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An exact derivation of the Scherrer equation is given for particles of spherical shape, values
of the constant for half-value breadth and for integral breadth being obtained. Various ap-
proximation methods which have been used are compared with the exact calculation. The
tangent plane approximation of v. Laue is shown to be quite satisfactory, but some doubt is
cast on the use of approximation functions. It is suggested that the calculation for the ellipsoidal
particle based on the tangent plane approximation will provide a satisfactory basis for future

work.

1. INTRODUCTION

N 1918, P. Scherrer! showed that, when

parallel monochromatic radiation falls on a
random oriented mass of crystals, the diffracted
beam is broadened when the particle size is small.
By an approximation method he obtained an
expression for the half-value breadth B of the
diffracted beam in the form

- B=K\/(L cos x/2), 1)

in which A is the wave-length of the incident
x-rays, L the linear dimension of particle, x/2 the
Bragg angle and K a- numerical constant. for
which he obtained the value 2(In 2/7)¥=0.93.
Since then, various workers?™® using different
approximation methods and different definitions
for the breadth B have obtained different values
for the constant K. As a result, those interested
in using the relation (1) for the determination of
particle size have rightly been in doubt as to its
correct value.

The results of the preceding paper in this
issue’ include as a special case the interference
function for a spherical particle. For this par-
ticle, the calculation of the distribution in angle
of the diffracted beam can be carried through
exactly, and a value of the Scherrer constant can
be obtained. The approximation methods of
other authors are also applicable in this case, and
consequently it is possible to obtain an estimate

1 P. Scherrer, Gottinger Nachrichten (1918); cf. also R.
Zsigmondy, Kolloidchemie (3rd Ed. 1920), p. 394.

2'N. Seljakow, Zeits. f. Physik 31, 439; 33, 648 (1925).

3 M. v. Laue, Zeits. f. Krist. 64, 115 (1926).

4 C. C. Murdock, Phys. Rev. 35, 8 (1930).

5 W. L. Bragg, The Crystalline State, Vol. 1, p. 189.

6, W. Jones, Proc. Roy. Soc. A166, 16 (1938).

7 A. L. Patterson, p. 972, hereafter cited as I.

of their validity by comparison with the exact
calculation.

2. Exact CALCULATION OF J(x)

Following v. Laue® Eq. (28) and confining our
attention to the contribution from one whole-
numbered point (4;=2h;r) we may write, in the
notation of I (Eq. (17¢) etc.)

760= [ [ 11w e )

XdA 1dA 2dA 3y (28.)
EIH|=Y4b; (2b)
UiZMq;(Zﬂ'hi—'Ai), (2C)

in which the integration (2a) is taken between
the spheres k|H| and (k+Ak)|H/|. J(x) is then
a quantity proportional® to the intensity of the
x-rays scattered through an angle x by a random
oriented mass of crystal particles of uniform size,
each of which has a shape function ¥(U,).

We shall confine ourselves here to the simple
case* in which the lattice is cubic of translation
a=1/b and M =M,=M3;=M. We may then

write

|40 2=b23 A 2= p?, (3a)
[20 kb | 2= 4n2D2 Y b2 = p)?, (3b)
|20 hib;— Y A:b,|2=Re?/M2%a?,  (3c)
R?=M*Y 2nh;—A)*=3 U2  (3d)

8F. W. Jones, reference 6, p. 40, has pointed out that
the “‘constant’’ implicit in (2e) is constant only for small
variations of x, i.e., in the neighborhood of a whole-
numbered point. It also contains factors which depend on
the particle size, and cannot be used directly in a discussion
of the distribution of particle size.

* These conditions are not necessary for the integration
of (2a). More general conditions can be set up, but so far
no practical use has been made of them.
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Under such conditions, we may transform the
integral (2a) to polar coordinates (p, ¢, ¢) with
the vector G (cf. v. Laue,® Eq. (282) and Eq. (8)
below) as polar vector, when it takes the form

T = f (Hlm f ’ f e e E

X p? sin ddpddd .

The integration with respect to p can be carried
immediately and we obtain

J(x)=Akfwf Tl\I/(Ui)PSin dddde, (4)

subject to the condition

Ro?/M2?=Fk2|H|2+ps2—2k|H| py cos 4. (5a)
To integrate this expression, we must be able to
write the U; in terms of the polar coordinates. If,
as in the case of a spherical particle, ¥(U;) is a
function of R, alone and is independent of ¢ (cf. I
Table I), we can integrate directly with respect
to ¢, and make the change of variable

M2a?k|H | ps sin 9dd = RodR,. (5b)

We then have (omitting a factor which is con-
stant for a given whole-numbered point)

z
760 = [ 19(R)|*ReRs, (©)
A
in which
b=sin (/2 —sin (x/2),  (Ta)
oc=sin (xx/2)+sin (x/2), (7b)
A=2Maks, (7c)
3" =2 Make. (7d)

The exact evaluation of this integral for the
spherical particle will be given below.

3. CALcuLATION OF J(x) BY APPROXIMATION
METHODS

Instead of attempting the evaluation of the
integral (2a) between the spheres k2|H| and
(k+AR)|H|, v. Laue approximates it by an
integral taken over the region between the tan-

979

gent planes to these spheres at the points k| H|G
and (k+Ak) |H|G, in which G is a unit vector in
the direction of the vector > h:b; i.e.,

G=(Zhbs)/| Thbi]. (8

Following v. Laue,® Eq. (32), we may then write?
J60= [ 1e@®)|*RaR, ©)
s

in which. the assumption of cubic symmetry and
the conditions (3) are no longer required. Instead
we must, however, write

R*=3 M?Q2rhi—A:)*=3 U
1= (2k)"H{Z[(0:G)/ M}

(10a)
(10b)

and

We note that in the special case of cubic sym-
metry and under the conditions (3) the quantity
6/ takes the form 6/n=A=2Maks.

W. L. Bragg® was led to make a further
simplification of the discussion by considering
only the intensity of the x-rays reflected while
the vector H is in the same direction as the
vector G. With this assumption we have simply

Jo0 =% (3/n) [ (11)

Although this approach is confessedly approxi-
mate, it has the advantage of being applicable to
all possible forms of the function ¥(U;).

Since the interference function |¥(U;)|? is not
in general a function of R alone, v. Laue? (Egs.
(26) and (27)) made use of approximation func-
tions for the interference function in (9). These
functions were of the type

f1(4:) =Ciexp (—wi’R?),
fa(4:) = Ca(w2R241)2

(12a)
(12b)

In discussion with the author some years ago
v. Laue has also suggested a third approximation
function:

C3(1 —w3s?R?);
fs(di) =
0; Ry?>ws™2.

R2 < wa—2
(12¢)

In each the constant w is chosen so that the

9 B. E. Warren, Zeits. f. Krist. 99, 448 (1938) has given
a simplified discussion of some of v. Laue’s analysis.
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integral breadth W defined by
w=Lo T [ [ [ saddadaaas a3

(cf. I, Eq. (18)) has the same value for the ap-
proximation function and for the interference
function to be approximated.

Jones® (Section V (2)) has also made use of the
approximation functions (12a) and (12b), but he
chooses values for w such that the approximation
function and the interference function give the
same value for the integral breadth (in the scale
of §) for the function J(x) for the axial planes.

4. Exact AND APPROXIMATE CALCULATIONS
FOR SPHERICAL PARTICLES

From the interference function for ellipsoidal
particles (I, Table I, formula 5) under the special
conditions (3) we obtain the interference function
for a spherical particle of radius Ma. It has the
form

I \I/(_Ro) IZ = (9/R06> (Siﬂ Ro—Ro COos Ro)z. (14)

For this function the integrals (6) and (9) can
be evaluated exactly, and we can therefore obtain
an insight into the nature of the tangent plane
approximation. We can also estimate the ac-
curacy of the Bragg computation. Furthermore,
we can set up approximation functions of the
three types (12), using both the v. Laue and the
Jones criteria for evaluating w; and apply both
the exact and the tangent plane calculations to
them. It is thus possible to use the exact calcula-
tion as a test of the wvalidity of the wvarious
approximation methods and to estimate their
value in cases for which the exact calculation
cannot be carried through.

We substitute (14) in (6) and after integration
by parts we obtain exact form*

J(x)=A"*(sin A—A cos A)24A? sin? A]
=2 *[(sin 32— cos 2)*+2 2sin? 307, (15)
The integral (9) which follows from the tangent

plane approximation then obviously takes the
form

* The scales have been chosen for (15), (16), and (17)
so that they all have a maximum value unity.
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J(x) = (n/8)*{[sin (3/n)

—(8/n) cos (8/n) 1+ (8/m)? sin® (/7)}, (16)
while the Bragg approximation leads to
J(x)=9(n/8)'Tsin (8/n) —(8/n) cos (8/n)]. (17)

We are now in a position to compare the two
approximation methods with the exact calcula-
tion for a spherical particle of a cubic crystal
(6/n=A). We note first that for all practical
purposes, the expressions (15) and (16) be-
come identical. The function y=[ (sin y—1v cos y)?
+3%sin?y] has as its slope —(4/y%)(siny
—1 cos ¥)?, and is therefore a monotonic decreas-
ing function of y whose slope is small for large
values of y. Since ) will usually be large com-
pared with A, the second term of (15) will merely
result in a very small reduction in the background
intensity due to the first term. In general its
effect can be neglected, although in special cases
(e.g., for x small) it may have to be taken into
account. It seems therefore possible to give
strong support to v. Laue’s use of the tangent’
plane approximation. There is nothing in the
analysis to lead one to suppose that the case of
the spherical particle is in any way peculiar as
far as this assumption is concerned, and it is to
be expected that the approximation will be just
as good for particles of other shapes.

The integral breadths B; and the half-value
breadths Bys (in the scale of §) for the functions
(16) and (17) are given in Table I together with
the corresponding value of the Scherrer constant??
Kr and K. It is seen that for the sphere, the
Bragg approximation agrees with the exact
calculation within 10 percent. This is unfortu-
nately not close enough to enable us to place
immediate trust in the results obtained by this
approach for discussions of particle shape. It
should be noted that values of the Scherrer

TABLE 1. Scherrer constants.

BI/?) KI B%/'q K%
Exact (16) 4.189 1.333 3.477 1.107
Bragg (17) 3.770 1.200 3.630 1.155

10 7 in the Scherrer equation is then the diameter of
the spherical particle. For particles of the same volume,
the value obtained by Scherrer would correspond to 1.15
(cf. Murdock, reference 4, p. 20) and I, Eq. (25). Note also
that B is redefined.
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constant can be calculated by the Bragg method
for all the functions given in the previous paper
(I, Table IT and Eq. (23)) and that the integral
breadth B and the Scherrer constant K can be
obtained to this approximation for any particle
for which the curve of cross-sectional areas can
be set up. A detailed examination of the nature
of the Bragg approximation should therefore be
of great value for discussions of particle shape.

It is hoped that in the future, tangent plane
calculations can be carried out for some of the
exact interference functions which have been
obtained (I, Tables I and II).

We can now test the approximation functions
(12a—c). We note that both the exact (6) and the
tangent plane (9) integrals can be evaluated for
functions of this type. We shall confine ourselves
here to the tangent plane integral since it has
been set up under more general conditions and
has been shown to lead to almost the same results
as the exact integral. We may use both the v.
Laue and the Jones method for evaluating the
constants w. The values obtained and the cor-
responding values of the Scherrer constants K;
and Ky, are given in Table II.

These results show that the use of approxima-
tion functions in integrations of the type involved
in deriving the Scherrer formula are by no means
to be trusted. We see that the Laue approxima-
tion which has been made to give identical
values for the integral breadth in the reciprocal
space leads to very divergent values for the
constant K, one measure of the integral breadth
in the scale of x; while the values for Ky
(another measure of that breadth) show rela-
tively good agreement with one another. This
latter result can only be described as fortuitous.
The Jones approach forces the equality of the
constant K for the various functions, but leads
of course to quite different values for the integral
breadth in the reciprocal space, and to ‘quite
discordant values for the constant K. The
reason for this lies of course in the behavior of
these functions at infinity.! The identity of the
integral breadths is no guarantee for the identity
of any other property of these curves. Further-
more, two curves which have been matched by
any of the criteria discussed above, cannot be
expected to agree after being subjected to an

1t Cf. M. v. Laue, Ann. d. Physik 26, 59 (1936).
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TABLE I1. Scherrer constants from approximation functions.

%) Ky Kzf
v.LAUE JoNEs |v.LAUE JoNES |v.LAUE JONES
Exact 1.333 1.107
f1(4:) | 0455 0423 | 1.241 1333 | 1.166 1.252
2(4s) | 0.550 0.750 | 1.817 1.333 | 1.157 0.849
fs(4:) | 0.305 0.255 | 1.115 1.333 | 1.133  1.353

infinite integration of the nature of that involved
in the derivation of the Scherrer formula.

In the discussion of the effect of the size and
shape of the sample and of the nature of the
radiation such as has been given by v. Laue® and
Brill and Pelzer!? it seems that the use of approxi-
mation functions is inevitable. The results of the
present paper indicate that the conclusions drawn
from such an analysis should be examined criti-
cally. It seems that the approximation functions
must be chosen with much more care, particularly
with respect to their behavior at infinity. Per-
haps the more purely empirical approach sug-
gested by Jones® will provide the best means for
making allowance for the dimensions of the
sample. It is, however, of great importance that
the fundamental discussion given by v. Laue?® be
placed on a sound basis.

CONCLUSION

In the approximation methods of v. Laue?® and
Jones® the use of the expression (10b) is equiva-
lent to the assumption of an ellipsoidal particle.
They compare their approximation functions for
such a particle with the exact interference func-
tion for a particle which is a parallepipedon in
shape, and obtain various values for w which lead
to the values for the Scherrer constant given in
Table II. The results of the present paper seem
to indicate that it would be safest to assume that
the particle is ellipsoidal at the start and to use
the values for the Scherrer constant obtained for
the exact function for an ellipsoidal particle.
Then, in a case in which the Scherrer formula is
directly applicable, or after the application of an
empirical analysis such as that given by Jones,®
the values of L obtained from a given crystallo-
graphic form would be representative of the
mean dimension of the particle in the direction

2R, Brill, Zeits. f. Krist. 68, 387 (1928); R. Brill and
H. Pelzer, 7bid. 72, 398 (1929); 74, 147 (1930), etc.
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normal to the faces of that form. If the assump-
tion of an ellipsoidal particle is well-founded, the
breadth should vary in the way suggested by
(10b). If not, the departures from the ellipsoidal
shape can be examined in the light of Table II
of the preceding paper? and an indication of the
actual particle shape can be obtained.
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An investigation has been made of the spectrum of heavy
water vapor (D,0) in the region from 23u to 135x. The
instrument used was a self-recording spectrograph of large
aperture, using echelette gratings, vacuum thermopile, and
a system of filters, shutters, and restsirahlen plates to re-
move higher order spectral impurity. The radiation path
in the spectrograph could be evacuated. From this research
the experimental positions and relative intensities of 210
pure rotation absorption frequencies were obtained. Ab-
sorption maxima were located with an accuracy of about
0.05 cm™., Lines 0.5 cm™ apart were partially resolved,
higher resolution and dispersion being of little advantage
since the true width of these absorption lines was of this
same order of magnitude. The energy levels of a zeroth-

I. INTRODUCTION

LARGE amount of work has been done on

the spectral analysis of ordinary water in

its vapor state. Information concerning the mole-
cule as a whole is largely limited to studies of the
absorption frequencies occurring in the infra-red
region of the electromagnetic spectrum. The
vibration-rotation bands of H,O have been
examined a number of times.! Since the discovery?
of the heavy hydrogen isotope, H? (often called
deuterium, D), similar studies® have been made

* Now at Rutgers University.

1'W. W. Sleator, Astrophys. J. 48, 125 (1918); W. W.
Sleator and E. R. Phelps, Astrophys. J. 62, 28 (1925);
R. Mecke, Zeits. f. Physik 81, 313, 445, 456 (1933); L. G.
Bonner, Phys. Rev. 46, 458 (1935); E. Ganz, Ann. d.
Physik 28, 445 (1937).

(é;%;ey, Brickwedde and Murphy, Phys. Rev. 40, 1

3]. W. Ellis and B. W. Sorge, J. Chem. Phys. 2, 559
(1934); T. Shidei, Phys. and Math. Soc. of Japan Proc. 16,

order approximation to the D;O asymmetric rotator mole-
cule were computed through quantum number j=11, and
corrected for zero point vibration and centrifugal stretching
in the ground state. A comparison of the positions and
intensities- of the experimental data with those of the
transitions between these ‘‘key’’ levels showed a rather good
agreement. These levels were therefore corrected to fit the
data, and checked for consistancy by means of series
regularities and combination relations. In all, 111 distinct
energy levels based on the experimental data were com-
puted. A graph of the experimental data contrasted with a
similar graph of the transitions based on these corrected
levels gives a clear picture of the success of the analysis.

upon D;0. In more recent years the extension of
the spectrum of H,0O into the region of pure rota-
tion frequencies has been made.* One of these
latter studies® succeeded in establishing the rota-
tional energy levels of the ground state with high
accuracy. The present investigation was under-
taken in the attempt to parallel this H,O analysis
with a similar study of DO.

The problem has been to map the far infra-red
pure rotation absorption spectrum of heavy
362 (1934); E. Bartholome and K. Clusius, Zeits. f. Elec.
Chem. 40, 529 (1934); E. F. Barker and W. W. Sleator, J.
Chem. Phys. 3, 660 (1935); L. Kellner, Proc. Roy. Soc. 159,
a410 (1937).

4 H. Rubens, Berliner Ber. S: 8 (1931); H. Witt, Zeits. f.
Physik 28, 245 (1924); M. Czerny, Zeits. f. Physik 34, 232
(1925); J. Kuhne, Zeits. f. Physik 84, 722 (1933); N. Wright
and H. M. Randall, Phys. Rev. 44, 391 (1933); Barnes,
Benedict and Lewis, Phys. Rev. 47, 918 (1935).

5 Randall, Dennison, Ginsberg and Weber, Phys. Rev.
52, 160 (1937) (this paper will hereafter be referred to as
RDGW).



