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The theory of resonances in the one-body problem model
is systematized. Energy shifts in the apparent position of
levels are found. The apparent position of levels in scatter-
ing and in y-ray emission is expected to be the same to
within ~T?/E in the usual notation if the only repulsive
barrier is the centrifugal one. In the absence of strong
repulsive barriers there may be additional shifts of the
order T. Interference between levels is shown to occur for
the scattering cross section in the numerator and the de-
nominator of a fraction in accordance with Egs. (3.3),
(3.6). The artificiality of usual formulas with interference
for cross sections is discussed in this connection. The
construction of Green’s function for two-dimensional
separable problems is described. The construction works
also for some many-dimensional problems. The reduction
of the number of essential dimensions is outlined by a
reformulation of the problem in one less dimension. Ap-
plications are made to the solution of scattering problems
which represent schematically idealized nuclear problems.
The single particle potential barriers enter the solutions
through the regular and irregular solutions f, g of the
radial equation. It is seen from the solutions that the

yield may depend on the f and g for various excited states
of the residual nucleus. A simplification occurs if the inter-
action is highly repulsive and is localized in the two-
dimensional space of the distances of the particles from
the center. In this case the regular functions f for the
incident and final state enter linearly in the wave function
as in Eq. (15.5). If the interaction region is made large and
if the incident state happens to be especially important
in the expansion of Green’s function then the factor g of
the incident wave occurs in the formula for the cross
section as in Eq. (16.4). A resonance model is worked out
by assuming the interaction to be highly attractive within
a circle and repulsive in a ring surrounding the circle in the
two-dimensional diagram. The damping constants in the
resultant formula contain f? as in Eq. (18.8). Here also
the single dependence on f? is a consequence of having
localized the interaction to a narrowly defined radius for
the incident particle. In the general case each damping
constant involves the g of different states. The examples
show that quantitative applications with simplified forms
of damping constants and with interference types of dis-
persion formulas have only a limited validity.

INTRODUCTION

ANY nuclear reactions show excitation
curves with pronounced peaks which sug-
gest that there is a resonance of the nuclear
system to certain energies. The older discussions
of such resonances have been concerned mainly
with ‘“‘one-body’’ models in which the actual
system was schematically represented as a
system consisting of the incident particle moving
in the field of the bombarded nucleus. The large
number of resonances discovered in the bombard-
ment of nuclei by slow neutrons as well as other
reactions have shown the inapplicability of the
“one-body’’ picture in the majority of cases and
it has become clear that many nuclear particles
are usually involved in a resonance state.
The general physical aspects of the problem
are clear and well known.!=® The bombarded
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nucleus together with the incident particle can
form a state which has an appreciable stability
and a relatively long mean life. The width of
the state is connected with the mean life by the
indeterminacy relation so that a long life corre-
sponds to a sharp level. The compound state is
formed with a maximum intensity when the
incident particle has a suitable energy and with
smaller intensity when the energy of the bom-
barding particle is varied through the resonance
width. The compound state disintegrates in
several energetically possible ways producing
either scattered incident particles or disintegra-
tion fragments.

This picture is good enough for a qualitative
understanding of some reactions. It is not entirely
satisfactory for quantitative applications. The
compound state used in the above description is
not defined by the description itself and it is
understood in different ways by different physi-
cists. Some think of it in strict analogy to pre-
wave-mechanical pictures as being like an ex-
cited state of the electronic system of an atom
which can emit photons of several different
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wave-lengths by making optical transitions. This
picture is correct except for its pre-wave-
mechanical features. Without wave mechanics
one can describe qualitatively the decay of the
atomic level by introducing Einstein's emission
probabilities and saying that the atomic system
jumps to one or another of the lower levels with
the simultaneous emission of a photon. So far
the picture is correct. It is then said that the
level width is increased because it is not a real
stationary level and that the emitted lines will be
fuzzy. For a justification of the latter view an
appeal is made to the indeterminacy principle.
At this point there is a bad mix-up, the word
“level” being used in two different ways. In the
first part of the picture it was used in the sense
of an atomic level, the atomic system being
pictured as an idealized mechanical unit with its
interaction with radiation neglected. This kind
of “level” is a clear concept as long as it lies in
the discrete part of the spectrum, as it is sup-
posed to lie. It is not diffuse but absolutely
sharp. When, toward the end of the explanation,
one speaks of the ‘“level” as diffuse, it is the
level of the compound system consisting of
atom--radiation field that one is thinking about.
This kind of level is not well defined in the above
explanation.

The actual situation in the optical case has
been cleared up by Weisskopf and Wigner.®
They showed by a perturbation calculation that
if an atom is put into an excited state j, so that
it is definitely in that excited state at the time
t=0, then at later times there is (a) an expo-
nentially decaying probability of the atom being
in the excited state j, (b) a growing probability
of lower atomic states 1, &, [ and of photons with
corresponding energies. The energies of the
photons emitted in the ji jump are approxi-
mately equal to the energy difference E;— E;=E;;
between the upper and lower atomic states. The
band of photons emitted in such a jump is found
to have an intensity distribution of the resonance

type
const.
(E=E;)*+(Ti+T+T))?
5 V. Weisskopf and E. Wigner, Zeits. f. Physik 63, 54
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with a peak at the emission center E;. The
half-width of the line 2(T';4+Tx+4T;) was shown
by them to be the sum of half-widths due to
separate emissions ji, jk, j! with emission proba-
bilities 4 T';/h, 4w Ty/h, 47T/h. They have also
explained that for the compound system atom
+radiation the energy of the initial state (no
photons, atom in state j) is not sharp but has a
width connected with

F=T;4+T+T, (1)

by the indeterminacy relation. In their theory
the ‘“‘compound state” is the state of the system

atom-+radiation field

in which there are no photons and the atom is in
the state j. This compound state does not have a
definite energy. The energies of the compound
system out of which the state is composed have
a probability distribution of the form (1).

In the optical problem the optical transition
probabilities are small and it is natural as well
as useful to define the compound state in the
above manner in most cases. But even here this
definition is not the most natural under all
circumstances. If a group of atomic levels E;, E,,
etc. have energy differences |E|, |Eus], etc.
smaller than the energy widths T';, Ty, etc. the
compound state obtained by exciting the atom
to a single level, say E,, and having no photons
at t=0 does not correspond to a simple physical
condition. The photons emitted from E; are re-
absorbed so that the atom is partly in E,; and
partly also in other states E;, E;---. It is here
also possible to define’ the compound state in a
sensible manner, at least approximately. This
corresponds to an initial state of the atom with
a wave function which is a proper linear com-
bination of the wave functions ¢, s, ¥3 corre-
sponding to Ei, Ey, E3- - -. If, at =0 the atom is
put into such a state, represented by c1y;+coys
4+ -, and if initially there are no photons, then
at later times the probability of the atomic
state ci1+caya+ - - - decreases exponentially and
photons appear within a band having a width
connected with the mean life of the atomic
state by the indeterminacy relation. It is to be
noted that the atomic states E;, E;, --- have

"G. Breit, Rev. Mod. Phys. 5, 91, 117 (1933); G.
Breit and I. S. Lowen, Phys. Rev. 46, 590 (1934).
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different energies. One could, if one liked, speak
of ¥s as the compound state. This would not be
an especially useful procedure for physical appli-
cations, however, because (a) this compound
state would not decay exponentially; (b) the
scattering of light is expressed more simply in
terms of the states ¢1¢1+copa+- - -.

It is seen that even in the optical case the
definition of the compound state requires caution.
The natural and useful definition is that of using
linear combinations of atomic states which give
an exponentially decaying probability of atomic
excitation. This definition is slightly more com-
plicated than that for the problem of Weisskopf
and Wigner. It is definite as long as the inter-
action of the atom with the radiation is suffi-
ciently weak. If the interaction were strong the
exponential decay of the atomic excitation would
not be obtained and the compound state could
not be defined in the above manner.

Nuclear resonances differ from the optical
problem in the following respects: (a) There are
cases of nuclear resonances in which the peaks
of excitation curves overlap. The coupling
through emission which has just been discussed
can be expected, therefore, to be of more fre-
quent occurrence. (b) In the optical problem the
direct change of one type of photon into another
is of secondary importance. With Dirac’s electron
equation it even disappears altogether. The
scattering of photons in this formulation can be
explained entirely by a succession of emissions
and absorptions affecting the wave function. In
the general nuclear problem such a simplification
cannot be made. Direct transitions between
states in the continuum are possible. (¢) The
effect of a nuclear resonance is of interest also
outside the main resonance peak. For slow
neutrons this effect gives the 1/v law. There is
evidence for it also in the vy-rays emitted by Li?
under proton bombardment below the 440-kev
resonance. (d) The interaction of the atom with
radiation is always small. The level of the com-
pound system responsible for the resonance is a
state in which there are no photons present.
The interactions between nuclear particles are
not sufficiently small to make the analogous
simplification possible.

It is desirable to be able to use experimental
yield-energy curves and to draw from them
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conclusions regarding properties of the nuclear
system. Data on widths of nuclear levels due to
neutron emission should be comparable with
similar data for widths due to proton emission.
The comparison can be made only if proper
allowance is made for the effect of the Coulomb
barrier. A quantitative understanding of the
problem is necessary for this purpose. Similarly
it is desirable to know whether peaks in yield-
energy curves indicate the position of levels of
the compound nucleus with any precision and
just what relation these energy levels have to
ordinary nuclear levels. For example, the com-
pound state (C2?)* formed as B!-4H! shows
resonances in gamma-emission at proton energies
that correspond to a mass difference between
(C2)*—B®2 which would be expected if (C2)* as
well as B2 were stable and if the binding energy
of (C®)* differed from the binding energy of B2
only on account of the Coulomb energy. A ques-
tion of direct physical interest is whether the
hypothesis of a symmetric Hamiltonian for
nuclear particles makes one expect a coincidence
of this sort and to what accuracy. Another
type of question arises in observations of the
same level under different circumstances. The
position of the level is not expected to be
exactly the same and some calculations regarding
the magnitude of the energy shift are made in
the present paper.

For the discussion of such questions it is
difficult to use too general and formal treatments
such as have been attempted by Bethe and
Placzek® and by Kapur and Peierls.? The point
of view of these authors is that one must repre-
sent the collision cross section of a reaction as the
square of the absolute value of a sum of dis-
persion-like terms. Even if this were accom-
plished the result would not necessarily be useful
for the above types of questions because it is
impossible to compute all the terms in such
formulas starting with expressions for nuclear

8 P. L. Kapur and R. Peierls, Proc. Roy. Soc. 166, 277
(1938). For the one-body problem at low energies this
theory gives levels which correspond to d/dr=0 at the
nuclear radius. There are no perceptible resonances at
such energies in the deuteron problem. This is due to the
fact that the KP levels depend on the total energy and
the caution, which must be used in attributing to their
levels ordinary resonance properties, may be emphasized.
These KP levels show pronounced resonance to change of

depth of the potential well but not to change of total
energy.
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forces. It is practically hopeless to analyze data
in terms of resonance levels having variable
positions depending on the energy of incident
particles, as well as on the assumed nuclear
radius, as becomes necessary in the formulas of
Kapur and Peierls.

The unsatisfactory state of the theory of
nuclear resonance makes it desirable to consider
some typical examples. Only partial answers to
some of the above questions will be arrived at
below.

ONE-Bobpy PROBLEM
(A) Method of complex eigenvalues

For the one-body problem a single and reason-
ably sharp level in the continuum has simple
properties. The absolute value of the wave
function, normalized to unit amplitude out-
side the nucleus, becomes a maximum inside
the nucleus for the resonance energy. An inci-
dent plane wave of particles asymptotic to
exp (ip cos 0) and scattered by a central field is
represented by

Y=2i%(2L+1)Pr(cos O)Fr(p)/p. (1")
The functions {r(p) are normalized to unit
amplitude at p= o and, therefore, a sharp
maximum of §§ inside the nucleus corresponds
also to a maximum of y. The asymptotic form
of 1 is
Tr~eErsin (p—Lw/2+Ky).

For a given'L a resonance can be expected in
the neighborhood of a complex eigenvalue of
the energy. The possibility of using complex
eigenvalues of the energy has been first intro-
duced into quantum theory by Gamow.? A con-
nection with resonances has been described by
Breit and Yost.® The latter connection has

-~

(t>0); ¥=-
L=0 (t<7’/7)0),

,

(t<0); =<

L:O (t+7'/7)0>0).

=24*(E,) exp {—;( — Eot+ pver) —%(t —7/v0) ] (t>7/vy)

1 T 7
=24 (E,) exp {——h‘(E0t+M7)07’) +z0(t—l——— ‘ (t47/v,<0)
Yo
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recently been pointed out again by Siegert.!!
A discussion of the one-body resonances making
no use of complex eigenvalues has been given by
Wigner and Breit.? Kapur and Peierls® have given
a discussion of one-body resonances also using
complex eigenvalues but along different lines.

By the method of complex eigenvalues one
considers the asymptotic form of the solution of

d*¥g/dr*+(2u/ 1) (E— V) ¥5=0, (2)
which is

Vp~Aei* 4 Beitr, k= (2uE)}/k.
The normalization of ¥g is such that

(d\I’E’/d?)T=0 =C

(2.1)

is kept constant for all energies E. If
(d‘I’E/dl’)r=o=0
then one uses for C the first nonvanishing

derivative of ¥z. The function 4 (E) is supposed
to have a root E¢—:I'g so that

A(E,—1iT) =0. (2.2)
For small values of E—Ey,+1T, one has
A(E)=(E—E;+iT0)(dA/dE) 40,

(2.3)

B(E)=(E—Eo—1il0)(d4 /dE)*s 0.

It is assumed that for real E, A*=B. The con-
nection with Gamow’s picture of an exponentially
decaying state is obtained by forming a wave
packet out of the solutions of (2) with real values
of the energy. One has then as in Egs. (20) of BY
the following wave packet

Ty pte  exp (—1Et/h)
— | v
™ —00 (E'—EO)2+F02

This wave packet outside the nucleus i.e., in the
region where (2.1) applies is given by

E=V. (2.4)

(2.5)

(2.6)

9 G. Gamow, Zeits. f. Physik 51, 204 (1928); H. Casimir, Physica 1, 193 (1934).

10 G, Breit and F. L. Yost,
11 A, J. F. Siegert, Phys. Rev. 56, 750 (1939).

Phys. Rev. 48, 203 (1935). Referred to as BY'; G. Breit, Phys. Rev. 40, 127 (1932).
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Here v, is the classical value of the velocity of
the particle outside the nucleus and is obtained
from

E0= %‘[JJ)()?.

According to Eq. (2.5) the wave packet flows
out of the nucleus for t >0 as a diverging wave.
The place at which ¥ becomes zero moves with
the constant velocity w,. For a fixed » the
amplitude of ¥ decreases exponentially at the
rate exp (—I¢t/k). The sharp break in ¥ at
r=uet is not strictly correct. It is brought in by
the approximation in the calculation of BY in
the neglect of terms in (E— Eg)? in the expansion
of k in powers of E—E,. For t<0 one obtains
only incoming waves as indicated by —iuver/h
in Eq. (2.6) and for a fixed 7 the function in-
creases exponentially with ¢ up to {=rve. After

this time ¥=0 at this . The wave packet (2.4)

represents particles flowing out of the nucleus for
t>0 and flowing into it for ¢<0.
The mean life of the nucleus is 7 given by

1/7=2T¢/h=4xT¢/h, (T in energy units) (2.7)

1/7=4xT,. (T in frequency units) (2.8)

In energy units Ty is the coefficient of —7 in the
complex eigenvalue. This is convenient and this
quantity will not be denoted here by v/2 as is
often done. The value of Ty can be computed in
some cases by finding the root of Eq. (2.2).
This is not necessary, however, because one has
[Eq. (21”) of BY]

t/r=0, / f | GunCo) [, 3)

where {Eq is the real solution of Eq. (2) for
E=E, normalized to have unit amplitude at «.
The integral in Eq. (3) is taken through the
nucleus and through a part of the barrier outside
the nucleus along the rapidly decreasing portion
of §. The qualitative meaning of Eq. (3) is clear
when it is noted that the numerator is the
velocity of the escaping particle while the de-
nominator is the probability of the escaping
particle being inside the nucleus. The correctness
of the numerical factor 1 in the formula is not
immediately obvious since the real function

SEo(p)
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represents a standing wave and' corresponds to a
density (per unit thickness of a spherical shell)
of 1 rather than 1. The correctness of the factor
1 is shown in BY. It may also be seen from the
fact that inside the nucleus there is little differ-
ence between §E¢(p) and the solution of Eq. (2)
for E=E—1iTy normalized so as to make

2|A(Ey)| =1 (3.1)

in Eq. (2.5). If we assume for the moment that
this is the case, the coefficient 24*(E,) which
multiplies the exp { } in Eq. (2.5) has absolute
value one. The rate at which particles flow out
for this wave packet is vg and Eq. (3) follows. The
fact that Jy'|$|%dr is practically the same for
the normalization (3.1) of the complex eigen-
value solution as for E=E, and (|F|Hw=3%
follows from the assumed sharpness of resonance.
This in fact makes Jy"|$|2dr dependent prac-
tically only on C and not on E as long as E is
not ‘changed by amounts greater in absolute
value than Ty; and the real function {Eq(p)
normalized so as to be a sine function of unit
amplitude at p= » satisfies Eq. (3.1) so that
Vro={Ey makes the coefficient of the exp in
(2.5) have absolute value 1 in agreement with
Eq. (3).

The correctness of the coefficient 24*(E,) in
(2.5) can be seen without integration if one
observes that this coefficient must be B(Eq—34T'g)
and that

Equation (3) is definite only if the upper
limit can be defined without ambiguity. For
cases where this cannot be done a more precise
formulation has been given by BW. This makes
no use of the complex eigenvalue point of view
and allows a better definition of the upper limit.
It follows from Egs. (2.3) that for the wave (1”/)
the probability of finding the particle inside the
nucleus is proportional to

1/[(E—=E)*+T¢]

In fact outside the nucleus the normalization of
Eq. (3.1) holds. Hence according to (2.3), |C|?
is proportional to (3.2) and |{|? inside the
nucleus is, therefore, also proportional to (3.2).
A nuclear reaction which is proportional to the
probability of finding the incident particle inside

(3.2)
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the nucleus is also proportional to this expression
and is thus represented by a resonance formula.

According to Egs. (2.3) the phase of §§ changes
by ~m as E changes from Eq—nTy to Eq+nT
for n appreciably >1. One goes through a reso-
nance for scattering in the vicinity of E,. The
explicit connection with the direct calculation of
phase shifts is seen through Egs. (9), (9'), (10%),
(13), (17) of BY. The discussion of BY and of
BW at this point is perhaps too brief and the

S11

discussion of Siegert brings in a distinction
(mentioned in reference 13) between resonance
and potential scattering which is rather artificial
and does not correspond to the usual one. It
may be permissible, therefore, to consider the
connections again and to extend them so as to
include the combined effect of several complex
eigenvalues for the energy. It may be possible
to represent the function 4(E) defined by Eq.
(2.1) as

1 1 N 1 1 1
=t : ( — ) (3.3)
A(E) o(E) »=1A4'(E,—iT )\E—E,+1l', E,—1il,
and to have 1/a(E) a sufficiently smooth function of the energy to make its more detailed considera-
tion unnecessary.’? The chance of finding the particle in the nucleus, according to Egs. (1”’) and (2.1)
is proportional to

|1/A(E)|*

and shows, therefore, the interference of IV terms of the resonance type. For special functions 4 (E)
it is possible to have a(E)=const. and N= ». The analytic character of 4(E) is not always easy to
ascertain and it appears preferable, therefore, not to assume that «(E) is a constant. The representa-
tion of 1/4A(E) by the sum on the right amounts then to splitting 1/4(E) into a smoothly varying
part 1/a(E) and a part represented by > which is designed to take out the bumps of 1/4(E). The
partial scattering cross section corresponding to angular momentum L is

or=2L+1)(A%/7) sin? K. (3.4)

The phase shift K, is obtained from (2.1) which yields
exp {i(K—Ln/2)} =iB/|B| =id*/| A
so that .
i

in Kp= A*4(—)t4 3.5

sin K, ZIAIE +(—)r4] (3.5)
e (2L+1)a? A% A QLADA [1/A+(=)"4%]

aL=———ﬂ[2+(—>L—+<—>L—]= : (3.6)
T A A* 4r [1/4 12

Equation (3.6) shows that the partial scattering cross section ¢y, is a fraction in which both the
numerator and denominator are sums of the type of Eq. (3.3). This form of the scattering cross
section is different from the formulas frequently given in which o is represented as the square of
the absolute value of a sum of terms of the type

2

. 3.7

An
E—E, 44T,/
Even if the form (3.6) should be reducible to (3.7) there is no reason to expect E,—<T', to be equal
to E,’—1I's’. The representation of partial cross section by ‘‘dispersion theoretic formulas’ is seen
to be somewhat arbitrary in the case of interfering levels. The interference is seen to take place in

two sums occurring in the numerator and the denominator of a fraction separately as in Eq. (3.6)
rather than in a single sum such as is written in the form (3.7).

12 Professor G. Y. Rainich has called the author’s attention to the fact that for entire functions & may be set =const.
and the summation is then an infinite series,
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In the vicinity of a single sharp resonance level one may write
1 1 1/A/(E,—il',)
A(E) B(E) E—E,+il,

(3.8)

and consider 1/8(E) a smooth function of E. Since the whole scattering is due to the potential V no
reasonable distinction between 1/8(E) and 1/4(E)—1/B(E) as referring to ‘‘potential”’ and “‘reso-
nance’’ scattering can be made in this problem.!® Both terms are in this case due to potential scatter-
ing. For large 8(E) one has
A2 —a (E—E,) 7]
L) (0T —an(E—E,)] ’
™ (an2+bn2)[(E_En)2+rn2]

(L even) 3.9)

where
1/4"(E,—1T,) =a,—1b,

and a similar formula for odd L. Thus even neglecting 1/8(E) in (3.8) one obtains a shift of the
maximum of ¢ with respect to the maximum of

1/[<E—En)2+ Fnz:l-
If we neglect the variation of A with E the maximum of ¢, is at an energy
E=E,—a,1,/b,

and is displaced with respect to E=E, by an amount of the order I',. There is thus no exact agree-
ment between the maximum of the scattering cross section and the maximum of the probability of
the bombarding particle being in the nucleus. The two maxima are displaced relatively to each
other by an amount of the order of magnitude of the width of the level. A displacement of the same
order of magnitude can be expected between the maximum of the y-ray yield curve and the maximum
of the scattering cross section. Additional shifts are produced by 1/8(E) which has been neglected .in
Eq. (3.9). In the case of Coulomb scattering there are additional shifts which are due to the inter-
ference of the Coulomb wave with resonance scattering. These have not been considered above.

(B) The method of regular and irregular functions

The method of complex eigenvalues has some advantages in introducing from the beginning the
quantities E,—4T, which appear also in the final formulas. It is not a convenient method, however,
for the computation of special problems. The values E, —:T', are troublesome to find and an analysis
of the series in Eq. (3.3) by Cauchy’s theorem is complicated. The possibility of a continuous dis-
tribution of poles in 1/4(E) may also enter. For physical applications one needs 1/4 (E) only for
real E. For this reason the method of complex eigenvalues has been partially related to the straight-
forward use of wave functions for real E by BY to the extent of Eq. (3) of the present paper and by
BW in a more thorough manner. The frequency shifts, discussed at the end of the preceding section
have not been covered in these papers and will now be considered.

The value of 1 outside the potential well (»>a) is obtained from the requirement of the con-
tinuity of . and its derivative. This requirement gives

11 : &1 : .
%—=—F—(1—FLGL5—’I/FL25)=~—(GL+’LFL)'**(GL’—FLFLI)
L L g 1 & G . & FL

=———[GL2 ———— —|—'LFLGL(—~——-— ]; (r>a)

Gr ¥. Gi . Fi 4)

0=F,/F,—51 /81, Fi.'=dF./dp, G =dGr/dp.

18 Such a distinction is made in the one-body problem by Siegert, reference 11.
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The second of the three forms for 1/ 1. follows from theinvariance of §./(Gr+1FL) —F (Gl +iF) =1
as is seen for large p. The functions F1(p), G1.(p) are the regular and irregular solutions of the wave
equation
d*F;, L(L+1) 2u
——F+—EF,=0; k*=2uE/h?
dp? 7t &

defined by their asymptotic forms sin (p—Lw/2), cos (p—Lw/2). The only potential barrier con-
sidered for these functions is that due to the term —L(L+1)/7? in the wave equation. The nuclear
potential is supposed to be zero for r >a. The maximum of §. for a high potential barrier corre-
sponds approximately to

1—FLGL5=O, G[,'/GLZ%LI/%L. (41)
The first and second forms of the above equation are equivalent on account of
Fi'!G,—F.(G.' =1 (4.2)

and both give for the resonance of ogcate/A?
Fr=1Gr. (4.3)

This relation means that at resonance the wave function outside the nucleus is a multiple of the
irregular function Gr. For the resonance conditions given by Egs. (4.1), (4.3) one has

tan K=o, sin? K;=1. (4.4)
These conditions correspond exactly to maxima of
or/A? (=maximum) (4.5)

and for sharp resonance give also maxima of the scattering cross section. Equations (4.1), (4.3) have
been used by BY and BW both in the above sense and as an approximate way of finding the reso-
nance energy of the maximum of | |2 inside the nucleus. For future reference there is given below
also the formula for K,

SoFL —FL'FL Fr2

tan K= = .
S'GL—F1GL 1—F1GL

(4.6)

The value of §.'/F at r=a is determined by the wave equation and the boundary condition at
r=0. Equations (4.6) and (4) may be used, therefore, for the calculation of tan K and {r. The
invariance of §FrFr —§1' Fr, F1'GL—F G (Wronskians) for changes in p together with Eq. (4.2)
shows the correctness of the second form of Eq. (4) and the first form of Eq. (4.6) practically without
calculation. One has from the asymptotic form for

Fr=[Frcos K,+Grsin K. ]exp K1), (r>a) 4.7

which can also be verified by means of Egs. (4.6) and (4).
For high barriers (i.e., high values of L(L+1)/7?) one has

G1(ka)> Fy(ka). (5)

Equation (4.7) shows then that the maximum of | .(ka)|? should fall approximately at cos K1 =0,
sin K;=1. From Eq. (4) one obtains the condition for a maximum or minimum of |{z|?

IR A
20E

30G, OF, Gpd8 d(8Fz)
] §Fy, ' (5.1)

=(F1G 1o~ 1)[
FLoE F9E FLOF OF

Resonance to scattering maximum of o,./A? occurs for F Grd=1. At the energy for which this
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happens one has .
Al a(FL*8?)
oFE dE

and the maximum of the wave function inside the nucleus is not reached at the same energy as the
maximum of ¢,.,/A2. An estimate of the difference in energy for the two maxima will now be made.
From the second of the three forms for 1/{ 1 given in Eq. (4) one obtains

() (5.2)

1 S GU\T T FUA\7
sl G CE0]
l%f,“ ¥z Gr vr Fo
One has the relations
d /dF, k2 pe 9 /0% B e
—(———) = — f Fdr, (——-) =—— f T ridr (5.4)
6E FLar EFL2 0 aE %Laf E% L2 0
and the resonance width is determined by
E a G12Ed oGy,
_=kf :3L12dr+[ ——-] (5.5)
AE 0 kOE Grorl,_.

with AE determined so that at a distance AE from the resonance energy | 1|2 has one-half its maxi-
mum value. In the derivation of Eq. (5.5) it has been assumed that the resonance is so sharp that
the maximum of |{1|? occurs at the same energy as the maximum of ¢,./A2 It was found by means

of Egs. (5.4) and

0 %L, GLI

e [ e | Y (5.5
oE ¥z Gi

which is suggested for sharp resonance by the last of the three expressions for 1, in Eq. (4). At
E=E +AE the scattering cross section is also approximately % of its maximum value as is seen from
the fact that (5.5’) makes tan K,=1. For large |G./F.| the scattering cross section and | (ka) |
are nearly proportional to each other. This is seen from Eq. (4.7) which gives

I%LI2=[1+(FL/GL) cot KL:IZGL2 sin? K;. (56)

The condition which must be satisfied for the proportionality of the scattering cross section in units
A? and the probability of finding the particle in the nucleus is

[Trl?/sin? K =G [14(FL/GL) cot K ]*=const. (5.7

Close to the resonance peak one may neglect (Fr/Gp) cot K. The ratio is then G1? which varies
with the energy. For high barriers G2 is likely to decrease with the energy. The scattering cross
section is relatively higher, therefore, on the higher energy side of the peak around its main part.
There is thus no exact correspondence between the maximum chance of the bombarding particle
penetrating the nucleus and the scattering cross section and the correspondence becomes poor when

[tan KL{ "’IFL/GLI
on account of the first factor in Eq. (5.6). By means of Egs. (5.4) one obtains

) S Grf kGy G1d 3Gy
o () oo
oFE %L G En%f kOE GLor
d [F %L’ FL' ] kFL f . FLé) E)GL G(I/G;_)
_ ———— = —— y—— —_—
aE k %1, FL Eo% L2 kaE GLaf aE

3. Fr 1

FL(—-——— =——, (E=E,).
%L FL GL
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In these formulas E, is the energy for which the scattering resonance condition (4.1) is satisfied.
The derivatives 8/9E are supposed to be evaluated for E= E,. The same convention will be followed
in the following approximate calculations of the energy shift. In the vicinity of E=FE, one has
according to Eq. (5.3)

. Fo

1 ] &L G 21 E—E, 0 ¥ Fo
el S s )
Tl oE §. Go 5% GL OE
The second derivative of [Fr(F1'/Fr— FL'/FL)] is neglected. Minimizing the above expression,
one obtains the condition

f% an aGL an(l/GL)
EoFL %L kaE GLaT FLE)E
E—Ey=— (5.8)
G3 1 Ey 9GL7?
[‘— f%deP‘i- ]
%LQ kaE GLaf
Similarly the corresponding approximate condition for the minimum of |G1/F1|*
is
- FLEo FL
A% —EQ— = “——'AE.
Eod 3Gy Gy (5.9)
& P Rt
kaE GLar

Here AE is introduced by means of Eq. (5.5). For high barriers | F1/G| <1 and |E'—E,| <KAE.
The shift of the peak in such a case is small in comparison with the resonance width and the barrier
penetration factors enter in the same power in (E’'—E,)/AE as in AE/E. According to Eq. (5.8)
E—E, is of the same order of magnitude as E’'—E, The term (Eo/Fr)0(1/Gr)/dE contains the
penetration factors in the same power (zero) as the other two terms in the numerator of Eq. (5.8)
and there is no special general distinction between them. It is thus seen that the energy shifts indi-

cated by Eq. (3.9) are the less important the smaller | F/G|.
This conclusion can also be seen from Eq. (5.6). For E=E,+AE the value of G2 is

~ (G £0+26 (3G L/IE)E / f Gridp~G12+2/p.

The latter estimate is very rough. The point is
that the addition to G2 is of zero degree in G2
The fractional change of the factor G2 at
E=E *+AE is roughly 1/G;? and becomes negli-
gible for high barriers.

The essential point of the approximation to
resonance by the method of complex eigenvalues
and the method of regular and irregular functions
is the same. Resonance occurs nearly at the
energy for which |1/{1|? has a minimum. At the
minimum this quantity can be approximated by
a parabola and in this approximation formulas of
the resonance type are obtained for cross
sections.

One-body problem with strong repulsion

If the nucleus is surrounded by a strong re-
pulsive field acting in addition to the centrifugal
barrier then it is more natural to modify the
above procedure and to introduce wave functions
in the repulsive field. The repulsive field has to be
continued to =0 and there is some arbitrariness
involved in this step. The procedure is illustrated
in Fig. 1. The heavy line is the potential energy
curve. The light line is the continuation of the

1 The repulsive field considered here is not the Coulomb
field. The calculations are easily modified to include this
case also. The notation used here is convenient for appli-
cations to many dimensional problems.
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Fi1c. 1. Potential well and potential barrier. Heavy line
represents the actual potential. The light and dotted lines
represent auxiliary repulsive potentials. The height of the
straight horizontal line is the energy.

repulsive potential to »=0. At r=a the two
curves part. The region from r=a to r=»5 is the
potential energy barrier and the region a <7 <b’
is the region of negative kinetic energy. The
auxiliary repulsive potential could be drawn in
also as the dotted curve and in an infinite number
of other ways.

In the auxiliary repulsive potential one obtains
a regular solution f; for 7 times the radial
function. For » > b this function is a linear combi-
nation of corresponding functions without any
potential. One has

fr=Fcos d.+Gy, sin 6,
gr=—Fpsin §,+Gy cos dr. (6)

Here 4., is the phase shift of f;, with respect to
Fr, and the function g, is defined so as to be
asymptotically the cos of the same argument of
which f1 is the sine. For » <b the function g is
defined by the radial equation and continuity of
the function and its derivative at »=5.

From Eq. (6) one obtains

fr'gr—fig/ =F/G.—F.G/=1. (6.1)

The phase shift of {1 with respect to fr will be

denoted by . and one has
KL:KL+5L. (62)

For #>b one has according to Eq. (4.7) and
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Eq. (6)
%L: (fL COSs K1,+gL sin KL) exp {t(KL"l—aL)} (63)

But from r=a to r=2>0 the actual potential and
the auxiliary repulsive potential are the same.
Therefore Eq. (6.3) holds also for all »>a and
can be applied at » =a where the attractive region
begins.

The usefulness of this model is seen in cases in
which the region »<a can be pictured as an
approximation to the interior of the nucleus,
somewhat as in the case of the Coulomb barrier.
In such a case one is interested in |{|? in this
region and one can obtain an idea of these by
studying |[§r|? at r=a because in 0<r<a the
shape of {1 does not depend critically on the
energy. At r=a one has, on the other hand,
|g/fr.|>1 for high barriers and one obtains,
therefore, higher reaction vyields for approxi-
mately those energies for which sin ;= +1. The
scattering cross section depends, on the other
hand, on sin? K; and one has thus an energy
shift between the peaks of the scattering cross
section curve and the curve for |§.|? which is
due to 4. This shift is of the order of magnitude
of the width of the resonance curve multiplied by
d./m because the half-value width of the reso-
nance curve corresponds to a change in K;, by
/2.

It is natural to expect a shift between the
energy of maximum penetration and the energy
of maximum scattering. Suppose, for instance,
that the maximum of |{L(kc)|? occurs at the
same energy (Fig. 1) as the maximum of sin? K.
The maximum of | r(ka)|? will not occur at the
same energy because the barrier between
¢ and a affects the wave function. The ratio
| T r(ka)/Trlkc)|? varies by large amounts in
the vicinity of resonance, provided ¢ and ¢
are sufficiently far apart and an energy shift
results.

Since the repulsive potential can be continued
to the left of ¢ in an infinite number of ways the
method of the auxiliary repulsive potential is not
unique. Even though the functions fz, g. are
natural ones to use they are only auxiliary
quantities, while § is the actual wave function.

v Fic. 2. [Illustrating the
cusp at the intersection of
—w and v.

-W
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One has

(6.41)

tan k.=

3Lf//‘“%L'fL__ Jure’ (5f fi 3L')

Jer—Ggr 1—frgrd’ fr %L

1 & g ] [ &L fi
=lgi\ ——— fL ——‘—)] (6.42)
RV [g (%L gL S fL

analogously to Egs. (4.6), (5.3). For the width of resonance (AE)’ as measured by |§r(ka)]|? one has

L2Ed dgy b
—k f lwm[g g] . f . ]2dp; [Maximum of [Fo(ka) 2]  (6.43)

(AE)’ kOE grord,—

This formula is analogous to Eq. (5.5). The function {1 and the other functions occurring in it are
evaluated for the energy which gives maximum |{ |2 inside the repulsive barrier, however, and this
energy is not the same as the energy for which sin? K, is a maximum. Equation (6.43) should net be
applied, therefore, to an estimate of the width of the scattering resonance in the general case.

A superficial comparison of Eq. (6.43) with Eq. (5.5) appears to indicate that (AE)'=AE because
the right-hand sides do not depend on the choice of the upper limit and Eq. (6.43) could equally well

be written
b ¢12Ed dg1
=kf|%L|2dr+[ ] . (6.43")
0 kOE gL(-)r r=b

(AE)

The integral in this formula has the same form as in the corresponding modification of (5.5) viz.

GL*Ed 9Gy
— / AT Resad Iy (5.5
kOE GLaT rmbh

suggesting that AE=(AE)’. This is not the case because the energy which must be used in Eq.
(6.43’) is for resonance at a while in Eq. (5.5’) the energy is for resonance at b.
Two-DIMENSIONAL PROBLEMS

Green’s function for separable two-dimensional differential equations

Consider the differential equation

dx®  ady?
in the domain
—a<x<a,
Cw<y< oo (7.1)

with boundary conditions
¥(a, y)=¥(—a,y)=0. (7.2)

It will be required also that for y= 4 and fixed x the wave function should either vanish ex-
ponentially or else be asymptotic to a sum of a finite number of size functions of multiples of y with a
number of fixed but arbitrary phase constants. In order that the latter boundary condition be a
possible one, it will be supposed that V(y) approaches a constant value faster than 1/y. This constant
value can be made =0 without loss of generality by changing «? so as to absorb the difference and this
change will be supposed to be made.

The differential equation

[d?/dx?+No— U(x) Jun(x) =0 (7.3)
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with the boundary conditions (7.2) defines in —a <x <a an orthonormal set with eigenvalues \,. The
function U(x) will be supposed to have either no singularities or if it has singularities these will be
supposed to be sufficiently innocent so as to allow the existence of the set A\; <Ay <\3- -+ with a mini-
mum \; % — o, A particular solution of Eq. (7) is obtained by letting

Y(x, y) =un(x) Yi(y) (7.4)
with
K=k24\, (7.5)
and with
[d*/dy*+k*— V(y) ]Vi(y) =0. (7.6)

The dependence of % on 7 is not explicitly indicated here so as not to complicate the notation. There
are two linearly independent solutions of Eq. (7.6). These will be

vk(y)) wk(y)y

respectively. The solution v;(y) will be chosen so as to be acceptable at y= 4+ % and w(y) so as to be
acceptable at y= — . Thus if at y=-+« the solutions of Eq. (7.6) are of the exponential type,
vx(y) will be taken as the exponentially decreasing branch and similarly w,(y) will be arranged to be
exponentially increasing with increasing y. This condition is schematically indicated in Fig. 2. If, on
the other hand, k2 >0 then one may use any pair of linearly independent solutions of (7.6) for v and w.
These solutions will be restricted later so as to give either diverging or standing waves. In all cases
the functions v;(y), wi(y) will be normalized so as to have

o' (M we(y) —o()wi’ (y) =1,
v (y) =du(y)/dy. (7.7)

If Eq. (7.7) holds for one y then it holds also for all ¥ as a consequence of Eq. (7.6) according to the
theorem regarding the invariance of the Wronskian. A kernel will now be defined as follows

K(x, y; & 1) = 2Zo(@)w(nua(x)un(§)  (vy>n),
K(x, y; & 1) =2Zv(n)we(y)un(x)un(§) (y<n), (8)

where it is understood that % varies with # in accordance with Eq. (7.6). It will now be shown that

2 f f K(x, v; & m)p(E n)dédn=p(x, 7). (8.1)

This equation will be first verified for the special form

p(& n) =u(£)f(n). (8.2)
One has

+

+oo
BCffK(x, vi & nua(§) f(n)dédn = Lun(x) Yi(y, n)f(n)dn=un(x)Mf Yily, n) f(n)dn,

where
M=d/dy*+ = \—V(y) (8.3)
and
Yily, m) =vi(0)wi(n)  (y>n), (8.4)
Vily, m) =ve(m)wi(y) (y<n).
It remains to show that

o0
M f Y,(y, mf(n)dn=f(y). (8.5)
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This is the case according to the construction of Green’s function for one-dimensional problems as
explained in Courant-Hilbert.!® The special case in which v;(y),w; (v) are the same is excluded for the
present. The verification of Eq. (8.5) is indicated next for the sake of completeness.

dz +0 d?

@ v o
ol DR LUL f_ it f ve(mywe(y) f(n)dn

Vi Wi n ) n d77 Vi 7 W n d7] Ui (Y)Wr U Wy

+ f 0" (3)wi(n) fn)dn+ f v(nyw” () fn)dn.

Substituting this into Eq. (8.5), taking into account (7.7) and Muw,(y) = Mw(y) =0 one verifies Eq.
(8.5). In order that the calculation in Eq. (8.6) be valid it is necessary that the integrals occurring in
it converge. In applications p(x, y) will vanish except in a finite range of values of y so that no
difficulty will be met in this connection. Having verified Eq. (8.1) for the special form (8.2) one sees
also that Eq. (8.1) holds for

p(x, y) =2 ua(x)fu(y). (8.7)

If the sum is finite the above verification applies directly. If the sum in Eq. (8.7) is an infinite series an
investigation of convergence is required. This has not been carried out in the general case. No
difficulty is expected in this connection in view of the fact that in special cases Eq. (8.1) can be
verified by other methods.

According to Eq. (8) two different expressions for K are used depending on whether y>7 or y <n.
These approach the same value > vi(y)wi(y)un(x)u,(£) as the line y=19 is approached in the two
regions and K(x, y; £, n) is continuous on that line. The derivative normal to the line appears to be
discontinuous being given by

LOK(x, y; & n) /0y Jymnio—[0K (x, 5 & 0) /8y Jymn—o=2 [vi’ (m)wi(n) —vi(m)ws’ (n) Jun(x)ua(£). (8.8)
On account of Eq. (7.7) the right side of the above formula becomes
2 ua(X)ua(E) =8(x —£).
The discontinuity in the derivative occurs, therefore, only at the point

(xr y) = (Ey "7)'

If one wishes to work with complex eigenfunctions the product u,(x)u,(£) in Eq. (8) can be replaced
by
Un (%) 0™ (£)

and the above argument remains essentially unchanged. It should be noted that Eq. (8.1) has been
verified only for such forms of p which can be expanded as in Eq. (8.7). This is a restriction which
must be watched especially at the boundaries of x since the boundary conditions for ¥ have no direct
significance for p.

General plan for applications of Green’s function

In proper units one can apply the wave equation (7) to the discussion of a quantum-
mechanical system consisting of two particles with the following interpretation of quantities:
k*=total energy, N\,=energy of x particle in state n, k*=energy of vy particle, and u,(x) =wave
function of x particle in state 7.

18 R. Courant and D. Hilbert, Methoden der mathematischen Physik (Springer, Berlin, 2nd edition, 1931), Vol. I, p. 302.
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In Fig. 3 a schematic picture of the two-
dimensional condition is sketched. The wave
function is confined to the strip of width 2a on
the boundaries of which it is supposed to vanish.
The wave equation (7) holds outside the shaded
region A. Inside this region another and in
general a nonseparable wave equation is sup-
posed to hold. The potential energy function
V(y) is schematically represented as a barrier
sticking out of the plane of the paper. In order
not to complicate the figure U(x) was taken as
zero and V(y) was made to vanish in the shaded
region. Neither of these simplifications matters in
the applicability of the method.

Outside the shaded region the wave function
will be represented as

vw )= [ [K@yien

Xo(&, n)dédn+yolx, y) (9)

and it will be supposed that

p(x, ¥)=0 (outside 4); LyYo=0. (9.1)
In consequence of Eq. (8.1) one has
£y =0, (outside 4). 9.2)

The function o will be used to represent the
incident wave and y—y, will give its modifi-
cation due to the interaction potential in the
region A. The reflection of the waves is thus
pictured as due to a source density p placed
within the interaction region. In the analogous
electrostatic problem the source density is re-
placed by a charge density. Since for k2>0 the
functions v, wy are not uniquely determined by
the boundary conditions and by Eq. (7.7) one can
arrange for ¢ —y, to have the desired asymptotic
forms (outgoing, incoming, standing waves) at
y==4x,

Some qualitative information can be obtained
from the form of Eq. (9) without special as-
sumptions concerning the location of p(x, y). It
should be pointed out, however, that in a number
of cases it is possible to condense p(x, ¥) to a very
narrow strip on the boundary of 4. This is a well-
known procedure in electrostatics and it corre-
sponds to representing the field due to a col-
lection of charges by an equivalent surface charge
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density over a surface enclosing the charges. The
possibility of doing so depends on the existence of
solutions of elliptic differential equations in
closed regions with prescribed boundary values
and may be seen as follows. A will be bordered
by a thin strip of uniform thickness just outside of
it and shown shaded in Fig. 4. The original prob-
lem will be modified by requiring that the wave
equation (7) holds everywhere except in the
shaded area of the strip. The values of ¢ on the
boundary of 4 (inner boundary of strip) will be
taken to be those given by Eq. (9). These values
determine a new ¢ inside 4 which will be called
¢. ¢ is a solution of Eq. (7) and is continuous
with ¢ just outside the shaded border when the
border is thin. The normal derivatives dy/dn,
d¢/dn are not continuous in going across the
border as in electrostatics. Leaving the thickness
of the strip finite but small one can join ¢ to ¥ by
smooth curves across the strip and define a
function

¥ =y outside 4,

V= ¢ inside 4, (9.3)
¥ =joining function in strip.
Now form
o(x, y) = L£V. (9.4)

From the definition of ¥ it follows that o(x, y)
has a value different from zero only in the shaded

BarrierV

Fic. 3. Illustrating the
two-dimensional strip
model. The wave function
vanishes within the verti-
cal strip of width 2a. The
interaction between the
particles takes place with-
in area 4. :

N
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r
b4
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Fic. 4. Illustrating the
concentration of source
density to the periphery
of region in which the
interaction takes place.

strip. Consider
X, 9) =tk [ [[KGx, 336 mate dsin. (0.9

This function satisfies

£x =0 outside strip,

£x =0 inside strip. (9.6)

Comparing (9.6) with (9.4) one sees that x and ¥
satisfy the same inhomogeneous equation. Also
Yo and K determine the asymptotic behavior of
x and ¢ at y=4- and one can see that this
behavior is the same for ¢ and x. In fact the

choice of vi(y) in (8.4) determines completely .

whether for y=4® the nth state of the «x
particle is excited together with y particle moving
towards y=+© or y=— o, It is usually as-
sumed that the specification of boundary con-
ditions in the above sense determines the wave
function. Adopting this view, it follows that

x=1Y,

x =y outside strip. (9.7)

Yolx, )+ f K(x, y; £ mo(t, nds= f R(x, ; £ m)a (&, n)ds,

do(x, y) 0K (x, y; £ 1) oK (x, v; & n)
’ y+f oY [v(é.n)ds=f—————n

6n+ (")n+
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According to the above one expects to be able to
replace a surface distribution of sources by a
distribution of sources on a contour in agreement
with physical expectation. One has for an
infinitely narrow strip

b=vot f K(x, v; £ n)o (& n)ds,

dst=dg2+dqe. ®.8)

The integration is carried out along the outer
boundary of 4 and ¢ in (9.8) is the previous ¢
integrated through the strip thickness.!®

The value of ¥ on the boundary of A4 and the
differential equation inside 4 determine ¢ inside
A and hence also dy/dn at the boundary. The
connection between the values of ¥ and those of
dy/dn on the boundary is linear, therefore, and
the problem reduces itself to the solution of linear
equations with the density function ¢ of Eq. (9.8)
on the one-dimensional boundary of the region 4.

This connection can be shown more explicitly
by introducing Green’s function for the interior
of A for the differential equation obeyed by ¢
inside this region. In terms of it one can write

v = [Re i matemds. (10)

The continuity of ¢ and its normal derivative on
the boundary gives

(10.1)

—a (&, n)ds, (10.2)

on_

the outward drawn normal being denoted by 7, just outside of the boundary and the inward drawn
normal by #_ just inside, as in Fig. 4. The above equations involve values of ¢ and & over the contour.
To emphasize this write s for (x, v), s’ for (¢, ) and

a(s, ') =K(x, y; & n),

b(s, s")=0K(x,y; & n)/dn.,

So(s) =vo(x, ¥),
One has then

fo(s)—}—fa(s, s’)o(s')ds’=fd(s, sha(s")ds',
go(s)—f—fb(s, s’)a(s’)ds’=f5(s, sNa(s")ds'.

16 The possibility of singularities in ¢ is not excluded.

as, s")=K(x, y; & n),
b(s, s")=0K(x,y; & n)/on_,
2o(s) = d¢o(x, y)/0n 4.

(10.3)

(10.4)



522 G. BREIT

The construction of K and K thus reduces the problem to the solution of two simultaneous integral
equations in a one-dimensional domain in two unknowns o, &.
The linear connection between y and dy/dn_ on the boundary is expressed in the above by

xp=fd(s, sNa(s")ds’, 6¢/6n_=f5(s, s"a(s")ds'.

It can also be expressed in other ways. Thus, for example, for the interior of a circle, inside of which
the potential is axially symmetric, it is convenient to use polar coordinates and a Fourier expansion
according to the azimuthal angle. The values of ¥ on the boundary determine then the values of
the radial functions by integrals involving ¢(s) linearly and dy/dn_ is a sum of such integrals. The
formulas are

$(s) = (¢i/2m) f Hag)e-nvdeo:  ds=adf

ov/on-= % [R/@)/Ra(@) e/27) [ plav)envde,

Substituting into the last of these equations by means of ¥(s) =fi(s)+ Sa(s, s")o(s")ds" and oy /on_
=go(s)+ Sb(s, s")a(s")ds’ one has a single integral equation in o¢(s). The radial function belonging
to e is denoted here by R,.

Degeneracy due to excitation

The spectrum of eigenvalues of Eq. (7.6) may be entirely a continuum. It is then always possible
to find both v, and w;, for every « and #. If the spectrum of (7.6) has also a discrete part then it may
happen that for certain values of x and # =17 it is not possible to find both v;x and w;+. This happens
whenever k2 is an eigenvalue of Eq. (7.6) and in this case the energy of the two-particle system in
the incident state ¥, is just equal to the sum of the energies of the x particle in the state 77 and the y
particle in the state k. The same function z;+(y) is (to within a constant multiple) the only acceptable
one both for y=+4 » and y= — », and it is impossible to construct a satisfactory Yi*(y, n) by means
of Eq. (8.4) on account of the failure of Eq. (7.7). This degeneracy of the kernel can be avoided by a
slight shift of the total energy and no difficulty arises as long as the energy balance for simultaneous
capture of the two particles is satisfied approximately rather than exactly. As this condition of
resonance is approached the product of the normalizing factors in v+, w;* must be increased in order
to satisfy v’wp—vpawp’ =1 and Yyx(y, n)— . This does not mean, however, that one obtains an
infinite probability of the formation of the state because a(s, s’) in Eq. (10.3) also becomes large.

For k=~k both v and wj, are to within a constant factor =+ and it will be shown next that

Yi(y, n) ~ve(y)vir(n) / (k2 — k).

This relation can be obtained as follows. From the differential equations satisfied by v, ws, v+ one
obtains

Lo (v’ () —ve(¥)ve’ (v) 12+ (k2 — k?) f v () e+ (y)dy =0. (11)

The asymptotic forms of the logarithmic derivatives of the functions are
v/ (+ @) /vi(+ o) = = (=k)}  w/(— ©)/wi(— o) =(—kD)},
v’ (+ @) foir(+ ) == (=E)}; o' (= o) /ope(— o) =(=k)},
and the functions vanish exponentially as follows

vi(+ @) =wi(— @) =vpr(+ ©) =vp(— ©) =0.
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From Eq. (11) one obtains on setting a=1y, b=+ « a formula for v’ (%) /vx(y) — v’ (¥) /vs* (). Similarly
forming an expression analogous to (11) with w.(y), v+(y) one obtains a formula for wi'(y)/wi(y)
— o' () /up(v). Subtracting the second formula from the first, one obtains

o) o )
v (y; [ estmontian+: ((;, S waoctain |

Up(Y) Yy V(Y)Y -

o (3)wi(y) — os(y)e’ () = (K2 — 152)[

In the limit of 2=Fk the right side of this equation can be made equal to unity if one sets

U W), zy,u.:k//(k‘l——IE?)% (111)
and normalizes

0
f vpi(y)dy=1. (11.2)

—o

The two equations (11.1) can never be satisfied for all y. For fixed y, however, one can make |k—Fk|
sufficiently small so that the shape of vx(5), wi(n) is practically the same as that of v+(n) for 9] <|y|.
For fixed y and sufficiently small |k—k| one has then the limiting form

Yi(y, n) =ve(y)vie(n)/ (k2 — k). (11.3)

A special problem will now be considered. It will be required that the wave function be zero over
the area of a small circle surrounding the point (£, 9). The wave equation (7) will be supposed to
hold outside the small circle. The interaction between the two particles is thus entirely inside the
circle where it is infinitely great. This example will be considered in more detail later but at present,
by means of Eq. (11.3) one can see the effect of resonance due to excitation. Close to resonance the
values of K(x, y; & n) over the circle are!”

Ko(x, y; & n) ~un*(§vir(n)/ (B2 — k) + 2. (12)

Here 3" ¢’ represents the effect of other states in K and suffix C means: on circle. Denoting the incident
wave by ¢o(x, ¥) one has the approximate solution

NI O L LV il M LA CLC TN
O e (Boet () [ (= B2+ 2 ten(@)tn(E) Vil 1) '

This formula is approximate only. Its main inaccuracy lies in the assumption that Y ¢’ in the de-
nominator has the same value for all points on the circle. This is the case to a first approximation,
the logarithmic term in (x— £)2=4 (y—n)? being predominant in 3¢’ for small circles. The effect of a
single term in the summation in Eq. (12.1) may include in it a wave extending to y= «. The above
formula shows that for 2~k these waves become small. An individual term behaves as

_¢0(§y n)|’1_ U2 (E) v (n)/ 2 ¢’
Yo L R Reduer(Boei(n/S

]Yk(y, ) ten() () (12.2)

and shows a maximum for k2= k?—u»?(£)vp2(n)/ ¢’ The latter equation cannot be satisfied accu-
rately because Y. ¢’ is only approximately real. The resonance has, therefore, a finite width. At the
maximum the above calculation breaks down because then the parts of #.+(x)un*(£) Yi(y, n) which
have been neglected become important. For k=Fk, however, the above scattered wave is zero. This,
of course, is also only an approximation. For £=F one has from (12.1)

Y, 3) =vo(x, ¥) —Yo(& Muw(©)ver(y)/ Latnr (E)ver(n) ). (12.3)

17 It is natural that #,+ and v+ occur symmetrically in this case.
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This expression is an exact solution of the wave equation and it vanishes at (£, ). It is, therefore,
also small on the little circle. It is understandable that the scattering due to the interaction within
the circle is small at this energy.!® The incident wave is in a sense ‘‘sucked in’’ to produce excitation.
Extension to several dimensions

An extension of Green’s function given by Eq. (8) may be made by generalizing the variable x to

a set of variables: x1, X3, + -+ %,. The functions u,(x1, xs, -+ -, x,) are supposed to satisfy
d2 02
[”~+ A= Ul ~~,xs>]”n(x1, “o, x5) =0. (13)
9x12 0x

The N\, and u,, are supposed to form a complete and discrete set of eigenvalues and of eigenfunctions
for this equation. The wave equation outside the region of configuration space in which the particles
interact is

LY(x, -+, x5 ¥) =0 (13.1)
and
92 92 9?2
+- +-——+ +K2 U(xy, -+, x5)— V(). (13.2)
6x1 0x 42

Defining k? as before and subjecting v:(y), wr(y) to Egs. (7.6), (7.7) one defines the kernel
K(xly "'vxsvy; Ely ) ES! ﬂ):ZU/c(y)w/a("l)un<xll “"xs)un(sl! Y Es) (y>77)
= Z vk(ﬂ)wk(y)un(xly Ty xs)un(sh Yy Es) (y<77)'

One verifies in the same way as before that

(13.3)

"Q’fK(xlr oy X Vs Elv Ty ésy n)P(Eh Ty Esy 'fl)dfl Tt dgsdn:l’(xl) oy Xy y) (134)

In applying the above generalization one may think of x1, xs, - - - %, as describing the internal con-
dition of the bombarded nucleus and of the coordinate y describing the incident particle. Green's
function K is designed so as to represent coherently scattered waves and scattered waves with excita-
tion of the bombarded nucleus by means of the source density p(xy, * -+, &5, ).

The restriction of the operator £ to the form of Eq. (13.2) is not essential. The method still works

for
£=N+K2—' V<y)r

where N is the wave equation operator (multiple of Hamiltonian) for the bombarded nucleus.
Equation (13) should then be replaced by

(N—=N)un(x1, -+ -, x5) =0.

The operator N may contain exchange forces. The separability of N into parts corresponding to
X1, * -+ +, %, 1s not assumed and is not necessary for the working of the method. The degeneracy due to
excitation works out very similarly in the many-dimensional and the two-dimensional models.

Modification for central fields
A schematic discussion of radial functions for particles colliding with a nucleus can be carried out
along the above lines. The differential equation
2 62
LY(ry, 7) =[——+*—+ k2 —Vi(r) — V(T)]‘P(h, r=0 (14)
ar®  ar?

18 Minima in scattering can be produced also in other ways as has been brought out by M. R. MacPhail, Phys. Rev.
57, 669 (1940) from the general point of view of interference.
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will be considered subject to boundary conditions
¥(0, 7) =y(r1, 0)=0. (14.1)

The distances of particles 1, 2 from the center of gravity of the system are here denoted by 74, 7. The
potential energies Vy, V are supposed to include the centrifugal force terms L(L+41)/#® which enter
if the angular momentum L>0. Particle 1 will be supposed to be confined to the nucleus and, as in
the preceding section, the scheme may be generalized to include the case of a composite system
instead of the single particle 1.

Equation (14) corresponds to the two particles being in separate fields of force described by
Vi(r1), V(r). By an extension of the previous scheme one can discuss the interaction between the
particles provided the potential energy is taken to be a function of 7, and » only. Actually the potential
energy is also a function of the polar angles of the two particles and the present discussion is incom-
plete in this respect. One may hope, however, that this idealization spoils only the quantitative side
of the problem but does not affect radically the qualitative conclusions regarding effects of resonance.

The eigenvalues N\, of
[82/0r 2+ No— Vi(r1) Jua(r1) =0 (14.2)

are supposed to form a discrete set and the eigenfunctions #, are normalized by

f Lo, (ry) | 2dri=1.
0

The number % is defined by
k2=N\,+k? (14.3)
and functions fi, gi are defined by

[d*/dp*+1—k2V(p/k)1f:(p) =0,
[d*/dp*+1—k2V(p/k)Jgr(p) =0.

The function fj will be regular at =0 and will be normalized so as to be asymptotic to a sine function
of unit amplitude at large p. The function g; will be asymptotic to a cosine function and gx+ifs will
contain p only as e??. One has the relation

flar—fugi’ =1, (14.5)

the differentiations being performed with respect to p. If the functions fi, g» are not oscillatory
(k%< 0) then f; will still be understood to be regular at =0 and g, will be made to vanish exponentially
at =, In this case the normalizing constants in f;, g, will be adjusted so as to satisfy Eq. (14.5).
The exceptional case analogous to that already discussed under ‘‘Degeneracy due to excitation’’ may
also arise and can be treated analogously to Egs. (11)-::(12.3).

The function gx(p) is analogous to vx(y) inasmuch as it is always admissible at + «. The smaller of
the two arguments of the kernel cannot occur in g; since g, is not admissible at #=0. One is thus led to

—Kg(r, rivd, r') =2 un(ri)un(ry) fr(kr)gr(kr) [k (r>1")
=3 u (r)u.(rd) fr(kr)gi(br) /R (r<7').

The above kernel has the suffix .S so as to indicate that its asymptotic behavior at »= « is that of a
standing wave. The — sign present in Eq. (14.6) is due to the fact that substitutions v—g, w—f made
in (7.7) would give —1 on the right side of Eq. (14.5). Practically the same calculation as that carried
outin Egs. (8.5), (8.6) gives

£fst(r1, ryrd, ) p(rd, ¥)dr)dr = p(ry, 7). (14.7)

(14.4)

(14.6)
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Another possible kernel is
—Kp(ry, rird', ) = 2 un(r)ua(ri) fulkr') [gi(kr) +ifi(kr) I/ k+ 2 wn(r)ua(ry) fulkr')gi(kr) /k. (14.8)
£2>0 k%<0

This kernel contains for large 7 only diverging waves and the index D refers to ‘‘diverging.” By
adding to the incident plane wave solutions of the type

ffKn(rl, ryrd, ) p(r, v)dridy’,

one is sure that at a large distance the asymptotic form of the wave function is the incident plane
wave plus a diverging wave.

QUALITATIVE APPLICATIONS

Large repulsive interaction in small region

The interaction between the two particles will be supposed to be confined to a small circle as in
Egs. (12), --+(12.3). On the circumference of the circle the wave function is supposed to vanish so
as to correspond to an infinite repulsion within the circle. The circle will be referred to as an ‘‘obsta-
cle’’ because its interior is a region into which the wave cannot penetrate.®

In the absence of the obstacle the wave function will be taken to be of the form

Yo(r1, 7) = tno(r1) fro(kor) exp [46(ko)] (15)

and for any real k the asymptotic form at r= « will be
fr(kr)~sin [kr— Lx/2+6(k)].

The functions fi(kr), gr(k7) are analogous to fr, gz used in the discussion of the one-body problem in
Egs. (6), - - - (6.43). The function y,(#y, 7) replaces the term

Uno(r1) Fr.(kor)—o(r1, 7) (15.1)
in the expansion of the plane wave
Uno(71) exp (tko2) = tno(r1) 2 ¥ (2L+1)Pr(cos 0) Fr (ko) /(kor). (15.2)

The substitution of (15) by means of (15.1) into (15.2) gives a modified plane wave consisting of
the plane wave u,0(71) exp (tko2) plus a scattered wave. The initial state of the particle 1 is #q and
the particle 2 is in the state exp (¢k¢z) and the substitution indicated by Eq. (15.1) gives, there-
fore, the solution of the scattering problem, taking into account the central field potential V(r)
but neglecting the interaction between particles 1, 2. To the function (1, #) one may add
SS Kp(ry, r; v, ¥)o(rd, ¥')dr/dr’ with p(r!, #) =0 outside the obstacle and the result may still be
substituted in place of #,0(71) Fr(kor) in formula (15.2) without adding anything to the wave function
except diverging and exponentially decaying waves. If the obstacle is sufficiently small to make
Yo(71, 7) practically constant on the circumference, then one may use as an addition to ¥, a constant
multiple times Kp (71, 7 ; 710, 7o) Where (71, 70) is the center of the circle. In this approximation one has
to replace
no(710) fro(koro) exp [46(ko) JKn(r1, 75 710, 70)

. s #) DUl 0(Bo?) € 16(ko) | — . 15.3
Vol 1) =tnolr) frolkor) exp Lid(ko) ] (Kp(ri0+a cos 8, ro+a sin 8; 710, 7o) )ae ( )

19 In the present model the interaction is large whenever one of the particles is on the sphere 7; =710 and the other on the
sphere 7 =r7,. It does not correspond to a simple law of force on a two-particle model. The requirement of a vanishing wave
function in the triangular region 7; <7 would perhaps be more natural since it would correspond to the incident particle
never penetrating closer to the center than particle 1. This type of interaction is of the type considered in Egs. (16)
.-+ (16.4). No such model can represent the actual case perfectly and extreme cases are, therefore, worked out.
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Here a is the radius of the circle. The value of Kp on the circumference is averaged over the angle 6
between the radius and the 7; axis. For a small circle the value of (Kp)s depends logarithmically on a
as for the electrostatic potential and its dependence on the energy is not especially critical. The
second term in Eq. (15.3) contains a part in #,0(71) [ gro(Ro?) +2fxo(kor) ] which combines itself with the
divergent wave part of the first term to give the coherently.scattered wave. The contribution due to
this wave to the plane wave in Eq. (15.2) is

2L+1( exp [26(ko) ]
Vs coh=——7sin 8(ko) +———————fro2(Roro)Uno?(710) { Pr(cOs O)uno(r1) exp {i[kor+8(ko)]}. (15.4)
kof k0<KD>Av

Distinction of potential scattering.—Here the specific nuclear scattering adds itself to the potential
scattering represented by sin §(k,). It should be noted that in this problem a definite distinction
between pure potential scattering and potential scattering + nuclear scattering can be made. For
pure potential scattering one has

1
sin 8(ko)Pr(cos 0)u,o(r1) exp {i[kor+8(ko)]}.

‘ps, coh, pot =
o?

For a known y; con one obtains a coefficient sin 8(k,) exp [48(ko)] and the point is that an arbitrary
number cannot be represented as e® sin § with a real 8. This complex number has the special property
of having a square of its absolute value equal to its imaginary part.

For incoherent scattering with excitation # the above model gives

+2L+1 b 8k 5 P(cos 6)
Vs, incoh = b un(r1) exp {[ o+ 8(ko)+6( )]}_k(KD)

u"o(1’10)un(710)fk(k1’o)fko(kofo) . (155)

Equation (15.4) gives the scattered wave for which the nucleus is left in the original state #,. Equation
(15.5) gives the scattered wave for which the nucleus has been transferred into another (e.g. an
excited) state.

The denominator (Kp) contains a number of the f; and the barrier penetrabilities enter in compen-
sating products fxgx since all quantities in (Kp) refer to the inside of the nucleus. The dependence of
(Kp) on energy is, therefore, much less marked than that in the numerator. One sees that primarily
it is

Un (ho)fk(kfo)/ky
that matters for the amplitude of the scattered wave in the present example and in this case |fi|?is
a measure of the probability of escape to the state #.

Repulsive interaction in large region

Some of the qualitative features of the above example hold also in more general circumstances.
Several small repulsive regions inside the nucleus give a dependence on energy of the scattered wave
similar to that of Eqgs. (15.4), (15.5). Sources of Kp put inside each obstacle have then strengths
determined by (Kp)~! for each obstacle and the intensity of the incident wave 4 wave scattered by
other sources. If the obstacles are sufficiently small and there are not too many of them the wave
scattered by other sources can be neglected and the energy dependence of scattering or excitation is
the same as before.

If, however, the scattered wave inside the nucleus is comparable with yo(r1, #) then the energy
dependence of ¥s,con, ¥s, incon Outside the nucleus is also changed. Equation (15.3) may be used for a
crude estimate of some of the effects. The repulsion will be supposed to take place in a circular region
having dimensions comparable with the wave-length inside the nucleus and it will be supposed high
in this region. As a crude approximation the wave (71, 7) will be canceled approximately by a source
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of Kp at the center so that Eq. (15.3) still will hold. Only in this case Kp does not depend primarily
on the radius of the circle and the denominator may have a decided energy dependence.
If one of the terms in Eq. (14.8) for K is appreciably larger than the others inside the nucleus

and if for it gi-(k'70)>>fi (k') then one may set

"<KD>"’un’(rm)fk'(k,ro)gk’(k’70>/k1-

(16)

Here x?=\,,+%’? so that the state #’ goes with the wave number £’. If, besides, ' =nq, ' =k i.e., if
the incident state is the one that is important inside the nucleus then Eq. (15.4) becomes

2L+1

‘l’s, coh ™
o?

and from Eq. (15.5) one obtains

. flco(kofo) . .
Uno(r1) Pr(cos 6){sin §(ky) ————— exp [16(130)]} exp {t(kor+8(ko)}  (16.1)
gko(kof’o)

2L+1 Un(710) Ji(kro) .
s, incoh ™ — Un 7’1) PL(COS 0) exp {1[P+6(k0)+5(k)]} (162)
4 uno(f'lo) g/co(kof’o)
Equation (16.1) corresponds to the scattering cross section
eon~ (Ao?/m) (2L+1) [sin 8(ko) — [ fro(kor10)/gro(kor10) ] exp [i8(ko)]|® (16.3)
and (16.2) to
Tincoh~ (AAo/m) (2L+1) | t4n(710) /thno(710) | 2| fu(k70) /gro(koro) | 2. (16.4)

The last formula can be compared with the
result of the considerations of Kapur and Peierls
as used by Konopinski and Bethe? and those by
Weisskopf and Ewing.?? Konopinski and Bethe
apply the theory to Li’4+H!—He*4+He* and
they use

I, O<.E%/Gl2, a~AT, OCE_%GL_%, (165)

where G; according to their paper is the irregular
function of the proton for the Coulomb field.
Equation (16.4) contains the factor A |gio(koro) | 2
which shows a similar variation with energy.
The following points may be noted in a com-
parison of the two results.

(a) Equation (16.4) does not give a solution
of the Li’"+H!—He*+He* problem in a direct
way. It is obtained only as an approximate
solution of the excitation problem. One may
nevertheless expect some similarity between the
energy dependence of the excitation and dis-
integration processes. Since the factors A | fi(k7o) |2
X | #alr10)|2 and Ag|#ao(710) | 2| gro(koro) |2 are
characteristic, respectively, of the final and
initial states one has reasonable grounds for ex-

20 E, J. Konopinski and H. A. Bethe, Phys. Rev. 54,
130 (1938).

2V, F. Weisskopf and D. H. Ewing, Phys. Rev. 57,
472 (1940).

pecting the dependence Ao | #,0(710) | =2 | gro(koro) | 2
to hold also for disintegrations in the approxima-
tion in which Eq. (16.4) has been obtained.

(b) Since the formalism used is essentially the
same for the case of several coordinates 7y, - - -, 7,
replacing the single coordinate 7, the above can
be applied to the case of a nucleus excited by
bombardment of the particle whose coordinate
has been denoted by r;. If the nucleus disin-
tegrates into two products (with a small proba-
bility) from the state # a three-body disintegra-
tion is described.

(¢) The approximation used to obtain Eq.
(16.4) is very crude. Essentially it neglects the
effect of all states except #,0(71)gro(kor)/ko which
are produced by the sources of Green's function
inside the nucleus. The complete expression
according to Eq. (14.8) contains other terms
besides and these contribute to (Kp). In addition
the approximation of replacing the many sources
of diverging waves inside the interaction region
by one at the center neglects interference effects
which contribute to an additional energy de-
pendence.

(d) The function gre(ker) which enters into the
present discussion is not the irregular function
for the Coulomb field but the irregular function
for the solution of the radial wave equation with
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REPULSIVE
INTERACTION

Fi16. 5. The two-dimensional resonance model.

the Coulomb field modified by the average
nuclear potential taken into account by the
difference between V(r) and the Coulomb poten-
tial. (The Coulomb field is here thought of as
breaking off to zero at a reasonable distance
outside the nucleus. If this is not done the above
formulas must be changed to take into account
the effects characteristic of the 1/7 potential.)

Schematic representation of two-body resonance

The interaction potential will be supposed to
be large and attractive in a small circular region
surrounding the point (71, 7). Outside this
region there is a narrow ring [Fig. 5] within
which the potential is repulsive and sufficiently
high to serve as a barrier for waves emerging
from (710, 70). The two-dimensional region formed
by the circle and the ring is somewhat analogous
to the Gamow, Gurney-Condon model of radio-
active decay. The depth of the potential well and
the height of the barrier will be adjusted so that
for a suitable energy the wave function is large
inside the circle and small just outside the ring.
For this energy the circular resonance region
will be found to act as a strong source of two-
dimensional waves which will give rise to strong
scattering. The wave function within the circular
region is in this model a schematic representation
of the compound nucleus which is formed by the
coupling of the two particles to each other. In
this model the compound nucleus is screened
against external disintegration by the repulsive
region in the ring and in addition also by the
barrier V(7).

The resonating properties of the circle-ring
system will be first defined by coupling it to an
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infinite plane with constant . In plane polar
coordinates the axially symmetric solution
satisfies

@*Y/dR*+dy/RAR+[*—V(R) ]y =0, (17)
which is the same as

&(RY) /AR [ —V(R)+1/4R*]
X(R¥W)=0. (17.1)

Here V(R) is the potential within the circle-ring
region and V(R)=0 for R>R, Outside the
circle-ring system

v=Jo(kR) cos ¢— No(«xR) sin ¢ (17.2)
is a solution of Eq. (17). One has
Jo(kR) ~(2/7kR)* cos (kR—7/4)
(kR>1) (17.3)

No(kR)~ (2/w«kR)? sin (kR—7/4),
so that by Eq. (17.2)
Y~ (2/7kR)* cos (kR—7/4+¢), (kR>1). (17.4)

Equations (17.4), (17.2) show that ¢ is caused
by V(R) in the same way as the phase shift K is
produced in the single-body problem. It will be
assumed, therefore, that close to the resonance

tan ¢2AE/(E—Ey), (17.5)

where AE is a positive constant. This assumption
is reasonable in view of Eq. (17.1) which is like
the radial equation for {§ in the central field
problem. Eq. (17.2) does not apply for R<R,.
At R=R, it joins smoothly to the internal
solution. One has

ay ) JQI(KRO) Ccos (p—No,(KRo) sin ¢
T =
VAR/ Ry  Jo(kRy) cos ¢ — No(kRy) sin ¢

(17.6)

and this formula does not depend on whether
the ring is coupled to an infinite plane or to the
actual potential provided one may assume ¢ to
depend only on R for R<R,. In fact this axially
symmetric part of y is determined by Eq. (17)
and the requirement of regularity at R=0. The
requirement of axial symmetry is good only if

x=RK1.
For small x
Jo(x)=1—x2/4+--+;
7No(x)/2=Jo(x) In (vx/2)+x2/4+- .
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The formula
Jo(x) Ny (x) — No(x) Jo' (x) =2 /7%
when used to eliminate Ny’ in Eq. (17.6) gives
ay KX 2/7R,
(:,'EE)ROz —?_cot ¢—(2/7) In (yx/Z).

Since %<1 this expression will be approximated

(\bdR)Ro

—'2AE/7TRO
E—Ey— (2AE/7) In (vx/2)

_KNOIa
e ann
cot qo——No

where the approximation (17.5) has been used.

In the presence of Vi(ri), V(r) and with the
boundary conditions (0, 7)=y(r;, 0)=0 the
approximation

Y(r1, r) =vo(ry, 7)
Fao(rio, 70)Kp(r1, 75 710, 70)  (18)

will be used. Here ¢, is given by Eq. (15) and
it is assumed as in Egs. (15), - -+ (15.5) that the
density p in R<R, can be replaced by a point
source. This assumption is a poor one close to
R=R, but the axially symmetric part of ¥ can
be represented by a point source. One has

dl///dR za’#o(f’lo, 1’0) (dK])/dR) Ry
and
(dKD/dR)Ro
( ) - (18.1)
|l/dR Ry 1/0{+ KD)R()

BREIT

The variation of ¥, over the circle-ring system
is neglected and in (18.1) the average values of
¥, dy/dR over R= R, are used. These values will
be denoted as (¢), (dy/¢¥dR) and one obtains

(@Y/¥dR)
—(Kp)d¢/¥dR)+(dKp/dR)

cot ¢o— N() -1
z[—(KD>— , *(dKD/dR>] .
KiVo

One has approximately

4iKp~Jo+1iN, (18.2)
and hence 4(dKp/dR)~ N, so that
4
" (No)—cot p—4(Kp)
4AE

~— . (18.3)

E—Eog—AE(No)+4AE(K p)

On account of the potential field V(r) the
quantity #no(r1) Fr(ke) in (15.2) should be re-
placed by (71, 7) as in Eq. (15.1). On account
of the resonance interaction in R<R, one must
make the substitution

Yoy

with ¢ given by (18), (18.3). These substitutions
are made in the right side of (15.3) and
un0(71) exp [2kez] is subtracted from the result.
The difference is the scattered wave. Its value
for large 7 is obtained by means of the asymptotic
expressions

fk(](k(ﬂ’) exp [ta(ko)]’\‘i_l‘ sin B(ko) exp {l[ko7’+ a(ko)]} +Fk0(kof)
gr(kr) +ifr(kr) ~i L exp {i[kr+8(k)]}.

The scattered wave at a large distance is

2L+1
\PSN*———PLluno(f’l) sin 5(k0) exp [’Lk01’+15(k0)]

ot

1
- Oéuno(i’m)fko(kofo)z (k2 > O)u,,(rl)u,,(rm)—];fk(kro) exp [’Lk?’ +’L§(k) +15(ko)] .

(18.4)

The first term in the braces represents scattering due to V(7). The remainder is due to the resonance
interaction. Neglecting the former one obtains the scattering cross section due to resonance scattering

® k
Ures=Z<k2>0)fdQ'72f ‘
0 ko

d71 ——|ll/sk!2, (185)
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where ¥y is the part of ¥, due to excitation into the state # and emission of the wave g;+1fs. The
factor k/k, is introduced into (18.5) because the number of emitted particles is proportional to their
velocity. Substituting into (18.5) one finds

Ag? 1 1
ores=(2L+1)—| a| 2uno2(7’10);fk02(k07’10) 2 (k2> O)un2(710);fk2(k70)- (18.6)

™

Introducing « by means of Eq. (18.3) one has

(2L+1)A¢’T'202-Tn
JTCS = , (18'7>
7| E—E¢—AE(No)+4AE(Kp)|?
where
1
n =4AEun2(710)—k:fk2(k1’0). (188)

The expression (14.8) for Kp is now used to obtain (Kp). The imaginary part comes only from
>-(k2>0) and consists of a finite number of terms. The real part is an infinite series and has a loga-
rithmic singularity like that of V,/4. Denoting the real part by Re and the coefficient of the imaginary
part by Im one has from Eq. (14.8)

4:AEIm<KD>£ - ZI‘ny (189)
which when introduced into (18.7) gives

(2L+1)A¢*To YT
" r|E—Eo—(NoAE+4AERe(Kp)— iy T, %

(19)

Ores

This is the ordinary formula for resonance competition. It has been obtained with the following
restricting assumptions.

(a) The two-dimensional region within which the interaction takes place is small. This assumption
does not mean that within this region the interaction is small. The result of this assumption is to
simplify the result by making T', depend only on .2, fi? at #1=r19, #=7,. (b) Resonance was assumed
to be sharp.

According to Eq. (18.9) the damping constants T', depend on the constant 4AE which is charac-
teristic of the resonance region. Besides, there is present also the dimensionless factor #,2(710)fi2 (k7o) /k
which is characteristic of the binding of particle 1 in the residual nucleus, the energy of the escaping
particle and the potential barrier through which this particle must escape. The barrier enters im-
plicitly through fi2(k7,). The presence of this factor could be expected by analogy with the result of
Wigner and the writer by a method analogous to the Weisskopf-Wigner theory of the absorption and
emission of light. The damping constant is then proportional to the square of the matrix element of
the interaction energy divided by the average energy interval, | M,|2/Av, in the notation of the above
reference. This quantity varies with the energy as fi2/k in exact agreement with the result obtained
on the present model. It is claimed, on the other hand, from the considerations of Kapur and Peierls
that I' « E/Gy2. The difference between the results is in a sense quantitative rather than qualitative
and it is perhaps unnecessary to emphasize it. For slow neutrons both results give I' < E* and for
small 7 one has F,G; < p < E* so that Fy2/k and E}/G;? vary with energy in the same way. For low
energies f;2 and Fi? also vary similarly. On the other hand fi?/k, E}/Gi? do not vary with energy in
exactly the same way and it should be noted that fi2(r,) is here taken at »=7, i.e., at the mean 7 of
the compound state rather than at the arbitrary nuclear radius of Kapur-Peierls.
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SpeEciAL Two-DIMENSIONAL GREEN’s FUNCTIONS
(A) Infinite plane

The differential equation

(82/3x2+02/dy*+ 1)y =0
is supposed to hold through an infinite plane. Green's function is
Kp=1/4)H, " ([(x—&)*+(y—mn)]H, (20)

where Hy® is the Hankel cylindrical function of the first kind. The method of Egs. (7) will now be
applied to the computation of Kp and the result will be shown to agree with Eq. (20). The point of
doing so is to make sure that the method works also for a continuous spectrum of \,.

Quantizing in the interval —L/2 <x<L/2 by means of the periodic boundary condition one has

U, (x) = L3¢
r=2mn/L; n=0, £1, £2, - - -
and
()1, *(§) =LY exp [ir(x—§)]. (20.1)
Equation (7.6) gives
ve(y) = Nie™v,  wi(y) = Nie~*v
with
k=(1—7%)3 for 1>72
k=i|(1=m)}| for 1< (20.2)
and according to the normalizing condition (7.7) one has
2ikN2=1. (20.3)

Substituting (20.1), (20.2), (20.3) into Eq. (8) and remembering that the interval between successive
7 is 27/L one has for large L

1 e
Kp(x, y3 & n)=— f —————exp [ir(x— &) +i(1 =)}y —n)Jdr; (y>n). (20.4)
dre Jd_, (1—72):

According to Eq. (20) one has then

2 r® cosTx )
IOy == [ exp Lilyi (1= dr
rJdy (1—172)}

2 plcos (1x) ) . 2 p® cos TX ) ;
=—f - exp [zlyl(1~r?)*]dr+~1f exp [—(r2=1)}y[Jdr. (20.5)
rdy (1—172)3 wtJy (r2—1)} '

This expression for Hy® is not obviously symmetric in x, y. It shows the importance of states with
negative kinetic energy for motion in the y direction. The /1* part of the formula consists of such
states. It should be noted that these states of negative kinetic energy may contribute to the asymptotic
value of Hy,® for x— «. Setting x=0 in Eq. (20.5) one obtains

2 1 pm
HyM(y)=— f e~y sinh tf 4 f elvsinddg  (y>0), (20.6)
7l 0 T Yy
which is obtainable from Eq. (2) in Watson's Theory of Bessel Functions, p. 178.22 Setting y =0 one has
2 ! cos Tx 2 p® cos Tx
D (x) =~ f e dr+— f - —dr, (20.7)
7y (1—72)k midy (r2—1)}

2 G. N. Watson, Theory of Bessel Functions (Cambridge University Press, 1922).
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which is verified by means of

1 T 2 ©
Jo(x) =—f cos (x sin 6)d8, No(x)=—— f cos (x cosh t)dt, HyV=Jy+1N,.
™ Yy 0

™

For large x, Jo(x), No(x) have comparable values and Eq. (20.7) shows that N, arises in this case
from waves with a negative kinetic energy of the y motion. The most important values of 7 are those
slightly >1 which correspond to only slightly negative kinetic energies of the y motion. In Eq. (20.6),
on the other hand, the negative kinetic energies contribute the first integral and one has

© 0 1
f e*ly] sinh tdt <f e—l yl ldl =
0 0 |y

This is negligible in comparison with H,®(y) for large |y|. Along the y axis, therefore, the negative
kinetic energies of the y motion do not contribute to the dominating term of the outgoing wave.

(B) Quadrant x>0,y>0

The same differential equation as in case (a) is being solved subject to boundary conditions ¢(0, ¥)
=y(x, 0)=0. Green’s function can be obtained again by the general method and this time by the
modification for central fields, as in Eq. (14.8). The substitution #;—x, »—y is made, the functions u,
are quantized in the finite interval 0 <x <L and are (2/L)? sin 7« while the interval between successive
ris Ar=m/L. One obtains

2 p®sin 7x sin 7§
Kp= ——f sin [(1—72)% ] exp [2(1— 73ty ]dr (21)
T dy (1—7%)3

with the understanding that for
2>1, (1—m)i=¢(r2—1)h (21.1)

Rearranging expression (21) one expresses it in terms of integrals of the form (20.5) and obtains

1
Ko=(HO (= 9+ =D)L O+ 92+ =)
{2
— IO [+ () D)+ D[+ + 0+, (21.2)

which can be also obtained from (20) by placing negative images of the source at (—§, 1), (§, —1n)
and a positive image at (—§&, —n).

It will be noted that in both of the above examples Kp is asymptotically an outgoing wave at a
large distance even though this is not obvious in the forms (20.6), (21).

(C) Straight channel
The region considered is —a<x<a, 0 <y< » and y(x, v) is subject to the boundary conditions
ll/(a’: y) =¢(_a1 y) =0

and for y= = it is required that Kp be an outgoing wave. These are the boundary conditions required
for Eq. (14.8) for use with central fields. The substitution

(rlv 1’) = (x+a7 y)
is made. The wave equation in the strip is taken to be

(82/9x2+92/8y2+ k)Y =0.
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One has
Un(x)=a"tsin [rn(x+a)/2a]; k:=«*—nn2/4a?; n=1,2,3, --- 22)
1 ™ TN
—Kp=3% (k2>0)——[cos —(@x—§& —(—)"cos ﬁ(x—l—é)] sin kn- ety
2ak 2a 2a
(y>n)

1 ™ T
43 (k2 <0)————|:COS —(x—§&)—(—)" cos ——~(x—}—£)] sinh |k|ne 14,
2a|k| 2a 2a

For k—0 this expression becomes
1+exp {(r/20)[ = (y—n)+ile+H T} 1—exp {(x/20)[— (y+n)+ilx—§ ]}
{1—exp {(r/20)[— (y—n)+i(e—§)]} 1+exp {(r/20)[—(y+n)+ilx+HT}
(y>n). (22.1)

The expression under the logarithm is a function of x+4y and, therefore, the right side is a solution
of Laplace’s equation as it should be. The boundary conditions are verified directly in Eq. (22.1).
Also one sees that Kp and its derivatives are continuous except at x-+2y = £+419. At the latter point
Kp behaves as

1
—~Kp=—R.P. In

2w

1 T
Kp~—In {-[<x—s>2+<y—n>ﬂ% . (22.2)
2a

2

Constant terms have been dropped. Except for constant terms Kp is seen to be the electrostatic
potential due to an electric charge of linear density (—1/4x) on an infinitely long filament perpen-
dicular to the plane (x, y) and crossing it at the point (£, 5). This is in agreement with Poisson’s
equation in electrostatics which is in two dimensions

62

6x2 dy?

) ff —p(& 1) In[(x—£)*+(y— n)“’] dedn=p(x, y),

which is the same as Eq. (14.7) for Kp in the limiting case of Eq. (22.2).

If «2>0 but <n2/4a? one may still apply Eq. (22.1) in the rectangle 0 <y <2a as an approximation.
Since in the form of Eq. (22) the series converges slowly one sees here the importance of taking into
account many states of excitation of the residual nucleus.

For any « the series (22) for Kp behaves for high # like the series (22.1) and as long as |y—n| #0
this series remains convergent when differentiated with respect to y. The convergence is due to the
presence of the factor exp [ —mx|y—n|/2a]. It will now be verified that 9Kp/dy is continuous on the
line y=9. For a small ¢>0 one has for «* <=?/4a?

1 n
(0K D/0Y)ymnic— (0KD/3Y) ymp—e=2_ —[cos 7T—(x— £)—(—)" cos ﬁ(x—l—é)][c" Hlefe—2knginh | k| e].
2a 2a 2a

The second term in square brackets gives an absolutely converging series which vanishes with e and
may, therefore, be disregarded. The first term also gives an absolutely converging series if ¢>0.
For e=0 the series does not converge. As e——>0 the sum can be seen to —0. In fact e can be made so

small that exN/2a<1 for N>>2ax/w. The Z is split into Z+Z and the series is compared with its

N
value for the same € and k=0. The difference of the Y is negligible on account of the assumption
1

0
about ¢ and the difference of 3 is negligible on account of the assumption about N. On the other
N
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hand for k=0 the series can be summed and gives 0. It is thus seen that dK;/dy is continuous on the
line y=1%. The point (x, y) = (&, 1) is, of course, an exception.

The main object of the above example is to illustrate the importance of excited states in the
vicinity of the region in which interaction takes place. This is seen in the limiting form of Eq. (22.1)
in which the outgoing waves combine to give the electrostatic solution. If there are two obstacles,
instead of one, and if their distance apart is smaller than the wave-length the wave scattered by
(&1, m1) gives a contribution to ¢ at (&, 72) which contains many states of excitation.

(D) Transformation of Hankel function

The relations of Eq. (20) suggest formula (20.6) for the Hankel function H,®. This will now be
verified by means of contour integration. According to Courant-Hilbert.?

™

1
1,0()= =~ [ ey, (23)
L1

where the path of integration is from —7 to 0, then to — and finally to —7+i % as indicated in
Fig. 6. The differential equation for H,® is satisfied also for other paths of integration provided

[cos ¢ emirsin 7] b=, (23.1)

where {=a and { =b are the limits of integration. The path will be deformed into L, which starts at
(o—i and goes over £, —w+£ to —w4E+io with /2> > . [This path is not the path
denoted by L, on p. 408 of Courant-Hilbert 1.] The condition (23.1) is satisfied by L,’ because
cos £>1. The integrand of (23) vanishes at the ends of the path for both L; and L, and no poles of
the integrand have been crossed in the deformation. One has, therefore,

1
M (r) = —— f eir sin ¢, (23.2)
T YLy
Setting { = £4-4n and introducing the abbreviations
y=vrcos &, x=rsin &, (23.3)
one obtains
2 ® 1 T—£o
Iy () =— f cos (x cosh n)e=v sinh ady4— f el sin b4, (23.4)
w1 Jo ™ Y~k

Substitution of r=cosh 5 in the first integral changes it into the second integral of Eq. (20.5). The
second integral in (23.4) is transformed as follows

1 —£0 1 T 2 /2
—f exp (z7 sin 0)do=— f exp (zy sin 8—1x cos 0)d0=—f e <os 8 cos (x sin 6)d6.
0 0

T J g, T T

The second integral in (23.4) is thus the first integral in (20.5) so that the latter representation is
equal to (23). It will be noted that the restrictions

0<t<m/2, x>0, y>0

are essential for the deformation of L, into L," and that these conditions are also essential for the
applicability of the construction of Hy® as 4iKp.

The somewhat unexpected features of (20.5) are its dissymmetry between x and y and the fact
that it is not obvious from its form that it represents outgoing waves in any direction but that of

2 Reference 15, Vol. I, p. 407.
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increasing y. The way in which (20.5) gives an outgoing wave for y=0 has been discussed in connec-
tion with Eq. (20.7). It may be pointed out that

2 r* sinTx 2 ! osinTx 2 p® sinTx
S L LU L
rdo (1—12)t Tde (1—72)t wiJy (r2—1)}

is also an outgoing wave for x>0. One has in fact

2 pr*® sinTx 2\! T
~—f dr= —i]o(x)N—i(-—) cos (x—»—)
mdy (r2—1)} T 4

2 pbosinrx 4 2\ T
—f (~———d7=4[]1(x)+%.73(x)+é];,(x)—}—'--]~(——) sin (x—~).

T 1—72)} T TX 4

and

Combining these relations one has

2 r® sinTx 2\}
_f dTN_,L'(A) ila—m), (23.5)
xJdy (1—r12)t TX

This formula is another example of an outgoing wave which is compounded of stationary waves.
It and Eq. (21) show that the general method of Eq. (14.8) when applied to a continuum can give in
special cases outgoing waves in all directions within the quadrant x>0, y>0. This does not mean,
however, that the same is true in the general case.

FINAL REMARKS parison with the difference between the actual
and incident wave functions inside the nucleus
in a many-dimensional diagram. The importance
of the intermediate state is in this sense increased
by increasing the number of interacting particles.

The two-dimensional resonance model treated
above gives the expected answer. It does not

The calculations of the last section show that
the behavior of K close to the singular point is
in fact such as has been used in the calculation
of scattering by a small obstacle in the (7, 7)
plane and the related calculations on the inter-
action in a large region as well as with resonance.
The example of the straight channel shows how l___ :'l_'

]

at the singularity the logarithmic dependence on

1 1

(x—§)2+(y—n)? is obtained. In fact for small '
values of this quantity the contributions of high '
terms in the series of Eq. (22) approach the A A
limit for k=0 and give the electrostatic term. :

It is clear, therefore, that close to (£, n) one needs .

a larger number of excitation states to represent <E°>: <E,
the wave function. < 7o
In the two-dimensional model the singularity =T 0

is logarithmic. In # dimensions the dependence
of K close to the singularity is of type
const. [ X (x;— £;)2J /2, The effect of a source 1
of a diverging wave is the more localized in the
m space the higher the number of dimensions
and the region in which the higher states are
especially important becomes more confined as m |__
increases. The scattered wave function outside
the nucleus may be expected to be small in com- F16. 6. Contours of integration for Ho®.

K

1

D

1
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include the effect of competitive emission of
several particles but only the effect of competi-
tion between various types of emission of the
same particle. For the discussion of more general
competitive processes it is obviously more suit-
able to bring in the intermediate state in a more
pronounced way. It is possible to do so by a
generalization of the method of complex eigen-
values to many-dimensional problems. This will
be treated in another publication.

The occurrence of the regular and irregular
solutions of the radial equation (f; and g;) in the
formulas for the scattered waves is not special
to the two-dimensional model as is clear from
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the many-dimensional extension in Egs. (13.1)
+++ (13.4). The examples show that in special
cases the factor fi? occurs in the formulas. If the
interaction is distributed within the nucleus,
however, then the general form of Green’s func-
tion shows that the g occur in the denominators.
In the general case the g, for all excited states
will occur and very special assumptions about
the relative importance of excited states are
necessary to leave the simple factor [gro(koro) ]2
in Eq. (16.4). Quantitative agreement with
experiment obtained by application of formulas
with one or another simple choice of such factors
does not appear therefore to be very significant.
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The Principal M-Series Emission Lines of Tungsten and the K Absorption
of Magnesium and Aluminum

J. H. MuUNIER, J. A. BEARDEN AND C. H. SHAw
The Johns Hopkins University, Baltimore, Maryland

(Received June 22, 1940)

A study of the M-series lines of tungsten and of the K-absorption edges of magnesium and
aluminum has been made by means of a double crystal x-ray spectrometer. The extension of the
double crystal technique to these long x-ray wave-lengths has been made possible by thorough
evacuation of the spectrograph and a windowless x-ray tube. The crystals were the aquamarine
form of beryl in which the 1010 planes have a grating constant of 8.06A. The detector was a
Geiger-Miiller counter with ar aluminum window of 2.5X10~* cm thickness. The width and
relative intensities of the prominent M-series tungsten lines were measured. Accompanying the
diagram lines are some 33 satellite lines. In the study of the K-absorption edges of magnesium
and aluminum, structure not heretofore resolved photographically has been recorded. A quali-
tative comparison of the intensity of the continuous radiation from tungsten to that from
aluminum at 10A indicates that the ratio is less than one, whereas theory predicts about six.

INTRODUCTION

RECISION measurements with the double

crystal x-ray spectrometer have shown the
effectiveness of the x-ray method in checking
experimentally the theoretical calculations on the
electronic conduction bands of solids.! Ruled
grating methods for the longer wave-lengths have
given valuable information on the conduction

1'W. W. Beeman and H. Friedman, Phys. Rev. 56, 392
(1939); H. Friedman and J. A. Bearden, Phys. Rev. 57,
1085A (1940); T. M. Snyder and J. A. Bearden, Phys.
Rev. 57, 1085A (1940); W. W. Beeman and J. A. Bearden,
Phys. Rev. 57, 1085A (1940).

bands of the light elements.? Photographic meas-
urements in the intermediate range have not
yielded results of definitive accuracy because of
low resolving power and inaccuracies of intensity
measurements. This region, however, is one of
considerable theoretical interest, because here
the present theory of metals makes sufficiently
accurate predictions that their comparison with
experiment may be expected to be significant.?

2 See, for example, Reports on Progress in Physics, Vol. 5
(Physical Society, London, 1939).

3M. F. Manning and H. M. Krutter, Phys. Rev. 51,
761 (1937); J. C. Slater, Phys. Rev. 45, 794 (1934).



