ROTATION-VIBRATION ENERGIES

altering the lattice structure of the precipitate.
The precipitate may possibly be face-centered
cubic gamma-iron containing copper, or iron
atoms in great concentration on the lattice points
of the copper lattice.
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A general discussion of a method which may be used to obtain the first-order Coriolis splitting
of the harmonic and combination states of »; and »4 is presented. The method is applied to
obtain these splittings of 2»;, 2v4 and »;+»4 and to derive the stabilized wave functions for
these states. With these functions the selection rules and the elements of the matrix of the

second-order Hamiltonian H®’ have been calculated for these states.

I. INTRODUCTION

N Part T of this paper! we have given the

quantum-mechanical Hamiltonian for the
investigation of the vibration-rotation energies
of the XY, type molecules, including all terms
which may contribute to the energy to second
order of approximation. In addition to the har-
monic oscillator and rigid spherical top terms of
the zeroth order, the Hamiltonian includes cubic
and quartic anharmonic terms, centrifugal ex-
pansion terms, all possible types of Coriolis and
other interactions between rotation and oscil-
lation. The Hamiltonian was transformed by a
contact transformation into H® -+ NH®’ N2 H @’
so that to second approximation only the Coriolis
interaction terms between rotation and the
threefold degenerate oscillations »; and »s are
contained in H®’, This facilitates the calculation
of the energies to second approximation which
otherwise would be very difficult because of the
high degree of degeneracy of the zeroth-order
energies. In Part I we have calculated and set
down the elements of the matrix H accurate to
second order of approximation for the states
Vivy, va, Vivitvs, Vivitvs, ve+vs and vatva.

Part II deals with the energies of the states
2v; (or 2vs) and vz+vs, which are, respectively,

t'W. H. Shaffer, H. H. Nielsen and L. H. Thomas, Phys.
Rev. 56, 895 (1939).

six- and ninefold degenerate because of the
degeneracy of vsand v4. The manner in which this
degeneracy is removed by the first-order Coriolis
terms H®’ is discussed and calculations are
made on the selection rules and the second-order
energies.

II. Tue FIrsT-ORDER CORIOLIS
INTERACTION ENERGIES

We shall discuss first a general method of
treating’ the first-order Coriolis interaction
terms H®’ which can be written in the form:

HO = —(£3/A40)Js ) = (£4/A0)Ta-T), (1)
where J; and J, are the internal angular momenta
associated with »; and »4, respectively, and J is
the total angular momentum of the molecule. It
is readily shown from a study in spherical polar
coordinates of the threefold degenerate modes »;
and », as isotropic three-dimensional oscillators
that the quantum number J3; may assume the
values V3, V3—2, V3—4, ---0 or 1 (and J, the
values V4, Vy—2, etc.) where V3 and V, are the
vibrational quantum numbers associated with
vs and v, respectively. The total internal angular
momentum of the molecule is thus:

Jo=Js+]4,
where J» may evidently take the values:
Je=JTs+Ts, Js+Js—1, - |Js—J4].

(2)
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Thus the total angular momentum of the mole-
cule, J, becomes

J=J1+7., (4)
J: being the angular momentum of the rotation of
the molecular framework. J; may take the values:

Ji=J+Ts TH+Ta—=1, - |T=T. (5)

When only one of the vibrational quantum
numbers V; (k=3, 4), is different from zero it
follows that Jr=J, so that

HY = (=54/A0)Jo ) = (= £1/A0) Ji T).
It is readily shown with the aid of (4) that:
HY' =(=5/A){ T2 TJ)+T - =TT}, (6)

which when V;=1 leads directly to the eigen-
values of H®' given in Part I and elsewhere.
When V; and V4 both are different from zero,
the substitution of (2) and (4) into (1) yields:

HO' =—(1/240){ ({34 $4) T2 T2)

+2¢3(J3-J) +284(Ja J0)
F (=) T3 J)+(Ca—a)Ta T} (7)
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The only nonvanishing matrix elements of the
quantities (J;- J;) are diagonal in all the quantum
numbers and have the values:

Ji(Ji+ 1)k (J; denoting J, Jsy Ju, J1,0r Jo). (8)

A method similar to that of Condon and Shortley?
vields the following nonvanishing matrix ele-

ments of (Js+J1) and (J4-J1):

(-721(]'3'.]1)”2)}
(J2| (Ja-J2) [ T2)
X[J(T4+1) = T1(J141) = To(Ja+1)]

X /4Ty (Je+1), (9)

(J2| (Js'Jl)Uz—l)}

—(J2|Ja T | Ja—1)

=[(Ja—=Ts+JTo)(Ja+Ts— TJo) (Jo+ Ts+T4+1)

X(Js+Ts=Te+1)(T+To—T1) T

XL+ Ti=To+-1)(J+T1+ T2 +1)
X(Ji+To=J) /4T 24T 2 —1) 1 (#2/2).  (10)

The matrix elements in (9) and (10) are diagonal
in the quantum numbers J, J;, J; and J..

ITI. TuE EIGENFUNCTIONS AND EIGENVALUES OF H FOR 2v;3, 2v; AND v3-+vs

A. The state 2v; (and 2v,)

For the state 2vs, V3=2 and V1= Ve=V,=0. The zeroth-order energy for this state is:

E(O) = lh(V1+2V2+7V3+3V4)+J(]+1)(ﬁ2/2x4 g).

(11)

From the foregoing it is evident that Ji(=J;) may take the values: (a), Jo=2 and (b), J.=0. It
follows from (5) that the corresponding values of Jy are: (a) Jo=J=2, J+1, J and (b) J,=J.
Eq. (6) together with (8) leads at once to the following eigenvalues E;® = ¢,({3%2/A4,)

(a) Ji=J: ¢=0;
(b) J1=J"|—22 €1=2J; J1=J+1Z 611:.]—2;

J1=JI
J1=]—12 €1v='—'(]+3);

ann=—3;

Ji=T—2: eg=—2(J+1). (12)

Thus the sixfold vibrational degeneracy of the state 2v; is removed by H®’. There remains, however,
a (2J+1) degeneracy in the quantum number K which can be removed only by terms of second and
higher orders in H, and a (2J41)-fold degeneracy in the magnetic quantum number M.

The wave functions required for our further work are the functions which will diagonalize
HOA4NH®’, Treated in spherical polar coordinates, the wave functions characteristic of the state
2v3, which to zeroth approximation is sixfold degenerate, are the following:

(@)  xo(JK'M)=3"{$(200)+ $(020)+¢(002)} R(JK' M),
(b)  x:1(JK'M)=27{¢(200) — $(020) +2%¢(110) } R(JK' M),

x2(JK'M) =274{$(101)+i¢(011)} R(JK' M),

(13)

xs(JK' M) = 674{2¢(002) — ¢(200) — $(020)} R(JK' M),
x4(JK'M)= —274{¢(101) —i¢(011)} R(JK' M),
xs(JK' M) = 2-1{ $(200) — $(020) — 24 $(110) } R(JK' M),

where R(JK'M) denotes a wave function of the spherical top and ¢(ninens) = ¢(n1)d(n2)d(ns),
¢(n:) being the wave function of a linear harmonic oscillator associated with the coordinate g;. As

2E..U. Condon and G. H. Shortley, Introduction to Atomic Spectra (Cambridge University Press, 1935), Section 123,
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in Part I, n1+ns+n;=V;. It is readily shown that the wave functions we require are the following
linear combinations of the functions (13); for case (a), Vo(JK'M)=xo(JK'M); for case (b),
V(JKM)=asx1:(JK4+2M)+b;x2(JK+1M) +coxs(JKM)+dxo(JK—1M)+ex:(JK—2M). In
matrix notation we may write:

A4 ex di a1 b ar X5

L 454 ez dy c2 by as X4
[wll=[l4]-lxll=||Wm||=|les ds ¢s bs as||-||xs||- (14)

Y1iv es dy ¢4 by a4l ||xe

Yy es ds ¢s by as X1

The matrix A of (14) is identical, element for element, with the matrix in Table 23 of reference 2
where j; and m are replaced by J and K, respectively.

The selection rules have been determined by investigating the nonvanishing elements of the
electric moment. This has been done by two different methods: first, by use of the quadratic terms in
the electric moment together with the eigenfunctions (14) ; second, by use of the linear terms in the
electric moment together with wave functions corrected by taking into account cubic terms in
the potential energy. The two methods yield identical results for both selection rules and the
quantum-mechanical amplitudes.

The selection rules governing transitions between rotation levels in the normal state and the
Coriolis components of the state 2v; are the following: (a) Transitions to ¢ from the normal state
are forbidden; (b) AJ=0, —1 to e1; AJ=0, &1 to e, €1, erv; AJ=0, +1 to ey. The selection rules
for K and M are the same as in the case of transitions to Vivi+vs, viz.,, AK=0, AM =0, =+1.

The actual relative intensities of the lines are proportional to the quantities B(J'K’, JK) which
denote the squares of the absolute values of the amplitudes for transitions (J'K’) to (JK). The
values of B(J'K’, JK) for the state 2v; are given below:

(a) J2=2, J1=J+2 :
B(J—1K, JK)=0,
B(JK, JK)=J[(J+2)*—K*]J[(J+1)*— K*]/(J+1)*(J+2) (2T +1) (2T +3),
B(J+1K, JK) = (2J+ 1)K [(J+2)2—K*]/(J+1)*(J+2)(2T+3)?%;
(b) J2=2, 1=J-2:
B(J—1K, JR)=Q2J+ 1)K (J—1)2=K?]/J2(J—1)(2T —1)2,
BUK, JK)=(J4+1)(*—K)[(J—1)—K2]/J2(J—1)(4T2—1),
B(J+1K, JK)=0;
(¢) Jo=2, 1=J+1:
B(J—-1K, JK)={J+2)[J*—K2J[(J+1):—= K] /23 (J+1) (42 —1), (15)
B(JK, JK)=(J=2)K*[(J+1)* = K2]/2J*(J+1)*(J+2) (2T +1),
B(J+1K, JK)=J[3K*— (J+1)(J+2)1/2(J+1)*(J+2) (2T +3) (2T +1) ;
d) J.=2,Ji=J-1:
B(J—1K, JK)=(J+1)[BK*—J(J—=1)}/2T(J—1)(4J*—1),
B(JK, JK)=(J4+3)2K¥(J*—K?) /2J2(J+1)2(J—1) (2T +1),
B(J+1K, JK)=(J—-1)(J*=K)[(J+1)* = K*]/2(J+1)2T (2T +1) (2T +3) ;
(e) Jy=2,J:=1:
B(J—1K, JK)=3Q2J+3)K*(J*— K2 /2J*(J+1)(2T—1)2,
B(JK, JK)=3[3K2— J(J+1) /272 (J+1)2(2T — 1) (2T +3),
B(J+1K, JK)=32J - 1)K [ (J+1)—K2]/2(J+1)2T (2T +3).
As a further check on the reliability of these amplitudes we have verified that they are consistent
with the principle of spectroscopic stability.
The second-order energy corrections are obtained by solving for the roots of the secular determinant
|(K|H®'|K')—E®§g K|, the elements of which are obtained after the manner of Part I. These
are listed below, the quantities a, b, ¢, d, and e being the elements of the matrix 4 given in (15).
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(K|H®"|K) = (#*/240) { Ro+fR1+f2Ro+ (b2 — ¢c2+d») Rs+ (a2 +e2) fRi+ (b2+d2) fRs
F[a2(K+2)2+e2(K —2)*1Rs+c2K2R:+ [02(K+1)24+d 2(K —1)2|Rs+ [a2(6f(K +2)?
—5(K+2)’—T7(K+2)")+b2(6f(K+1)*—5(K+1)2—7(K+1)*) +c2(6fK*—5K*—TK?*)
+d(6f(K—1)—5(K—1)*—T(K—1)*)+e2(6f(K —2)*—5(K—2)?~T7(K—2)*) 1R,

+ (@i 2K+3)[ f— (K+1)(K+2) T +bic: 2K+1) [ f—K(K+1) /6 +c:id: 2K — 1)

X[f—K(K—-1)]/60+d:e; 2K —3)[ f— (K —1)(K—2) ) Rio+ (a:b:(2f — 6K2— 18K —15)

XLf—(K+1)(K+2) P+ 3bici(2f—6K2— 6K —3) [ f —K(K+1) /6 +3bic;(2f — 6K2+6K — 3)

XLf—K(K—1)}/6'+de(2f—6K>*+18K —15)[ f— (K —1)(K —2))}) Ru+ (2a2[8(K+2)?

+(K+2) —4f(K+2) ]+b2[8(K+1)*+ (K+1) —4f(K+1)]—d[8(K —1)*4+ (K —1)

—4f(K—1)]1—2e2[8(K —2)*+ (K —2) —4f(K —2)])(R11/2)+ (6 7tasc.[ f— K (K+1) ]t

X[f—=(K+1)(K+2)F—3bidi f—K(K—1) P f—K(K+1)TF v

+6 e f-K(K—1)F[f—(K=1)(K—2) )R}, (16)

in which the parameters R, are the following quantities:

_Rg(ZVa) = (A 0/2) {39d1+ 7d3+9d5+ 12d6+3d10+14d11+7d13+3d20+ 7d21+ 14d22—7d23/2 +3d27'
+6das —3d29/243d 30+ 3d31+9dss} — (9/4) +9¢:2/24 (7/2)[(ws/ ws) + (ws/ wa) 1¢ 342
+(7/4)[(wa/ ws) + (ws/ wg) 1¢2s*+ (3/4) [(we/ wa) + (ws/ we) 1¢ 22— 37542 — (Ao/4) {10¢1%/3ws
+622(14w3w4—|— 18&)32— 120)42)/604(4:(.032* (.642) +632(14w4——3w3)/(4w42— w32) +C42/3w4
+4265(67+511+612)/w1+052(188w32— 63w12—|—28w1w3)/w1(4w32— w12) + (662/(w14+w34+ w4t
"’20.!126032— 2(.012(042'— 2(0320)42))[3(4)3((.032— w42 - w12) +7w4(w42 ad w32-— w12) +7w1(w12-—w32——w42)
+60)]10.‘30.}4]-’—3672(6604—*-’50)1)/(2(.04-{‘ w1)+1867(611-}-{,'12)/w1+682(44w32+28w2w3
—2Tw?) [ wa(dws? — we?) + (¢ / (ot + wat+ wat — 2w ws? — 2wolws® — 2ws?w4?) ) [ bwawsws
+3w3(w32-— wl— w22)+7w4(w42—w32— w22)+7(w22-— wg?— w42)]+6c;02/(w2+2w4)

, +18c11¢18/ w1+ 11112/ w14 36¢122 (w1 wa) /wi{wi+2ws) + 5¢152 /161,

Ri(2v5) = (1/240){3525%/ w3+ 35282/ 20a+1/wa+2/ w14 2§32 3ws(ws?+ 30w42) — 8wa(wi+3ws?) ]

X (30)3(.04((032 - w42))"1+ §‘232(5w23+ 15602(.032 - 9(.022603 *“36033)/3(.020)3(6022— OJ32)
+ S2a¥(ws— wg)?/ waws(wot wa) } - (A2/24 Pws?) + (/A o) (A o/6w:®) (Tes+ e+ 3c11+3c12),

Ro(2v3) = — (1?/646") {5/202*+8/ w2+ (3/4) ({28 wiP+ {2a/w0i)) }, _

R3(2V3) = (AO/Z)(‘_ 6d1+3d6)+3§'32/2+ (A 0//4) {3(26032'— w42)622/w4(w42—'4w32) —8w32652/w1(4w32—— w12)

7 - (90)22 - 28(032)682/(.02(46032— w22) } ’

Ry(2v3) = (1/2A0) { {28/ ws+2a1/ w2+ (4/3) (BwsP+ wi?) {362/ ws(ws? — wa?)

+(4/3) (w2 +3ws?) $ 252/ wa(wa? — i) },
R5(2V3) =R4/4, R6= —3R4/2, R-z “—’3R4/4, Rs= 3R4/4, R9= (ﬁz/‘lAg?) (1/0)22—%{232/0’32),
Ri10(2v5) = (1) A0) {3§ 28 /Aws 1823 d ot/ wst —cafasd ot/ wid 4 (w02 + 3ws?) 3/ wa(ws? — wa?) },
R11(2v3) = (B2193?/2A *ws?), Ris(2vs)= —3Ru(2v3)/2— R1o(2v3). -
(K|H®'|K+2)=(K+2|H®"|K)=(1?/240) { —2cie(+2)67}(f— 3K +bidi(+2) [ f—3(K+1)*]
—2aici(+2)67 [ f—3(K+2)* 1= aa:i(+2)[f— (K+2)(K+3) PLf— (K+3)(K+4) T
+0:bi(+2)Lf — (K+1)(K+2) PLI— (K+2)(K+3) Ftcico(+2) [ —K(K+1)
XLf=(K+1)(K+2) P+ddi(+2)[f-K(K -1 PLf—KEK+1)TF
—eiei(+2)[f—(K—-1)(K-2)F[f—K(K—1) P} Ris, (17)
where R13 = (A ows/Zﬁ)Rn.
(K| H®'|K+4)=(K+4|H®'|K) = (#*/24 ) {[aici(+4) 67 (f— (K+2)(K+3))}(f— (K+3)
X(E+4))—=3b:di(+4) (f — (K+1) (K+2))(f— (K +2) (K +3)) +-ciei(+4) 67 (f— K (K +1))*
X (f—(K+1)(E+2) R~ [aai(+4) (f— (K+2)(K+3))}(f— (K+3) (K +4))}
X (f = (K+4) (K+3))}(f— (K+435)(K+6)) +b:bi(+4) (f — (K+1)(K+2))(f — (K+2) (K +3))*
X (f= (K+3)(E+4))}(f— (K+4)(K+5)) +cici(+4) (f— K(K+1))}(f— (K+1) (K +2))}
X (f= (E+2)(K+3)NHf— (K+3)(K+4)) +didi(+4) (f— K(K—1)}(f—K(K+1))}
X (f=(KE+1)(E+2))(f— (K+2)(K+3))i+eiei(+4) (f— (K —1)(K-2))}(f—K(K - 1))}
X (f— KK+~ (KE+1)(K+2))1(Rs/2) +[abi(+4) (f — (K+2)(K+3))H(f— (K+3)
X (K443 (f— (K+4)(K+5)) 4+ (3bici(+4) /6% (f — (K +1) (K +2))(f— (K —2) (K +3))*
X (f— (K+3)(K+4))i+ (3cidi(+4)/6) (f — K(K+DR(f— (K+1D)(K+2)H(f— (K+2)(K+3))}
+died(+4) (f— KK —-1)P(f— KK+ 1))}(f— (B+1)(K+2))*]Ru}, (18)
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FiG. 1. Matrix of H; for the state vz-+»s. Fi1G. 2. Coriolis levels for state »3+vs of XYy,

where R14(2 V3) = —3R4<2V3)/4+R10(2 V3)/2.

Since the state 2»4 is entirely similar to the state 2»; the above discussion is directly applicable
to it. The elements of the matrix H®’ for that state may be obtained from (16), (17) and (18)
simply by interchanging {; and ¢, and, as well, those other quantities (discussed in Part I) which
there must be interchanged to obtain the matrix elements of Vi»1-4», from those of Viri+vs.

B. The state vs+ v

In the state vs+»4 the vibration quantum numbers take the following values: V;=TV,=1,
V1= V,=0 so that the zeroth-order energy becomes:

E(O)V3+V4= (h/Z)(V1+2V2+5V3+5V4)+J(]+1)(ﬁ2/2A0) (19)

From (2), it follows that J3=J,=1 and from (3) that J, may be (a) J.=2, (b) J.=1 and (c) J»=0.
The corresponding values of J; are (a) Ji=J=42, J=+1, J (b) Ji=J=1, Jand (c) J,=J. With the
aid of (7),(8), (9) and (10) it is possible to set up the matrix of H®’ for the state vs+ 4. It will be a
step matrix and will have the appearance of the Fig. 1. In the figure the symbols I, II, etc.,
represent the

following combinations of quantum numbers: I: Jy=J+42, Jo=2; 11: Ji=J—2, J,=2; III:

J1=J+1, J2=2; IV ]1:J+1, Jzzl; VZ J1=J-‘1, J2=2; VI. J1=J—1, Jg"-—“l; VII J1=J,
Je=2; VIII: J1=], Jo=1; IX: J1=J, J»=0. Solution of the secular determinant of Fig. 1 yields
for the state »3-+»4 the following nine Coriolis components into which the zeroth-order levels (19)
are split by H®’. Denoting these by E;¥ which is set equal to (e;52/4,) we have:3

Ji=J+2: ea=J({s+5); Ji=J—=2: ea=—(J+1)(ts+¢0);

Ji=J+1: 65, 4=3{(T—D(Cs+ ) £[(TH1)2(F3— o) +48s80 1 (20)

Ji=J—=1: €5, 6= —3{(J+2)(Ca+ ) FLIA($3— £a)2H48s54

Ji1=J: e7, s, ¢ are the roots of the cubic equation :

€ +2(fa et +H03/4) (S350 — (1/4) (42 +4T = 1) (53— §4) e — T (T+ 1) S+ (§s— £ =0.

? Anindependent method not based on the vector addition of angular momenta has been used to check the above results.
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The manner in which the Coriolis levels depend on the values of {3and {4 ({3+¢s=3%) is illustrated
in Fig. 2 where the parent rotational levels are indicated by J=0, 1, 2, etc. In the diagram the
Coriolis levels e; of J and e, of J+1 are shown separated in order simply to clarify the illustration.
It is interesting to note that the nine Coriolis levels associated with a given value of J become three
levels for the case {5=0, {4=1%, each of which is threefold degenerate. Under these conditions the
Coriolis pattern is entirely like that for the state », where {4=1%, a result which is quite natural since
setting {3=0 corresponds effectively to reducing the internal angular momentum associated with »s
to zero. The values {3 and {4 for methane have been determined by Johnston and Dennison* to be
equal to 0.0345 and 0.4655, respectively. This indicates that the first-order Coriolis levels of »34»4
should in that case fall into three sets of three nearly coincident levels. ‘

The basic wave functions ¥, ¥ir, - -+, ¥1x used in setting up the matrix H®’ in the form of Fig.
1 fall into three sets corresponding to Jo=2, Jo=1 and J,=0. They are linear combinations of the
following preliminary functions

xo=—3H{ F(v3) H(v) +G(v3)G(ve) + H(vs) H(vs) } R(JK M) ;
X1= F(Vs)F(V4)R(JK+2M> ) X2=2—%{F(Vs)G(V4)+G(V3)F(V4) }R(JK+1M) )

xs= — 6" H{ F(vs) H(vs) —2G(v5)G(v4) + H(v3) F(v) }R(JKM) ; (21)
x+=—2"HH(»3)G(rs) +G(vs) H(vs) ,RUK—1M); xs=H(vs)H(v))R(JK—2M);
x6=2"H{ F(v3)G(vs) —G(vs) F(va) }R(JK+1M) ; x1=2"H{H(vs) F(vs) — F(v5)H)) } R(JK M) ;

xs=2"H{H(v3)G(vs) —G(v3)H(v4) |R(JK—1M),

where F(v3), G(vs) and H(v;) are the basic wave functions for »; defined in Part I and where F(v4),
G(vs) and H(vy) are the corresponding functions for the state »,. It is not difficult to show that the
required combinations are the following ones:

1] (ra=22=[|A]| - [|x]| 72=2), (22a)

where || ¥] (72=2)= | W1 ¥ ¥ ¥y v, |Ix||72a=2)=]xsxaxsx2x1]] and A is identically the same
transformation matrix which occurs in (14);

Wy Y1 B1 a Xs
Yyir = vo Bz asll||x7||=Bx]|72=1), (22b)
Wynrl|| (Ja=1) ||7vs B3 «as|| ||xe

in which the matrix B is identical with the one in Table 2? of reference 2 when j; and m have been

replaced, respectively, by J and K; and
Yix = Xo. (22¢)

The actual eigenfunctions of H®’ corresponding to the eigenvalues E;®" of (20) will once more be
linear combinations of the functions ¥(J,=2), ¥(J,=1), and ¥(J»=0) and may be written:

V(E®)=4,%(J,=2) +Bi‘P(]2% 1)+ Ci¥(J2=0), (23)

where the 4;, B; and C; are the normalized first minors of the secular determinant of the matrix in
Fig. 1. These may readily be obtained for special values of {3 and {4

Using the wave functions (23), the selection rules governing the transitions between the normal
vibration state and the Coriolis component levels E;* of the state vs+v4 have been determined in
the same manner as for the state 2v3 and are found to be the following:

AT=0, —1 to E,®; AJ=0, +1 to E,®; AJ=0, £1 to E.X wheres=3,4, ---9.

As before the selection rules for K and M are AK=0, AM=0, +1. It is found in evaluating the
nonvanishing elements of the electric moment, that only that part of the wave function (23) will
contribute which depends upon J,=2. These elements are again proportional to the quantities

4 M. Johnston and D. M. Dennison, Phys. Rev. 48, 868 (1935).
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B(J'K’, JK) obtained in connection with 2»;, the proportionality constants being the squares of the
A; which occur as coefficients of ¥(J,=2) in (23). For the limiting cases {3=0, {1+=% (and {3=3%,
¢4=0) it has again been verified that the principle of spectroscopic stability is obeyed.

The matrix of H®’ may now be set up using as the stabilized wave functions, the functions
Y(E;M) of (23). There are no matrix elements of H®’ which involve different values of Js, i.e., all
such integrals as S W(J,=2)H®'¥(J,=1)dv, etc., vanish, The (K|K’) matrix elements of H®’
thus take the form

(K|H®'|K)=A:A{(K|H®'|K") 13=2+B:B{ (K | H®'| K") 53=14 C:C{ (K| H®' | K") 730,

where (K|H®'|K")so= S W (J2JKM)H® ¥ (JoJK'M)dv, J, taking the values 2, 1, 0. The elements
(K|H®'|K")Jy are given below :

(K l H®' lK) Jo=2= (hZ/ZA 0) {R0+R1f+R2f2+ (b,gz —6i2+d52)R3+ (aﬁ—i—eﬁ)fR,;—}— (1/4:) (bi2+di2)fR4
— (3/2)[a2(K+2)2+e2(K — 2)* R4+ 3¢2K?Re/2 4+ (3 /4) [b2(K +1)2+-d2(K —1)*]R,
—[67%aici(f— (K+1)(K+2)) (f— K(K+1)) +3b:di(f— K (K+1))} (f— K (K —1))}
+673ciei(f— K(K—1))}(f— (K—1)(K—2))*J(Rs+3R4/2) +[a:bs( 2K +3) (f— (K +1) (K +2))?
+67%:c:(2K+1) (f— K(K+1)) = 67%¢id:(2K — 1) (f— K(K — 1))t~ d;ei(2K — 3) (f— (K —1)

X (K=2))"1Rs+Labi(2f— 6K>— 18K —15)(f— (K +1) (K +2))#+ (3bici/6}) (2f — 6K>— 6K —3)

X (f— K(K+1))i+ (3cidi/6%) (2f — 6K2+6K — 3) (f— K (K — 1))+ dies(2f — 6 K2+ 18K — 15)

X(f=(K=1)(K—2)) 1Rs+[a*(8(K+2)*+ (K +2) —4f(K+2)) +(5:2/2) (8(K+1)*+ (K +1)

—4f(K+1)) = (d2/2) (8(K —1)*4- (K —1) —4f(K — 1)) —e(8(K —2)*+ (K —2) —4f(K —2))]

X(=Re/2)+[a(6f(K+2)*—5(K+2)*—7(K+2)*) +b2(6f(K+1)—5(K+1)?—T(K+1)*)

+c2(6fK?—5K2—TK4) +d2(6f(K—1)2—5(K —1)2— 7(K — 1) ) +e2(6 (K — 2)* — 5(K —2)?

—1(K=2)*1R.. (24)

where

Ro(vs+vs) =(A40/2){21(d1+d5)+9d35+7(ds+d10) +16d11+5(d1s+day+dar) +10(daa+dss)
+3(dso+ds143dss) — (5/2) (das+d2e) } +2(F3— £ )2+ 6838 a+40 (wa/ws) + (w3 / we) ] ¢ 342
+(45/16)[(w2/ ws) + (ws/ wz) I¢as*+ (45 /16) [(wa/ ws) + (ws/ w2) Js a2 — (9/4) — 2552 — (Ao/4)
X { (5/3) (612/w3+642/w4)+ (4w3—|- 7w4)622/w4(2w3+ w.;) + (4w4+7w3)632/w3(2w4—|— ws)
+6w36_22/(4w32— w42)+6w4cs2/(4w42— 0.)32) +5(10w3+7w1)c52/w1(2w3+ w1)
+5(10w4+ 70)1)672/601(2604‘]' wl) +506557/w1+ 15(65""67) (C1l/w1+612/w1)
+(662/(w14+w34+w44—2w12w32-—2w12w42-—2w32w42))[:6w_1w3w4+5w3(w32--w42—w12)
+‘5w4(w42— w32- w12)+9w1(w12— w32— w42)]+2(4w3+7w2)682/w2(2w3+ wz) +2€3610/w2
+2(40s+ Two)c10?/ wa(2wstwe) + 11112/ w1+ 18¢11612/ w1436 (w14 we)c12?/ w1(2wa+ w1)
+56132/16w2+(692/(w24+w34-|— w44— 2(.0220)32— 2w22w42—2w32w42))[5w3(w32— w42— sz)

F S0l — w5 — ) +9wa(we? — ws? — w4?) + Gwawsws ]},

Ri(vs+va) = (1/240) {(9/4) (£28/ w5+ F2i/ i) +1/ w3+2/ 01— (a14a2) /202
+ 1 1 (342(5‘)3 - w4)2/3waw4(w3+ w4) + ((232/3(.02033) (40)23—9w22w3+12w2w32—3w33)/(w22 - w32)
+ (§24?/3w200) (dws® +12w3004* — wa?ws — 304) / (we — we) + (/A owa?)

+(240/3w1*) (Scs+Scr43c11+3c19) |,

R2(V3+V4) = (h2/6A 02)[8/w12+5/2w22+ (3/4)({232/w32+ §'242/w42)],

R3(V3+ V4) = (A 0/2) (ds“‘ 2d3+2d11) + (A 0/4)[— 26163/(.03—'26264/0.)4—40)3622/(46032_ wﬁ)

—4wics’/ (g — 0) +4cg?wiwsws/ (w1t + 0t + wit — 2020 — 202wl — 2wstw.d)
+66861o/w2+3w2(w22—-— w32— w42)692/(w24+ w34+ w44— 2(,022(,032— 260226042—260320)42)],

Ry(vst+vs) = (1/240) {3 ({252 ws+ C242/wg) +(a14a2) [ wa+ 2342 (ws — wa)?/3wswa(ws+ ws)

+2§‘232(w22+3w32)/3w3(w22— ws?) +2§‘242(w22+3w42)/3w4(w22— w4?) } )

Ro(vatve) = (1/240){(3/4) (¢25/ ws+ F2a?/ ws) + (cr5) (Fa/ w3) (A o/ ws)t — (Catca) (Fas/ 0a) (A o/ woa)}

— {362(ws— wy)?/ wsws(ws+ws) §,

Ro(vs+vs) = (12/24 0) (25t wa+ Cad/we?), '

Ri(vst+vs) = (12 /4AP) [1/ w2 — 1 ({as?/ w0+ (2i/wid) ].
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In the above a1= —cs(4o/3ws2)t and as= —c10(4o/3w2)%.

(K|H®'|K+2)se=2=(K+2|H®'|K)s5=2= (8*/240) { —aia:(+2)(f— (K+2)(K+3))*
X (f= (K+3)(K+4))4+3b:bi(+2) (f — (K+ 1) (K+2))}(f— (K+2)(K+3))}
+eici(f— K(E+DNR(f— (K+1)(K+2))i4-3didi(+2) (f— K (K~ 1))}(f - K(K+1))}
—eiei(+2)(f— (K —1)(K=2))}(f—K(K—1))}— (2/6))aci(+2) (f—3(K+2)?)
—bidi(+2)(f—3(K+1)?) — (2/6Y)ciei(+2) (f—3(K—2)?)}Rs, (25)
where : Rs(vs+v4) = (1/4)Rs.
(K|H®'|K+4)13=2=(K+4|H®' | K) jo=2= (12/240) {6 Faics(+4) (f— (K+2)(K+3))*
X (f— (K+3)(K+4)) 467 ciei(+4) (f— K(K+1))Hf— (K+1) (K+2)) +3bidi(+-4)
X(f—= (K+1)(K+2)P(f— (K+2)(K+3))*](—3Re/4+3Rs) +[aia:(+4) (f— (K+2)(K+43))
X(f= (K+3)(E+N(f— (K+4) (B4 (f— (K+5)(K+6))+bibi(+4) (f— (K+1)
X (K+2))(f— (E+2)(K+3))H(f— (K+3) (K+4))(f— (K+4) (K+5)) +cico(+4)
X (f=KE+1D)P(f— (K+1)(E+2)0(f— (K+2)(KE+3))H(f— (K+3)(K+4))
+ddi(+4)(f— KK —-1D)P(f—K(K+1))(f— (K+1)(K+2)(f— (K+2)(K+3))?
Feiei(+4)(f— (K—1)(K—2)(f— K(K—1)P(f— K(EK+1)P(f— (K+1)(K—2))*1(R+/2)
X[abi(+4)(f— (B+2)(K+3))H(f— (K+3)(K+))H(f— (K+4)(K+5))
+@3/6Dbici(+4) (f— (K+1)(K+2))i(f— (K+2)(K+3))}(f— (K+3) (K+4))
+ @/ cidi(+4) (f — K(K+1D)P(f— (K+ 1) (K+2))H(f— (K+2)(K+3))*
+diei(+4)(f— K(K—1))}(f— K(K+D))P(f— (K+1D(K+2)) 1(Re/2)},  (26)
(K|H®'|K)sa=1=(#2/240){Rd + fRY + 2R + [ (ad+ v f— a2 (K+1)*+282K?
— 72K —=1)?]Ry — aiyi(f— K(K—1))}(f— K(K+ 1))} Rs'+ R4 /2) +2738:[cis(f— K (K +1))*
XQ2K+1)—7i(f—K(EK—-1)}}Q2K—1) 1R/ +[a(6f(K+1)2—5(K+1)2—7(K+1)*)
+B2(6fK*—5SK*—TK*) +v#(6f(K—1)*—5(K—1)*—T(K—1))Ry'
+2#8i[i(2f— 6K*— 6K —3)(f— K(K+1))*+7:(2f — 6K*+6K — 3)(f— K(K—1))]R¢
+[—a2(8(K+1)3+(K+1) —4f(K+1)) +v2(8(K—1)*+(K—1)—4f(K—1)) IR, (27)
where
ROI(V3+ V4) = (Ao/z) {21(d1+d5) +7(d3+d6+d1o) “'ds‘l‘18d11+10(d18+d20+d21+d27)
+20(d22+dss) — (5/2) (das+das) +3(dso+ds1+3dss) } — (9/4) +2(5s— 4)?
+ 5[ (ws/wa) + (ws/ ws) 1532+ (5/2) [(we/ ws) 4 (ws/w2) 1525+ (5 /2) [(we/ ws)
+ (ws/we) J¢ 2 — 4552+ (Ao/4) { (—5/3) (¢ ws+c?/ ws) +2¢103/ ws+2C204/ w4
- (4w3+7w4)622/w4(w4+2w3) - (4w4—|— 7w3)(:32/w3(w3+2w4) —_ 6(03622/(46032— w42)
—6wics?/ (Awd— ws?) —5(10ws+T7wi)cs?/ wi(wi+2ws) —5(10ws+Twi)cr?/ w1 (2ws+ wy)
- 506567/601—3065(611+612)/w1 '—3067(611+C12)/w1+463610/w2 - 18511612/w1
—2(4ws+Twe)cs?/ wa(2ws+ wz) — Scal wa(ws? — wa — wi?) + wi(wed — ws? — wi?)
+w1(w12— w32—- w42) +2w1w3w4]/(w14+ w34+w44——2w12w32——2w12w42— 2(.0320.)42)
—692[5w3(w32—w42—w22)+5w4(w42—w32-w22)—l—8w2(w22— w32—-w42)
+w2w3w4:|/(w24+ w34-|— w44—2w22w32—2w22w42—2w32w42) —20102(4w4+ 7(02)/002(2604""602)
- 116112/601—-36(w1+w2)6122/w1(w1+2w2) - (5/16) (0132/0)2) } ’
Ry (vstve) = (1/246) { (11/4) ($2s?/ ws+ $aa?/ wa) +1/ we+2/ w1+ (a1+as) [2we+ (B/ A owe?)
+3(w3 - w4)2§'342/w3w4(w3+w4) + [(2(,023—{-— 6wows? — 3walws— w33)§‘232/w2w3(w22-— w32)]
~+ (84.0/3w:?)}(5¢s+5¢143c11+3c12) + [ (2waP+bwewd —3welws— i) {24/ wews(we? — we) 1},
Ry (vs+v4) = Ra(vs+vs),
Ry (vatvs) =(—%/240){(3/8) ({282 ws+ {242/ wa) + (3 /4we) (@14a2) — 3(ws — wa)?{54%/ wsws(ws ws)
+ (W 3ws?) $232/ 203 (wa? — ws?) + 5 (waP+3wed) C2e/ wa(we — i) },
Ry (vstva) = (—1/240) { (3/4) ($28*/ ws+ 24/ wa) +(c1+¢3) ($23/ ws) (Ao/ ws)?
—(catca) (Faa/ws) (Ao/ wa)t — (w3 — we)2{ 342/ wswa(ws+wa) },
Ry (vs+vs) = (B2/4A N [1/wet — 1 (2 / wsd+ 2/ wi)], R (vs+vs) =Re(vs+vs) /4;
(K|H®' | K42)rp=1=(K+2|H®"|K)so=1=(#2/24 o) { aryi(+2) (2 f — 6(K+1)%) + ass(+2)
X (f= (K+1)(KE+2))(f— (KE+2)(K+3)) —28:8:(+2) (f— K(K+ 1)) (f— (K+1)(K+2))
+ryivi(+2) (f—K(K - D)3 f—- KK+ RS, (28)
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where Ry(vs+r4) = (B/1640) (¢ 252/ ws+ {242/ ws).

(K|H®'|K+4) 5a=1=(K+4|H®'|K) ro=1= (#*/24) { (f — (K+1) (K+2))}(f— (K+2)(K+3))}}
X{aiyi(+4) (= 3Ry + R /) +2 [ aiBi(+4) (f — (K+3) (K+4))}+Bivi(+4)
X (f=K(K+1))R¢ —[aiai(+4) (f— (K+3)(K+4)H(f— (K+4) (K+5))*+B8:8:(+4)
X (f = KK+~ (K+3)(K+))i+rvivi+4H)(F—KE+ D (- KEK-1))F(R/2)},  (29)

(K|H®'|K) se=0=(1?/240) { R’ + Ry + 2Ry + (6 fK>—5K*—TK*)R;"' }, (30)
where :

Ry (vs+v4s) = (Ao/2) {21(d1+ds) +7(ds+dro) +11d5+2ds+ 14d11+5(d1s+d2o+dar+dar)
+ 10(d'zz+dzs) —(5/2)(das+d20) +3(dso+ds1+3d33) }=9/44+2(5s— )t —$ad®
+(5/2)[(ws/we) +(ws/@s) J¢382(5 /) [(wa/ w) + (ws/ w2) 125"+ (5/4) [(ws/ ws)
+ (wa/we) 15as?} — (Ao/4) {(5/3) (c®/ wstca/ wa) +C163/3ws+cacs/3ws
+ (4w3+ 7(04)622/(»4(2603"[" w4) + (4w4+7w3)632/w3(2 w4+ ws) +5 (10w3+ 7w1)c52/(2w3+w1) w1
+5(10w4+7w1)c72/w1(2‘w4+ w1) +50€5C7/w130<611+612) (c5+67)/w1+5662[2w1w3w4
F w (W — wi — W) Fwa(wd — P — w?) + wi(w? — ws? — wd) ]/ (Wt wst+ w4t
—2wwg® — 2w 2wed — 2wsws) [ Sws(ws? — Wi — we?) + Swa(we? — ws? — wo?)
F9wo(wa? — w3z — w4?) +2wawzws |/ (wat+ wit+ wit — 2wl ws? — 2wetws® — 2wstw,?)
+2(4w3+7w2)682/w2(2w3+ wz) +2(4wé+7w2)0102/w2(2w4+ (.02) - Swsczz/(w42-4w32)
- 8604032/(6032 -4w42) +808610/w2+9611612/0-’1+ 111/ w1
+36(w1+wa)c12?/ w1 (2wa+ w1)+56132/16w2} ,
Ry (vstva) = (1/240) {(5/2)(¢28%/ ws 2/ ws) +1/ w242/ w14 (10/3) (w3 — w4) {342/ wsws(ws+ ws)
+ (ﬁ/A owzz) + [(50)23+ 15(.02(.032 —.9w22w3 o 3w33) 3‘232/3w2w3(w22 - w32)]
) + (2Ao/ 3w13)§(65+67+3611+3612)+E(5w23+ 15wew® — Ywolws— 3w48) e 242/ 3w2w4(w22 - wf)]} ’
Ry (v3+vs) =Ry (v3+74); Rs"(v3+vs) =Rs (vs+vs).
(K|H®'|K+42)73=0=(K+2|H®'|K) 73=0=0. (31)

(K|H®'|K+4) r=0=(K+4| H®'|K) 15=0= — (i2/24) (f — K(K+1))}
X (f= (K+1)(K+2)(f— (K+2)(K+3))*(f— (K+3)(K+4)H(R"/2).  (32)

IV. CoNCLUSIONS

The discussion which has here been given in general and applied to the overtones 2»; and 2», and
the combination frequency »3;+»s may readily be applied also to higher overtones and combination
bands also. From the formulae in Section II the first-order Coriolis splittings may at once be
evaluated. Also the wave functions are obtainable since the elements of the additional transforma-
tion matrices required to set up the basic wave functions may be calculated from the formula (5)
of Section 143 given in reference 2. The calculation of the elements of the matrix H®’, however,
becomes an increasingly laborious and tedious task.

It is interesting to note that the Coriolis resonance interaction becomes of increasing importance
as one goes to higher vibration states so that the fine structure of the rotation lines may be expected
to become increasingly prominent in the higher harmonics and combination bands.



