessary to
antisymmetrize the wave functions (6). Then the electrons cannot make transitions to those states
that are already occupied so the sum on the right-hand side of Eq. (8) is not carried out over a
complete set of one-electron states and the completeness theorem, Eq. (9), can no longer be applied.
It will therefore be necessary to calculate the sum

S.(8)= X Hog (8)Hs(8B),
8’ #o

where 8’ runs through all values corresponding to only unoccupied states.
Since, insofar as the calculation of matrix elements is concerned, the only important part of the
function H*(B) is that part for which the wave functions of the metal electrons do not vanish, we

introduce the function f,(x, v, 2) which is equal to H#(8) within the metal and zero outside of the
metal. Thus, according to Eq. (3),

fo=ex/r%,  fu=ey/r’, f.=ez/r}
fz':fy=fz=0

for x <R if the x axis is perpendicular to the surface of the metal and its origin is taken to be at the
molecule.

The functions f,, f,, and f. can be expressed as Fourier integrals;

=Ij£:f—:a,(v) expli(z-1) Jdrdr,dr.,

where the amplitudes a.(z) are determined by

a,(‘e)=2—1—w3 [:[:'f_:f, exp[ —i(x-r) Jdxdydz.

With the wave functions (6), the matrix element is

for x> R, and

H:ﬂ’(5)=L—3J‘ f j f-exp[2([ks—kg |- 1) Jdxdydz

or
Hog(8) = (2)a,(e) L~ (12)
r=k, —K,.

with

The explicit expressions for the Fourier amplitudes are

e x exp[—-z(g r)]
* “dxdydz.
wl=)= (21r)3f_mj_m.f (x +y2422)h

In order to carry out the integration over x, consider the complex integral

£ exp(—174£)
(£2+4a?}

with §=x+14w and a?*=1y242%. The path of integration is indicated in Fig. 1. Letting the radius bd of

t=
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the arc ¢d approach infinity, we obtain

fw x exp(—17.%x)
R

= (R+iw) exp (7
dx=i exp(—ir,R) f (Rtdw) exp (r:%)
o

(x*+a?)? (R*42iRw—w?+a?)} “
Integration of the right-hand side of this equation by parts yields
“ —17, . exp(—17.R R , a*—2R?
f x exp( rx)dx=1exp( iT )[ _ia +] (13)
r (x24a?)? Tz (R24a?)? 7,(R*+a}

This expansion is valid only if the changes, 7,, in momentum of the electron are greater than R™!
If only the first term of the expansion is used,

iexp(—irR) e ['” I‘“’ R exp[—i(r,y+ r;z)]d J
(2m)3 To o)) — (R*+y2+22) 3

It can be shown* that the integral over y and z behaves like exp(—[7,+7.]R), so the important
amplitudes occur for those changes in momentum that are less than R. Therefore the only important
changes, %, in momentum are those vectors lying in a cylinder which is parallel to the x axis and has a
radius equal to R~! (cf. Fig. 2).

The expression that is to be evaluated is, according to Eq. (12)

ax(f)z (14)

3
5.8)= £ Ha @@ =" [ [ [ lau(e) paradnir. (15)
8 #0 L3

The limits of integration are to be chosen in such a way that ==k, —k, corresponds to a transition
from a filled to an unfilled state. According to Fig. 2, this means that, for positive 7., the lower limit
on 7, is equal to km.— kg., where the vector k, has a magnitude given by the momentum of the
electron in the highest occupied state in the metal and a direction such that its end point lies in the
cylinder of allowed transitions. For negative 7., the upper limit is given by — (kmz+ksz).

The integration is to be carried out over all values of 7, and 7, since the lower limit on 7, makes it
certain that the transition will carry the electron out of the Fermi lake. Therefore Eq. (13) is

“r°r (- —(kmz+kpz)
s =2 [ [ [ | jacfiar,+ [ Iaxlgdn]dmdn. (16)
—0 (kma —kBz) —0

The integration over 7, 7, can be replaced by one over v, z by means of Parseval’s theorem which
can be expressed in the form

S L Jesorarmis |

f‘*’ e€Rdydz 1 €’
e T2 (R24y2+22) 4(2m)% 7,.2RY
when use is made of Eq. (14). Thus

€ * de — (kmz+kBz) de € kmz
SuB) = [ [ = LA L.
4L3R? LY (kmz—kpz) T2° —w To? 2L3R? (kmz —]%z )

Similarly
Su(8) = Su(8) = —o (a7
ST ALSRY (12 —R2)
and finally me B
5. Suf) =
z Dz _L3R2 (k’znz_kzz).

+Cf. E. T. Whittaker and G. N. Watson, 4 Course of Modern Analysis (Cambridge University Press, 1927), p. 384.
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According to Eq. (8), this expression is to be summed over all electrons, i.e., over 8. The number of
¢lectrons with momenta between k and k+dk is 2(27)—3L%dk.dk,dk, hence the sum over clectrons is

TS 2¢ f _kne bk
bz Z(B)~(21r)3R2f f B~k R

z

Since the expansion (13) is valid only for changes, ., in momentum that are greater than 1/R, the
upper limit in the integration over k, will be taken to be k.., —1/R. The contribution of those electrons
with momenta between k., and k.,—1/R will be estimated below. Integration over k. gives

2¢?

(2m)’R?

2 S:(8)=
Bz

ff log(2Rkm,—1)dk,dk..

(18)

according to the definition of ki, k:.,=k:,— (k:-i—ki). If this is inserted into (18), the double
integral can be carried out directly by introducing polar coordinates in the 2,— k. plane. The limits
of integration are to be chosen in such a way that 1/R=k,..,=<k,. The result is

2e
2 S.(B)=
B,z

2

whkn?

log2k..R, (19)

(27)* R?

when R is chosen in such a way that £,R>1.

The contribution of electrons with momenta
between k. and kn..—1/R is still to be added to
(19). This contribution is certainly less than that
of an equal number of free electrons. The latter
can be obtained from the results of Section 2, for
according to this section, if all the electrons were
free the right-hand side of Eq. (19) should be
replaced by mpe?/R. Since the ratio of the number
of electrons with momenta between k., and
kmz—1/R to the total number is 3/k.R, the term
that is to be added to (19) is less than 3mwpe?/R%kn.
By substituting p=*k,%/37%, the ratio of the
added term to the term already given is less than
1/47 log2k,R. This quantity is much less than
one for k,R>1, so the additional term can be
neglected and Eq. (19) is correct as it stands.

The interaction energy can now be obtained
from Eq. (2) by making use of Egs. (8) and (19)
and the definition of S.(8). The result is

ae’rkn? log 2knR
W=-— —_— (20)
(27)3 R?

The factor 7k,? in this expression is just the area
of that cross section of the surface of maximum
energy in momentum space which passes through
the origin and is perpendicular to the x axis.
The assumption that the constant energy
surfaces in momentum spaces are spheres is, of

course, an idealized one. For a real metal,
account should be taken of the true dependence
of energy on momentum. However, since Eq. (20)
does not depend explicitly on the mass of the
electron, the more correct formula can be ob-
tained from Eq. (20) simply by replacing the
cross-sectional area wk.,? by the corresponding
area for the actual surface of maximum energy.
If it happens that the surface of maximum energy
touches the surface of a Brillouin zone, the area
of contact must be subtracted from the cross-
sectional area.

4. THE ELECTRON-ELECTRON INTERACTION

In the two foregoing sections, use has been
made of metal wave functions that are products
of one-electron functions. This implies that the
Coulomb interaction between electrons in the
metal has been taken into account only insofar
as the average effect of all electrons on a given
electron in concerned.

When the molecule is near the metal, the wave
function of the metal electrons is perturbed.
This change in wave function implies a change in
charge density near the surface of the metal,
which in turn involves a change in the Coulomb
interaction between electrons. An estimate of the
change in Coulomb energy can be obtained by
averaging the electron-electron interaction over



72 E. J. R. PROSEN

"‘R—’{b N [

F1G. 1. Path of integration.

the perturbed wave function which is

z

ML
Yy=doxot+ 22 2 Hogdixs .

B i=o L0 L2

(21)

The notation used here is the same as that given
in Section 2.

An estimate of this average can be given for the
case of the semi-conductor (Section 2) but is
somewhat more difficult to obtain when the
Fermi degeneracy is taken into account. In the
latter case, the electron-electron interaction is
somewhat smaller than in the former because the
antisymmetrization of the wave function implies
a greater average distance between electrons.
Therefore an estimate given for the Coulomb
term in the non-degenerate case is an upper limit
for that term in the degenerate case, and the
limits of validity to be given below for the former
result (Eq. 11) are, if anything, too stringent
when applied to the latter result (Eq. 20).

The average over the wave function (21) can
be carried out by introducing the Fourier analysis
of the interaction potential in the same way as in
Section 3. When the sum in Eq. (21) is carried out
over all one-electron states, the average value of
the sum of the electron-electron, electron-positive
ion, and positive ion-positive ion interactions is

found to be

z z
p2 Mo,'Mjo elxixodTid Ty

K=—
2 j=o(Ey—Ej)?

. (22
1’1372311'1"1'21‘ (22)
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The integration over both sets of variables is to
be carried out over the volume of the metal so it
is apparent that the integral diverges as the
volume approaches infinity.

In order to eliminate this difficulty, the
electron-electron interaction should be taken into
account in the perturbation calculation. Since the
effect of this interaction is to shield the electrons
within the metal from the field of the dipole, it
can be taken into account in a rough way by
introducing a cut-off factor in the interaction
potential between molecule and metal. For
example, the potential H*(8) can be replaced by
H=*(B) exp(—u-15), where u is to be chosen large
enough to guarantee that the average electron-
electron interaction is small compared to the
interaction between metal and molecule. It will
be shown below that for sufficiently small valucs
of R, this can be done in such a way that the
energy W is still given by Eq. (11) to a very good
approximation. The validity of the method is
questionable for larger values of R since, then,
the details of the method used in cutting off the
potential become important.

Using the cut-off potential given above, the
energy of interaction between metal and molecule
becomes

W= _fzf S, f[Hr(ﬁ)]2 exp[ —2(u-15) Jd 5.

For (u-rg) <1, the exponential can be expanded

Y

F1G. 2. Momentum vectors.
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with the result

T 2(1+2)
Y S
2\r 3"

tap f [I+(8) T (u - xa)drst - - -.
(perf) <1

W=

The first term is just the value of W given by

Eq. (11). It is not difficult to show that the term

involving the integral becomes appreciable if
uw=1/R. (23)

Thus the cut-off potential gives the same energy
as the original treatment only if u<1/R.
Equation (22) is to be replaced by

? s M,f,-Mfg_
E;)?

2 i*0 (E[)—
exixsexp | — (u-[r1+r12])}

Xff 713793 | 11— 1y

A rough evaluation of the integral yields

dT]dT-g.

x z
Tiplet Mo; M m2p%ia

T WRY S0 (Eo—E;)? WwRIAE'

where AE is some average difference in cnergy
between levels in the molecule. The condition
that K be negligible compared to W is

27 pe*

wRAE

If Eq. (23) is taken into account, it follows that
Eq. (11) breaks down for values of R of the order
of magnitude of, or greater than (AE/2mpe?)t.
This distance is of the order of magnitude of the
Bohr radius if AE refers to electronic transitions.
The conclusion is, then, that there is, at best, a
narrow region for which the Coulomb term can be
neglected under the condition that the overlap
between the molecular and metal wave functions
is sufficiently small to justify a perturbation
treatment. For semiconductors this region is

A
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much larger than for metals because of the
smaller value of p for semiconductors.

Finally, the present method should be com-
pared to that of Margenau and Pollard® which is
also based on the second-order perturbation
theory. They computed the interaction of the
dipole field of a small element of metal with the
molecule. The interaction of the molecule with a
half-infinite metal body was then obtained by
considering the metal to be made up of many
such small elements and adding the contributions
of each of them. The details of the metal wave
functions were taken into account, at least in
part, by introducing the experimentally measur-
able polarizability of the element of metal.

In order that the field of a metal element be
correctly represented by a dipole field, the linear
dimensions of the metal elements must be small
compared to the distance, R, between the metal
and molecule. Otherwise the higher multipole
fields of the metal elements become important.
On the other hand, the division of the metal into
clements cannot be arbitrarily fine since it must
be certain that each element behaves like a
macroscopic piece of metal (i.e., has an experi-
mentally measurable polarizability). This implies
that the linear dimensions of the element must be
very large compared to the lattice distance.

When these two conditions are taken together,
it is apparent that R must be very large com-
pared to the lattice distance. Thus the treatment
of Margenau and Pollard applies for relatively
great values of R, while, as we have seen before,
the results given here are valid only in the region
of small R. The interaction in the treatment
given here will be particularly important for the
calculation of heats of adsorption when much
more becomes known of the repulsion potential
between the molecule and metal.

The authors are indebted to Professor Teller
for suggesting this problem and for many helpful
discussions concerning it.

5 H. Margenau and W. G. Pollard, Phys. Rev. 60, 128
(1941).



