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altering the lattice structure of the precipitate.
The precipitate may possibly be face-centered
cubic gamma-iron containing copper, or iron
atoms in great concentration on the lattice points
of the copper lattice.

This work was made possible by grants from
the Joseph Henry Fund of the National Academy
of Sciences, and the Penrose Fund of the Amer-
ican Philosophical Society covering some of the
costs of the experiments.
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A general discussion of a method. which may be used to obtain the first-order Coriolis splitting
of the harmonic and combination states of v3 and v4 is presented. The method is applied to
obtain these splittings of 2v3, 2v4 and v3+v4 and to derive the stabilized wave functions for
these states. Kith these functions the selection rules and the elements of the matrix of the
second-order Hamiltonian H('&' have been calculated for these states.

I. INTRQDUcTIQN

''N Part I of this paper' we have given the
~ - quantum-mechanical Hamiltonian for the
investigation of the vibration-rotation energies
of the XV4 type molecules, including all terms
which may contribute to the energy to second
order of approximation. In addition to the har-
monic oscillator and rigid spherical top terms of
the zeroth order, the Hamiltonian includes cubic
and quartic anharmonic terms, centrifugal ex-
pansion terms, all possible types of Coriolis and
other interactions between rotation and oscil-
lation. The Hamiltonian was transformed by a
contact transformation into II"&+XII'"'+) 'II"&'
so that to second approximation only the Coriolis
interaction terms between rotation and the
threefold degenerate oscillations v3 and v4 are
contained in H&o'. This facilitates the calculation
of the energies to second approximation which
otherwise would be very difficult because of the
high degree of degeneracy of the zeroth-order
energies. In Part I we have calculated and set
down the elements of the matrix H accurate to
second order of approximation for the states
Vlvl, v2, VIvg+v3 Vgv]+v4 v2+v3 and v2+v4 ~

Part II deals with the energies of the states
2s s (or 2vs) and s s+s 4, which are, respectively,

"W. H. Shaffer, H. O'. Nielsen and L. H. Thomas, Phys.
Rev. 56, 895 (1939).

six- and ninefold degenerate because of the
degeneracy of v3 and v4. The manner in which this
degeneracy is removed by the first-order Coriolis
terms II&')' is discussed and calculations are
made on the selection rules and the second-order
energies.

II. THE FIRsT-ORDER CoRIoLIs
INTERACTION ENERGIES

We shall discuss first a general method of
treating the first-order Coriolis interaction
terms II&"' which can be written in the form:

(2)Js= Js+J4,
where Js may evidently take the values:

Js= Js+Js Js+Js —1, I Js —Jsl (3)

JI& ~'= -(f /&.)(J )J-( i ~/o)( J J), (1)
where Js and J4 are the internal angular momenta
associated with i s and s 4, respectively, and J is
the total angular momentum of the molecule. It
is readily shown from a study in spherical polar
coordinates of the threefold degenerate modes v3

and v4 as isotropic three-dimensional oscillators
that the quantum number J3 may assume the
values Vs, Vs —2 Vs —4 0 or 1 (and J» the
values V4, V4 —2, etc.) where Vs and V4 are the
vibrational quantum numbers associated with
v3 and v4, respectively. The total internal angular
momentum of the molecule is thus:



1052 SHAFFER, NIELSEN AND THOMAS

Thus the total angular momentum of the mole-
cule, J, becomes

J=Jl+Jp3 (4)

Jl being the angular momentum of the rotation of
the molecular framework. Jj may take the values:

Jl ——J+Jo, J+Jo —1,
I
J—Jo

I (5)

When only one of the vibrational quantum
numbers Uo (&=3, 4), is diA'erent from zero it
follows that Jo= Jo so that

~"'=(—03/Ao)(J3 J) =(—Io/Ao)(J3 J).
It is readily shown with the aid of (4) that:
~'"'=( l3—/Ap) {(Jp Jp).+(J J) (J—l Jl) } (6)

which when U&= 4 leads directly to the eigen-
values of H~" '

given in Part I and elsewhere.
When V3 and V4 both are different from zero,
the substitution of (2) and (4) into (1) yields:
A'ol'= —(1/2Ap) I(f +3/4)(J3'Jo)

+2l 3(J3' Jl)+204(J4 Jl)
+(fo (4)(—J3 Jo)+(f4 (3)(—J4 J4) } (&)

The only nonvanishing matrix elements of the
quantities (J; J,) a,re diagonal in all the quantum
numbers and have the values:

J;(J'+1)53 (J;denoting J, J3 J4 Jl or Jo). (8)
A method similar to that of Condon and Shortley'
yields the following non vanishing matrix ele-
ments of (Jo Jl) and (J4.Jl):
(J. (J'J.) J.)
(Jo (J4 Jl) Jo)
= [+Jp(J3+1)+J4(J4+1)+Jo(jo+1)]
X[J(J+1) —Jl(Jl+1) —Jo(jo+1)]

Xso/4jo(jo+ 1),
(Jp (Jp Jl) Jo-1)

—(Jp (J4 Jl) Jp —1)
= [(Jp J3+J4) (Jp+ Jo —J4) (Jo+Jo+J4+1)
X (Jp+ J4 —J3+1)(J+Jp —Jl)]i
X[(J+Jl —Jo+1)(J+Jl+Jp+1)

X(jl+Jo —J)/4jo'(4jp' —1)7'(&'/2) (1o)
The matrix elements in (9) and (10) are diagonal
in the quantum numbers J, J~, J3 and J4.

III. THE EIGHNFUNcTIoNs AND EIGENvALUEs oF H FQR 2 v3, 2 v4 AND vs+ p4

A. The State 2vo (and 2v4)

For the state 2v3, U3 ——2 and V&= V2= V4=0. The zeroth-order energy for this state is:
Z&" = oh(vl+2vo+-'Ivo+3v4)+ J(J+1)(fP/2A p) (11)

From the foregoing it is evident that Jp(= Jo) may take the values: (a), J3=2 and (b), J3=0. It
follows from (5) that the corresponding values of Jl are: (a) Jo ——J+2, J~1, J and (b) J,=J.
Eq. (6) together with (8) leads. at once to the following eigenvalues E;&"= p„(f353/Ao):

(a) Jl= J: op=0,'

(b) Jl= J+2: or=2J; Jl= J+1: orl= J—2; Jl=J: pill ———3;
Jl=j—1: olv= —(J+3); Jl=J—2: pv ———2(J+1). (12)

Thus the sixfold vibrational degeneracy of the state 2v3 is removed by H&"'. There remains, however,
a (2J+ l) degeneracy in the quantum number K which can be removed only by terms of second and
higher orders in H; and a (2J+1)-fold degeneracy in the magnetic quantum number M

The wave functions required for our further work are the functions which will diagonalize
H(o)+)H&') . Treated in spherical polar coordinates, the wave functions characteristic of the state
2v3, which to zeroth approximation is sixfold degenerate, are the following:

(a) xo(JK M) =3 4{@(200)+$(020)+P(002)}R(JKM),
(b) xl(JK'M) =2 '{p(200) —(f (020)+2'ip(110) }R(JK'M).

xo(JK'M) =2 '*{p(101)+i/(011)}R(JK'M), (13)
xp(JK M) =6 '{24(002) 4(200) 4(020) }R(JK'V)
x,(JK'M)= 2—'{g(101) ig(011)}R(JK'M)
xI(JK'M) = 2 '{p(200) —g(020) —2-.3&(110)}R(JK'M),

where R(JK'M) denotes a wave function of the spherical top and p(nlnono) =p(nl)p(np)g(np),
y(n;) being the wave function of a linear harmonic oscillator associated with the coordinate g,. As

& E. ,U, ( ondon hand G. H. Shortley, Introduction to Atonric SPectra (Cambridge University Press, 1935), Section 12 .
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in Part I, n&+n&+n3 ——V3. It is readily shown that the wave functions we require are the following
linear combinations of the functions (13); for case (a), 4'0(JK'M)=x0(JK'M); for case (b),
4', (JKM) =a, x&(JK+2M)+b, x&(JK+1M)+c,x8(JKM)+d, x4(JK —1M)+e,x,(JK 2—M) In.

matrix notation we may write:
+I e1 dl c1 ~1 +1 X5

+rz e2 d2 cs ~2 +2 x4

II+II = IIAII llxll = +H~ s& d~ ~$ b3 ~3 ' x3 (14)
+Dt e4 d4 c4 64

eg d5 cs b; u5

The matrix A of (14) is identical, element for element, with the matrix in Table 2 of reference 2

where j& and m are replaced by J and E, respectively.
The selection rules have been determined by investigating the nonvanishing elements of the

electric moment. This has been done by two different methods: first, by use of the quadratic terms in
the electric moment together with the eigenfunctions (14); second, by use of the linear terms in the
electric moment together. with wave functions corrected by taking into account cubic terms in
the potential energy. The two methods yield identical results for both selection rules and the
quantum-mechanical amplitudes.

The selection rules governing transitions between rotation levels in the normal state and the
Coriolis components of the state 2v8 are the following: (a) Transitions to Ep from the normal state
are forbidden; (b) 6J=O, —1 to e~, AJ=O, ~1 to ~sr, crt, ezv ,'AJ=O, +1 to ev The selection rules
for E and M are the same as in the case of transitions to V~v~+ v3, vis. , DE=0, AM=0, ~1.

The actual relative intensities of the lines are proportional to the quantities B(J'X', JX) which
denote the squares of the absolute values of the amplitudes for transitions (J'X') to (JK). The
values of B(J'K', JX) for the state 2v~ are given below:

(a) Jg ——2, Jg ——J+2:
B(J 1K, JX) =0, —

B(JK, JK) =J[(J+2)'—K'][(J+1)'—K']/(J+1)'(J+2)(2J+1)(2J+3),
B(J+1K,JK) = (2J+1)K'[(J+2)'—K']/(J+1)'(1+2)(2J+3)';

(b) Jg=2, Jg= J-2:
B(J—1K, JK) = (21+1)K'[(J—1)'—K']/ J'(J—1)(2J'—1)~,

B(JK, JK) = (1+1)(J' —K') [(J—1)' K']/J'(J 1—) (4J' —1), —
B(J+1K,JX)=0;

(c) %=2, Jr ——J+1:
B(J 1K' JK) =(J+2)[J' K']L(J+1)' K']/2J'(J+1)(4J' 1)i

B(JK JK) =(J 2)'K'[(J+1)' K']/2J'(J+1)'(J+2)(2J+1)
B(J+1K JK) =J[3K'—(J+1)(J+2)]'/2(J+1)'(J+2)(2J+3)(2J+1);

(d) Jg=2, J&=J-1:
B(J 1K, JK) = (J+1)[3—K' —J(J—1)]'/2 J'(J—1)(4J'—1),

B(JK, JK) = (J+3)'K'(J' K')/2 J'(J+1)'(J —1)(2J+1), —
B(J+1K,JK) = (J—1)(J'—K') [(J+1)'—K']/2(J+1)'J(2 J+1)(2J+3);

(e) Jg ——2, Jg ——1:
B(J—1K, JK) =3(2J+3)K'(J'—K')/2J'(J+1)(2J —1)',

B(JK, JK) =3[3X'—J(J+1)]'/2J'(J+1)'(2J—1)(2J'+3),
B(J+1K JK) =3(2J—1)K'[(J+1)'—E']/2( J+1)'J(2J+3)'.

As a further check on the reliability of these amplitudes we have verified that they are consistent
with the principle of spectroscopic stability.

The second-order energy corrections are obtained by solving for the roots of the secular determinant
~

(K~A'&@'~K') —Z&'&5x x~, the elements of which are obtained after the manner of Part I. These
are listed below, the quantities c, b, c, d, and e being the elements of the matrix A given in (15).



(Z~HC'& ~E) =(b'/2A ) IRgyfR1+f Ru+(b' —c'+d')R 8+(a'+e') fR4+(b'yd')fR5
+faP{X+2)'+eP(X 2—)2]Rs+ePZ'R7+ fbP(X+1)'+dP(E 1—)']Rs+ faP(6f(X+2)'

5—(X+2)' 7—(K+2) ')+ bP(6f(X+1)' 5—(X+1)' 7—(K+1)') +cP (6fZ' SK—' 7X—')
+dP(6f(Z —1)'—5(E—1)'—7{K—1)'}+eP(6f(Z—2)' —5(Z —. 2)' —7(E—2)')]Rg
+(a b (2X+3)ff—(X+1)(Z+2)]'+b e (2K+1)ff—K(K+1)]&/6&+e d (2E—1)
Xff K(—K 1)]—i/68+ d,e,(2E—3)ff—(X—1)(E—2) ]&)R 1g+ (acb;(2f—6E' —18Z—15)
X ff (E—+1)(K+2) 1'+Bbc&,(2f 6E—' 6E— 3)—ff K—(K+1)]&/6'+Bb;&;(2f 6K—'+6K 3)—
Xff Z—(Z 1)—]'/6&+d e (2f 6X—'+18X 15—)ff (X——1)(E—2))l)R 1+(2a'{8(E+2)'
+(E+2)—4f(E+2)]+b, L8(X+1) +(E+1)—4f(E+1)]—d"f8(E—1) +(E—1)—4f(E—1)]—2e uf8(E —2)'+(K—2) —4f(E—2)])(R„/2)+(6-'a;e;ff —E(E+1)]s
y ff (K—+1)(E+2)]' ub;d—;ff X(Z— 1)J—'ff X(E—+1)]:

+6 'c,ecff— K(Z —1)]'ff——(X—1)(E—2)]')R12}, (16)
in which the parameters R, a,re the following quantities:

Rg(2P8) —(AQ/2) I39d1+7ds+9ds+12ds+Bdug+14dcc+7dcs+Bdug+7duu+14duu 7dus/2+Bd27
+6dus —Bduu/2+Bdsg+Bdsu+9dss} (9/—4)+918'/2+(7/2) f(M4/Ms)+{Ms/M4)]t'84'
+(7/4) f(M2/Ms)+ (Ms/Mu)] |22'+ (3/4) f(Mu/M4)+(Mc/Mu)]t'24' —Bl'84' —(A 8/4) I1Oec'/3 M 8

+cu (14cdscd4+18Ms —12M4')/M4(4M8' —M4')+es (14cdc—BM8)/(4M4' —cds )+cc'/BM4
+42~5(~7+ell+elu) /M1+es (188M8 63M1 +28M1M8)/M1(4M8 M12)+(es /(M1 +M8 +M4
—2MpMp —2M1 M4 —2M8 M4 ))fBM8{M8 —Mp —M1 )+7M4(Mp —cds —cdp)+7M1(cdp —Ms —M4 )
+6M1M8M4]+BC7 (6M4+SM1)/(2M4+M1)+18c7(c11+ecu)/Mc+es (44M8 +28MuM8
—27M22)/Mu(4M82 —M.')+(euu/(M24+M, '+M, '—2M22M82 —2M22M p —2M82M42)) f6M, M, M,

+BM8(M8 —M4 —cdu )+7cdc(cd4 —M p —Mu )+7(cdu —cds —cd p)]+6ecg /(cdu+2cdc)
+18eccecu/M1+ 11cup/M1+ 36ccu (M1+ cdu)/M1(cd1+ 2M2) +Secs /16 },

R1(2Ps) = (5/2A 8) I 3/28 /Ms+ Bt 24 /2cdc+ 1 /M+u2/Me+ 21 84fBcds(M8 +3Cd p) —8Cdc(CQ4 +BM8 )]
X(BM8M4(M8 —M4 )) +128 (SM2 +15Mucds —9cduucds 3cds )/BM2M8(M2 —Ms )

+124 (M82cd4)'/cd—uM4(M2+ cd 4) }+(Icu/2A QuM22) + (I'8/A g) (A Q/6M 18)&{7es+Be7+Be11+Becu),
Ru(2 vs) = —(}82/6A g') I 5/2cdu'+8/cd p+ (3/4) (l 282/Msu+ 1'2p/cds') },
Rs(2vs) = (Ag/2)( —6dc+Bds)+3182/2+(Ag/4) [3(2M82 —M42)cuu/M4(M42 —4M82) —8Msucsu/Mc(4M82 —cd1')

—(9Mu 28M8 )Cs /Mu(4M8 —Mu ) },
R4(2P8) = (}8/2AQ) I 1 28 /Ms+ 2au/Mu+(4/3) (BM8 +M4 ) l 84 /cds(M8 —cd4 )

+(4/3) (Mu'+ 3Ms') 1'28'/Ms(M2' —Ms') },
Rs(2vs) =«/4, Rs = —BR4/2, R7 =BR4/4, Rs= 3«/4, Ru = (174'/4Ao') (1/Mu' —2|28'/M8'),

R.(2")=(b/A. )IBl."/4 + l. A.:/: —l..&—.:/ +—( '+3 ')l '/ ( ' ')},-
R11(2vs) = (jul up/2AguM82), R12(2vs) = —BR4(2 vs)/2 —R1g(2vs).
(EjH&"')Z+2) =(X+2 [H"' [X}=(b'/2Ao) I

—2;,(+2)6 "(f—BX')+b d;(+2) ff—3(X+1)']
—2a,e,(+ 2)6-&ff—3(X+2)']—a;a;(+ 2)ff—(K+2)(E+3)]&ff—(Ey3){E+4)]'
+b'b'(+2) I f—{Z+1)(E+2)]'*ff—(E+2)(K+3)]'*+;,(+2)ff—E(E+1)]'*

Xff—(Z+1)(X+2)]'+d d;(+2) ff—Z(Z —1)]'ff—E(Z+1)]&
—e'e'(+2)Lf —(E—1)(E—2)]'ff—E(E—1)]'}R» (»)

where R18——(A QM8 /2k)R».
(E (

H"' IX+4)= (K+4 IH"' IE)= (&'/2AQ) }fa'e'(+4)6-'(f —(K+2){Z+3))'(f—(K+3)
& (E+4))' ub'd'(+4)(f— (E+1)(E+—2))'(f (E+2)(E+—3))'*+e'e'(+4) 6 '*(f E(K+1—))'
X (f (E+1)(—E+2))"]R La'a'(+—4) (f (E+2)(—X+3))'(f—(K+3)(E+4))'*
&& (f (E+4)(E+—5))'(f (E+5)(E+—6))'+b'b'(+4) (f—(E+1)(E+2))'(f—(E+2)(E+3))'
X (f (K+3)(E+—4))'(f (E+4)(E+—5))'+, ,(+4)(f—Z(X+1))I(f—(E+1)(E+2))'
X (f—(Z+2) (K+3))&(f (K+3)(Z+—4))&+d,d;(+4) (f X(Z 1))&—(f Z(—X+1))&—
X (f—(E+1)(E+2))'(f—(E+2)(K+3))'+e'e*(+4)(f—(E—1)(K—2))'(f—E(E—1))*
X(f K(K+1))—&(f (E+1)(E—+2))&](R4/2)+ fa;b, (+4)(f—(E+2)(E+3))&(f—(E+3)
X(E+4))'(f (E+4)(E+—5))'+ {3»e'(+4)/6') (f—{X+1)(E+2))'(f—(E—2) (E+3))'
X (f—(E+3)(X+4))&+ (Be;d;(+4)/6&} (f X(X+1))&(f (—K+1)(E+2))&—(f—(X+2) (X+3))'

+d e (+4)(f—E(E—1))'(f—E(E+1))'(f—(E+1)(E+2)}']R»}
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FIG. i. Matrix of HI for the state v3+v4. FIG. .2. Coriolis levels for state v3+v4 of XV4.

where Rqs(2vs) = —3R4(2vs)/4+R&o(2vs)/2.
Since the state 2v4 is entirely similar to the state 2v3 the above discussion is directly applicable

to it. The elements of the matrix H&s&' for that state may be obtained from (16), (17) and (18)
simply by interchanging 1's and 14 and, as well, those other quantities (discussed in Part I) which
there must be interchanged to obtain the matrix elements of U~vI+ v4 from those of U~v~+ v3.

B. The state v3+v4

In the state v3+v4 the vibration quantum numbers take the following values: U3 ——U4 ——1,
UI = U2 =0 so that the zeroth-order energy becomes:

Z&o'vsyv4= (h/2)(vs+2v's+5vs+5vs)+ J(J+1)(Is'/2Ao). (19)

From (2), it follows that Js ——J4 ——1 and from (3) that Js may be (a) J's=2, (b) Js=1 and (c) Js=o.
The corresponding values of Js are (a) Js=J+2, J+1, J (b) Js= J&1,J and (c) Js= J. With the
aid of (7),(8), (9) and (10) it is possible to set up the matrix of H&" ' for the state vs+ v4. It will be a
step matrix and will have the appearance of the Fig. 1. In the figure the symbols I, II, etc. ,
represent the

following combinations of quantum numbers: I: J& ——J+2, J&——2; II: J&=J—2, J2=2; III:
J,=J+1, J,=2; IV: J,=J+1, J,=1; V: J,=J—1, J,=2; VI: J,=J—1, J,=1; VII: J,=J,
Js=2; VIII: J& ——J, Js=1; IX: J& ——J, Js ——0. Solution of the secular determinant of Fig. 1 yields
for the state vs+ vs the following nine Coriolis components into which the zeroth-order levels (19)
are split by II'"'. Denoting these by E;&'& which is set equal to (e,Iss/Ao) we have s

Js ——J+2: es J(1s+I'——s); J&——J—2: es ———(I+1)('1's+$4);
Js =J+1: es., 4

———', {(J—1)(l's+$4) &[(I+1)'(t's—I 4)'+41 si 4]'};
Js ——J—1: es, s= —

s {(J+2)(is+ I'4) +[J'(fs ss) +41—si 4]'}~

J&——J: e&, 8, 9 are the roots of the cubic equation:

'+ (is+f4) '+[(3/4)(fs+f'4)' (1/4)( J'—+4J 1)(i s f4)—']s J(—J+ )(i—s+14)(f

(20)

An independent method not based on the vector addition of angular momenta has been used to check the above results.
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The manner in which the Coriolis levels depend on the values of i 8 and I 4 (I 8+ I'4= 2) is illustrated
in Fig. 2 where the parent rotational levels are indicated by J=O, 1, 2, etc. In the diagram the
Coriolis levels e& of J and e& of J+1 are shown separated in order simply to clarify the iLlustration.
It is interesting to note that the nine Coriolis levels associated with a given value of J become three
levels for the case (3=0, (4=-'„each of which is threefold degenerate. Under these conditions the
Coriolis pattern is entirely like that for the state v4 where |4=-„a result which is quite natural since
setting &3=0 corresponds effectively to reducing the internal angular momentum associated with v3

to zero. The values f8 and I'4 for methane have been determined by Johnston and Dennison4 to be
equal to 0.0345 and 0.4655, respectively. This indicates that the first-order Coriolis levels of v3+ v4

should in that case fall into three sets of three nearly coincident levels.
The basic wave functions +z, 0'~z, ~ ~ ~, +yx used in setting up the matrix II&'' in the form of Fig.

1 fall into three sets corresponding to J&=2, J&——1 and J&——0. They are linear combinations of the
following preliminary functions

X8
——3—{F(v,)H(v4)+G(v, )G(v4)+H'(v, )H(v4) }R(JKM);

Xl=F(v8)F(v4)R(JK+2M); X2=2 '*{F(»)G(v4)+G(»)F(v4) }R(JK+1M) '

X8 ———6 & {F(v8)II(v4) 2G(—v8) G(v4) +H(v8) F(v4) }R(JKM);
X,= 2 '{H(v—8) G—(v4) +G(v8)H(v4) }R(JK 1M); —X4 =H(v8) H(v4)R( JK 2M);
X4 ——2 &{F(v8)G(v4) G(v8)F(—v4)}R(JK+1M); +2=2 '{H(v8)F(v4) —F(v3)H4)}R(JKM) j

X8 ——2 '{H(v8)G(v4) G(v8)H(—v4) }R(JK 1M), —

(21)

where F(v8), G(v8) and H(v8) are the basic wave functions for v8 defined in Part I and where F(v4),
G(v4) and H(v4) are the corresponding functions for the state v4. It is not difficult to show that the

required combinations are the following ones:

II+II(»=» = IIA II !I'll(»=» (22a)

where I!O'II(»=2) Il@l+ll@llr@lv@vll !!XII(J2=2) !!X.-x4x8)(2xlll and A is identically the same

transformation matrix which occurs in (14);

+vz
+viz
9'vrrz (Ja= &)

+1
P2

73

Pl 481 X8

i32 ~2 xl =II&II ilxll(»=»,
P3 o'3 x6

(22b)

in which the matrix 8 is identical with the one in Table 2' of reference 2 when j& and m have been

replaced, respectively, by J and X; and
%x= go. (22c)

The actual eigenfunctions of H("' corresponding to the eigenvalues Z (" of (20) will once more be
linear combinations of the functions 4'(J8 ——2), %(J8——1), and 4'(J2=0) and may be written:

4'(8;()) =A,+(J2=2)+8,%'(J2=1)+CA(J2=0), (23)

where the A;, 8; and C; are the normalized first minors of the secular determinant of the matrix in

Fig. 1. These may readily be obtained for special values of f3 and g4.

Using the wave functions (23), the selection rules governing the transitions between the normal

vibration state and the Coriolis component levels E;~" of the state v3+ v4 have been determined in

the same manner as for the state 2v3 and are found to be the following:

AJ=O, —1 to Z&&') AJ='0, +1 to Z2&'& AJ=O, &1 to Z &" where s=3, 4, 9.

As before the selection rules for E and M are hZ=0, .AM=0, &1. It is found in evaluating the
nonvanishing elements of the electric moment, that only that part of the wave function (23) will

contribute which depends upon J& ——2. These elements are again proportional to the quantities

4 M. Johnston and D, M. Dennison, Phys. Rev. 48, 868 (3.935).
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B(J'K', JE) obtained in connection with 2vs, the proportionality constants being the squares of the
A; which occur as coefficients of @(JR——2) in (23). For the limiting cases l 8

——0, {4
——', —(and l 8=-2',

$4=0) it has again been verified that the principle of spectroscopic stability is obeyed.
The matrix of H&')' may now be set up using as the stabilized wave functions, the functions

@(Z„&'&) of (23). There are no matrix elements of H&2&' which involve different values of JR, i.e. , all
such integrals as J' @(JR——2)H("'+(JR ——1)dl&, etc. , vanish, The (K}K') matrix elements of H('&'

thus take the form

(KIH"' IK') =A&''(KIH"& }K')»=2+I3J3''(KIH"' IK')»=1+c,c, (KIH"' IK') JR=0,

where (K}H(2&'}K')JR= J'%(JRJK3II)H(2&'%(JRJK'JjII)d7&, JR taking the values 2, 1, 0. The elements
(K ~H(2&'}K') JR are given below:

(K}H(2&
~
K) JR=2 = (52/2A p) {Rp+Rlf+Rgf'+(b' c"+—d')-Rs+ (a'+e')fR4+ (1/4) (b '+d')fR4

—(3/2) [a f2(K+ 2)2+e;2(K—2)2]R4+3C,RKRR4/2+ (3/4) [b '(K+ 1)2+d,g(K —1)']R4
—[6 *'a;c;(f (K+—1)(X+2))'(f—K(K+1))&+gib„d;(f—K(K+1))i(f—K(K 1))i-
+6='*c„e;(f K(—K 1))—'(f—(X—1)(K—2))i](Rg+3R4/2) +[a,b„(2X+. 3)(f (X+—1)(K+2))
+6 'b,c„(2K+1)(f K(K—+1))*' 6 'c(—d; (2K=1)(f—K—(K—1))'*—d;e, (2K—3)(f—(K 1)—
X (K—2))*]Rg+[a,b, (2f—6K' —18X—15)(f—(K+1)(K+2))*'+(3b,c;/63) (2f—6K' —6X—3)
X (f K(K+—1))'*+(3c,d„./6'*) (2f—6X +6X—3)(f K(K—1))l+—d;c„(2f 6KR+—18K—15)
X (f (X—1—) (K—2)) ']Rs+ [a,g(8(K+2)'+ (K+2) —4f(K+2))+ (b,'/2) (8(K+1)'+(K+1)

4f(X+—1))—(d,g/2) (8(K—1)'+ (K—1) 4f(K —1))—e—;2(8(K—2)'+ (X—2) —4f(X—2))]
X (—Rs/2)+[a, g(6f(K+2)2 —5(X+2)'—7(K+2) ')+b'(6f(X+1)' —5(X+1)'—7(X+1)')
+c(2(6fKR SK' —7K')—+d(R(6f(K 1)'——5(K—1)'—7(X—1)4)+e(2(6f(K—2)' —5(X—2)'

—7 (X—2) 4]R7. (24)
where

Rp(vg+ v4) = (A p/2) {21 (dl+dg) +9ds+ 7(ds+dlp) + 16dl1+ 5(dig+ dg1+d27) +10(dgg+dgs)
+3(d3p+d31+3d38) (5/2)(dgg+dgg) }+2(l8

—f'4) +6f'gf'4+4[((04/(Os)+((Os/(O4)]f'34
+ (45/16) [((oglcog) + ((og/(og) ]$28 + (45/16) [((og/(04) + ((o4/(og) ]f24 (9/4) 2{34 —(A p/4)
X {(5/3) (cP/(og+c4'/(o4) + (4(os+ 7(o4) cg'/(04(2 cog+ co4) + (4(os+ 7(os)cg'/(og(2co4+ (og)

+6(ogcg /(4(og (04 )+6(oscg /(4co4' —cog )+5(10'»+7col)cg'/col(2co3+ col)

+5 (10(o4+7 co,)

c7'/col�(2

cog+ col) +50cgc7/(0 1+15(cg+ c7) (c»/a»+ c»/»)
+ (cs'/(col'+ cog +co4' 2col'cos' —2col'co4' —2a»'(04')—)[6 (ol(o+g(o5g((co3go(og Gol )
+5 (04((o4 (os (ol )+9(ol((ol cog —(04 )]+ 2(4(og+ 7(og)cg /cog(2(os+ (og) +2cgclp/G&2

+2 (4(o4+ 7 ~2)

c102/cog�(2

co4+ cog) +11c11'/(ol+18cllclg/col+ 36(col+ cog) c(2'/a&1(2 cog+ col)
+5C,R'/16(og+ (Cg'/((og'+ co, '+ (044 —2(o22(o ' —2(o 2(o ' —2(oggco4')) [Sa»((og' —cog' —cog')

+5(og((04 (03 Go? )+9(og((og (og (o4 )+6(og(og(o4]} y

Rl(vs+ v4) = (5/2A0) {(9/4)(f 23 /cog+$24 / 4)(0+1/ +(og/ 2(ol (al+ag)/2cog
+11t'84 (cog (04) /3(og(og((og+ (04)+ (l 28 /3(o, u») (4(og' —9(og'(os+12(og(og 3(03 )/((og cog )
+ (P24 /3~2~4) (4~2 +12(og(04 9~2 ~4—3co4 )/—(~2 —co4 )+(&/A 0&2 )

+ (2A 0/3(ol )'(5cg+ Scl+3cl1+3clg) },
RR(vs+ v4) = —(I'3'/6A 02) [8/(olg+5/2(o22+ (3/4) (l 282/(o 2+ l. 2/(o ')]
R3(V3+ V4) (A0/2) (ds —2ds+2dll) + (A p/4) [—2clcg/cos —2cgc4/cog —4(ogcg /(4(03 co4 )—4co4C8'/(4cog' —cog')+4Cs'(o, cog(04/(a»4+(o84+(og' —2(o 'cog' —2(ol'(o4' —2(og'(o4')

+6csclp/(og+3(og((og' —(og' —(o4') cg'/(a»'+ cog'+ cog' —2co,'co,' —2(og'(o4' —2(og (04 )],
R4(vs+ v4) (b/2A 0) {2 (P 3/2g(o+ 214 /(04)+ ( a+la)g/(os+2 143(cog (04) /3(og(o4((os+ G04)

+2 fg3 ((og +3(o3 ) 3/ co(g(o'geog')+2{—24'((OR'+3(o4')/3(04((OR (o4 ) } y

Rg(v8+ v4) (b/2A 0) {(3/4) ({28 /(os+ f24 /(o4) + (Cl+Cg) (1 28/cog) (A 0/cos)'* —(CR+C4) (1 24/~4) (A 0/~4)
—184'(cog co() /(og(o4((os+(o4) }I

Rs(v3+ v4) = (fP/2A 0) ({282/(ogs+ i 2/(o 2)

R7(vs+vs) (lg /4A0 )[1/(o2 2({ 2/co 2+1 2/(o 2)]
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In the above al ———cs(Ao/Bcog)«and ag= —clo(A0/BM9)«.

(EiH&2& iX+2) J2=2 ——(Z+2iH~ 2'iE) Jg= 2=(I«/2A0) { a a (+'2')(f (Z+2)(Z+3))**
X(f (—K+3)(K+4))'+ ,'b;-b;(+2)(f (—Z+1)(Z+2))«(f—(E+2)(Z+3))'
+c;c,(f K—(Z+1))«(f (Z—+1)(X+2))«+-', d;d;(+2) (f—X(E—. 1))«(f—E(X+1))'

e;—e,(+2)(f (X——1)(Z —2))«(f—K'(E —1))«—(2/6')a;c, (+2)(f—3(Z+2)')
—b,d, (+2)(f—3(Z+1)') —(2/6«)c;e, (+2)(f—3(Z—2)') }Rg, (25)

where: Rs(vg+ V4) = (1/4)R

(ZiH& &'iX+4) J2=2=(Z+4iHc'& iZ) J2=2=(fP/2A0) {f6 «a;c,-(+4)(f (Z—+2)(X+3))'
X (f (K—+3)(K+4))«+6 'c,e;(+4)(f X(—X+1))«(f (Z—+1)(E+2))«+-', b,d, (+4)
X (f—(E+1)(E+2))'(f—(K+2) (K+3))')(—BR4/4+ 2R$)+ I:a'a'(+4) (f (E+—2) (E+3))'
X (f (E+—3)(E+4))'(f (E+—4) (K+5))'(f (Z+—5)(X+6))«+b,b;(+4) (f—(Z+1)
X (E+2))'(f—(X+2)(E+3))'(f (X+—3)(Z+4))'(f—(Z+4) (X+5))*'+c;c,(+4)
X(f—E(E+1))'(f—(E+1)(E+2))'(f—(E+2)(E+3))'(f (E+3—) (E+4))'
+d;d;(+4) (f—X(X—1))«(f—E(K+1))'(f—(X+1)(X+2))**(f—(K+2) (X+3))'*

+e,e,(+4)(f (E 1—)(Z ——2))'*(f—Z(Z —1))"*(f—Z(K+1))«(f—(E+1)(Z —2))'*)(R7/2)
X {a'b'(+4) (f—(E+2)(E+3))'(f—(K+3)(E+4))'(f—(E+4)(E+5))'
+ (3/6'*) b;c;(+4)(f (E+—1)(X+2)):(f—(X+2)(Z+3))'*(f—(X+3)(Z+4))'
+ (3/6«)c, d,(+4)(f Z(K—+1))«(f (Z+—1)(Z+2))«(f—(X+2)(Z+3))'*

+d'e'(+4) (f E(E—1))'(f—E(E+—1))«(f (E+1—) (E+2))')(R /2) } (26)
(EiH&'& iZ) Jg=1=(&73'/2Ap) {Rp'+fR1'+f'Rg'+$(n'+y')f n'(Z+—1) +2p'Z 9

—yl'(Z —1)')Rs' —ncyc(f K(K—1))'(f—Z(Z+—1)):(Rs'+R4'/2)+2 «Pct nc(f K(K—+1))'
X (2E+1) y; (f E—(K 1—))«(2Z——1))R4'+ { n '(6f(E+ 1)'—5(K+1)'—7 (Z+ 1) ')
+P '(6fZ' SK' 7K—')+y "—(6f(E 1)' 5(K—1)'——7(Z——1)4)R$'

+2«P

chanc(2

f 6K2 6—K 3)—(f Z—(K+—1))'+y; (2f 6K2+ 6—K 3)(f K—(E 1—))')Rs'—
+{—n,g(8(E+1)3+(E+1)—4f(Z+1))+y;2(8(Z —1)'+(E—1) 4f(E 1)—))R8', —(27)

where

Rp (vs+ V4) = (A p/2) {21(dl+ds) + 7(d3+ds+dlp) d8+ 18dll+ 10(dls+d20+d21+d27)
+20 (dgg+ d28) —(5/2) (d28+d29) +3 (dso+ d31+Bd33) } (9/4) +—2 ({3 14)'—
+5t (Ms/el)4) + (M4/cos) )1 34 + (5/2) L(M2/Ms) + (Ms/Mg) )t 23 +(5/2) L(M2/cll4)

+ (M4/Mg)){ 94 —4/34 + (A p/4) {(—5/3) (Cl /Ms+ C4 /M4) +2CCC3/Ms+ 2C9C4/co4

(4M3+7 404)cg'/co4(co4+2cos) —(4404+ 7M3)cs /Ms(Ms+ 2M4) —6Mscg /(4M3 M4 )
—6M4cs'/(4M4 —Ms') —5(10cog+7M 1)cs'/Ml(M1+2 cps) —5(10M4+ 7M 1)c7'/M 1(2404+ M 1)

50cgc7/Ml 30cs(cll+clg)/Ml 30C7(cll+C12)/Ml+4csclp/M2 18cllclg/Ml
—2(4cos+7402)cs'/Mg(2M3+Ms) Sco {.Ms(M3 M4 Ml )+M4(M4 'M3 col )
+Ml(M1 co3 M4') +2MCMsM4)/(Mi'+Ms'+ co4' —2MC Ms' —2M1 M4' —2403 M4 )

Cg { SM3(M3 M4 M2 )+5M4(M4 M3 M2 ")+8M2(M2 M3 M4 )
+M 2M4)3/M( +MgMg'+ co4' 2M2 Ms —2 Mg M4 2 M3 o&4 ) —2clo'(4M4+ 7M2) /Mg(2M4+ Mg)

—11cl1'/M 1—36(M1+Mg) clg /M 1(M1+2 M 2) —(5/16) (clg /Mg) },
Rl (vs+ v4) —(Is/2Ao) {(11 /)4(f23 /M3+ {94 /M4)+ 1/Ms+2/Ml+ (a]+ag)/2M2+ (Is/AQMg )

+3(M8 M4) t 84 /M3M4(M8+M4)+L(2M2 +6M2M3. BM2 M3 M3 )1 23 /M2M3(M2 M3 ))
+ (8A 0/BM&')'(Scs+SC7+ Bell+Bc&2)+{(2Mg'+6M9M4' —BM9'M4 —co4') t'24'/M2M4(M2' —c04') )},

Rg'(vs+ v4) =R7(v3+ V4),

Rs'(vs+ V4) = (—Ic/2A 0) {(3/8) ({23'/M 3+ t 24'/M4) + (3/4M9) (al+ag) 2(Ms 4)M'—41'/3—M43(M+MsM4)

+(M2 +BMs )193 /2M3(M2 M3 )+2(M2 +BM4 )t24 /M4(M2 M4 ) }i

R4 (vs+ V4) ( /2A 0) {(3/4) (1 93 /Ms+ t 94 /M4) + (cl+cs) (1 93/Ms) (A 0/Ms)
—(Cg+C4)({2 /M4)(4A0/M4) (M3 M4) t 34 /M3M4(Ms+ M4) }i

Rs (V8+V4) (IC /4A0 ) { 1/Mg 2(028 /M3 +f24 /M4 ))i Rs (vs+ V4) Rs(V3+V4)/4
(EiH&'& iX+2)J9=1=(E+2iH&'& ~K) lJ=g( /2&7A4){n0;y;(+2)(2f—6(K+1)')+n,n;(+2)

X (f (X+1)(Z+2)—)*(f—(X+2)(X+3))«—2P,P,(+2)(f—E(K+1))'(f—(K+1)(X+2))'
+y;y;(+2)(f K(K 1))'*(f——X(Z+—1))"*}R7', (28)



where Ry(c s+ ~c) = (&/16& o) (f'ss' jcds+ foe' jcds)

(X I
JI"'IX+4)»= c = (X+4III"'

I X)»- ~= (&'/»o} I (f—(X+1}{X+2})'{f—(X+2}(X+3})'j
& j~n'(+4)( s&—s'+&s'/4)+2'L 'P''(+4)(f (X—+3)(X+4))'+&'v'(+4)
&(f—X(X+1))'V ' —L ' '(+4)(f—(X+3)(X+4))'(f (—X+4)(X+5))'+O'P'(+4)
X(f X—(X+1))'(f (X—+3)(X+4))'+v'v'(+4)(f X—(X+1))'(f—X(X—1))'j(~ '/2) j (29)

(X j
Hcs'

j X)»=o= {As/22o) {Ro"+f2?s"+fsRs"+(6fX' SX—' 7X—c)Rs"j, (30}

%'herc:

&o"(c s+ s c) = (&o/2) j 21(A+cfs}+7(&s+Ao)+11c4+2cfs+14cfu+5(As+c4o+As+c47}
+10(As+As) —(5/2)(dos+As)+3(dso+c4c+3cfss) j 9/—4+2(l's f'c—)' l's—c'

+(5/2) t:(~s/~c)+ (~c/~s) jfsc'(5/4) C(»/~s)+(~s/~s) j&»'+(5/4) t:(~s/~c)
+(~c/~s) Jfsc' j —(~o/4) I (5!3)(c:P/~s+c:2/~s)+c'~~s/3~s+csc:s/3~c
+(4cds+ ~cdc) cs /cdc(2 cds+ cdc) +(4cdc+ ~cds) cs /cds(2cdc+ cds) +5(10cds+ 7cdc)ass j(2cds+cdc) cdc

+5(10cdc+vcdy)cp j yc(d2 c+dec)cd+50csc /c7dy30(cyc+c]s)(co+cd)/cdc+Scs I 2cdycdscds

+cds (cds —cdc —cdy }+cdc(cdc —cds —cd' )+cdc(cdl cds cdc ) j/(cd' +cds +cdc
—2cdcscdss-2cdpcdcs 2cdscd—c)+css)5cds(cdss cdcs ——cd so) +Scdc(cdcs —cdss —cd so)

+9cds(cds —cds —cdc )+2cdscdscdcj/(cds +cds +cdc 2cds cds 2cds cdc —2cds cdc }
+2(4cds+7cds}cs /cds(2cds+cds)+2{4cdc+vcds)@co /cds(2cdc+cds) —8cdscs /{cdc —4cds )
—Scdccss/(cdss —4cdss)+acscgo jcds+9cyycys jcdy+11cyy/cdc

+36(cdg+cds)cps /cds(2cds+cdy)+Secs /16cds j,
Rg"(c s+ c c) = (ls/2Ao) I (5/2)(f'sss/cds+ f'sos/cdc)+1/cds+2/cdc+ (10/3)(cds —cdc)sf'sos/cdscdc(cds+cdc)

+(Is/Aocds }+D Scds+ 15cdscds 9cds cds ——.3cds )f ss /3cdscds{cds —cds )g
+(2Ao/3cdP)~(cs+cy+3cyy+3cyg)+P(Scds +15cdscdc —9cds cdc —3cd j )foe /3cdscds(cds —cdc )g j,

Rs (Ps+ pc}=As (Ps+ vc); Rs (Ps+Pc) =As (Ps+ pc)

(X [
H&@'

i X+2)»=o——(X+2 i
Hcs&' [X)»=o=0. (31)

(XI~cn'I X+4)»=o= {X+4I
~c"' IX)»=o= —(~'/2~o)(f —X(X+1))~

&(f-(X+1)(X+2))'(f—(X+2)(X+3))'(f—(X+3)(X+4))'(~s"/2). (32)

IV. Cowcl. Usrows

The discussion which has here been given in general Rnd applied to the overtones 2v3 and 2s 4 and
the coQlbination frcquencp F3+F4 maY readilY be applied RISG to higher GvcI'tones and coIQbln3, tion
bands also. From the formulae in Section II the 6rst-order Coriolis splittings may at once be
evaluated. Also the wave functiGQS Rre Obtainable Since thc clcIIlcnts Gf thc additional transforma-
tion matrices required to set up the basic wave functions may be calculated from the formula (5)
of Section 14' given in reference 2, The calculation of the elements of the matrix H&'&', hmvever,
becomes Rn increasingly laborious and tedious task.

It 18 lntereSting to note that thc Corlolis resGQRQcc interaction bcconMS Gf incicRSing iIQportance
RS One goes to higher vlbrRtlon stRtcs so that thc 6ne structure of thc rotRtlon lines IT1RY be expected
to becoIHc lncicRslnglp pfoImncnt 1Q thc h1gher halIHGQics RQcl coIQbination bRQds.


