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ences. A direct comparison of the p-rays from
Li'(d, p)Li' and Be'(d, a)Li' in the low energy
region would be of interest.

The author wishes to express great apprecia-
tion to Professor Samuel K. Allison for his
continued assistance and encouragement through-

out thrs experiment, to Dr. Lester S. Skaggs for
invaluable aid in taking data and to Mr. Leonard
C. Miller for construction of the current in-
tegrator. The work was aided by a grant from
the American Philosophical Society to Professor
Allison.
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If an element is irradiated with gamma-rays of sufFiciently high energy, the upper limit of
the Compton recoils is less than the minimum energy of photo- or conversion electrons from
any shell. But electrons of energy between these two limits may be ejected in processes in
which the momentum condition can be relaxed. Such processes are (1) the scattering of an ex-
ternal gamma-ray by a bound electron, where momentum can be taken up by the nucleus, (2)
the internal scattering by the electrons of the radioactive atom itself, where the radiation field
of the near-by nucleus can fulfill momentum conditions impossible for a plane wave. W'e con-
sider the second case, for scattering of an electric dipole gamma-ray by s electrons. We use
Dirac electron theory with Born approximation. The process is of order cx compared to the
internal conversion, as expected. Our small result indicates that most of the electrons observed
in such a region —for instance from the 2.62-Mev gamma-ray of Th C"—are of instrumental
origin. This is in agreement with the results of the latest experiments.

I. INTRQDUcTIoN

'
N the study of the electron energy spectrum of

- - radioactive elements with the magnetic spec-
trograph, certain observers' found an unex-
pectedly large number of electrons in energy
regions just below strong X-conversion lines. A
particularly clear-cut case in point was that of
the region 2.39—2.52 Mev in the spectrum of the
thorium elements, in which really no electrons
were expected. This is below the 2.62-Mev
gamma-ray of ThC", but near no other strong
gamma-ray. Any electrons near 2.62 Mev and
above the upper limit of the beta-ray spectrum
at 2.25 Mev, must be indirectly produced by this
gamma-ray.

The ordinary processes by which a gamma-ray
can produce electrons are internal conversion,
and photo-effect and Compton scattering in the
material of the source. There is an upper limit to

' Reported by Professor C. D. Ellis and F. Oppenheimer
in discussion. Also W. J. Henderson, Proc. Roy. Soc.
A14'7, 572 (1934).

the energy that can be given a recoil electron
in Compton scattering. In general this is
E, =he/(1+me'/2hv) The .sharp X-conversion
line sets a lower limit for both of the absorption
processes: E&——hv —mc'[1 —(nZ)']'*. For any ele-
ment B~ will be greater than B, if only the
gamma-ray energy, hv, is large enough. In the
case mentioned this condition is fulfilled. In fact
E~——2.52 Mev and B,=2.39 Mev. Thus, between
2.39 and 2.52 Mev, no electrons from these
processes can appear. The problem was whether
it was necessary to attribute the many electrons
observed in the excluded region to unknown
instrumental difficulties, or whether some other
process for their production was actually involved.

Now, internal conversion and photo-effect are
the only processes of first order in the interaction
of matter and radiation; i.e., with a probability
proportional to cx, the fine structure constant.
Any other process will be proportional to a higher
power of a. Only one process seemed important
here. This is internal scattering, which we shall
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define. It is of second order, proportional to o.'.
It did not seem likely that this effect could
account for all the observed electrons because n
is only I/137. We h'ave calculated the probability
of this effect in order definitely to decide about
the instrumental origin of the unexpected
electrons.

The two absorption processes internal con-
version and photoelectric effect are closely re-
lated. Internal conversion is an analog to the
photo-effect. However, the radiation is not a
beam from an external source, but from the
nucleus of the very atom whose electrons carry
off the excitation energy which would otherwise
go off as a gamma-quantum. ' The chief difference
between photo-effect and internal conversion is
in the radiation field, which is a plane wave beam
for photo-effect, but for internal conversion is the
spherical wave of the nearby nuclear multipole.
There is, of course, a process which differs from
Compton scattering in the same way as internal
conversion differs from photo-effect. This we call
internal scattering. Here the excitation energy is
not carried off by an electron alone, but'is shared
between an electron and a quantum. Just as the
probability of Compton scattering is proportional
to one higher power of the fine structure constant
than the photo-effect, so internal scattering is
related to conversion. Internal scattering has not
previously been considered both because it is
small compared to conversion, and because it
does not yield any such direct information as do
the sharp conversion lines, which give gamma-
ray energies.

Internal scattering, unlike Compton effect, can
give electrons in the energy range in question.
The scattered quantum in the Compton effect
cannot transfer an arbitrary fraction of its energy
to the recoil electron because of the conservation
of momentum. The incident plane wave has a

well-defined momentum, and the electron is free.
The total momentum must then be conserved
between electron and quantum. The presence of a
heavy body which can take up momentum with-
out taking up energy will permit the transfer of
any fraction of the gamma-ray energy to the
recoil electron, and allow the emission of electrons
in the excluded energy range. What we call
internal. scattering depends upon the absence of a
unique irlomentum vector in the spherical field
close to the nuclear multipole. Then the nucleus
can take up momentum through the radiation
field. We have not considered the effect of the
Coulomb binding, which also allows the nucleus
to take up momentum. That this omission of the
binding is justified for a qualitative treatment of
the internal scattering is shown by the experience
with internal conversion, where calculations
neglecting binding give a good estimate of the
effect.

We have calculated the number of internally-
scattered electrons as a function of electron
energy for any gamma-ray energy, neglecting
binding. We have considered scattering from s
electrons only, since they have much the highest
density at the nucleus. For gamma-ray energies
safely above the threshold, the effect will be
simply proportional to the electron density, and
scattering from the s electrons in the X shell will

give the bulk of the effect. We have found the
formula only for electric dipole radiation. This is
no essential restriction, since the dependence on
multipole field is similar for scattering and
conversion, this ratio, which is what is observed,
will change little with multipole order. In the
limit of high gamma-ray energy, v—& ~, we get for
the number of internally-scattered electrons in

the range dB per electron internally converted in

the X shell, for an electric dipole, neglecting
binding:

XgdE 0. (v iq 4 v 8Ev
2v'~ ———~+—(2ZQ —v2) In —— In LZ —(Z2 —1)~$

harv'

KQ i~) Q a

Q= v —2«. Where v, i~ and 8 are the energies of the initial and final quantum and the electron,
respectively, in units of mc'. We apply the above asymptotic formula to the example of ThC". The
gamma-ray is believed from conversion measurements to be an electric quadripole. The number of

' This should not be taken as an exact description of internal conversion. Actually each conversion electron represents, not
the absorption of a gamma-ray, but an additional nuclear transition induced by the atomic electrons. The nucleus radiates
essentially as though it were bare. Cf. H. M, Taylor and N, F. Mott, Proc. Roy. Soc, A142, 215—236 (1933).
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internally scattered electrons turns out to be inappreciable. This is indeed in agreement with the
absence of such electrons in the latest experiments. ' The asymptotic expression gives about one
electron scattered in the range in question for 30 in the X conversion. The exact formula gives half as
many.

II. CALCULATIQNs

We will find the rate of radiation of the emitted gamma-ray from the electron current in the
transition from initial to final state. The energy radiated per second per unit solid angle with fre-

quency c~/2s. from a current distribution S(x, y, z, t) is:

Cz 2

R„d0„=—,drs~ exp [ix.r] d0„
2x

where S~= (S—n(S n)); n is a unit vector in the direction of radiation, and r is the position vector
(x, y, z). We take the relativistic form of the current, appropriate to the energy range considered:

S=eg+aq. (2)

Here n is the vector whose components are the Dirac velocity matrices. P and q are Dirac wave
functions depending on r, t and spin. p represents the electron in the final state, and P represents the
initial state. We shall take the states normalized in a unit volume. We are interested in the electron
transitions to a group of states in the energy range dB, the momentum direction being in a solid angle
dQE The n.umber of these states is (PE/h')dEdQz Therefore . the energy radiated in dQ. for electron
transitions to dEdQE is:

c~' (PE't
R,'d&,d&EdE=

~
) )~ drs~exp [iv. r] dQdQedE

2~& Z~)

We consider transitions through intermediate states which are plane waves. In the intermediate
states the electron has energy E~ and momentum kk~, in the final state, E and Ak. The wave functions
are then:

Hoiui exp [—ir&E&t+iu$'x]
e
—imc2 f +Q

(Itv+ mc') Eg—
~lful exp [—zr 1Elt+ZK1 ' X]

p = u~ exp [iEt+ix x]+P
E—(ltv+Eg)

(4)

where v. ~ is the sign of the energy of the intermediate state, and the u's are wave amplitudes for a
state defined by a given value of spin and r. The normalization to unit volume means that Z

~

u,
~

' = 1

where the subscript s refers to the components of the Dirac wave functions. We use the Born ap-
proximation. We take uo as e "'/(s.a')&; a=5/mcuZ, and we shall treat a as large. Ro~ and H&t are
matrix elements of the perturbing Hamiltonian: H=e(p —n A), where p and A are the scalar and
vector potentials of the multipole field. We take the radiation field as that of an electric dipole
oscillator of angular frequency v, and moment D. (D will not have to be determined):

v vr ) t' t BA,
A=

~
0, 0, D cos ——vt ~, p= ——

~l dtc div A= —c ~ dt
r c ) Bs

The matrix elements will contain integrals which are not simple 8-functions in momentum space as

A. Alichanian and S. Nikitin, Comptes rendus de 1'Acad. des Sciences U. S. S. R. 19, 337 (1938).
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they are for a plane wave radiation field. There occur the integrals:

Lim I drA, exp [iraq x —r/a]=aq(e'"'+e '"'), Lim I droo exp [ix~ x r/a—]=by(e '"' e—'"'),
a-+no J gazoo J

where
47rD v (k z) .

Cy= bg ——

(v' —kP) V

(6)

When we put these into the expression (4) for the wave functions, and form the current we find for

J~drS~ exp [iv. r]
two time-dependent terms:

qp —it+quit

In squaring to get the rate of radiation we will get the proper result only if we make the replacement'

Doing this we find

where

2

~IdrS&exp [iu r] ~2q& q&.

c~'

(ATE)

R„'do.d&gdE= I ~I+—I d&„d&4dE,
2~&bo)

[—a&(uo, eius) (ur, n, uq) —bi(uo, aqui) (ul, uy) ]
I+=e'P~~' dr exp [i(k~+u) r]

E (A v+Eg)—
[ al(uo &*ul) (ul +Juf) +b1(uo ul) (u1 rrJuf) ]

+exp [—i(kg —k —u) r] (8)
(5v+ mc') Eg—

I (ag, bg) =I+(ai, —bg).

From the expressions (6) we saw how the presence of the dipole field allows the relaxation of the
momentum conditions in inducing transitions to the intermediate states. Here the space integrals are
b-functions and give for the first term in (8) k~ ———u and for the second k~ ——k+u. This expresses the
conservation of momentum in that step of the double transition in which the final quantum is
emitted. The conservation of momentum then reduces the sum over intermediate states to a sum
over spins and signs of energy for a given momentum. This sum is easily done using the completeness
theorems for the u's. ' We are then left with the rate of radiation for transitions to states with a given
final spin component. We must sum over the final spins and over the spins of the two X electrons
which can make the transitions. This we do by introducing the projection operators for initial and
final states and summing over both spin components and signs of the energy, thus taking the trace of
the resultant matrix products. ' We integrate over the angles for both the electron and the final

quantum. We obtain

R„'do„dQs [dE= (2/~)o~D'Z'WEdE

2 (I i) 4 v 8Ev
Lim WE= 2v'~ ————~+—(2EQ —v') In —— ln [E (E' 1)'*]——

3 (Q ~J Q
' W. Heitler, The Quunture Theory of Rggiation (Oxford, The Clarendon Press, 1936), p. 106.
5 W. Heitler, reference 4, pp. 149—154.

Q= v-2Ex

where Wg is an expression too long to be reproduced here, but whose asymptotic value, v~~ is:
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v, ~ and E are energies of the initial quantum, final quantum, and electron in units of mc and o. is

the fine structure constant 1j137. We divide this by z to get the number of scattered quanta per
second. This is also, of course, the number of recoil electrons per second. It is given in terms of D
which is unknown. But the total number of electrons internally converted in the E shell for a dipole
transition is also given in terms of D. It is'

4 (v+2' '¹g=—
i i

(v'+2)D'Z'n4
3E v)

Dividing the above expression for the number of electrons scattered per second in the energy range
dE by this gives:

NgdB 3a(' v ) & TVg'
dZ,

N~ 2' (v+2) v~+2

i.e. , the number of electrons scattered in dB per electron internally converted. I he above asymptotic
expression for 8'~ gives a number about twice as large as that calculated from the more exact
formula in the energy range 2.39—2.52 Mev for the 2.62-Mev gamma-ray. The average magnitude of
the exact form of Ws in this range is about 800. This gives about 1/60 for the number of electrons
scattered in this range per electron internally converted.

The authors are grateful to Professor J. R. Oppenheimer for suggesting this problem and for his

kind guidance throughout the work.

6S. Danco8 and P. Morrison, Phys. Rev. SS, 122 (1939).
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A critical study of the previous theoretical treatments
of the process of neutron capture by heavy nuclei bom-
barded with deuterons shows that while the dependence of
the transmutation function on the incident deuteron energy,
W, has been given correctly, the energy distribution of the
outgoing protons has not been satisfactorily estimated.
In I, the application to the Oppenheimer-Phillips process
of the usual formula for the cross section is shown to be
justified for restricted values of the atomic number Z and
of the deuteron energy. Bethe's method is used to express
the partial cross section as a product of three factors: the
penetrability of the potential barrier, the sticking proba-
bility of the neutron, and the energy transfer factor. In
II, methods of obtaining the deuteron wave-function are

discussed. Calculations of the transmutation function
are extended to higher values of Z and W, and results
obtained by using the 0-P-Bethe and the Kapur methods
are compared. In I II, the proton energy distribution is

discussed. A re-evaluation of the dependence of the trans-
fer factor on the proton energy, E', leads to a result differ-

ing from Bethe's. The transfer factor is found to have a
fairly sharp maximum, and to determine essentially the
proton energy distribution. For high Z and low W the
position and half-breadth of this maximum is given roughly

by %0~8' and AX&~3.3 WZ &. Lifshitz' and Kapur's
treatments of proton energies are examined, and found to
be unsatisfactory.

INTRoDUcTIoN

~

~

~

~

~GENERAL theoretical treatment of the
nuclear reactions induced by deuteron bom-

bardment is made difficult by the fact that they
* Royal Society of Canada Fellow.

are many-body processes to which ordinary

perturbation methods are not applicable because

of the strong short-range forces involved. An

attempt to simplify the problem may be made by
considering first the probabilities of the proton


