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Concentration of Isotopes by Thermal Diffusion:
Rate of Approach to Equilibrium

The purpose of this note is to make some additions and
corrections to an article' of the same title which appeared
in a recent issue of this journal. The equation numbers
given below refer to this article.

(1). In Eq. (10) we usedtheexpression forthetransport,
r I, which was derived by Furry, Jones and Onsager' for
the stationary condition. The detailed justification for its
use in the nonequilibrium case follows. Ke want a solution
of Eq. (4), which may be written in the form

B(pcI) 8c~ 8 cI 0 0c~ cic2 0T= —p~—+pa —,+—pD —— —,{4')
BS2 Bx Bx T dx

subject to the boundary conditions {5)and (6):

from 30A to 680A. Twenty thousand sparks (at the rate
of about j.00 sparks per minute) gave a very satisfactory
spectrogram.

In the argon spectra lines arising from argon IV, V, VI,
VII, and VIII have been identified. Preliminary results
for some of the stronger lines in the spectra are listed in
Table I. In all cases the frequencies agree very closely
with those predicted from the laws governing isoelectronic
sequences.

A more. complete report on the argon spectra and one
on the neon and krypton spectra will be ready soon.
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pv(x) dx =0.
0 (6)

Let us integrate Eq. (4) with respect to x from x=0 to
x=d. Making use of (5), we find:

& BC' ~ 6CI & ACED

p
—dx = pD—dx —. pv—dx.
Bt 0 gs2 G gz

(a)

then

G(x) = pvdx;
0

G(0) =G(d) =0.

(b)

(c)

An integration by parts gives:

BCy ~ CPC I
pv—dx = G(x)

Bz o Bx&z

The value of B~CI/BXBS may be obtained from Eq. (4)
which, after integration with respect to x, may be written

BCy nCICg BT
l9X T Bx

BC' t9Cg t9 CI+ p '// +p —p D', dx'. (e)
Bz Bt t9s

The prime indicates that the various quantities in the
integrand are functions of x'. Differentiating (e) with
respect to z, we find

a2CI ~aT a (cc)
t9xBs T Bx Bs

+— p'v' +p'——p'D' dx'. (f)
pD o Bs2 Ozdt Bss

The transport, equation is obtained by substituting (f) into
(d) and then (d} into (a). After multiplying through by the
mean circumference, B, the resulting equation may be
expressed in the following form:

8, ——D —
& —r(x)-- c,dx
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where I(x) is introduced by an integration by parts;

(h)

In the integral on the left-hand side and in the first integral
on the right-hand side we may replace cI by its mean value
across the column without appreciable error. The frac-
tional variation of cI with respect to x is of the order
o/hT/T, so that the error involved is certainly less than
this amount. The last integral would vanish on account of
(6} if ci were independent of x, so that it: is not possible to
use the mean value here. It is, of course, just, the variation
of the concentration across the column which gives rise to
the transport.

The integral may be evaluated as follows. Let'
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and H and E are the constants designated by the same
letters by Furry, Jones and Onsager. 4

& G(x) BTH= —B o/ —dx,
T Bx

&/G(x) 1'
pD

Eq. (g) is the same as Eq. (10) except for the term I(x)8/8s.
Ke will now estimate the magnitude of this term. In the
actual operaion of the column, the maximum value of

log cy/8s will be of the order H/X. The fractional
error involved in the neglect of the term will therefore be
of the order

(H/Xd) J I(x)de=(H/Ed) J $XG(x)/pD]dx (k).
Kith the substitution of the expressions (i) and (j) for
H and E', it can be seen that the error is of the order
ahT/T. In most cases this will be a fraction of one percent.

Strictly, we have shown only that the derivative

Ty 8

Bz (98
(&&)FJO

By an analysis similar to that given above it can be shown
that the error involved in the use of the stationary value
for v ~ itself is of the same order of magnitude.

(2). The discussion of the roots of the equation I'(p) =0
{Eq. (38)) is not very clear in the article. The roots are
most easily obtained in terms of y:

py = —(AH//2pu) (1—pip),

where the yg are roots of Eq. (47). In deriving (47) from

(38) we have, among other things, multiplied through by
y. The root y=0 is therefore not to be included. If yq is a
root of (47}, so is —yl, . These two roots correspond to a
single root pq of Eq. (38). Only one of them should be
included in the sum in Eq. (49).

(3). There are two misprints in Eq. (49). The correct
equation is:

2(R+ (H/3IIpI )) (e~~ —yI, sinh yi AI —cosh VOL) —4 cosh yqAL
g /g. 0 —Qe2As+ Q

& (1—~P) (~& ~R sinh ~&AL+~k 2 cosh ~&AL —AL~& ~ csch ~&AL)
s nh y A(s —L)+cosh y A(s —L)j exp fA(s —L)+pqtj. (49)

The author wishes to thank Professor K. H. Furry for
helpful correspondence about some of the above points.
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